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Abstract

We show that for every polynomial 7', b: N — N, there exist an O(1)-query probabilistically checkable
proof (PCP) for NTIME(T) of length 5(T(n) + b(n)?), which is b(n)-query perfect zero knowledge.
This strictly improves on the polynomial-length zero-knowledge PCPs of Gur, O’Connor, and Spooner
(STOC 2024; STOC 2025). Our construction builds on the PCPs of Ben-Sasson and Sudan (SICOMP
2008) and Dinur (JACM 2007). We prove the zero-knowledge property of our PCPs via the new machinery
of locally simulatable sheaf codes.
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1 Introduction

A probabilistically-checkable proof (PCP) is a proof that can be efficiently verified by querying only a
few locations chosen at random. PCPs are a central object in complexity theory, with deep connections
to cryptography, coding theory and hardness of approximation. In this work we continue the study of
zero-knowledge PCPs [KPT97] (ZKPCPs), which combine efficient verification with a strong privacy
property, namely: any view of the PCP of bounded size should not reveal any information beyond the
truth of the claim.

In recent work, Gur, O’Connor and Spooner [GOS24; GOS25] showed the existence of zero knowledge
PCPs with parameters matching the original PCP theorem [AS98; ALMSSO98]. That is, they showed that
for any query bound b: N — N, there exist an O(1)-query PCPs NP with proof length poly(n, b), such
that the distribution of any local view of size at most b(n) can be perfectly and efficiently simulated.

Over the decades that followed the original proof of the PCP theorem, much work has been done
to reduce the length of the PCP proof, while maintaining constant query complexity. The current
state-of-the-art of (non-ZK) PCPs [BS08; Din07] achieves quasi-linear proof length, i.e., n - polylog(n).

In this work we show that there exist ZKPCPs with comparable proof length to the best known non-ZK
PCPs. Our main result is the following.

Theorem 1.1 (informally stated; see Theorem 8:2). For every polynomial T,b: N — N, there exist
O(1)-query ZKPCPs for NTIME(T) of length O(T(n) + b(n)?), which are b(n)-query perfect zero
knowledge.

Our construction is based on the short PCP of [BSO8]. Underlying that construction is a PCP of
proximity (PCPP) for Reed—Solomon codes. Our key technical contribution is to modify this PCPP to
achieve zero knowledge properties and analyse it via a new object we introduce called locally simulatable
sheaf codes. In addition to matching the proof length of the shortest non-ZK PCP constructions, this is
the first construction of a ZKPCP in which the proof length does not grow multiplicatively in the query
bound; i.e., we obtain zero knowledge up to b(n) ~ /T (n) essentially “for free”, in an asymptotic sense.

Concurrent work

Independently and concurrently to this work, Bafna and Vyas [BV26] obtained constructions of similar
but incomparable objects, which they refer to as “private PCPs”. Unlike ZKPCPs, private PCPs do not
require efficient simulation; on the other hand, the privacy guarantee for private PCPs should also hold in
some sense in the “no” case, whereas ZKPCPs provide a privacy guarantee only in the “yes” case.

Organization of the Paper

The rest of the paper is organized as follows. In Section 3, we lay the ground work by defining concepts
related to sheaf codes. Next, in Section 4, we describe the properties needed for a sheaf code to be testable,
and construct a simple codeword test. After that, in Section 5, we show that sheaf codes satisfying
certain extendability properties are locally simulatable and we present a toolbox for proving extendability.
In Section 6, we combine the results from Sections 4 and 5 to build perfect zero-knowledge PCPPs
from sheaf codes satisfying both testability and extendability. We also show how to build testable and
extendable sheaf codes from “recursively testable code families”, which we define. Next, we show
that Reed-Solomon codes are a recursively testable code family and use them to instantiate the generic
PZK-PCPP from sheaf codes. We conclude the paper with Section 8, where we build a PCP using
techniques from [BCFGRS17].
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Statement on use of AI. The authors used generative Al solely to convert diagrams to TikZ, to convert
PDF to TeX for some of the preliminary definitions, to search for literature to include in the introduction,
and for very limited proofreading.

2 Preliminaries

Notation. T is a finite field. For d € N, denote by F<¢[X] the set of univariate polynomials with
coefficients in F and degree at most d. For dx, dy € N, denote by F=[4x:4¥]1[X V] the set of bivariate
polynomials with coefficients in F, X-degree at most dx and Y-degree at most dy. Forp : F — F
and D C F, denote by p(D) = {p(z) : © € D} andforQ : F x F — Fand D C F x F, denote
by Q(D) = {Q(x,y) : (z,y) € D}. Forall X, Y C F, D C X x Y, denote by Dx the set
{reF:JyeF|(x,y) € D} andby Dy theset {y € F:Jx € F | (x,y) € D}. Forn € N, denote by
[n] the interval between 0 and n — 1 inclusive.

2.1 Set Theory and Functions

Claim 2.1. Let n,m € N and let V1,..,Vy,, W1, ..,W,,, be sets such that for all i € [n], j € [m],
VinW; =0. LetV = Uie[n] Viand W = Uie[m] W;. Then,

VnWw =g.

Proof.
VAW = U UW UVmUW UUVnW UU@
i€n] jelm] j€ml n] j€[m] i€[n] j€[m)]
O

Claim 2.2. Let D1, D5 be two domains, and let g : D1 — D4 be a bijection. Let X,Y C Dy such that
X CY.Theng(X) C g(Y).

Proof. Letv € g(X). Then there exists w € X such that v = g(w). Since X C Y, w € Y. Therefore
v=g(w) € g(Y). O

2.2 Linear Algebra

For set D, we view a vector as a function v : D — . For sets D, Dy, we view a matrix, M, as a
function M : D1 x Dy — F. For n € N, we denote by Id,, the n x n identity matrix.

Definition 2.3 (Function Restriction). Let D be a set, let U be a subset of D, and let w : D — F be a
function from D to F. We denote by w|y the restriction of w to U, that is the function w|y : U — F such
that wy (z) = w(zx) forall x € U.

Definition 2.4 (Vector Space Restriction). Let D be a set and let V' C FP be a vector space. Let D' C D.
Then the restriction of V to D', denoted by V|, is the following vector space.

V‘D/ Z{U|D/ :UGV}.

Definition 2.5 (Support Of A Vector). Let D be a finite set and let V' C FP be a vector space. Then the
support of a vector v € V, denote by supp(v), is the set {x € D : v[z] # 0}.

Claim 2.6. Let V1, V5 be two vector spaces and let V = Vi + Va. Then
dim(V) = dim(V4) + dim(V2) — dim(V; N V2).
Furthermore if Vi N Vy = {0}, then dim(V) = dim(V}) + dim(V3).



Permutation of a vector space.

Definition 2.7 (Permutation Mapping). Let D, E be two domains, and let g : D — E be a bijection
between them. Then g induces a natural mapping of vector spaces: for any subspace V of FP,

g(V)={weF¥ | eV :w(g(x) =v(x) Vre D}

is a subspace of F¥. For each v € V, we denote by g(v) the vector in g(V') satisfying g(v)(g(z)) = v(z)
forall z € D. Similarly for eachw € g(V'), we denote by g~ (w) the vector in V such that g~ (w)(z) =
w(g(x)) forall x € D.

Proposition 2.8. Let D, E be domains. Let V. C FP be a vector space and let g : D — E be a bijection.
Then forallv € Vand S C D,

g()lges) = gls(vls) 1)
IV )ges) = gls(V]s) ()
Going forward, we denote g|s(V|s) by g(V|s) and g|s(v|s) by g(v|s).

Proof. To prove (1), forall z € S,
9(v)lg(s)(9(2)) = g(v)(g(z)) = v(z) and gls(vls)(g(@)) = v[s(z) = v(z)

To prove (2), we have the following.
IV)lges) = {9(0)lgs) v € V= {gls(v]s) :v €V} ={g|s(w) :w € V|s} = g|s(V]s) O

Padded vector spaces. Let D be a finite set, let D’ C D and let V C FP "

Definition 2.9 (Zero-Padding of a Vector Space). A zero-padding of v € FP " with respect to D, denoted
by Up, is the vector in FP such that

ED‘D’ =0 and5D|D\D/ = 6
A zero padded vector space, denoted by V p C TP is the following subspace.
Vp= {ED HONS V} =V x {6D\D’}'

Claim 2.10. The function f : V — V p defined by f(v) = Tp is a bijection and its inverse is the
restrictionmap g : Vp — V defined by g(w) = w|p.

Proof. By definition of f and g, forallv € V, g(f(v)) = op|p = v and for all w € V p, f(g(w))
f(w|pr) = (w|p’) p = w. Therefore f and g are inverses of each other and so f is a bijection.

o

Corollary 2.11. -
dim(Vp) = dim(V).

, and therefore dim(V p) = log|F|(|VD|) = logp|(|V]) = dim(V).
O



2.3 Coding Theory

Let X an alphabet and let £ € N. A code C' is a subset C' C »¢. Given two strings x,y € X", we
denote the Hamming distance between x and y by A(z,y) := |{i € [n] : ; # y;}|/n. The minimum
distance of a code, which we denote by A¢, min, yec z£y (A(z, y))/n. When clear from context, we
will sometimes abuse notation and refer instead to the absolute distance and absolute minimum distance
as A and A¢ respectively. If ¥ = IF and C is a linear subspace of F! then C is a linear code.

Definition 2.12 (Code family). Let {n;};>1 be an increasing sequence of block lengths, and suppose
there exist sequences {k;}i>1 and {d;};>1 such that, for every i > 1, there exists a code C; C X" with
distance d; such that |C| = k;. Then the sequence

C={Ci}i>1

is a family of codes.

Definition 2.13 (Dual Code). Let D be a finite set and let C C FP be a linear code. Then the dual code,
denoted by C* is equal to the following.

Ct={weFP:(v,c)=0 VYeeC}.
Claim 2.14. Let C'y, C5 be two linear codes.
(C1 +Co)t =CinCy.
Claim 2.15. Let D be a finite set and let C be a linear code in FP. Then,
dim(C) = |D| — dim(C™).

Claim 2.16. Let D be a finite set, let D' C Dandlet C C FP' be a linear code. Denote by ép the space
(CLp)t, i.e the dual code of the padded vector of the dual code of C. Then,

Cp={ceF”|cp €C}=C xF\P

Proof. First we show that Cp, C {¢ € FP | ¢|p € C}. If v € Cp, then by Definition 2.13, (v, ¢) = 0 for
allc € CLp. Since supp(@D) C D/, this implies that (v|p/, c|p/) = 0forall ¢ € CL p, which implies
that (v|ps,¢’) = 0 forall ¢ € CLp|p = CL, where the equality follows by Claim 2.10. Therefore
v|pr € (C1)L. Next, we show that {¢ € FP | ¢|p: € C'} C Cp. Suppose thatv € {c € FP | ¢|p: € C}.
Then for all w € Ctp, (v,w) = (v|p/, w|p’) = 0, where the first equality follows from the fact that
supp(a p) € D', and the second equality follows because, by assumption, v|p- € C and by definition of
padded vector space (Definition 2.9), w|ps € C+. Therefore, by definition of dual code (Definition 2.13),

v e Cp. O

2.3.1 Maximum Distance Separable Codes

Definition 2.17 (Maximum Distance Separable Code). Let D be a finite set and let C C FP be a linear
code. Then C' is maximum distance separable (MDS) if

AC = ‘D‘ — dlm(C) + 1.

Lemma 2.18 (Small Restrictions of MDS Codes Have Full Rank). Let D be a finite set and let C' C FP
be a linear, MDS, code (Definition 2.17). Then, for all D' C D such that |D'| < dim(C'), then

dim(C|p:) = | D]



Proof. First, suppose that |D’| = dim(C'). Consider the map f : C — C|ps. By definition of vector
space restriction (Definition 2.4), f is surjective. Next we prove that it’s injective. Let ¢1, co € C such
that ¢; # co. Suppose by contradiction that f(c1) = f(c2). Then f(c1) — f(ea) = 0. By definition of
vector space restriction (Definition 2.4), f(c1) — f(¢2) = ¢1|pr — ea|pr = (¢1 — ¢2)|pr = 0. But since
C'is MDS, any non-zero codeword in C has at most dim(C') — 1 zeroes. By assumption ¢; — ¢o # 0,
but |D’| = dim(C'), which implies that ¢; — ¢z has dim(C') zeroes, which is a contradiction. Therefore
f is injective, which implies it is bijective and so dim(C|p,) = dim(C) = |D’|. Next, let E C D
such that |F| < dim(C'). Then there exists D’ C D such that E C D’ and |D’| = dim(C). Since
Clp C FP" and their dimensions are equal, it follows that C|pr = FD', By definition of restriction map,
Clg=C|pl|e= FP' | = FE, which completes the proof. O

Lemma 2.19 (Support of Dual Vectors of MDS Code Is Larger Than Dimension). Let D be a finite set
and let C C FP be an MDS code. Then for all non-zero v € C+, |supp(v)| > dim(C).

Proof. Suppose that |supp(v)| < dim(C). Then there exists D’ C D, |D’| < dim(C) such that
supp(v) = D’. But this implies that for all ¢ € C, (v, ¢) = (v|ps, ¢|p’) = 0. In particular, this implies
that C|3, contains v|pr # 0 and is therefore nonzero. But this is a contradiction because by Lemma 2.18,
since | D’| < dim(C), it follows that dim(C|p-) = |D’| which implies that dim((C|p/)+) = 0. O

2.3.2 Polynomial Codes

Definition 2.20 (Reed-Muller Code). Given a field T, a positive integer m, a degree vector d =

=

(d1,...,dm) € N, and D C F™, we denote by RM[F, D, d| the following vector space.

-

RM[F,D,d = {Q|p : Q € F<[Xy, .., X,]}.

In this section, we focus on bivariate Reed-Muller codes, i.e. the code RM[F, D, (dx, dy)] for
dx,dy € N. The local codes of bivariate Reed-Muller codes are Reed-Solomon codes, which we define
next.

Definition 2.21 (Reed-Solomon Code). Given a field F, a domain D C F a positive integer d, we denote
by RS[F, D, d] the following vector space.

RS[F,D,d] = {p|p : p € F=[X]}

i.e. the code of evaluations of univariate polynomials over D with degree less than or equal to d.
It is well-known that Reed-Solomon codes are maximum-distance separable.

Claim 2.22. Let D C T, let d be a positive integer smaller than |D|. Then C = RS[F, D, d] is maximum
distance separable.

Proof. By the Schwartz-Zippel Lemma, a univariate polynomial of degree at most d has at most d
zeroes. Therefore, it’s minimum Hamming weight is | D| — d, and since C'is a linear code, this implies
A¢ = |D| — d. Furthermore, dim(C) = d + 1. Therefore A¢ > |D| — d = |D| — (dim(C) — 1) =
|D| — dim(C') + 1, which completes the proof. O

2.3.3 Locally Testable Codes

Definition 2.23 (Codeword tests). Let C': {0,1}* — {0,1}" be a code (of distance d), and let ¢ € N
and § € (0,1). A g-local §-tester for C' is a probabilistic oracle machine M that makes at most q
(non-adaptive) queries and satisfies the following two conditions:

s Accepts codewords (completeness): For any x € {0,1}*, given oracle access to C(z), machine T
accepts with probability 1. That is, Pr[T®) (1¥) = 1] = 1, for any x € {0,1}*.



* Rejects words far from C: For any w € {0,1}" that is 6-far from C, given oracle access to w, machine
T rejects with probability at least 1/2. That is, Pr[M™(1¥) = 1] < 1/2, for any w € {0, 1}" that is
o-far from C.

We call q the query complexity of M, and § the proximity parameter.

2.4 Probabilistically-Checkable Proofs (PCP)

Definition 2.24 (PCP). A probabilistically checkable proof (PCP) for a relation R consists of a prover P
and a PPT verifier V such that the following holds.

1. Completeness. For every (x,w) € R,

Pr [V™(z)=1] =1

w—P(z,w)

2. Soundness. For every x ¢ L(R) and every oracle 7*,

Pr[V™ (z) =1] <

[N

We say that a PCP is efficient if P(x, w) can be computed efficiently for any (z,w) € R and we say
that it has query complexity g if the number of queries the verifier makes is bounded by gq.

Definition 2.25 (PCPP). For § : N — [0, 1], a probabilistically checkable proof of proximity (PCPP)
for a pair language L with proximity parameter 0 consists of a prover P and a verifier V such that the
Jollowing holds for every pair of strings (x, y).
1. Completeness. If (z,y) € L,

Pr [V (z)=1]=1.

TP (x,y)

2. Soundness. If y is d-far from the set L{x| .= {y : (x,y) € L}, then for every oracle 7*,

Pr[V(y”T*)(m) =1 <

N =

We say that a PCPP has query complexity q if the number of queries the verifier makes is bounded by q.

2.5 Zero-Knowledge PCPs

Definition 2.26 (View of PCP of proximity). For a PCP of proximity (P, V') and a (possibly malicious)
verifier V*, Viewy « p(x,y) denotes the view of V* with explicit input x and oracle access to both implicit
input y and w < P(x). That is, Vliewy« p(x,y) comprises V*’s random coins and all answers to V*’s
queries to (y, ).

Definition 2.27 (Black-box [-local perfect zero-knowledge PCP of proximity). Let ! : N — N. We
say that a PCP of proximity system (P, V) for a pair language L is black-box l-local, perfect zero
knowledge with query bound ¢* if there exists an algorithm Sim, such that for every (possibly malicious)
adaptive ¢*-query-bounded verifier V*, and for every (z,y) € L, Sim(v*’y)(x) is distributed identically
to Viewy« p(z,y), and moreover, Sim runs in time poly (|x|, ¢*) and makes at most ¢* - 1(n) queries to y.

Definition 2.28 (Black-box perfect zero-knowledge PCP). We say that a PCP system (P, V') for a relation
R is black-box perfect zero knowledge with query bound q* if there exists a PPT algorithm Sim, called
the simulator, such that for every possibly malicious, adaptive, q*-query-bounded verifier V*, and for
every (z,w) € R,

Sim" (z) = Viewy« p(z,w),

where = denotes that the two random variables are distributed identically.



3 Sheaf Codes

In this section, we present results and definitions related to sheaf codes [PK24], which sets the foundation
for the rest of the paper.

3.1 Basic Definitions

We start with some basic definitions.
Definition 3.1 (Poset). A poset is a set P equipped with a partial order <.

Definition 3.2 (Upper Sets of a Poset). Let P be a poset. For o € P, denote by P, the set {x € P |
x > o}t U C Pisan upper set if for all o € U, P, CU; e, forall o € U and v € P such that
x>0, xeU.

Definition 3.3 (Maximal Elements). The set of maximal elements, denoted by P, is the set of elements in
P that are either greater than or unordered with every other element in P. For o € P, denote by P, the
set{x € P, |z > o}, i.e., the maximal elements in P>,. ForsetU C P, Py = P,. Equivalently,
Py=P.NU.

Claim 3.4. Let P be a poset and U1, Uy be upper sets in P. Then, Py, U Py, = Py,uu, and Py, NPy, =
PU1 NU3-

oceU

Proof. First we prove that Py, U Py, = Py, where U = U; U Uy. By definition, Py = U N P,.
Therefore,

Py=UNP,=UUl0:)NP,.=(UNP,)U(UsNP,) =Py, UPy,
Next, we prove that Py, ny, = Py, N Py,. We have the following.
Py,nv, = PN (UL NU) = (P.NU) N (P.NUs) = Py, N Py,. O

Definition 3.5 (Coded Space). Given a domain D, a coded space P for D is a poset that contains all
elements of D and a collection of subsets of D, which are viewed as domains of local codes. The partial
ordering on P satisfies 0 < p if and only if p C o.

Remark 3.6. While each 7 € P, is technically a singleton set containing a single domain element,
following the convention of [PK24], we will abuse notation and denote by 7 the domain element itself, i.e.
the element inside the singleton set. Using this convention, P, = D, and for any 0 € P, P, = 0.

We start by showing how to apply functions on the maximal elements upper sets.

Definition 3.7 (Permutations on Local Domains). Let P, P’ be coded spaces. Let g : P, — P. be a
bijection. For each set U C P, we define g(U) as follows.

g(U) :={g(0) : 0 € U}.

Proposition 3.8. Ler P, P’ be coded spaces. Let g : P, — P! be a bijection and let U C P be an upper
set. Then g(U) is an upper set.

Proof. Let o € g(U). Let 7 € P’ such that 7 > o. Since 7 C o, it follows by Claim 2.2 that
g (1) C g~ (o), which implies that g~ *(7) € U, because U is an upper set. Therefore, 7 = g(g~1(7)),
and so 7 € g(U), which completes the proof. O

Definition 3.9 (Sheaf Of Linear Codes). Let P be a coded space. A sheaf of linear codes F on P is a
sequence of linear codes (Fy)oscp where Fo C 9, such that for every o,7 € Pwitho < 71, if c € Fo
then c|,; € F,. For each upper set U C P, we define the local section

FU)={ceF" |VYo €U :¢|p, € Fy}.

10



When clear from context, we will refer to F (P) as F. The domain of a sheaf code, denoted Dom(F), is
the domain P, of its coded space.

Definition 3.10 (Extendable Upper Set). Let F be a sheaf code on coded space P. Let U,V be upper sets
in PwithU C V. Then U is extendable to V with respect to F if there exists a map e: F(U) — F(V)
such that for all f € F(U), e(f)|u = f. We refer to e as an extension map and e(f) as an extension of f
in F(V). If e is unique, we say that U is uniquely extendable o V. We say U is globally extendable if it
is extendable to P. Equivalently, U is globally extendable if F(P)|y = F(U).

When F, P are clear from context, we drop the “with respect to F”".

Proposition 3.11. [fU is uniquely extendable to V' then the unique extension map e is a bijection.

Proof. Clearly e is an injection; it remains to show surjectivity. Suppose otherwise; then there exists
¢ € F(V) that is not in the image of e. But then e(c|y) = ¢’ # ¢, and both ¢ and ¢’ are extensions of |,
which contradicts the uniqueness of e. O

Definition 3.12 (Code Cover). Let P be a coded space. S C P is a cover of P if for all © € P,, there
exists p € S such that x > p.

Definition 3.13 (Upper Set Closure). Let P be a poset. Let S C P be a set of elements in P. The upper

set closure of S, denoted by Us, is equal to | ), g P>o-

3.2 The Dimensions Of Local Codes

In this subsection, we show that the padded dual of F(U) decomposes into the sum of the padded duals
of the local codes in U. We then use this to derive the dimension of F(U) from the dimensions of its
local codes. This will be useful later when proving extendability.

Lemma 3.14 (Decomposition of Local (Padded) Dual Codes). Let F be a sheaf code on coded space P.
Let U be an upper set in P. Then,
FO)r=>_ Fr
oceU

Proof. To show F(U)+ C > FL, it suffices to show that Xoer Fhtc f((?) By Claim 2.14,

_ 1 —~
Cper FA)E =MNoevr F& =Nyev Fo- Next, we prove the following claim.

Claim 3.15. P
() 7o S FU)p.
occU

Proof. Ifv €, ey j-'; then v € ]/-'; for all ¢ € U, which by Claim 2.16, implies that v|p, € F, for
all o € U. Therefore, by definition of sheaf of linear codes (Definition 3.9), v|p, € F(U), and so by

-

Claim 2.16, v € F(U). O

Next, we show that 3~ __; FLCFU)L. Letv e Y oeU FL. Then, there exists a set {v, € F- :
o € U} such thatv = > __,; v,. We will use the following fact, which shows that v is in the dual of

F(O).

oeU

-

Fact 3.16. For all c € F(U),
(c,v) = 0.

11



Proof.

(c,v) = (e, Z V) = Z(c,vg> = Z<C|P07UO-|PU> =0.

oceU oeU oceU

The second to last equality follows because for each o € U, su pp(]—?) C P,. The last equality follows
because by Claim 2.16 and definition of sheaf of linear codes (Definition 3.9), forall o € U, ¢|p, € F,
and by definition of padded vector space (Definition 2.9), v, |p, € Fi. O

Therefore, by definition of dual (Definition 2.13), v € (]-{([7) )t = F(U)+L, which completes the
proof. O

Corollary 3.17. Let F be a sheaf code on coded space P. Let Uy, Us be upper sets in P. Then,

}—(U1 U UQ)J' = .T"(U1)J‘ +.T"(U2)J‘,

Proof.

FOulh)t= > FE=> FrF+ > FF=FU)-r+FU)*

ocU,UUy ocUy oeUs

where the first equality follows by Lemma 3.14, the second equality follows by definition of summation,
and the third equality once again follows by Lemma 3.14. O

Lemma 3.18 (Dimension of F(U)). Let F be a sheaf code on coded space P. Let Uy, Us be upper sets
in P such that U = Uy U Us. Then,

dim(F(U)) = dim(F(Uy)) + dim(F(Uz)) — (|Py, N Py, | — dim(F(Uy)+ N F(Uz)+)).

Proof.

dim(F(U)) = |Py| — dim(F(U)*) (By Claim 2.15)

= |Py| — dim(F(U)*) (By Corollary 2.11)

= |Py| — dim(F(Uy)+ + F(Uz) L) (By Corollary 3.17)

= |Pu,| + |Pu,| = |Pu,nus, | (By Claim 3.4)
- (dim(J-‘(Ul)L) + dim(F(Us) 1) — dim(F(U7)+ N f(U2)L)) (By Claim 2.6)

= (|Pu,| = dim(F(U1) 1)) + (|Pr,| = dim(F(U2)1)) = (|Pv,rw, | = dim(F(Un)* 0 F(U2)1))

= (|Pu,| = dim(F(U1) 1)) + (| Pr| — dim(F(U2)")) = (|Pvyrw, | — dim(F(Un)+ 0 F(U3")) (By Claim 2.11)

= dim(F(Uy)) + dim(F(Uz)) — (|(Py, N Py,)| — dim(F(Uy)+ N F(US))) (By Claim 2.15)

O

Corollary 3.19. Let F be a sheaf code on coded space P. Let Uy,Us be upper sets in P such that
U = U, UUy and F(Uy)+ N F(Uz)+ = {0}. Then,

dim(F(U)) = dim(F(Uy)) + dim(F(U)) — | Py, N Py, |-

Proof. Follows directly from Lemma 3.18 since dim({0}) = 0. O

12



3.3 Isomorphism of Sheaf Codes

In this section, we define a sheaf code isomorphism, which preserves local restrictions. In the next
subsection, we will use this to define merged sheaf codes.

Definition 3.20 (Isomorphism of sheaf codes). Let F, F' be sheaf codes on P, P’ respectively, and let
U C P,V C P’ be two upper sets. Let g : Py — P, be a bijection. Then g is an isomorphism at U if

For the remainder of the section, 7, F' are two sheaf codes on coded spaces P, P',U C P,V C P’
are two upper sets, and g : Py — Py is a sheaf code isomorphism at U.

Proposition 3.21. g~ : P|, — Py is a sheaf code at V.
Proof. Forallo €V,
97 (Fo) =97 (9(Fg1(0)) = Fy1(0)-

The first equality follows because g is a sheaf code isomorphism at U and g~ (o) € U. The second
equality follows because g has an inverse. This completes the proof. O

Proposition 3.22. Ler W C U be an upper set on P. Then g|p,, is a sheaf code isomorphism at W.

Proof. Forallo € W, g|p,, (Fs) = .7-";(0) because ¢ is a sheaf code isomorphismon U and o € W C
U. O

Proposition 3.23 (Composition). Let Fbea sheaf code with coded space Pandlet W C P be an upper
set. Let h : Py — Py be a bijection such that h(W) C U. If h is a sheaf code isomorphism at V, then
goh: F — F'isa sheaf code isomorphism at'V.

Proof. Leto € V.
9(h(F2)) = 9(Fuo) = Fyinioy)-

The first equality follows because & is a sheaf code isomorphism at V, the second equality follows because
g is a sheaf code isomorphism at U and by assumption, (o) € U. This completes the proof. O

Proposition 3.24 (Isomorphisms preserve local sections).
g(F(U)) = F'(g(V)).
Proof. Letv € g(F(U)). Forall o € g(U), we have the following.
vlo € g(FU))lo = g(FU)lg-1(0)) € 9(Fy-1()) = For

The first inclusion follows by definition of vector space restriction, the first equality follows by Proposi-
tion 2.8, the second inclusion follows since U is an upper set and F is a sheaf code and the final equality
follows by definition of sheaf isomorphism. Next let w € F'(g(U)). We show that g~ (w) € F(U),
which is sufficient to prove the claim. For all o € U,

g_l(w)|0' = g_l(w‘g(a)) € g_l(]:;;(a)) = g_l(g(]:O')) = ]:0~

The first equality follows from Proposition 2.8, the inclusion follows because g(U) is an upper set, the
second equality follows by definition of sheaf isomorphism, and the final equality follows from definition
of permutation map. O
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Lemma 3.25 (Isomorphisms preserve extendability). Let X, W C U be two upper sets. If X is extendable
to W with respect to F, then g(X) is extendable to g(W') with respect to F'.

Proof. Let f € F'(g(V)). By Proposition 3.24, F'(g(V)) = g(F(V)). Therefore, g~1(f) € F(V).
Let h € F(W) be the extension of g~ (f) in W, which must exist since V' is extendable to W. We show
next that g(h) is an extension of f in g(W).

g(h)lgovy = g(hlv) = glg™"(f)) = f.

The first equality follows by Proposition 2.8, the second follows by definition of & and the third follows
because g is a bijection. O

3.4 Merging Sheaf Codes

In this subsection, we show how to merge multiple sheaf codes into one. We will use this technique in
Section 6 to construct our zkPCPP. The construction takes as input a set of pairs (]-" §) where F is a sheaf
code and g: Dom(]—" ) — U is an injection that maps the domain of F into a common universe 4. The
role of the g is to “glue” the different sheaf codes together to create one conglomerate sheaf code. All of
the local domains in all of the individual coded spaces will have a corresponding local domain in the final
merged coded space. We additionally include the domain Dom(]:' ) in the final coded space for each pair,
(F,§), being merged.

For a set S C Dom(F), we denote by §(S) = {j(z) : z € S}. Recall that each o € P denotes a set
as well as a local code. Furthermore, recall Definition 3.7 which provides the notation ¢g(U) for mapping
upper sets with bijections.

Definition 3.26 (Merging Sheaf Codes). Fix a universe U. Let A be a set of pairs (]:' J) where Fisa
sheaf code and §: Dom(]:' ) — U is an injection, and suppose A satisfies the following property: for all
(F,9),(F'.§'") € A and all p € P' such that there exists o € P with j(c) 2 § (p), the composition
g log '\, is a sheaf code isomorphism at upper set P’/p.

Then we define the merged sheaf code, F = M (A) as follows.

P=|J{a(P): (F.9) € A}U{a(P.) : (F.9) € A} (3)
Fie) = §(Fa) V(F,9)€AaeP  Fypy=g(F) V(F.gecA (4)

For the following claims and lemma, let A be as specified in Definition 3.26. We first show that M (A)
is indeed a sheaf code.

Proposition 3.27. F = M(A) is a sheaf code.

Proof. Let P be the coded space for /. It suffices to prove that for every 0,7 € P with o < 7,
Fslr € Fr. Leto, 7 € P with o < 7. By construction of M (A) there exist (F, §), (F',§’) € A such
that o = g(a),7 = §'(B). Let h := §—! o §’. We prove the following.

Fact 3.28. R R
9'(Fp) = 9(Fnep))-

Proof. Since g(a) < §'(8), it follows by ordering on a coded space that §'(3) C §(«) and therefore by
condition on A, h = §—! o ¢’ is a sheaf code isomorphism at upper set P’> ~.5- Therefore, by definition of

sheaf code 1s0morph1sm (Definition 3.20), since 3 € P’> 8 it follows that
W(Fp) = Fies)

Therefore, applying the definition of h completes the proof. O
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Folr

= Fotalg (9)

( o)l (8) (by definition of merged sheaf)

= 3(Fa)latn(s) (by definition of h)
= §(Falnp) (by Proposition 2.8)
C §(Fnp)) (since F is a sheaf code)
=9 (]:,3) (by Fact 3.28)
=Fy(8) (By condition (4))
= F,. 0

Proposition 3.29. For each (]-' §) € A, define the bijection k : Dom(F) — Q(Dom(]} ) as k(z) = §(z)
forall x € Dom(}" ). Then k is a sheaf code isomorphism (Definition 3.20) between F and F = M(A)
at upper set P.

Proof. Let (F,§j) € A. By definition of merged sheaf code, for each o € P, k(F,) = §(F,) = Fio) =
I (o)’ which is exactly the definition of sheaf code isomorphism. O

4 Testability of Sheaf Codes

In this section, we show how to use sheaf codes to test proximity of a function to a codeword.

4.1 Definitions

Definition 4.1 (Testable cover). Let F be a sheaf code with coded space P, and let p € P. Let S be a
cover for P,. For ¢ € N, S is a c-testable cover for F, with distribution D(S) over S if for all functions
f:P.—Fandallé € (0,1], if

E [A(flo, Fo)l <9,

o<+D(S)
then,
A(flp, Fp) <c- 4.

Definition 4.2 (d-testable cover). Let F be a sheaf of linear codes, P its coded space, 0 € P and S a
c-testable cover for F,. Then S is a (c,1)-testable cover. Moreover, for d > 1, S is a (c, d)-testable
cover if forall T € S, F; has a (¢,d — 1)-testable cover in F. For i < d, denote by S; C P the set of
codes that are in an i-testable cover and are at most (¢, i — 1) testable for some constant c'.

Definition 4.3 (d-testable sheaf code). Let F be a sheaf of linear codes, P its coded space, and let o € P.
F is a (¢, d)-testable sheaf code for F, if it contains a (c, d)-testable cover for F.

Lemma 4.4. Let F, F' be two sheaf codes, let U C P be an upper set, let h : P — P’ be a sheaf code
isomorphism on upper set U, let S C U be a c-testable cover for o € U. Then h(S) is a c-testable cover
for h(o) € h(U).

Proof. Define D(h(S)) to be the distribution where the probability of sampling p < D(h(.S)) is equal
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to the probability of sampling h~(p) < D(S). Then, we have the following.

E [A(.ﬂf)a h(}—p)}
pD(h(S))
= p(_DI(Eh(S))[A(fIW h(Fp)]
= E [AGTHSflp), BN (A(F))]
p+D(h(S))
. -1
= p(—DI(Eh(S))[A(h (f)|h_1(p)7]:f7)]

= E Ahil —1(p), F,
h*l(p)<—D(S)[ ( ()l (p) p)]

= E _[AGTH (Do Fp)]
a<+D(S)

<

Therefore, since S is a c-testable cover, A(h~1(f), F,) < c- 4. Therefore A(f, h(F,)) < c- 4§, which
completes the proof. O

Corollary 4.5. Let F, F' be two sheaf codes, let U C P be an upper set, let h be a sheaf code isomorphism
at upper set U, let S C U be a (c, d)-testable cover for o € U. Then h(S) is a (c, d)-testable cover for
h(o) in h(U).

Proof. We proceed with proof by induction on d. When d = 1, we apply Lemma 4.4. Next, letd € N.
We show that for each p € h(S), h(F) contains a d — 1-testable cover for p. Since .S is a d-testable cover,
it follows that =1 (p) has a d — 1 testable cover in F. By inductive hypothesis, this implies that h(F)
contains a d — 1 testable cover for p, which completes the proof. O

4.2 Recursive Testing of Sheaf Codes

In this subsection, we construct a codeword test for (c, d)-testable sheaf codes. This will be used as a
building block for the PCPP presented in the next section.

Construction 4.6. Let ¢,d € N, let F be a sheaf of linear codes, let P be a coded space, let ¢ € P, and
let S be a (¢, d)-testable cover for F, according to distribution D(S). This construction takes a function
f :Dom(F) — F, o, and S as input.

 If d = 0, then check that f|, € F,. If it is, output yes, otherwise output no.

 Sample p <— D(S) and let S, be a (d — 1)-testable cover of F,,. Run this test recursively on inputs f,
p,and S,,.

Theorem 4.7. For any e > 0, Construction 4.6 is a (max,es, (|a|))-local codeword ¢ - c?-tester for F,.

Proof. Completeness. If d = 0, then the construction outputs yes with probability 1 because by
definition of sheaf code, f € F(P) implies that f|p, € F,. For d > 1, by definition of sheaf code,
flp, € F, and by assumption F, has a (d — 1)-testable cover, S,,. Therefore, by the inductive hypothesis,
invoking T'(f, p, S,) outputs yes with probability 1.

Soundness. We show that if Pr[T(f,0,S5) = no] < e then A(f|p,,F,) < €-c?. We proceed via
induction. For the base case, let d = 0. Since the verifier accepts with probability strictly greater than
zero, it follows that f|p, € F,, since this condition is checked directly. Next, for the inductive step, for
each 7 € S, let ¢, be the failure probability of T'(f, 7, .S,). Then,

E [A(fle, F)l< E [e-¢"'= E [e] ¢ )
7+D(S) 7+D(S) 7+D(S)
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where the inequality follows by the inductive hypothesis, and the equality follows by linearity of expecta-
tion. Next, observe that
E [e;] =Pr[T(f,0,5) =no] <e
7+D(S)

where the inequality is by assumption. Hence

E [A(flp, Fr) e,
7<D(S)

where the last inequality follows by assumption of the theorem statement. Since .S is a c-testable cover
for F,, according to D(S), it follows by Definition 4.1 that A(f|p,,F,) < c-€-c? 1 =¢- O

4.3 Claims Related To Testability Of Sheaf Codes

The following lemma will be useful in Section 7.3, when we prove that a testable cover for Reed-Muller
codes is a testable cover for its local Reed-Solomon codes with sufficiently large domains.

Lemma 4.8 (Distance Of Local Functions From Local Codes). Let F be a sheaf code with coded space
P, and let o € P. Let f : Dom(F) — F be a function. Then

|Dom(F)|

o

A(f|aafo)§A(f7f)' (6)
Proof. Let c be a codeword in F that is closest to f in Hamming distance, breaking ties arbitrarily. Let
E C Dom(F) be a maximal subset such that f|g # c|g. By definition, |E| = A(f, F) - |[Dom(F)|. Let
E' = Eno. Then |E’| < |E| and so we have the following.

E E|  A(f,F)- F
A(flocla) = ||U| < u _AY )|0D0m( |

By definition of sheaf code, ¢|, € F,, which completes the proof. ]

Corollary 4.9 (Testable Covers Of Large Subcodes). Let c € N, let F be a sheaf code with coded space
P, and let p € P. Let S be a c-testable cover according to distribution D(S) for F, and let o € P such
that o > p. If there exists a constant k € N such that

M =
o]

then S is a (c - k)-testable cover for F,, according to distribution D(S).

Proof. First, if x € o then it is also in p. Since S is a cover of p, there must exist 7 € S such that z € 7.
Therefore, S is a cover for F,. Next, let f : p — [ be a function. If E.p(s)[A(f|r, Fr] < d then by
definition of c-testable cover, there exists ¢ € N such that A(f, p) < ¢ . Therefore, by Lemma 4.8,

Ao, F) < A F) - < eks,

which completes the proof. O

The following claim considers a code cover where the domains of the local codes are pairwise disjoint
and the local codes all belong to the same space. This will be useful in Lemma 7.16, when proving that
our final Reed-Muller sheaf code contains a testable cover.
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Claim 4.10 (Probability a Local Restriction Is Far From Its Code). Let F be a sheaf code over coded
space P. Let S be a cover for P such that for each 7 # p € S, T N\ p = 0 and there exists a code C
such that for each v € S, F. = C. Let c € F(P), f : Dom(F) — F and let € := A(c, f). Then for all
0 € (0,1],
€

Pr [A(c|,, fl+) > 0] < =.

P (Al ) > 8] < &
Proof. Let S5 := {17 €S : A(f|r,c|-) > 0}. Let Dg be the domain of C, which by definition is equal
to 7 foreach 7 € S.

A(f,c) - |Dom(F)| = Z A(f|r,clz) - |7]  (Since domains of codes in .S are pairwise disjoint)

TES
> d-lpl+ Y. Alflrclr) - |7l (By definition of S5)
PESs TES\Ss
> Z d-|p|+0 (Since all terms are positive)
pESs
=[Ss]-0-[Ds| (By definition of D)

A(f,c)-|Dom(F e-|Dom(F ..
Therefore, |Ss| < &Y (t;)~|‘DZI( I < ‘6-(|)Ds| )l By definition of S, |Dom(F)| = |S| - |Dg|. Therefore

|Ss| < @. Finally, we have the following.

Pr [A(flrcl,) > o] = 18l < 51

€
bes S| =58 &

S Locally Simulatable Sheaf Codes

5.1 Basic Definitions

In this subsection, we provide everything we need to prove local simulatability of bivariate Reed-Muller
codes. We start by defining locally simulatable encodings in the language of sheaf codes. The following
definitions are modified from [GOS24], but put into the language of sheaf codes. Instead of point queries,
the simulator accepts local codes in a cover of the sheaf code. In this subsection, F, P is a sheaf of linear
codes and it’s associated coded space.

Definition 5.1 (Linear randomised encoding function). We say that ENC : M — F is a linear randomised
encoding function if ENC(m) is distributed as ENC(m; i) where y ~ U(F") and ENC : M x F™ —
F(P) is a (deterministic) linear function (of both message and randomness).

Definition 5.2 (Locally simulatable encoding). Let ENC : M — F(P) be a randomized encoding
function, let S be a cover of F(P), lett : N — N, let £ : N — N, and let ¢ € N. We say that (ENC, S) is
(t, ¢, q)-locally simulatable if there exists a probabilistic algorithm Sim, called a local simulator, which
receives oracle access to a message m € M, a set T C S of local codes such that |T| = n, a function
f: Py, — F, and a new query o € S, runs in time t(n), and makes at most £(n) queries to m, satisfying:

Pr[S™(T,0) = 8] = Pr[ENC(m)|a = 8 | ENC(m)|, = f(p) ¥p € T],

forallm e M, o € D, 5 € %, and for all T such that |T| < q and there exists ¢ € supp(ENC(m)) with
c,=yforallpecT.

The following is the definition of x-local cover (Definition 4.15) from [BCFGRS17], rewritten to fit
this context.
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Definition 5.3 (k-extendable cover). Let F be a sheaf of linear codes on P. Let S C P be a cover of
P (Definition 3.12). Then S is a k-extendable cover with respect to F if, for every S’ C S such that
|S’| < &, Ug is globally extendable (Definition 3.10) with respect to F.

5.2 Extendability Implies Local Simulatability

This is a short section describing how to go from sheaf codes to locally simulatable codes. We show that
it suffices to find sheafs with good extendability properties.

Definition 5.4 (Extension Sheaf Code). Let U C P be an upper set and let d € F(U). An extension code
for d, which we denote Fy—q, is the function mapping each upper set, V. C P, to a subset of F(V') as
follows.

Fu=a(V) ={ce F(V) : dpynpr, =dlpnpry}-

We refer to Fyy—q(P) as an extension sheaf code. When U = P, for some o € P, we use the notation
Fo=d

Lemma 5.5 (Efficiently Computable Extensions). Let U,V be two upper sets in P. Let f € F(U). If U
is extendable to U UV, then there exists an algorithm that takes as input f|p,, ... and outputs a uniformly
random element of Fyy—y (V') in time poly(|Py|).

Proof. Let B be a basis for F(V),let f € F(U),and let {X; : b € B} and {Y, : z € Py \ Py} be
formal variables. Consider the following system of equations.

S={> Xy-bla] =Y, :w€ Py \ Py} U{D_ Xp-bz] = f(x) : x € Pyn Py},
beB beB

Choose uniformly a solution, {z : b € B} U {y, : © € Py \ Py}, to S, which must exist by definition
of extendability (Definition 3.10) and because U is extendable to U U V. Define f € F (V) to be the
function such that f(x) = y, forall # € Py \ Py and f(z) = f(x) forall z € Py N Py. Since Bisa
basis for F(V), it follows by definition of .S that f € F(V), and so by definition of extension sheaf code
(Definition 5.4), f € Fy—;(V). O

Definition 5.6 (Randomized Encoding For Extension Sheaf Codes). Let ¢ € P. Denote by ENC,
the distribution that takes a codeword ¢ € F, as input and outputs a uniformly sampled codeword in
Foee(P).

Theorem 5.7. Leto € P, let g € Nand S C P such that for all c € F,, S is a g-extendable cover for
Fo=c Letlg,ts : N — N be functions satisfying the following.

<k- Ly (k -
Is(k) < k- max|Pr 0 Fy| ts(k) € poly(k - max |Pr|)

Then (ENC,, S) is (ts,ls, q)-locally simulatable.

Proof. We build a simulator for ENC,. The simulator has oracle access to ¢ € F,, and is additionally
given S, p € S, subset Q C S such that |Q| < ¢, and function f : Py, — F.

Construction 5.8 (Sim°(f, Q, p, S)).

« If p € Q, output f|,.

* Fix A:=Ugand A" := AU P>,

« Uniformly sample f < F,_.(A*) such that f|p, = f|p,.
* Set f := f. Output f|pp.

We prove that the output of the simulator is identically distributed to the output of the randomized
encoding.
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Lemma 5.9. Let p, f,Q, S be the input to the simulator. Fix A := Ug and A* = AU P>,. Letc € F,
be the input to the randomized encoding. Then,

Pr ™ = ’]'['>k = Pr £ — ,n_* r _ 7 7
W<—Si7nc(f,Q7p)[ ] feENCg(c)['ﬂPP | f|PA f‘PA] @)

where 7 € FFe.
Proof. We start with the following claim.

Claim 5.10. A* is globally extendable with respect to F,—..

Proof. Let Q' := Q U {p}. By definition, A* = Ug-. Since @' C S and |Q’| < ¢, and since by
assumption, .S is a g-extendable cover for F,_., it follows by Definition 5.3 that A* is globally extendable
with respect to F,—..

[
Using this fact, we have the following.
r [m =77
m<SimP(f,Q,p)
=_Pr [f|Pp =7 | flps = flpa] (By definition of simulator)
fFo=c(A*)
= Pr [f|pp =7*| flp, = flp,] (By Claim 5.10 and definition of extendability)
FeFoee(P)lp .
= Pr[flp,=7"| flp. = flpa] (By definition of ENC,)
F—ENC, (c)
[

Next, we measure the simulator runtime and number of queries the simulator makes to the input for
each query.

Lemma 5.11. Let p, f, Q be input to the simulator. The simulator makes
|P, N Py|
queries to input c and runs in time poly (| P,|).

Proof. LetU := Ps, U A and define g € F(U) to be the codeword satisfying g|p, = f and g|p, = c.
We prove the following fact.
Fact 5.12. ~

f S fU:g (A*)

Proof. By definition of f, f is an extension of f with respect to F,—.. Therefore it is in the set
(Fo=c) o f(A*). By definition of extension sheaf code, we have the following.

(Fo=c) =y (A7)

={d € Fo=c(A") 1 d|psnpye = flPanp,-}

={de F(A") :d|lp,np,. = c|p,nPs NdlPsnPye = flPanpPa.}

={de F(A") :dlpynrs- = 9glPynpa-}

= Fu=g(A")

O

By Lemma 5.5 and Fact 5.12, f can be computed in time poly (| P4~

) withinput g|ynp,.. UNPy- =
Pso N Pas UANA*. glana- was already computed. So the simulator needs to find g|p_  ~(p,.\Ps) =
9| PoonPs, = c| P>,nPs,- This completes the proof. O

O
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5.3 Proving x-Extendability in Sheaf Codes

In the previous subsection, we observed that k-extendability in extension sheaf codes implies a locally
simulatable encoding. In this section, we provide the tools needed to later prove that covers of explicit
extension sheaf codes are k-extendable. We start by relating «-extendability of extension sheaf codes to
k-extendability of regular (non extension) sheaf codes. Then, we provide various lemmas that show how
to reduce one extendability problem to a simpler extendability problem. These facts will later be used to
prove x-extendability of different sheaf codes.

5.3.1 Extendability in Extension Sheaf Codes

In the following two lemmas, we related this property to x-extendability in (non-extension) sheaf codes
so that going forward we can focus on the more natural setting of general sheaf codes.

Lemma 5.13. Let V C P. Suppose that for all d € F(V'), U C P is globally extendable with respect to
Fv—qg. Then U is globally extendable with respect to F.

Proof. Let f € F(U) and letd € F(V') such that d|p,~p, = f|p,np,- By assumption of the lemma,
U is globally extendable with respect to Fy,—4. Let f be the extension of f in Fyy—4(P). Then f € F(P)
and f|p, = f € F(U) by definition of extension. This completes the proof. O

Lemma 5.14. Let V C P, d € F(V). Let U be an upper set in P. If U UV is globally extendable with
respect to F then it is globally extendable with respect to Fy—g.

Proof. Let f € Fy_qU UV). Then f € F(UUYV) and f|p, = d. Since U UV is globally
extendable with respect to F, there exists a codeword f* € F(P) such that f*|p,,, = f. Therefore
f*|lpy = flp, = d. Therefore f* € Fyy—4(P), which completes the proof. O

5.3.2 Basic Facts About Extendability

We now turn our attention to proving extendability in (non-extension) sheaf codes. The following lemma
relates unique extendability between Uy and Us to the dimensions of F(Uy), F(Us).

Lemma 5.15. Let Uy, Us be two upper sets in P such that Uy is extendable to Us. If dim(F(Uy)) =
dim(F (Us)), then Uy is uniquely extendable to Us.

Proof. Letr : F(Usz) — F(Uy) be the restriction map defined as r(f) = f|p,, . Since Uy is extendable in
Us it follows by definition of extendability (Definition 3.10) that r is surjective. Since |F(U;)| = |F(Uz)|,
it follows that r is also injective. By definition of injectivity, for all fi, fo € F(Uz), r(f1) = r(f2)
implies f; = fo, which implies that U; is uniquely extendable to Us. O

In the following lemma, we show that if U NV is extendable to V' then U is extendable to U U V. We
also show the conditions under which U is uniquely extendable.

Lemma 5.16. Let U,V be upper sets. If U NV is extendable to V then U is extendable to U U V.

Furthermore, if F(V)L N F(U)L = 0, and diim(F(V)) = |Py N Py|, then U is uniquely extendable to
UuVv.

Proof. Let f € F(U). Let f be the extension of f|p,,., in F(V). Then we construct function f* €
F(U UV) as follows. f*|p, = f and f*|p, = f. First, f* is well-defined because f|p, ., = f|py.v
by definition of extension. Next, f* € F(U U V) because f*|p, = f € F(U) and f*|p, = f € F(V).
To prove unique extendability, we have the following.

dim(F(VUU)) = dim(F(V)) + dim(F(U)) — |Pvav| = dim(F(V)) + dim(F(U)) — dim(F(V))
= dim(F(U)).
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The first equality follows by Corollary 3.19 because F (V) N F(U)L = 0, and the second equality
follows because |Pyny| = dim(F(V)). By Claim 5.15, U is uniquely extendable to V' U U, which
completes the proof. O

Finally, in the next lemma, we show that if the dimension of the restriction of F (V') is equal to the
size of the domain of F(U), then U must be extendable to V.

Lemma 5.17 (Full Rank Restrictions Are Extendable). Let V' C P be a upper set and let U C V. If
dim(F(V)|p,) = |Pu|, then U is extendable to V.

Proof. Since F(V)|p, C FFv, it follows by assumption on the dimensions of the two spaces that
F(V)|p, =F. Let f € F(U). By definition sheaf code, F(U) C F¥v and so f € F¥v. Therefore
f € F(V)|p, and so there exists g € F (V) such that g|p, = f, which completes the proof. O

5.3.3 Extendability Reductions

In this section, we show how to reduce the extendability between two upper sets to a set of simpler
extendability problems. This will be very useful when proving extendability in Sections 6 and 7.

Lemma 5.18 (Extendability To Disjoint Upper Sets). Let P be a coded space and F a sheaf of codes
on P. Let Uy, Us, V be upper sets in P such that Py, N Py, = 0. If V is (uniquely) extendable to both
VUU; and V U Us, then'V is (uniquely) extendable to V U Uy U Us.

Proof. Let f € F(V). Let f1 be an (unique) extension of f in U; UV and let f> be an (unique) extension
of finUy UV. Let f* € FFviYPu:UPv pe the following vector.

e, =1 fry v = ilPuy 1 Pupv = L2lPyy v
f* is well defined in terms of fi, f2 since V,U; \ V and Us \ V are pairwise disjoint. We show that
f* € F(VUU, UUs). By definition of f*, f*|p, € F(V). Next, we prove the following.
Fact 5.19.
frlpy, = filpy, -

Proof. f*|pyny, = flPvaw, = filPyny,» Where the first equality follows by definition of f* and the
second equality follows because V N U; C V U U; and f; is an extension of f in U; U V. Also by
definition of f*, f* \pUl\V =hf |PU1\V. Therefore f* agrees with f; on the upper set U3 NV as well as
Ul\Vandsof*|pU] :f1|pU]. O

Next, we prove the analogous statement for f*| Pu,-
Fact 5.20.
[Py, = folpy,-
Proof. Similar to the argument in the previous fact, f*|pyy, = f|Pyau, = folPvau, and f*[py,\, =

falpy, . - Therefore, f*|p,, = falu,.

Since f*|p,, = filp,, € F(U1) and fby, = falpy, € F(Uz), and since by definition of f*,
f*lp, € F(V),itfollows that f* € F(V UU; UUs,). Finally, if V is uniquely extendable to both V' U Uy
and V' U Us, then there is only one choice for both f; and f, and therefore f* is the only extension of f
in Uy UUy UV, and so V is uniquely extendable to U; U Us U V. O]

In the following two corollaries, n € N, V, Uy, .., U,,_ are distinct upper sets in P, and V' is an upper
set in P such that V' is (uniquely) extendable to V U U; for all i € [n].

Corollary 5.21. Suppose that for each i, j € [n], Py, N Py, = 0. ThenV is (uniquely) extendable to
VU UzG[n] Us.
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Proof. We proceed with proof by induction on n. When n = 0 and n = 1, the statement follows trivially.
When n = 2, the statement follows by Lemma 5.18. Next, letn € Nand let U* = Uie[nfl] U;. Then
Uie[n] U; = U* U U,,_1. Furthermore, since U,,_1 N U; = () for all ; € [n — 1], it follows by Claim 2.1
that U,,_; N U* = (). By inductive hypothesis, V is (uniquely) extendable to V' U U* and by assumption,
V' is (uniquely) extendable to V U U,,_;. Therefore, by Lemma 5.18, V is (uniquely) extendable to
VuUu*uU,_.1=VU Uie[n] U;, which completes the proof. O
Corollary 5.22. Suppose that for each i, j € [n], Py,\y N Pyav = (). Then 'V is (uniquely) extendable
toV U Uze[n] U,.

Proof. By assumption, V' is (uniquely) extendable to V' UU; for all ¢ € [n]. Since VUU; = VU (U;\ V),
it follows that V' is (uniquely) extendable to V' U (U; \ V) for all ¢ € [n]. Therefore, by Corollary 5.21, V
is (uniquely) extendable to V U, c(,,) (Ui \ V) = U;gny (Ui \V)UV = Uy Ui UV = VUU, ¢y Ui,
which completes the proof. O

1€[n]

The following lemma states that if we have three upper sets U, V, W, and we know that U is uniquely
extendable to V' and extendable to W, then V is also extendable to WW.

Lemma 5.23 (triangle of extendability). Let U, V, G be upper sets in P suchthatU CV C G. IfU is
uniquely extendable to 'V and extendable to G, then V is extendable to G.

Proof. Let f : F(G) — F(V) be the restriction map of G to V and let h : F(U) — F(G) be any
extension map of U to G. Then f o h is an extension map of U to V. Since U is uniquely extendable
to V, f o h is a bijection by Proposition 3.11. Therefore, for each v € V there exists u € F(U) such
f(h(u)) = v. Since h(u) € F(G), this completes the proof. O

Lemma 5.24 (extendability is transitive). Let U1, Uz, Us C P with Uy C Uy C Us. If Uy is (uniquely)
extendable to Us and U, is (uniquely) extendable to Us, then U; is (uniquely) extendable to Us.

Proof. Let f1 € F(Up) and let fo € F(Us) be an extension of f; in F(Uz). Let f3 € F(Us) be an
extension of fy in F(Us). Then f3|p, = (fslpy, )Py, = folp,, = fi andso f3 is an extension of f in
Us. O

5.3.4 Extendability For Maximum Distance Separable Codes

In this subsection, we apply the results from the previous subsections to sheaf codes satisfying the
maximum distance separable property 2.17. Since our the local codes of our bivariate Reed-Muller sheaf
codes are Reed-Solomon codes, and therefore MDS, we will use this lemma when proving x-extendability
in Section 7.

Lemma 5.25. Suppose that P contains a local code o € P such that F, is a maximum distance separable
code. Let U C P be an upper set. If |P, N Py| < dim(F,) (resp. = dim(F,)), then U is extendable
(resp. uniquely extendable) to U U P>,,.

Proof. Because |Py N P,| < dim(F,) it follows by Lemma 2.18 and the fact that F,, is MDS that
dim(F,|p,np,) = Pu N P, and so by Lemma 5.17, P>, N U is extendable to P,. Therefore by
Lemma 5.16, U is extendable to U U Ps,. Next, we prove that when |Py N P,| = dim(F,) then U
is uniquely extendable to U U P,,. To prove this, we apply the second clause of Lemma 5.16, which
requires us to prove the following claim.

Claim 5.26.

FO)ENnFL=0.
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Proof. For each v € F(U)L N FZ, the following must be satisfied. v € F+ and supp(v) C Py N P,.
By definition of padded vector space (Definition 2.9), for all v € Fj-, |supp(v)| = |supp(v|p, )| and
vlp, € F+. By Lemma 2.19, [supp(v|p,)| > dim(F,). This is a contradiction and completes the
proof. O

O

6 Perfect Zero-Knowledge PCPPs From Sheaf Codes

In the previous section, we have shown that any sheaf code with a k-extendable cover is a locally
simulatable code. In this section, we construct a PCPP where the space of honest prover outputs is a
sheaf code with a x-extendable cover. This implies that the prover is a locally simulatable encoding, and
therefore that the PCPP is perfect zero-knowledge.

We build up to our target sheaf code in stages. Recall in Section 4, we defined a d-testable sheaf code,
which has a recursive structure that enables efficient local tests. In Subsections 6.1, we build a PCPP for
d-testable sheaf codes. Finally, in Subsection 6.3, we construct a d-testable sheaf code from a class of
code families. We show that for certain code families, the sheaf code also has a k-extendable cover.

Looking ahead to Section 7, the PCPP from [BS08] can be recovered by instantiating Construction 6.21
with the class of Reed-Solomon codes in [BS08]. We identify a different class of Reed-Solomon codes,
which force the output sheaf code of Construction 6.21 to have a x-extendable cover. Combining that
finding with the results of this section yields our perfect zero-knowledge PCPP for Reed-Solomon codes.

6.1 Perfect Zero-Knowledge PCPPs From d-Testable Sheaf Codes with ~-extendable
covers

In this subsection, we construct PCPPs for d-testable sheaf codes. We show that if the sheaf code also has
a k-extendable cover, then the PCPP satisfies perfect zero-knowledge. The results of this section reduce
the problem of PCPP construction to the task of finding sheaf codes with certain properties.

We begin by relating the definition of locally simulatable encoding to that of a perfect zero-knowledge
PCPP. Recall that the local simulator in Definition 5.2 accepts elements of a coded space as queries, and
simulates entire local codewords. In the following lemma, we build a simulator that simulates points
instead of codewords by using the simulator from Definition 5.2.

Lemma 6.1 (Local simulatability implies black-box zero-knowledge PCPP). Lef q € N and let t(n) be
a function in poly(n, q). Let Il be a PCPP such that the prover of Il is a (t,1, q)-locally simulatable
encoding. Then 11 is black-box, [-local, perfect zero-knowledge PCPP with query bound q.

Proof. Let S be the local simulator for the prover of the PCPP, which is guaranteed by Definition 5.2. We
define a simulator S* for the PCPP as follows. The simulator has oracle access to a message m € M and
is additionally given x € P,, f : Py, — F for some 7" C S which records the previous queries of the
simulator.

Construction 6.2 (Simulator).

» If x € Py,., then output f(x).

¢ Otherwise, find p € S such that z € p, query 5 + S™(p)
o Letf: Puy,, — F such that f’\pUT = f and f’\p = 8.
e Set f:= f

* Output B(x)
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We show that the above simulator is identically distributed to the view of the PCPP. Denote by II. P
the prover of the PCPP.

Pr =y*l = Pr s =1"
y<—S*(f7T7w)[y vl ﬂ<—5(f7T,Oé)[6| vl
= _ Pr [f'm:y*‘ﬂPUT:ﬂPUT]

f<IIL.P(m)

The second to last inequality follows because S is a locally simulatable encoding and the final term is
the distribution of the PCPP view according to Definition 2.26. Furthermore, the simulator uses only
black-box access to the verifier, tolerates up to g verifier queries, and has the same running time as S.
Each query requires at most /(n) input points, and runs in time ¢(n). This completes the proof. O

In the following construction, we build a PCPP using the local codeword test in Construction 4.6. The
key difference in this construction is that the verifier only has oracle access to the input, which is the local
code F,. As such, the verifier is testing a virtual function, which is partly made up of the proof string and
partly made up of the input elements.

Construction 6.3 (PCPP). In this construction, d is in N, F is a d-testable sheaf of linear codes for some
code C, P is the coded space for F, o € P such that F, = C, and S C P is a d-testable cover for F,.
Furthermore, we denote by 7' the test from Construction 4.6.

e Prover:
- Input: F,c € F,
— Output: A uniformly distributed sample from F,—_.(P).
* Verifier:
— Input: f : FP» — F, and explicit input P, g : FP» 5 F, o and S.

— Output: Let g : FP~ — T be the function such that §
outputs 7'(g, 0, .5).

AP, = 9lp.\p, and g|p, = f. The verifier

Theorem 6.4. If there exists k € N such that F,—. has a k-extendable cover, then for all € € [0,1],
Construction 6.3 is a black-box lg-local (where ls is a function defined in Theorem 5.7), perfect zero-
knowledge PCPP for F, with query complexity max,cs, |a| (where Sy is from Definition 4.3), query
bound k, soundness error (1 — €), and proximity parameter c - ¢.

Proof. Completeness and soundness follow immediately from Theorem 4.7, and perfect zero-knowledge
follows because by Theorem 5.7, and since F,—. has a x-extendable cover, it follows that the prover is a
locally simulatable encoding. Applying Lemma 6.1 completes the proof. O

6.2 Constructing d-testable and x-extendable covers through merging

In this subsection, we construct a d-testable sheaf code, which generalizes the recursive structure of
the PCPP from [BSO8]. We utilize the sheaf code merging (Definition 3.26) to “glue” together a set
of (d — 1)-testable sheaf codes, along with a 1-testable sheaf code with testable cover S. Each of the
(d — 1)-testable sheaf codes gives a test for one of the codes in S. We place our sheafs intentionally, so
that two sheafs only intersect on codes that are isomorphic to each other, and furthermore, only on the
codes in the cover S. The following construction takes as input a main sheaf which contains the code,
o, that we would like to test, and which we denote F'; a testable cover, .S for local code ¢ € P’; and
for each p € S, a d — 1-testable sheaf code which we denote by F[p]. For each p € S, we additionally
require a sheaf code isomorphism £, that maps p to a local code h,(p) in F[p]. That way, when we run
the d — 1-test for F[p]y,,(,), we end up testing P, as well, which gives us our final d-test.
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Construction 6.5 (d-Testable Sheaf Codes From d — 1 Testable Sheaf Codes). The construction takes
the following inputs: a sheaf, 7', defined over P’, a local code domain o € P’, testable cover S C P’ for
code F/, and a set {F|[p] : p € S} such that for each p € S, there exists o, € P[p] such that F|p] is a
(d — 1)-testable sheaf code for F[p],, and finally, there exists a sheaf code isomorphism (Definition 3.20)
h, : P, — P[p],, at upper set P, , where h,(p) := 0.

e Let{g': P, > U}U{g, : Plp]« — U} be aset of injections such that the following holds: for all
p1 # p2 € Plpl,
Im(gpl) n Im(gf)z) g Im(g/)7

and forall p € S,
Im(g,) NTm(g") = ¢'(p) ho=9,"°dl,

o Set A:={(Flpl,gp) : p€ STU{(F',¢')}. Output M(A).

For the remainder of the section, ' is a sheaf code with coded space P’, o0 € P’, S C P’ is a testable
cover for F,, and {F[p] : p € S} are as specified in Construction 6.5. We refer to F as the corresponding
output of Construction 6.5.

6.2.1 Correctness of Construction 6.5

In this paragraph, we prove that Construction 6.5 is correct and outputs a merged sheaf code. To prove
this, we show that A (from the last step of the construction) satisfies the conditions required by the merge
sheaf code definition (Definition 3.26)

Lemma 6.6. For any F',0,5,{F|p| : p € S}, Construction 6.5 outputs a merged sheaf, i.e. a sheaf
satisfying Definition 3.26.

Proof. We will prove that A satisfies the conditions of Definition 3.26. Let (F1, §1), (Fz, §2) € A such
that g1 (o) 2 §o(7) for some o € ]51, T € P,. We use the following three claims, one for each choice of
pair g1, go. In the following claims, p and 3 are codes in S. We use several facts throughout the proof,
whose proofs we defer to Section B.

Claim 6.7. Let 0 € P',7 € Plp|. If g,(7) C ¢'(0) then g o Gp|+ is a sheaf code isomorphism at
upper set Pp]>-.

Proof. We make use of the following fact.

Fact 6.8.
T 2 hy(p)

Since h,, is a sheaf code isomorphism at P’> ,» it follows by Proposition 3.21 that h;l is a sheaf code
isomorphism at upper set P[p]>,,(,)- By Fact 6.8, 7 > h,(p), and so by Proposition 3.22, h;l |- is a
sheaf code isomorphism at P[p]> .. By definition of /,, ¢’, and g,, hp_l |- = g ©g,p|-, which completes
the proof. O

Claim 6.9. Leto € Plp|, 7 € P'. If g'(7) C g,(0) then gp_1 o ¢'|; is a sheaf code isomorphism at upper
set P _.

Proof of Claim 6.9. We make use of the following fact.

Fact 6.10.
TZp
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Since h,, is a sheaf code isomorphism at upper set P’> , and since by Fact 6.10, T > p, it follows that
hp|+ is a sheaf code isomorphism at P;T. Since h,|, = g;l o ¢'|+, this completes the proof. O

Claim 6.11. Let o € Plp],7 € P[B]. If gs(7) C g,(0) for some o € Plp|, T € P[B] then g, " o gl is
a sheaf code isomorphism at upper set P[] .

Proof of Claim 6.11. We prove the following two facts.

Fact 6.12.

Fact 6.13.
T Z hp(p)

By definition, h,, is a sheaf code isomorphism at upper set P’2 ,and h;l is one at upper set P[] >h,(p)-
By Fact 6.13, 7 > h,(p) and therefore by Proposition 3.22, hgl\f is a sheaf code isomorphism at
P[B]>+. By Fact 6.12, hgl(P[ﬁbT) C P . Therefore, by Proposition 3.23, h,, o hg1|r is a sheaf code

isomorphism at upper set P[3]> . hpohgl lr = g;log’|pog/*10gg\-r = g;log’OQ/*10gﬁ\T = g;logm,r,
where the second to last equality follows because %(hgl |-) € P,. This completes the proof. O

O

6.2.2 Testability of Construction 6.5
Lemma 6.14. F is a d-testable sheaf code for F g (o).

Proof. By Construction 6.5, S C P’ is a 1-testable cover for F... By Proposition 3.29, ¢’ is a sheaf
code isomorphism between F’ and F at upper set P’. Therefore, by Lemma 4.4, ¢’(S) is a 1-testable
cover for g'(F,) = Fg (). Next, let p € ¢'(S). We show that F contains a d — 1 testable cover for

Fp. Set o := ¢ " "(p) € S. Then, Fla] contains a d — 1 testable cover for Flaln,(p)- Therefore, by
Proposition 3.29 and Corollary 4.5, g, (F[a]) contains a d — 1 testable cover for go (F|als, (»))-
9a(Flodn,0) = Foathp(o) = Fora) = Fp-

The first equality follows by Lemma 6.6 and by definition of merged sheaf (Definition 3.26), the second
equality follows by definition of o and g’. By Proposition 3.29, g,, is a sheaf code isomorphism between
Fla] and F, and therefore g, (F[a]) is a subspace of F, which completes the proof. O

6.2.3 Extendability of Construction 6.5

We prove the following proposition, which will be useful when arguing that Construction 6.5 is x-
extendable.

Proposition 6.15. Suppose that Plp|s 1, (,) is globally extendable with respect to F|p| for all p € S. Let
U C P’ be a globally extendable upper set with respect to F' and let K C S be a subset. Then, g'(U) is

extendable to
g(P)YU | g,(Plo))
pEK

Proof. Since U is extendable to P’ with respect to F”, it follows by Lemma 3.25 that ¢’ (U) is extendable
to g'(P’) with respect to F. Next, we show the following.

Claim 6.16. For each p € S, g'(P’) is extendable to g'(P’) U g,(P|[p]).
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Proof. By Construction 6.5, ¢'(P') N g,(P[p]) = g'(P%,) = 9p(P[pl>h,(p))> Where both equalities
follow by definition of ¢', g,. By assumption, P[p]>,(,) is globally extendable with respect to F/[p].
Therefore by Lemma 3.25, g,(P[p]>4,(,)) is extendable to g,(P[p]) with respect to g,(F[p]). Therefore
by Lemma 5.16, since g’ (P’") N g,(P[p]) is extendable to g,(P[p]), it follows that g’(P’) is extendable to
¢ (P') U g,(Plp]). 0

Furthermore, by definition of g, and ¢/, for each p1, p € S with p1 # pa,

(9p1 (Pler]) \ ¢'(P") N (g, (Plp2]) \ g (P")) = 0.

Therefore, applying Lemma 5.22, with Claim 6.16, it follows that ¢'(P’) is extendable to ¢'(P’) U
Uper 90(Pp]) = ¢'(P") UU ek 95(P[p])- Applying Lemma 5.24 (transitivity of extendability) com-
pletes the proof. O

Corollary 6.17. Suppose that Plp]>y, () is globally extendable with respect to F|p] for all p € S. Let
U C P’ be a globally extendable upper set with respect to F'. Then g'(U) is globally extendable with
respect to F.

Proof. By definition of merged sheaf and Construction 6.5, P = |, 5 9,(P[p]) U g'(P’). Therefore,
applying Proposition 6.15 completes the proof. O

The following shows that if S'is a k-extendable cover for input 7', and if P[p]>4, () is extendable in
Flp] for each p € S, then the output sheaf code, F, has a r-extendable cover, where each code in the
cover consists of the codes in .S, along with their d — 1 testable sheaf codes.

Theorem 6.18 (x-extendable covers in F). Suppose that for all ¢ € F!, S is a k-extendable cover for
F' g=c. Furthermore, suppose that for all p € S, Plp]>y, () is globally extendable with respect to F|p].
Then for all c € C, {g,(Plpl+) : p € S} is a k-extendable cover for F g (5)—g (c)-

Proof. Let K C S such that |K| < . Define Uk as follows.

U = 95(Plo)).

peEK

To complete the proof, we will apply Lemma 5.14, which requires us to show that Ux U P> /()
is globally extendable with respect to F. First, by Construction 6.5, P = Ug U ¢'(P’) U Uke. Let
Uk = Uk U P> y/(s). We prove the following.

Fact 6.19.
Ui N (g (PYUUK) = | 6'(P) U Py
pEK

Let V :=,cx P, U P;. By Definition 2.7,

U d@P)uPyoy=JdPHugd@®)=g(|JP,uP)=4(V)
peEK pEK pEK

By assumption of the lemma, S is a x-extendable cover for ' ,—.. Therefore, since |K| < k, it follows
that V' is globally extendable with respect to F'. Therefore, by Proposition 6.15, g’(V') is extendable to
¢'(P") U Uge. Therefore, by Lemma 5.16, U}; is extendable to U}, U ¢'(P’) U Uge. Since Ug U Uge
contains all codes greater than or equal to { g, (P[p]) for each p € S it follows that U} Ug' (P )UUge = P.
This completes the proof. O
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6.3 d-Testable Sheaf Codes with x-Extendable Covers From Recursively Testable
Codes

In the following construction, we build a d-testable sheaf code via recursive calls to Construction 6.5,
where the inputs to each call is dictated by the next code in a “recursively testable code family” (Defini-
tion 6.20). This sets us up for our ultimate goal: an explicit perfect zero-knowledge PCPP, which we will
obtain by instantiating Construction 6.21 with a well-chosen family of Reed-Solomon codes.

Definition 6.20 (Recursively testable code family). Let n € N. A code family (Definition 2.12), {C; }i>1,
is recursively testable if for all i > 1, there exists a testable sheaf, F'[i], for C; with testable cover S;
such that for all i € [n] and p € S;, F'[i], = g(Cj(,)) for some j(p) < i and some permutation mapping
g (Definition 2.7). Furthermore, for o, € P'[j(p)] such that Cjy = F'[j(p)]o,. F'li(p)]o, and F'[i],
are isomorphic as sheaf codes.

Construction 6.21. Let {C; };>1 be a recursive testable code family, with associated sheafs { F'[¢] : i >
1}. Letn,d > 1. We construct a d-testable sheaf code for C,,, which we denote by Fy[n], as follows.

© Filn) =
* Ford > 1, foreach p € S,leth, : P'[n], = P'[j(p)]o, be a sheaf code isomorphism between F'[n]

and F'[j(p)] at upper set P'[n], for some o, € P'[j(p)] where F'[j(p)]s, = Cj(,). Let o € P'[n]
such that F'[n], = C,,. Then, F4[n] is the output of Construction 6.5 on inputs o, F’[n], S, and

{(]:d—l[j(p)}vhp) pe Sn}
Lemma 6.22 (Construction 6.21 is Correct). The output of Construction 6.21 is well defined.

Proof. Proof by induction. When d := 1, the output is just F’[n]. Next, let d > 1. By construction,
h, is a sheaf code isomorphism at P'[n]-, and by inductive hypothesis and Construction 6.5, there
is a sheaf code isomorphism g : P'[j(p)]lo, — Pi-1[j(p)lg/{a-1.i(p)(s,)- Therefore, it follows by
Proposition 3.23 (composition of sheaf isomorphisms) that there is a sheaf code isomorphism between
F'[n] and F4_1[j(p)] on P’'[n]>,. O

For the remainder of the section, let ¢’[d, n] be the sheaf code isomorpshim between F'[n] and F4[n]
on upper set P'[n] as defined in Construction 6.5.

Proposition 6.23. Letn,d > 1. If for all j < n, P'[j]>a, is globally extendable with respect to F'[j],
then Py[n]>g/1a,n)(a,) is globally extendable with respect Fy[n)].

Proof. Proof by induction. When d = 1, F'[n] = Fy[n] and the proof follows trivially. Next, when
d > 1, since j, < n, we can apply the inductive hypothesis and conclude that for all p € S,
g'ld =1, jp](P'[ip]>a,, ) is globally extendable with respect 741 [j,]. Therefore, by Proposition 6.15,
since P’[n]>q, is globally extendable with respect to F'[n], it follows that ¢'[d, n](P’'[n]>q,) =

Pa[n]>g¢/1d.n)(a,) is globally extendable with respect to F4[n], which completes the proof. O

Lemma 6.24 (F,, Contains A d-Testable Cover For C},). Let d,n € N and let {C;};>1 be a recursively
testable code family. Then for every integer n > 1, Fy[n| contains a d-testable cover for C,,.

Proof. By Lemma 6.22, F4[n] is an output of Construction 6.5. Therefore the proof follows directly from
Lemma 6.14 and by Construction 6.21. O

Lemma 6.25 (k-extendable covers for F ;). Let k,d,n € N and let {C;};>1 be a recursively testable
code family. For all n > 1, if for all ¢ € C,, Sy, is a k extendable cover for (F'[n])a, —c then
(Faln]) g (an)=g' (c) has a k-extendable cover.

Proof. Fix g := ¢'[d,n]. When d = 1, the statement follows trivially. Otherwise, we apply Theorem 6.18,
which requires us to prove that for all ¢ € C),, S is a x extendable cover in (F'[n]), _, (which we
know by assumption of the lemma), and that for each p € S, P;_1 [jp]%(ajp) is globally extendable with
respect to F4_1[j,). This follows from Proposition 6.23. O
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7 Short, Perfect Zero-Knowledge PCPP For Reed-Solomon Codes
7.1 A Useful Generalization Of The BS08 Bivariate Reed-Muller Code

In this section, F = Fo is a binary field, which we can view as a vector space over Iy of dimension {. For
L C T, denote by ¢, the polynomial of minimal degree that vanishes on L, i.e.,

qr(z) == H (z — ).

a€cl

Definition 7.1. Let k,l% €N, such thatk <1, k/2 + k + 2 < l. For a subspace L C [ of dimension k,
fix a canonical basis by, . . ., b; of L, and define

Di(L) == | (Lp x {q,(B)}) € L x qr,(L1)
BeL,

where Lg, L1, Lg are defined as follows:

Lo := span(by, .., by /2) Ly :=span(by/241,--,bk) \ Lr
Lp = span(bga41, -, bk/2+,~€+2) Lg = span(Lg,B) VB € Ly
Ll :=Lo+ Ly

Define the coded space P;(L) = D; (L) UR UK U{T}, consisting of

* rows R = {R, : x € L} where R, = {x} x {y: (z,y) € Dy(L)};

s columns K == {K, : y € qr,(L1)}, where K, = {x : (z,y) € D; (L)} x {y};
s acurve T = {(z,qr,(z)) :z € L\ Lo}.

Finally, for degrees dx,dy € N where dx is a power of two, define the sheaf of linear codes F =
Fax .y (L) on Pp(L) where k :=log,(dx + 1) — k/2:

s forpe Di(L), F, =F;

* for R, € R, Fr, = RS[F, R.,dx];

s for K, € K, Fk, = RS[F, K, dy];

e and Fr = {c € FT . (c(z,qr,(7))zer\ry € RS[F, L\ Ly, dx +dy - |Lol]}-

Remark 7.2. When k = 0 we recover the bivariate Reed-Muller code from [BSO08].

Figure 1 depicts the domain D; (L) in orange, with the subspace curve highlighted in blue.

7.2 k-Extendable Covers In Bivariate Reed-Muller Sheaf Codes

Theorem 7.3. Let L C F be a subspace, let dx,dy € N such that dx > |Lo| + dy, dy > 1, and let
F := Fay.dy (L) be a bivariate Reed-Muller sheaf code (Definition 7.1). For all c € Fp, RUK is a
dy -extendable cover for Fr—..

We prove Theorem 7.3 using results about extendability from Section 5.3. To build intuition, we start
with a high-level overview that uses only elementary facts about bivariate polynomials. Then, we describe
the same argument through the more general lens of upper set extendability, and continue with the formal
proof. Figures 2 depicts the former viewpoint and Figure 3 depicts the latter.

Overview of the proof of Theorem 7.3 in the language of bivariate polynomials. Let S C R UK be
a collection of rows and columns in P such that |S| < dy. Let 8" := SU{T'}. Let Dgs =U§ CF x F
be the maximal set of Ug, i.e. the union of the domains of the local codes in S’. We need to prove
that Ug is globally extendable with respect to F. Since F(P) is a bivariate Reed-Muller sheaf code
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o=1Lo+ Lp

!

Figure 1: The domain D (L), with the subspace curve highlighted in blue.

(Definition 7.1), this translates to proving that for any f € F(Ug:), there exists a bivariate polynonial
Q € F=ldxdI[X V] such that Q(x,y) = f(x,y) forall (z,y) € Dg:.

We start by considering some collection W C P such that S C W, where W consists of exactly
dx + 1 rows, dy columns, and the curve T'. Let Dy = Py, be the maximal elements of Uyy. Let
R’ be the rows and let K’ be the columns in W. Let Dr» = Py,,,Dg = Py, be the maximal
elements of upper sets Ur and U respectively, and let f € F(Ug/). First, we find a bivariate
polynomial Q € F=ldx-dv][X V] satisfying Q|p = flD,,» which is proven to exist in Lemma H.1
in [BCFGRS17]. We will argue next that Q|p,, = f|p,, . We do this in two steps. First, Q|p,, is equal
to f|p,, because for each column p € K, Q|, and f|p, are univariate polynomials of degree < dx and
Q| p, agrees with f|p, on each of the dx + 1 points in P, N Dp. By a similar argument, Q|7 is equal
to f|r because f|r and Q|7 are both univariate polynomials of degree < A = dx + dy - |Lo| and Q|1
agrees with f|7 on each of the A + 1 points in T'N (Dg: U Dg/). Putting these two facts together, @
agrees with f on all of Dyy.

Finally, we are ready to reason about the global extendability of Ug:.. Let f € F(Ug ). Fix a
codeword g € F(W) such that g|p_, = f|p,,. We use the argument from the previous paragraph to find
a bivariate polynomial Q € F=I?x-4v][X Y] such that Q|p,, = g|p,, . Since Ds: C Dyy, it follows that
Q|p, = 9|pg . which by definition is equal to f|p_,. This completes the proof.

Proof of Theorem 7.3. We are now ready for the formal proof of Theorem 7.3. Using the notation
of the previous subsection, we start by proving that Uy is globally extendable. We observe that the
above argument from bivariate polynomial interpolation is an instance of more abstract extendability
properties as established by Lemma 5.23 (“triangle of extendability””) and Lemma 5.24 (“transitivity
of extendability”). Lemma 5.23 tells us that if Ug/ is uniquely extendable to Uy and is itself globally
extendable (which Lemma H.1 of [BCFGRS17] proves it is), then Uz~ must also be globally extendable.
Similarly, Lemma 5.24 tells us that if Uy is globally extendable, and Ug is extendable to Uyy, then
Us: is globally extendable. Finally, we can prove the extendability of Ur: and Ug: to Uy, by applying
Lemmas 5.25 and 5.18 and then counting intersections of the different local domains.
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Figure 2: This image depicts the proof strategy described in Section 7.2, which uses polynomial interpolation.
In Frame (1), we are given a function on a small domain consisting of one row, one column and the subspace
curve. The function consists of a dx univariate polynomial on the column, a dy univariate polynomial on the
row, and a degree-A univariate polynomial on 7". In Frame (2), we extend this domain, and assign to each new
column a univariate polynomials of degree < dx and to each new row a univariate polynomials of degree < dy-.
In Frame (3), we find Q € F=[dx.dv] [X, Y] that agrees with evaluations on the rows. Because each column is
fully determined by the values in the rows, the columnns must also agree with (2, which is depicted in Frame
(4). Then, because there are A + 1 points in 7" which are determined by the rows and columns in Frame (4), the
degree-A polynomial on 7" must also agree with (), which is depicted in Frame (5).

Claim 7.10 Claim 7.11

Ug Ug U Uk Up-
Claim 7.7
Lemma 7.4.,:': Ur UUgk:
. Claim 7.6
19
global Ug

Figure 3: A diagram depicting the proof strategy of Theorem 7.3 using results from Section 5.3. Standard arrows
denote extendability and square arrows denote unique extendability. Ugs corresponds to Frame (1) in Figure 2.
Ur~ refers to Frame (2) and the triangle describes the argument outlined by Frames (3), (4), and (5) in Figure 2.

32



Proof. Let S C RUK, |S| < dy,andlet S” := SU{T'}. To prove the theorem, it suffices by Lemma 5.14
to prove that Ug- is globally extendable (Definition 3.10) with respect to F. Let R := SNR, K := SNK
be the rows and columns in S, respectively. Choose any sets R € R, K’ C K such that R C R/,
|IR'|=dx +1, K C K',|K'| =dy.Let W := K' U R’ UT. We prove the following two lemmas.

Lemma 7.4. Uy is globally extendable.
Lemma 7.5. Ug: is extendable to Uyy.

By transitivity of extendability (Lemma 5.24), Lemmas 7.4 and 7.5 together imply that Ug- is globally
extendable, which establishes the theorem. O

Next, we present the proofs of these two lemmas.

Proof of Lemma 7.4. This lemma is a consequence of the following two claims, proved below.
Claim 7.6. Ug; is uniquely extendable to Up/ k.
Claim 7.7. Ug/y k- is uniquely extendable to Uyy.

By transitivity of unique extendability (Lemma 5.24), it follows from Claims 7.6 and 7.7 that Ug: is
uniquely extendable to Uyy. Furthermore, by Lemma H.1 in [BCFGRS17], Uy is globally extendable.
Therefore, by Lemma 5.23 (triangle of extendability), it follows that Uy is globally extendable. O

Next we prove Claims 7.6 and 7.7. Each claim is proven by decomposing one of the upper sets and
analyzing the relevant intersections. We present the statements about intersections as facts whose proofs
we defer to Appendix C.

Proof of Claim 7.6.

Fact 7.8. Forally € K’,
|Ky N Py, | =dim(Fg,).

By Fact 7.8 and by Lemma 5.25, since F, is MDS, Ur is uniquely extendable to Ugs U P g, for
each y € K’. Furthermore, for each y; # yo € K’, K, N K, = (). Therefore, by Lemma 5.18, Up is
uniquely extendable to Urs U Uk = Ur/ykr. [

Proof of Claim 7.7, Recall that Uy = Ur/ui U P>p. We use the following fact.

Fact 7.9.
|T N PUR’ = dlm(]‘—T)

By Lemma 5.25, since Fr is MDS, Ug' U Uk~ is uniquely extendable to Uy . O

uK"

We now turn to the proof of Lemma 7.5.

Proof of Lemma 7.5. The lemma follows from the following two claims by transitivity (Lemma 5.24).
Claim 7.10. Ug: is extendable to Ug: U Ug:.
Claim 7.11. Ug U Uk is extendable to Uyy. O]

Next, we prove the claims.

Proof of Claim 7.10. We use the following fact.

Fact7.12. Forally € K’ \ K,
|Ky n PUs'| < dlm(]:Ky)

By Fact 7.12 and by Lemma 5.25, since ]-"Ky is MDS, Ug: is extendable to Ugs U P>Ky for each
y € K'. Furthermore, for each y1,y, € K’ \ K, K,, N K,, = 0. Therefore, by Lemma 5.18, Ug is
extendable to Ugsr U Ug-. O
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Proof of Claim 7.11. By definition, Uy = Ug» U Uk U Ug/\ . We use the following fact.

Fact 7.13. Forallz € R’ \ R,
|RZE N PUS/UUK/‘ = dlm(]:Rm)

Therefore, by Fact 7.13 and by Lemma 5.25, Ug U Uk is extendable to Ugs: U Ui U Ps g, for each
x € R'. Furthermore, for each z1,25 € R', R;, N R;, = 0. Therefore, by Lemma 5.18, Us: U Uk is
extendable to Uyy . O

7.3 Testing Reed-Solomon Codes With Bivariate Reed-Muller Sheaf Codes

In this section, we construct a recursively testable code family (Definition 6.20) for Reed-Solomon codes,
using the bivariate Reed-Muller codes described in Section 7.1. For the target code of the family, C),,
we choose the degree bounds so that (F,,)___ has a x-extendable cover for any ¢ € C,, so that the final

g=cC

PCPP satisfies perfect zero-knowledge. In particular, we choose degree bounds less than or equal to
(2|Lo| — 1, |Lg|/8 — 2) that satisfy the conditions of Theorem 7.3, i.e. (2|Lo| —1) > (|Lo|/8 — 2) + | Lo
We start by recalling Definition 7.9 from [BCGRS17].

Definition 7.14. We denote by RS™ the linear code family indexed by tuples
n=(F,L,d),
where T is an extension field of Fo and L is an Fo-linear subspace of F with
d<|L|/8,
and the n-th code consists of the codewords from the Reed—Solomon code
RS[F, L, d].
Theorem 7.15. RS™ is recursively testable.

Proof. Let k>0,i>1,and let (F, L, d) be the ith tuple in RST. Let F'[i] be the Reed-Muller sheaf
code defined in Definition 7.1 over domain D (L;). First, we show that F'[i] has a 1-testable cover for
C; = RS[F, L,d]. Let P’[i] be the coded space for F'[i]. We show the following.

Lemma 7.16. For eachi € [n], R UK is a 1-testable cover for C;.

The proof of Lemma 7.16 closely follows the soundness proof of the short PCPP from [BSOS8] so we
defer its proof to Appendix D. Next, by definition of bivariate Reed-Muller sheaf code (Definition 7.1),
for each p € R UK, F'[i], is equal (up to permutation) to RS[F, L, d;] for some j < 4. This completes
the proof. O

7.4 Our Construction

We build our construction using the framework outlined in Section 6.

Construction 7.17 (Perfect Zero-Knowledge PCPP for Reed—Solomon Codes). Let C = RS™ be the
Reed-Solomon code family (Definition 7.14) and let C; = RS[F, L,n/8]. Let F'[i] be the bivariate
Reed-Muller sheaf code over coded space P’[¢] (Definition 7.1) over domain D (L) such that P’[i]r =
RS[F, L\ Ly, |L|/8 — 1]. Let F, P be the output of Construction 6.21 when given code family C, code
index 4, and recursive depth log(log(|L|)) as input.

¢ Prover:

— Input: Codeword ¢ € RS[F, L, |L|/8]
— Output: The prover output from Construction 6.3 on inputs F, P, c.
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* Verifier:
— Input: Impicit input f : FF> — T and explicit input g : F/* — F
— Output: The verifier output from Construction 6.3 on inputs F, P, f, g, T, R UK

Next, we use the above construction to prove the existence of a perfect-zero knowledge PCPP for
Reed-Solomon codes.

Theorem 7.18. Forall €,§ € [0, 1), there exists a black-box, \/n-local, perfect zero-knowledge PCPP
for RS with verifier query complexity polylog(n), zero-knowledge query bound \/n/8 — 2, soundness
error 6, and proximity parameter e.

Proof. We start by showing that Construction 7.17 is black-box, y/n-local, perfect zero-knowledge
PCPP with verifier query complexity O(1), zero-knowledge query bound 1/n/8 — 2, soundness error
¢/polylog(n) and proximity parameter e. By Theorem 7.15, C is a recursive 1-testable code family.
Therefore, since P is the output of Construction 6.21, it follows by Lemma 6.24 that P contains a
d-testable cover for RS[F, L, |L|/8]. Next, we apply Theorem 6.4, which just requires us to prove that
F'[i] has a (1/n/8 — 2)-extendable cover. By Lemma 6.25, this follows as long as S; is a (|Lo|/8 — 2)-
extendable cover for F;. This follows from Theorem 7.3 because by definition of our bivariate Reed-
Muller sheaf code (Definition 7.1), log,(dx + 1) = k + log2(|L|)/2 = log,(|L|)/2 + 1 and so
dx = 2'°82(ILD/2+1 — 9.|L,o| — 1. Definition 7.1 also states that '[i]| has degree bound dx +dy - | Lo|.
In our case P’[i]1 has degree bound |L|/8 — 1. This implies that

dy = (|L|/8—1—dx)/|Lo| = |Lo|/8—1/|Lo|—dx /| Lo| = |Lo|/8—1/|Lo| —2+41/|Lo| = |Lo|/8—2.
We show that d x, dy satisfy the conditions of Theorem 7.3 with the following.
dx = 2|L0‘ —-1> 9‘L0|/8 —2= |L()| + dy

By Proposition 2.9 from [BS08], this implies that for any ¢, € [0, 1], we can obtain a PCPP with
soundness error §, proximity parameter € and equivalent proof length to Construction 7.17 and query

complexity
o ( log(1/9)
(¢/polylog(n))
This completes the proof. O

> = polylog(n).

8 Perfect Zero-Knowledge PCP For NTIME

In this section, we build a black-box perfect zero-knowledge PCP for NTIME using the zero-knowledge
PCPP for Reed-Solomon codes from the previous section. Our argument follows that of section 8
in [BCFGRS17], which builds a perfect zero-knowledge k-round Interactive Oracle Proof for NTIME from
a k-round perfect zero-knowledge Interactive Oracle Proof of Proximity for Reed—Solomon. Interactive
Oracle Proofs (of Proximity) are generalizations of PCPs (resp. PCPPs), where the prover and verifier
engage in k£ € N rounds of interaction. Setting k := 0 yields the corresponding result for PCPs.

Another difference between our two settings is that they assume a perfect zero-knowledge IOPP
whose simulator can tolerate unbounded verifier queries, and only queries one input symbol for every
query to the proof. We modify their argument to handle /-local black-box perfect zero-knowledge PCPPs
with an explicit query bound. The following is our main result.
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Theorem 8.1 (Main Result). For every polynomial b, T: N — N, there exists a perfect zero-knowledge
PCP system (P, V') for NTIME(T) with the parameters:

alphabet F(n) =TFy

proof length (n) = 6(T(n) + b(n)?)
query complexity q(n) = polylog(n)
soundness error  g(n) =1/2

query bound b(n)

Recall that Dinur [Din07] has shown that a PCP of length £ with query complexity g can be transformed
to a PZK-PCP of length ¢ - poly(q) with query complexity O(1). In Appendix A, we observe that Dinur’s
query reduction and gap amplification transformations are poly(g(n))-locally computable, hence they
preserve perfect zero-knowledge with query bound b/poly(q). Applying gap amplification (Lemma A.1)
to Theorem 8.1, instantiated with query bound B(n) - log(n)¢, for a sufficiently large constant ¢ > 0, we
obtain the following immediate corollary (note that the additional poly-logarithmic factor is absorbed in
the O notation).

Theorem 8.2 (Quasilinear-length PCPs with constant query complexity). For every polynomial b, T: N —
N, there exists a perfect zero-knowledge PCP system (P, V') for NTIME(T) with the parameters:

alphabet F(n) =Ty
proof length £(n)
query complexity q(n)
soundness error  £(n) =1/2
query bound b(n)

Proof overview. Our proof closely follows the proof of Theorem 8.1 in [BCFGRS17] closely, which
itself follows [BCGV16]. Those works construct perfect zero-knowledge interactive oracle proofs (IOPs)
for (randomizable) linear-algebraic constraint satisfaction problems ((R)LACSPs), which are shown in
[BCGV16] to be NP-complete. IOPs are a multi-round generalization of PCPs. We obtain our main result
by replacing the two-message zero knowledge IOP of proximity for Reed—Solomon codes used in those
works with our ZKPCPP from Theorem 7.18.

Our ZKPCPP does not precisely fit the requirements laid out in [BCFGRS17], and so it is not a drop-in
replacement. In particular, the simulator for the ZKPCPP has locality \/d, where d is the degree of the
polynomial being tested; in the prior work it is assumed that the ZKIOPP has locality 1. In addition, the
simulator for our ZKPCPP fails after around /n queries, which must be accounted for in the overall
query bound. These modifications are minor and do not affect the structure of the proof.

8.1 Linear Algebraic Constraint Satisfaction Problems
We begin by recalling the definitions of LACSP and RLACSP [BCGV16; BCFGRS17].

Definition 8.3. Let g: 3™ — X™ be a function. We say that g is (-local if for every j € [m)] there exists
I; C [i] with |I;| < £ such that g(w); depends only on w|y,. Moreover, we say that g is s-evasive if for
1]

Definition 8.4 (LACSP). Ler Cy(n) and C1(n) be descriptions of linear codes over F(n) with block
length £(n) and relative distance T(n). The promise relation of linear algebraic CSPs (LACSPs)

every I C [n| the probability that, for a uniform j < [m], I; intersects I is at most s -

LACSP[IF(n),Co(n),Cl(n),é(n)m(n),q(n),] = ( EE(SJSPaLE/?CSP)

considers instance—witness pairs (x, w) of the following form.
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* Aninstance x is a tuple (1", g), where:
- g: F(n)'™ — F(n)*™ is q(n)-local, q(n)-evasive, and can be computed in time poly(n);
— C1(n) Ug(Co(n)) has relative distance at least T(n).

o A witness w is a tuple w = (wg, wy ), where wo, w; € F(n)“™).

The yes-relation RY LSqp consists of all pairs (x,w) as above for which the instance x and witness w

Jointly satisfy wg € Co(n),w; € Ci(n), and g(wo) = wy. In particular, a witness w = (wy, g(wy)),
with wy € Co(n), satisfies x if and only if g(wg) € Cy1(n). The no-language LY Qcqp consists of all

instances x as above such that x ¢ L (RYk2gp).

Definition 8.5 (randomizability). An LACSP instance (1", g) is t(n)-randomizable (with respect to
code families Cy(n), C1(n)) if there exists a t(n)-wise independent subcode C' C Cy(n) such that if
(co, g(co)) satisfies x then, for every c{, € co + C', the witness (c{, g(c{))) also satisfies x.

Definition 8.6 (RLACSP). The promise relation of randomizable linear algebraic CSPs (RLACSPs) is
RLACSPUF(H), CO (Tl), Cl (n)a é(n), T(’ﬂ), q(n)a C(”)v t(n)] = (REEECSl% ngACSP) P

where RYES qp is obtained by restricting Ry Xoqp to instances that are t(n)-randomizable, and

LIP\{SACSP = LEAOCSP‘

Theorem 8.7 ((BCGV 16]). Forany polynomials t,T and any constant T € (0,1), RLACSP[F, Cy, C1, ¢, T, q, ]
is NTIME(T)-hard where F is a sufficiently large binary field, Cy is a Reed—Solomon code, C1 is a

subcode of Reed—Solomon that vanishes on a set H, { = O(T + t); and q = polylog(T).

8.2 From zkPCPP for Reed-Solomon Codes to zkPCP For NTIME
The following theorem is adapted from [BCFGRS17, Theorem 8.9].

Theorem 8.8. Suppose that there exists a black-box k-local perfect zero-knowledge PCPP for the relation
Cy x C1 with the parameters:

alphabet F(n)
proof length lA(n)

query complexity q(n)
soundness error  €(n)

query bound b(n)

Then there exists a PCP (Pr, Vg), for relation (REFacsps LREacsp) [Fs Co, C1, 4, 7, q, ] with parame-
ters

[ alphabet F(n) i
proof length I(n) =1(£(n)) + £(n)
query complexity q(n) = q(¢(n)) +q(n) +1
soundness error  £(n) = max{?(n), 1—7(n)+ 23\(71) (q(n) + 1)}
query bound b(n) = min($ b(¢(n)))

i K(E(n)) - q(n)’ 1

Proof sketch. The proof follows [BCFGRS17, Theorem 8.9] very closely; here we outline the differences
only, and refer the reader to the prior work for the remainder of the proof. The only modification is in the
proof of perfect zero knowledge: for each query the verifier makes to the PCPP (up to b, after which the
zero knowledge guarantee may fail), its simulator will make at most x queries to wg, w1, resulting in at
most k - g queries to wy (since w; is g-locally computable from wy). O]
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Proof of Theorem 8.1. Let L € NTIME(T'). We construct a ZKPCP for L by first reducing to RLACSP
via Theorem 8.7, for sufficiently small constant 7 and t = max(b(n)?,T(n))q(n)?. A ZKPCPP for
Cy x C can be obtained by combining our Theorem 7.18 with standard techniques for testing vanishing

subcodes of Reed—Solomon. That this achieves the specified parameters is easily verified. [
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A Zero-Knowledge Gap Amplification

In this appendix, we observe that Dinur’s query reduction and gap amplification preserve perfect zero-
knowledge, at the cost of reducing the query bound by a polynomial factor of the query complexity of the
original PCP.

Dinur [Din07] showed that a PCP of length ¢ with query complexity g can be transformed to a
PZK-PCP of length ¢ - poly(q) with query complexity O(1). We note that if the original PCP was
zero-knowledge with respect to query bound b, then the resulting O(1)-query PCP will have query bound
b/poly(q).

By the local simulatability lemma [GOS25, Lemma 3.2], it suffices to show that the gap amplification
procedure is poly(g(n))-locally computable from the original PCP. We verify this below, assuming
familiarity with Dinur [Din07].

Lemma A.1. Let (P, V) be a non-adaptive PZK-PCP system with constnat-size alphabet, polynomial
proof length £(n), query complexity q(n), query bound b(n), polynomial decision complexity, perfect
completeness, and constant soundness error.

Then, there exist absolute constants ¢y, co > 0 and a PZK-PCP system (P, V') with binary alphabet,
proof length £(n) - q(n)<, query complexity O(1), query bound b(n)/q(n)2, perfect completeness, and
soundness error 1/2.

Sketch of proof. The transformation and the resulting alphabet size, proof length, query complexity,
completeness, and soundness are provided and analysed in [DinO7, Theorem 1.5 and Section 8]. It
remains to show the resulting PCP is perfect zero-knowledge with query bound b(n)/q(n)°2, for some
absolute constant co > 0.

Recall the that first step of the transformation are standard arity-reduction and alphabet-reduction
steps by appending a large alphabet symbol to each ¢(n)-tuple of coordinates that may be queried by
the non-adaptive verifier and providing a PCPP, with an efficient deterministic prover, for the decision
predicates. Clearly, this step is g(n)-local, as each large-alphabet symbol can be obtained by querying
q(n) symbols of the original proof, and each PCPP oracle is a function of a single large-alphabet symbol.

Next, write down the PCP system as a constraint graph G of size £(n) - ¢(n)?*) over an constant-size
alphabet 3, with unsatisfiability gap vo = Q(1/q(n)).

Following the notation in [Din07], recall that each iteration in Dinur’s gap amplification transformation
has the form

G — prep(G)' o Py ©)

where, prep(Q) is the preparation transformation (degree reduction and expanderization), the powering
degree ¢ is a fixed constant, and P, is the inner assignment tester (PCPP) for alphabet reduction.
By [Din07, Theorem 1.5], each iteration has unsatisfiability gap

Yit1 = min{2vy;, a} ,

where o > 0 is an absolute constant, and increases the proof length by a constant factor.

Observe that each iteration of the transformation in Eq. 8 yields an output proof oracle that is
O(1)-locally computable from its input proof oracle. To see this, note that prep(G) is a O(1)-local
transformation by the description of the degree-reduction and expanderization steps, then the constant-
degree graph is raised to the ¢’th power, for a constant ¢, which is also O(1) local, and the alphabet
reduction is O(1)-local, as observed above.

Finally, note that after O(log(1/~(n))) iterations of the transformation in Eq. 8, we obtain a constant
gap -, and in turn, the constant soundness error; Moreover, we can further reduce the soundness error to
1/2 by applying a constant number of repetitions and accepting if all invocations accepted. Since each
iteration of the gap amplification procedure increased the proof length by at most a constant and decreased
the query bound by at most a constant, we obtain the claimed parameters, where the constant alphabet
size can be reduced to binary via standard O(1)-locally computable alphabet reduction. O
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B Deferred Proofs Of Facts From Section 6.2

Proof of Fact 6.8.

9o(1) C go(1) N g'(0) € Im(g") N Im(g,(7)) = g'(p),

where the first inclusion follows since by the assumption that g,(7) C ¢’(o), the second inclusion follows
by definition of image of a function and the equality follows by definition of ¢’ and g,. Therefore,
7 C g, (' (p)) = hp(p) = hy(p). Since T and h,(p) are both in P|p], it follows by definition of coded
space that 7 > h,(p) and therefore T € P[p]>p,(p)- O

Proof of Fact 6.10.
9'(7) € gp(0) € Im(g') N Im(g,) = g'(p)-

The first inclusion follows by assumption of the claim, the second inclusion and equality follow by
definition of ¢’, g,.Therefore 7 > p. Since 7, p € P, it follows by definition of coded space that 7 > p
and therefore 7 € PZ . O

Proof of Fact 6.12. Leta € hEl (P[B]s+). Then e = ¢’ (g (x)) for some z € P[f]>,. The following
is implied by the claim’s assumption that gg(7) C g,(c), by the definitions of ¢’, gg, and g, as well as by
basic properties of set intersection.

g5(x) C gp(T) C gp(T) N g,(a) € g'(p) Ngs(T) Ngp(o) € go(a) Ng'(p) € g (p)

Therefore o = g’_l(gg(:(:)) - g’_l(g’(p)) = p. Since «, p € P, it follows by the ordering on coded
spaces that o > p, which completes the proof. O

Proof of Fact 6.13. The following is implied by the claim’s assumption that gz(7) C g,(c), by the
definitions of ¢’, gg, and g, as well as by basic properties of set intersection.

95(7) € gs(1) N g,(0) C gs(T) Ng,(0) N Im(g") C gs() N Im(g') C g'(B)

Therefore 7 C hg(8) = h,(p). Since h,(p) and 7 are both in P[], the proof follows by the ordering of
coded spaces. O

Proof of Fact 6.19.
Uk N (g'(P)UUke) = (U Ng'(P')) U (Ui NUke) = Ui N g'(P')

=(J 9(Plo) ng(P))ug (P}

=(Jg@)ugr).

peEK

This completes the proof of the fact. O

C Deferred Proofs Of Facts From Proof of Theorem 7.3.

In this section, set F := F'[i] and P := P’[i].
Fact C.1. Forally € qr,(L1),

(T N Ky)l = v/n.

Proof. Foreachy € qr,(L1), [TNKy| = {(x,y) : qr,(x) = y}| = v/n, which completes the proof. [
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Fact C.2. Forallx € L,
[(TNR,)| =1.

Proof. An X-curve intersects with each row exactly once. O
Proof of Fact 7.8.
[Ky N Py, | = Ky N U Ry| = | U KyNR,y| = Z |Ky N Ry =|R'|-1

TER’ rER’ xER’
=dx +1= dim(]:K,y)

The first equality follows by definition of U, the second equality follows by distributivity of set inter-
section, the third equality follows because for each 1,22 € R/, Pg, N Pg,, = (), the fourth equality

follows because for each (x,y) € FF, K, N R,| = 1, the fifth equality follows by definition of R/, and

the final equality follows by definition of F. O
Proof of Fact 7.9.

TN Py, ov, | =T N( U R, U U Ky|)|

rER’ yeK’
=Tn |J BRH)u@n |J E)I=1(J TnR)I+ 1T (| Ky
rER’ yeK’ zEeR’ yeK’
=Y ITNR.|+ > ITNK| =|R|-1+|K'| - |Lo| = (dx + 1) + dy - |Lo|
TeR’ yeK’
= dim(fT)

The first equality follows definitions of Ug/, Uk, the second equality follows by distributivity of set
intersection, the third equality follows because for each z € R',y € K', R, N K,, N T = (), the fourth
equality follows because for every x1,zo € R’ (resp. y1,y2 € K'), Ry, NR,, = 0 (tesp. Ky, NK,, = 0),
the fifth equality follows by Facts C.2 and C.1, the sixth equality follows by definitions of R’, K’, and the
final two equalities follow by the definition of 7. O

Proof of Fact 7.12.

|Pr,, N Pugups,|

=K, n(P,u | JR.u | Pk,

r€ER y' eEK
= |(K, N P)U(K,n | R)U (K, N | Px,))l

zeR y'eK
= (K, nP,)u(|J K, NRy)|
TER
= (K, n Po)| + (| Ky N R.)|
TER

= [Ky N Py| + ) |K, N R,

TER
= |Lo| + |R| - 1 < |Lo| + dy < dx < dim(Fk,)

The first equality follows by definition of Ug, the second follows by distributivity of set intersection, the
third follows by Claim 2.1 because for all y1,y» € K, PKy1 N PKy2 = (), the fourth follows because for
eachz € R,y € K', R, N K, N P, = (), the fifth follows because for all z1,z> € R, Pr, NPg,, = 0,
the sixth follows by Fact C.1. On the last line, the first inequality follows by definition of R, the second
inequality follows by assumption on dx, and the last inequality follows by definition of F. O
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Proof of Fact 7.13.

‘RT N PUsUP;q“UUK/|
=|R.N(TU | Pr, U |J K,

z'€ER yeK’

=R NT)U (RN | J Pr,)U (RN | K,
z’€R yeK’
=|(R.NT)U (RN ] Kyl
yeK’
= (R NT)|+[(R. 0 | K,)l
yeK’
=|(ReNT)| +| |J RN K,
yeK’
=|(Ra NT)| + Y |Ra N K|
yeK’

=1+ |K'|-1=dy +1=dim(Fg,)

The first equality follows by definition of Ug, the second one follows by distributivity of set intersection,
the third follows by Claim 2.1, because for every x1,x € R/, Ple N PR‘r2 = (), the fourth follows
because foreachz € R,y € K/, R, N K yNP; = (, the fifth follows by distributivity of set intersection,
the sixth follows because for each y; # o € K’, Ky NK,, = (0, the seventh follows by Fact C.2, and
the final equalities follow by definition of K’ and F. O

D Proof Of Lemma 7.16

Proof. We follow the proof of Lemma 6.11 in [BS08] closely. Let F := F;, P := P;,and S := S;. Let
f € FT and let
e= E [A(fp,,Fp)]

p<D(S;)
We prove that there exists constant ¢* € N such that A(f, Fr) < c¢* - e. We start with the following claim.
Claim D.1. Forall f € FF, there exists a constant ¢ € N such that A(f, F(P)) < c- e

Proof. We use the following constants, where ¢ is a constant to be minimized and ¢ is the universal
constant from Lemma 6.13 in [BSOS8].

c1 3c1
— c3 =

= ~ 16(3c0 + 2)

Co =
300

N O

We fix ¢ to be the minimal ¢ such that ¢5 > 2 and é + % < 1. Let €rou = Eperow(p)[A(fP,, Fp)]
and let €.o1 := Epecol(p)[A(fP,,Fp)]. Then by definition of D(S), (3) - (€cot + €row) = € and s0
€col €row S 2e.

Next, we consider the restriction of f to a product set. Let G = L{, X qr,(L1). Let £,Q be the
sheaf and coded space for a bivariate Reed-Muller sheaf code over domain G. Let S := R U K. Let
D(Sa) :=D(S;). Lete.,; := Epecol(@)[A(f|p,, Ep] and let €], := Eprow(@) [A(f] P, , Ep). Since for
each p € col(P), |Q,|/|P,| = 2, we have the following.

1
€ror < 26001 < de = 2ce - o
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Furthermore, since for each p € row(P), @, = P,, it follows that

/

67"0’[1) -

Erow < 26 = ce—.
C1

By Lemma 6.13 in [BS08], we have the following. For all f € F©, there exists a constant ¢ such that

ACFE(Q)) < o€y +€lg) = ce—.

C2
Let Ucor = Uyecoi(py P>y~ Let d be the closest codeword in £(Q) to f|c and let e be the closest
codeword in £(Ue) to f|g. We say 3is bad if e|g, # d|g,. Otherwise 3 is good.

Ly [f(z,y) # d(z,y)] = 5e£ﬁp)w is bad | + @ bEp. [f (e, B) # d(c, B) | Bis good . (9)

First we analyze the left hand side of the sum. If 3 is bad, then e|q, # d|g, and so f|q, is either
3/8-far from e|q, or (3/8)-far from d|q,, because otherwise, it follows from the triangle inequality
that A(e|q,,d|g,) < 6/8 = 3/4 which is a contradiction since the minimum distance of the code is
3/4. col(Q) is a cover for both £(Q) and £(col(Q)). Each code in the cover is equal to RS[F, Q. 3/4]
and every two codes in the cover have disjoint domains. Therefore, we apply Claim 4.10 and have the
following.

P is bad
ﬁecoII.(P)[ﬁ 15 ba ]
< P ,d >3/8]+ P , > 3/8] (By the triangle i lit
_ﬁecolr(@[ mQB l0.)>3/8)+ | Pr[A(flg,.cla,) > 3/8] (By the triangle inequality)
8 .
8 1 2
<= (11)
C3

Since we minimized ¢ so that c3 > 2 and since we can assume that ce < 1, we analyze the right hand side
of the sum in Equation 9 as follows.

Pr [f(e, ) #d(e, B) | Bisgood] = Pr [f(a, ) # e(a, )| Bis good |

(e, B)EP: (o, B)EP,
Prif(0.8) # el f)] | AUe) _yy oy 0 e
Pr[8 is good | 1—Pr[3is bad] ’ A
Summing up the above two equations we have that
1 2
Pr x, d(z,y)] = (— + —)ce
P @) # dey) = (= + )
Since we assume i + % < 1, this completes the proof. O
= |Lo| for all
B € col(P). Therefore |T| = |Lo| - |L1]. Next,
P, L Lg|-|L L

171 Lol 1Lil Lol L1l |Lol’

which is a constant. Therefore, since by Claim D.1, R U K is a 1-testable cover for F(P), it follows by
Corollary 4.9 and Equation 12 that R U K is a 1-testable cover for

]:T = RS[IE",TX,deg*(T, dx,dy)] = Cl
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