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Abstract. Solving multivariate polynomial systems is a fundamental
problem in cryptanalysis, with increasing relevance in algebraic attacks
on arithmetization-oriented (AO) primitives. Current approaches include
Gröbner bases and the Sylvester resultant. However, Gröbner basis meth-
ods typically rely on FGLM to change the order, which requires a zero-
dimensional ideal, whereas the Sylvester resultant eliminates only one
variable at a time, limiting its flexibility in multivariate elimination.
We revisit the Dixon resultant as an efficient and flexible tool for elimi-
nating several variables simultaneously. We derive refined upper bounds
on the Dixon matrix size via lattice-path counting and analyze the com-
plexity under several determinant computation models, yielding explicit
complexity estimates. For well-determined systems, the Dixon resultant
is a viable alternative to Gröbner basis methods. Moreover, given their
respective limitations, Dixon resultants are particularly suitable for para-
metric elimination in underdetermined systems, while Gröbner basis
methods are generally preferable for solving overdetermined systems.
We present an efficient open-source C implementation, DRSolve, with
multiple determinant methods and a degree-aware submatrix selection
strategy to mitigate the impact of extraneous factors. On the ran-
domly generated well-determined systems tested, our implementation
is competitive with the state-of-the-art Gröbner basis solvers Magma
and msolve, with DRSolve performing better in the low-variable/high-
degree regime, while Magma and msolve remain preferable in the high-
variable/low-degree regime.
Finally, we formulate three elimination strategies for polynomial sys-
tems arising from AO primitives: direct elimination, iterative elimination,
and reduction-based hybrid elimination. We demonstrate these strategies
on Poseidon, Vision, and XHash12, obtaining complexity reductions in
many cases.

Keywords: Dixon resultant, polynomial system solving, algebraic
cryptanalysis, arithmetization-oriented primitives



1 Introduction

Solving multivariate polynomial systems over finite fields is a basic task in
computational algebra. Approaches to this problem include Gröbner basis
methods [78,35,34], resultant-based elimination [31,66,56], and characteristic-set
methods in the spirit of Wu’s method [84]. In contemporary algebraic cryptanal-
ysis, most attention is paid to Gröbner basis techniques [73,58], while resultant
methods—especially the Dixon resultant as a compact multivariate elimination
tool—remain much less explored in the algebraic cryptanalysis literature.

These problems are especially relevant for arithmetization-oriented (AO)
primitives, whose round functions are designed to admit compact arithmetic
representations in zero-knowledge (ZK) proof systems, MPC, and homomorphic
settings. AO primitives differ substantially from classical binary-oriented de-
signs. Instead of working over small binary fields, they are typically defined over
large prime fields or extension fields, and their nonlinear layers are optimized for
arithmetic circuits. Following this design philosophy, ZK-friendly AO primitives
are commonly organized into three families (Types I–III):4

– Type I (low degree): MiMC [2], GMiMC [1], Poseidon [42], Poseidon2 [43],
Neptune [45];

– Type II (equivalence relations): Vision/Rescue [4], XHash12 [5], Anemoi [25],
Arion [72], Griffin [39];

– Type III (lookup tables): Reinforced Concrete [40], Monolith [41],
Tip5 [79].

In all three settings, algebraic preimage and collision attacks against these
primitives reduce to constrained-input constrained-output [19] (CICO) problems,
which in turn amount to solving induced polynomial systems whose complexity
dominates the security analysis.

Related work. Solving-based algebraic attacks have seen continuous refine-
ment over the last several years. A major line of work [73,24,15,76,58,65,44,7]
studies Gröbner basis attacks and, in particular, how to obtain better algebraic
models or tighter upper bounds for their complexity on structured AO systems.
In [58], the authors refined the complexity analysis by providing more precise es-
timates for the individual stages of the attack. However, in some cases the upper
bounds obtained from such generic Gröbner basis analyses remain inaccurate.
For example, the FreeLunch approach [15] uses dedicated weighted monomial or-
derings for which a given polynomial system is already a Gröbner basis, allowing
for better complexity bounds.

Another line of work brings classical elimination theory into cryptanaly-
sis. Yang et al. [85] introduced iterative pairwise resultant attacks based on
the Sylvester resultant, eliminating one variable at a time from two equations.
Bariant et al. [14] further improved this paradigm by exploiting structure inside
the polynomial system and performing degree reductions during elimination.
4 See the STAP Zoo taxonomy of ZK-friendly designs: https://stap-zoo.com/zk/.
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These are important developments, but they remain rooted in iterated two-
polynomial resultants rather than multipolynomial resultants, which limits the
flexibility of the resulting elimination strategies.

Dixon resultant. The Dixon resultant, introduced by A.L. Dixon in 1909 [33],
offers a different determinant-based elimination mechanism: it can eliminate sev-
eral variables simultaneously from a polynomial system and thus serves as a
compact multipolynomial resultant in our setting. Compared with the Macaulay
resultant [66], the Dixon construction often leads to substantially smaller matri-
ces while preserving the essential elimination information. Kapur et al. [56] also
explained how to handle the non-square situation via maximal-rank submatrices,
which makes the method viable beyond the classical idealized setting. Tang and
Feng [80] turned this construction into a solver by retaining one variable as a
parameter. Albrecht [3] implemented a modified DR algorithm for the Courtois
Toy Cipher. Subsequently, numerous works [62,86,32,70,69,52,51] studied both
the algebraic and algorithmic aspects of Dixon resultants.

For complexity analysis, the size of the Dixon matrix is the first key parame-
ter. Kapur and Saxena [54] gave Newton-polytope and volume-based bounds for
unmixed supports, while Chtcherba and Kapur developed multivariate methods
for mixed supports [27] and exact size formulas for generic unmixed bivariate sys-
tems [28]. A second key parameter is the cost of polynomial-matrix determinants
themselves, as expansion by minors [38], Bareiss elimination [13], Kronecker sub-
stitution [64], Hermite normal form [61], evaluation-interpolation [48], and sparse
interpolation [49] can lead to substantially different complexity estimates.

Our contributions This paper studies Dixon resultants as a method for solving
polynomial systems, with AO primitives as a representative application domain.
Our main contributions are as follows.

1. We derive refined bounds on Dixon matrix size for mixed systems via lattice-
path counting, obtaining an explicit ordered total-degree formula through a
Hessenberg determinant and proving that the bound is generically attained.
Our result refines the volume-based bound in [54] and extends the special
cases considered in [28,80]. For uniform-degree systems, our bound special-
izes to a Fuss–Catalan number [47,6].

2. We develop a stage-wise complexity model for Dixon elimination by com-
paring multiple determinant computation strategies, yielding a more faithful
description of polynomial-matrix behavior.

3. We implement an efficient C library DRSolve5. Our implementation builds on
prior Dixon elimination techniques [56,80,3] and incorporates degree-aware
submatrix selection and fast polynomial-matrix determinant computation.
Experiments validate the proposed Dixon-matrix bounds and show that
DRSolve is competitive with Magma and msolve on well-determined ran-
dom systems, especially in the low-variable/high-degree regime.

5 https://drsolve.github.io
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4. We organize Dixon-based elimination for AO-induced systems into three
strategies: direct, iterative, and hybrid reduction. We illustrate them on Po-
seidon, Vision, and XHash12, respectively, and provide concrete algebraic
complexity estimates.

Outline. Section 2 reviews the Dixon construction and the determinant com-
putation models used in the paper. Section 3 develops the refined Dixon-
matrix bounds and the stage-wise complexity analysis. Section 4 discusses
implementation-oriented improvements. Section 5 introduces the three Dixon-
based elimination frameworks and illustrates them on Poseidon, Vision, and
XHash12.

2 Preliminaries

Notation. Let K be a field with algebraic closure K. Throughout, F =
{f1, . . . , fn} ⊂ K[a][x] is a system of n equations in n − 1 + k variables, viewed
as polynomials in the eliminated variables x = (x1, . . . , xn−1) with coefficients
in K[a], where a = (a1, . . . , ak) are the retained parameters. The total degree of
f is denoted by deg(f) and its degree in xi by degxi

(f); ⟨G⟩ denotes the ideal
generated by a set G of polynomials. All notation is summarized in Table 1.

Table 1. Notation used throughout the paper.

Symbol Meaning

F polynomial system F = {f1, . . . , fn} ⊂ K[a][x]
x, x, a n−1 eliminated variables, their dual variables, k retained parameters
X, X row vectors of monomials in x and x, respectively
C, ˆ︁C cancellation matrix (1) and its refined form (3)
∆F , M Dixon polynomial (2) and Dixon matrix (Step 2), ∆F = XMX

T

D(F) Dixon matrix size of F : the maximum of its row and column counts
M′, ρ maximal-rank square submatrix of M, of size ρ = rankM≤ D(F)
I, J , dI ⟨F⟩; elimination ideal I ∩K[a]; degree of I
Id1,...,dn Iterated-Simplex polynomial (10)
C

(d)
n Fuss–Catalan number (6)
X , |X | variable block and its cardinality (Method 2)
ω matrix multiplication exponent, 2 ≤ ω < 3

2.1 Resultants

Resultants are classical tools in elimination theory used to determine whether
a polynomial system has a common solution. We use the projection-operators
viewpoint of [55].
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Definition 1 (Resultant [55]). Let F = {f1, . . . , fn} ⊂ K[a, x]. Set I = ⟨F⟩
and J = I ∩K[a]. Elements of J are called projection operators: they vanish at
parameter values for which F has a common solution over K. If J is principal,
its generator (up to a nonzero scalar) is called the resultant of F .

The Sylvester resultant [31,83] for two univariate polynomials of degrees
d1, d2 produces a matrix of size d1 + d2; the Bézout–Cayley resultant [68,31] re-
duces this to max(d1, d2). The Macaulay resultant [66] generalizes the Sylvester
resultant to several multivariate polynomials but can produce very large matri-
ces. The Dixon construction [33] is a multivariate extension of the Bézout-style
approach: it preserves the compactness of the Bézout–Cayley matrix while ex-
tending it from two to n polynomials, often yielding much smaller matrices than
Macaulay.

Remark 1. For k > 1, J need not be principal. Under suitable conditions,
determinant-based methods compute a specific nonzero polynomial R that van-
ishes on the projection of the affine solution set, possibly with extraneous factors.
In this paper, we refer to this determinant R as the resultant in a slightly infor-
mal sense, rather than as a projection polynomial.

2.2 Dixon Resultant

The Dixon resultant method [33,56] eliminates several variables simultaneously
via a determinant. The procedure has four steps [56,51].

Step 1: Compute the Dixon polynomial. Introduce n−1 auxiliary variables
x1, . . . , xn−1 and define the n × n cancellation matrix

C(x, x) =

⎡⎢⎢⎢⎢⎢⎣
f1(x1, x2, . . . , xn−1) · · · fn(x1, x2, . . . , xn−1)
f1(x1, x2, . . . , xn−1) · · · fn(x1, x2, . . . , xn−1)
f1(x1, x2, . . . , xn−1) · · · fn(x1, x2, . . . , xn−1)

... . . . ...
f1(x1, x2, . . . , xn−1) · · · fn(x1, x2, . . . , xn−1)

⎤⎥⎥⎥⎥⎥⎦ . (1)

The Dixon polynomial is

∆F (x, x) = det(C(x, x))∏︁n−1
i=1 (xi − xi)

. (2)

Instead of performing an explicit symbolic division, we use the refined con-
struction from [52]

Row( ˆ︁C1) = Row(C1), Row( ˆ︁Ci+1) = Row(Ci+1) − Row(Ci)
xi − xi

, (3)

for i = 1, . . . , n − 1. Each numerator is divisible by xi − xi in K[x, x, a], so the
quotient remains polynomial; the Dixon polynomial is ∆F (x, x) = det( ˆ︁C). This
row-wise difference-quotient construction is used throughout the paper.
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Step 2: Construct the Dixon matrix. The Dixon polynomial admits a
bilinear form ∆F (x, x) = XMX

T , where X and X list monomials in x and x,
respectively. The coefficient matrix M is the Dixon matrix: its rows are indexed
by the x-monomials and its columns by the x-monomials occurring in ∆F , so it
is in general rectangular and rank-deficient. Alternatively, M can be constructed
directly via the recursive block method of Zhao and Fu [86], particularly relevant
when few variables are eliminated and degrees are high [69].

Step 3: Extract a maximal-rank submatrix. In practice, the Dixon matrix
M is often rectangular or rank-deficient, so its full determinant is unavailable
or identically zero. Following the extension of Dixon elimination to singular
matrices by KSY [56], we extract a maximal-rank square submatrix M′ of size
rank M whose determinant is nonzero. Following [52,51], such a submatrix is
typically identified efficiently after evaluating M at a generic point of K.

Remark 2. The validity of using det(M′) relies on the KSY condition [56], also
called the RSC criterion [3]: there exists a column whose monomial label is
nonzero on the solution set under consideration and whose deletion lowers the
rank over K(a). Failures of this condition appear rare with none observed in the
cases tested in [56] or in this paper, and Albrecht [3, Section 4.2.3] addresses the
nontermination issue in the RSC procedure through recursive specialization.

Step 4: Compute the Dixon resultant. Once M′ is obtained, det(M′) is the
Dixon resultant in K[a]. Under the KSY condition, it remains a valid projection
polynomial for a singular Dixon matrix: it vanishes whenever the original system
has a common solution in the eliminated variables. In general, det(M′) may
contain extraneous factors.

Size of the Dixon matrix. The size of the Dixon matrix is a key parameter
in the complexity analysis. A classical variable-wise upper bound [56,69] is

Bvar = (n − 1)!
n−1∏︂
i=1

mi, (4)

where mi = max1≤j≤n degxi
(fj) is the maximum degree in xi over all polynomi-

als in F . Kapur and Saxena [54, Theorem 4.3] give a volume-based asymptotic
estimate for multi-homogeneous systems. In the equal-total-degree setting, their
volume expression is (dn)n−1/n!. We use its integer part as the comparison
bound

BMH =
⌊︃

(dn)n−1

n!

⌋︃
. (5)

Section 3 derives exact generic support formulas for the total-degree setting
and independently verifies the explicit inequality D(F) ≤ BMH from the Fuss–
Catalan formula.
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Influence of extraneous factors. The determinantal output may contain
factors unrelated to the affine solution set.

Definition 2 (Extraneous factor). Let Z be the Zariski closure of the pro-
jection of V (I) onto the retained parameters. An irreducible factor e of the de-
terminantal elimination polynomial is an extraneous factor if V (e) ̸⊆ Z.

In the absence of such factors and of excess multiplicities, the total degree
of the eliminant is bounded by dI , both when k = 1 and when k ≥ 2; in either
case it is bounded by the Bézout bound:

Theorem 1 (Bézout bound [46,37]). Let I = ⟨f1, . . . , fm⟩ ⊂ K[x1, . . . , xN ]
with deg(fi) = di, and let dI denote the degree of I, i.e. the number of solutions
counted with multiplicity when I is zero-dimensional, and the degree of the affine
variety V (I) in general. Then

dI ≤
m∏︂

i=1
di.

In the presence of extraneous factors, the degree of the eliminant may exceed
the Bézout bound of the underlying system, both inflating computational costs
and introducing spurious components unrelated to the actual solution set.

2.3 Polynomial Matrix Determinant Computation

We summarize the determinant complexity models used in this paper; full details
are in Appendix I.

Univariate determinants. For P (t) ∈ K[t]m×m, the Hermite normal form
(HNF) method of [61] has deterministic cost T HNF = ˜︁O(mωδ), where δ is the
average column degree.

Multivariate determinants. For P (y) ∈ K[y1, . . . , yv]m×m, no single method
is universally best: different algorithms can lead to substantially different com-
plexity estimates depending on the matrix size, the number of variables, and
the sparsity structure of the entries. We therefore consider several alternatives.
Besides direct symbolic expansion by minors [48,38] and fraction-free Bareiss
elimination [13], one may reduce to the univariate case via Kronecker substitu-
tion [64] and apply HNF, apply evaluation-interpolation on a tensor grid [48],
or use sparse interpolation [49]. The corresponding time and space costs are
summarized in Table 2.

In the table notation, µ ≤
(︁

v+d
d

)︁
bounds the dense monomial count of an

entry of total degree at most d, and U bounds the term count of intermediate
minors. For Kronecker substitution, δ denotes the average column-degree bound,
with δ :=

∑︁v
i=1 eiwi. Here ei bounds the degree of an entry in yi, Di bounds
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Table 2. Determinant computation models used in this paper. Time counts field op-
erations; space bounds count field elements in the workspace.

Method Time Space

Expansion [38,48] ˜︁O(m2mµU) ˜︁O(︂(︁ m
⌊m/2⌋

)︁
U
)︂

Bareiss [13,38] ˜︁O(m3U2) ˜︁O(m2U + U2)
Kronecker [64] ˜︁O(mωδ) ˜︁O(mωδ)
Interpolation [48] ˜︁O(N(L + vB)) ˜︁O(N + L)
Sparse [49]6 ˜︁O(LS + S log q) ˜︁O(vS + L)

degyi
det(P ), and wi :=

∏︁v
j=i+1(Dj + 1). For interpolation, N :=

∏︁v
i=1(Di + 1),

L includes matrix evaluation and determinant computation (and, for sparse in-
terpolation, simultaneous first derivatives), and B := maxi Di. Finally, S bounds
the number of nonzero terms of det(P ). All complexities are reported in field
operations over Fq; derivations are given in Appendix I.

2.4 Security of AO Primitives

The sponge construction [20] builds hash functions from permutations. The rel-
evant task for algebraic attacks is the constrained-input constrained-output [19]
(CICO) problem.

Definition 3 (CICO problem). For a permutation F : Ft
q → Ft

q, the CICO-k
problem is to find x ∈ Ft−k

q × {0}k and y ∈ Ft−k
q × {0}k with F (x) = y.

Brute force requires ∼ qk permutation calls; substantially faster algebraic
solutions may translate into preimage or collision attacks in the sponge setting.

3 Improved Complexity Estimates for the Dixon
Resultant

Newton-polytope bounds for unmixed systems [54] and multivariate support
methods for mixed systems [27] provide the starting point for our analysis. We
derive an explicit lattice-path bound from ordered total-degree bounds and prove
that it is attained for generic systems in the corresponding coefficient space.

Throughout this section, D(F) is the size of the Dixon matrix M of F (Ta-
ble 1); it upper-bounds ρ = rank M but is in general strictly larger (Remark 5).
For generic systems, and under the characteristic hypothesis of Lemma 4, the
two monomial counts coincide and M is square, which is the situation described
by the formulas below. A system of n polynomials with degx(fi) ≤ di is called a
(d1, . . . , dn)-system, and an (n; d)-system when d1 = · · · = dn = d, following [54].
6 The sparse time bound is expected, with Monte Carlo correctness, and requires

char(Fq) > B (Huang [49, Algorithm 9 and Theorem 12]); it therefore applies to
large-prime fields but not to extension fields of the form F2ℓ .
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3.1 A Refined Bound on the Size of the Dixon Matrix

We bound the Dixon matrix size for general (d1, . . . , dn)-systems via a lattice
path count. Background is given in Appendix A.

Theorem 2 (Lattice Path Bound). For a (d1, d2, . . . , dn)-system F with
d1 ≤ d2 ≤ · · · ≤ dn, let

ai :=
i∑︂

k=1
(dn+1−k − 1), i = 1, 2, . . . , n − 1.

Then D(F) is bounded above by the number of lattice paths from (0, 0) to (n −
1, an−1) such that for every i = 1, 2, . . . , n−1, the height yi of the i-th horizontal
step is at most ai. Moreover, if char(K) is zero or sufficiently large, this bound
is attained for generic polynomial systems.

Remark 3. The bound and the generic matrix size are independent of d1. For
nested total-degree supports, the support relations in [27, Theorems 3.1 and 5.1]
imply that replacing the smallest-support equation by 1 preserves generic sup-
port. The proof below gives an explicit system attaining the bound.

This lattice path counting problem admits precise closed-form solutions
through classical results in enumerative combinatorics.

Lemma 1. Let a = (a1, a2, . . . , an−1) be an integer sequence with 0 ≤ a1 ≤
a2 ≤ · · · ≤ an−1. Consider lattice paths from (0, 0) to (n − 1, an−1).

(1) The total number of lattice paths without any restriction equals(︃
(n − 1) + an−1

n − 1

)︃
.

(2) If ai = i(d−1) for some constant d and all i = 1, . . . , n−1, then the number
of lattice paths such that the height yi of the i-th horizontal step is at most
ai equals the Fuss–Catalan number with parameters (n, d)

C(d)
n = 1

(d − 1)n + 1

(︃
dn

n

)︃
. (6)

(3) The number of lattice paths such that for every i = 1, 2, . . . , n − 1 the height
yi of the i-th horizontal step is at most ai is given by the determinant

det
1≤i,j≤n−1

(︃(︃
ai + 1

j − i + 1

)︃)︃
.

Proof. Parts (1) and (2) are classical results in enumerative combinatorics;
see [47,6]. Part (3) is a special case of Theorem 10.7.1 in [22,60] with bj = 0
for all j. ⊓⊔
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By combining Theorem 2 and Lemma 1, we immediately obtain the following
bounds.

Corollary 1. For a (d1, d2, . . . , dn)-system F with d1 ≤ d2 ≤ · · · ≤ dn, the
following three bounds on the Dixon matrix size hold:

(1) Unrestricted Bound:

D(F) ≤
(︃∑︁n

i=2(di − 1) + n − 1
n − 1

)︃
=
(︃∑︁n

i=2 di

n − 1

)︃
. (7)

This bound is obtained by counting all lattice paths from (0, 0) to (n −
1,
∑︁n

i=2(di − 1)) without boundary constraints.
(2) Fuss–Catalan Bound (for (n; d)-systems): Assume d1 = · · · = dn = d.

D(F) ≤ C(d)
n = 1

(d − 1)n + 1

(︃
dn

n

)︃
. (8)

The bound is attained for generic systems by Theorem 2 and Lemma 1(2),
under the characteristic condition stated in Remark 5.

(3) Hessenberg Bound:

D(F) ≤ det
1≤i,j≤n−1

(︄(︃∑︁i
k=1(dn+1−k − 1) + 1

j − i + 1

)︃)︄
. (9)

The bound is attained for generic systems by Theorem 2 and Lemma 1(3),
under the characteristic condition stated in Remark 5.

Remark 4. The matrix in (9) is a Hessenberg matrix, hence its determinant can
be computed in O(n2) using specialized algorithms [26] or [67, Theorem 1.9].

Outline of proof of Theorem 2. We use the Iterated-Simplex Polynomial to con-
nect the Dixon matrix size to lattice path counting. Lemma 2 describes its sup-
port by linear inequalities. Lemma 4 then bounds the Dixon matrix size by the
monomial count of Id2−1,...,dn−1. Finally, Lemma 5 counts these monomials via
a bijection with lattice paths below a piecewise linear boundary.

Definition 4 (Iterated-Simplex Polynomial). Let n be a positive integer
and (d1, d2, . . . , dn) be a sequence of nonnegative integers. The Iterated-Simplex
polynomial is defined as

Id1,d2,...,dn(x1, . . . , xn) :=
n∏︂

k=1

⎛⎜⎝ ∑︂
α∈Zk

≥0, α1+···+αk≤dk

xα1
1 · · · xαk

k

⎞⎟⎠ , (10)

where the k-th factor represents the complete sum of monomials in the first k
variables with total degree at most dk.
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Now we characterize the support of the Iterated-Simplex polynomial in terms
of linear inequalities.

Lemma 2. The support of the Iterated-Simplex Polynomial Id1,...,dn
, taken over

Z, is given by

Supp(Id1,...,dn
) =

{︂
α ∈ Zn

≥0 :
n∑︂

l=n−j+1
αl ≤

j∑︂
i=1

dn−i+1 for j = 1, . . . , n
}︂

.

(11)

The proof is given in Appendix B.
To compare different degree sequences, we establish a monotonicity property

with respect to the trailing partial sums; it covers both reorderings and entry-
wise decreases of the degrees.

Lemma 3. Let (d1, . . . , dn) and (d′
1, . . . , d′

n) be sequences of nonnegative inte-
gers satisfying

∑︁k
j=1 d′

n−j+1 ≤
∑︁k

j=1 dn−j+1 for every k = 1, . . . , n. Then

Supp(Id′
1,...,d′

n
) ⊆ Supp(Id1,...,dn

).

In particular, if d1 ≤ · · · ≤ dn, the hypothesis holds for any permutation of a
sequence obtained by decreasing some of the di.

Proof. Let α ∈ Supp(Id′
1,...,d′

n
). By Lemma 2, for every k = 1, . . . , n,

n∑︂
ℓ=n−k+1

αℓ ≤
k∑︂

j=1
d′

n−j+1 ≤
k∑︂

j=1
dn−j+1.

These are precisely the inequalities defining Supp(Id1,...,dn
), so the inclusion fol-

lows. If the degrees are first decreased and then reordered, any k resulting entries
sum to at most the k largest original entries. Under the sorted ordering, their
sum is dn−k+1 + · · · + dn, which verifies the hypothesis. ⊓⊔

Connection to the Dixon Matrix Size. We now connect the Dixon matrix size to
the Iterated-Simplex Polynomial.

Lemma 4. Let F = {f1, . . . , fn} ⊂ K[x1, . . . , xn−1] have total degrees at most
d1 ≤ · · · ≤ dn. Then the Dixon matrix size is bounded above by the number of
monomials in the Iterated-Simplex Polynomial Id2−1,...,dn−1, taken over Z. This
bound is attained for generic systems if char(K) is zero or sufficiently large.

Proof. Let S = Supp(Id2−1,...,dn−1) over Z, and write N∗ = |S|. In the bilinear
form ∆F = XMX

T , the column and row labels are the monomials in x̄ and x,
respectively.

Upper bound. We use the support argument of [54, Lemma 3.3 and Theo-
rem 3.4] with the refined matrix (3). Its first row has no dual variables. For
i ≥ 2, the entry ˆ︁Ci,j involves only x̄1, . . . , x̄i−1 and has dual degree at most
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dj − 1, since a difference quotient lowers the degree by one. Write Suppx̄ for
the set of dual-variable exponent vectors, treating x as coefficient variables. For
each permutation σ ∈ Sn, the corresponding determinant term satisfies

Suppx̄

(︄
n∏︂

i=1

ˆ︁Ci,σ(i)

)︄
⊆ Supp(Idσ(2)−1,...,dσ(n)−1) ⊆ S.

Indeed, in the main-diagonal term the last n − 1 rows have the sorted degree
bounds d2 − 1, . . . , dn − 1. For any other permutation σ, a monomial with dual
exponent vector α satisfies, for 1 ≤ k < n,

n−1∑︂
ℓ=n−k

αℓ ≤
n∑︂

i=n−k+1
(dσ(i) − 1) ≤

n∑︂
j=n−k+1

(dj − 1).

The second inequality bounds the selected degrees by the k largest ones.
Lemma 3 therefore places every determinant term in S. Summing these terms
can remove monomials through cancellation, but cannot introduce monomials
outside S. Hence ∆F has at most N∗ dual monomials.

For the row count, use the variable-reversal symmetry of [27, proof of Propo-
sition 5.1]. Let F rev replace each xi by xn−i, and let τ interchange xi with x̄n−i.
Reversing the rows of the cancellation matrix gives

τ(∆F ) = ±∆Frev . (12)

Since F rev has the same degree bounds, its dual-monomial bound gives the
required N∗ bound for the original monomials of ∆F .

Attaining the bound. Consider the nested system

f∗
1 = 1, f∗

i = (x1 + · · · + xi−1)di , 2 ≤ i ≤ n.

Taking f∗
1 = 1 is allowed because the prescribed degrees are upper bounds. For

j < i, the polynomial f∗
j does not involve xi−1. Consequently, the two evaluations

in the numerator of the row-i difference quotient agree, giving ˆ︁Ci,j = 0. Thus

ˆ︁C =

⎡⎢⎢⎢⎣
1 f∗

2 · · · f∗
n

0 ˆ︁C2,2 · · · ˆ︁C2,n

... . . . . . . ...
0 · · · 0 ˆ︁Cn,n

⎤⎥⎥⎥⎦ , ∆F∗ =
n∏︂

i=2

ˆ︁Ci,i.

Put sj = x̄1 + · · · + x̄j , with s0 = 0. The diagonal entries are explicit difference
quotients:

ˆ︁Ci,i =
sdi

i−1 − (si−2 + xi−1)di

xi−1 − x̄i−1

= −
di−1∑︂
t=0

(si−2 + xi−1)tsdi−1−t
i−1 .
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Here the second equality is the difference-of-powers identity. Setting all xi = 1
gives

∆F∗(1, x̄) = (−1)n−1
n∏︂

i=2

(︄
di−1∑︂
t=0

(1 + si−2)tsdi−1−t
i−1

)︄
.

Each factor has degree at most di − 1 and involves only the first i − 1 dual
variables. Conversely, fix a monomial of degree q ≤ di − 1 in these variables.
Taking t = di − 1 − q and the constant term of (1 + si−2)t leaves sq

i−1, whose
multinomial expansion contains that monomial. The factor therefore has exactly
the complete simplex support of degree di − 1. All its coefficients are positive
integers, so their products cannot cancel in characteristic zero or sufficiently large
characteristic (Remark 5). Multiplying the factors gives precisely the support
S of Id2−1,...,dn−1. Since specializing x can only remove dual monomials, the
unspecialized Dixon polynomial also attains the dual-monomial bound.

Generic attainment. Each coefficient just exhibited in ∆F (1, x̄) is a poly-
nomial in the input coefficients, nonzero at F∗. The coefficient space over K is
an affine space and hence irreducible. The simultaneous nonvanishing of these
finitely many coefficient polynomials defines a nonempty open set U , which is
therefore dense; see [31, Chapter 3, §5, Definition (5.6), p. 115]. Reversing the
variable order permutes the input coefficients, so U rev := {F : F rev ∈ U} is also
dense and open. On U ∩ U rev, equation (12) ensures that ∆F has exactly N∗

distinct monomials in each of x and x̄. Thus the matrix is generically square of
size N∗. ⊓⊔

Remark 5. The size D(F) counts row and column monomials and upper-bounds
ρ = rank M; generic attainment of this size does not assert full rank. The upper
bound holds over any field. A sufficient characteristic condition for attainment
is

char(K) = 0 or char(K) >

n∏︂
i=2

di(i − 1)di−1,

because the product on the right is the sum of the absolute values of the integer
coefficients in the specialized product above, and hence bounds each coefficient.
In small characteristic, cancellations may shrink the support: for instance, over
F2, (1 + x1)(1 + x1 + x2) = 1 + x2 + x2

1 + x1x2, so the monomial x1 disappears.

From Polyhedral Constraints to Lattice Paths. We now establish a bijection
between lattice points satisfying the polyhedral constraints and lattice paths
below a general boundary.

Lemma 5. Let a1 ≤ a2 ≤ · · · ≤ an be nonnegative integers. The number of
lattice points (α1, . . . , αn) ∈ Zn

≥0 satisfying

α1 + · · · + αk ≤ ak, k = 1, . . . , n,

is equal to the number of lattice paths from (0, 0) to (n, an) such that for every
i = 1, 2, . . . , n the height yi of the i-th horizontal step is at most ai.
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Proof. Given a lattice point, set αn+1 = an −
∑︁n

i=1 αi and form the path

Uα1R Uα2R · · · UαnR Uαn+1 ,

where U and R denote upward and rightward steps. This path has exactly n
horizontal steps, and its k-th horizontal step has height α1 + · · · + αk ≤ ak. The
final αn+1 upward steps bring it to (n, an).

Conversely, given an admissible path, let αi count the upward steps after
the (i − 1)-st horizontal step and before the i-th, taking the starting point when
i = 1. The height of the k-th horizontal step is then α1 + · · ·+αk, so the required
inequalities hold. The endpoint uniquely fixes the remaining upward steps. The
two constructions are inverse to each other, giving the desired bijection. ⊓⊔

Proof of Theorem 2. By Lemma 4, it remains to count the monomials of
Id2−1,...,dn−1. Applying Lemma 2 in n−1 variables, their exponent vectors satisfy

n−1∑︂
ℓ=n−j

αℓ ≤
j∑︂

i=1
(dn−i+1 − 1), 1 ≤ j < n.

Reversing the coordinates via βi = αn−i turns these inequalities into the prefix
constraints β1 + · · · + βj ≤ aj . By Lemma 5, the resulting nonnegative lattice
points correspond exactly to paths from (0, 0) to (n − 1, an−1) whose j-th hor-
izontal step has height at most aj . This is precisely the boundary stated in the
theorem. Generic attainment follows from Lemma 4. ⊓⊔

Comparison with Existing Bounds Our bound refines the equal-degree vol-
ume estimate [54] and extends the dense bivariate [28] and uniform quadratic [80]
cases to arbitrary dimensions and unequal degree bounds. For n = 3 and equal
degrees, our formula gives C

(d)
3 = d(3d − 1)/2, which also follows from [28,

Theorem 4.4]. For d = 2, it recovers the Catalan count of [80]. For general n,
comparison with the volume estimate of [54, Theorem 4.3] gives

C(d)
n = 1

n!

n−2∏︂
j=0

(nd − j) ≤ (nd)n−1

n! ,

which also verifies the integer volume bound BMH in (5). Numerical comparisons
and support-size experiments are given in Appendix C.

3.2 Complexity Estimates via Our Refined Bound

For clarity of exposition, we focus on (n; d)-systems with n ≥ 2, d ≥ 2, and
k ≥ 1, where all polynomials have total degree d in all variables. Consider
F = {f1, . . . , fn} ⊂ K[x, a] consisting of n equations in n−1+k variables, where
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x = (x1, . . . , xn−1) are the eliminated variables and a the retained parameters.
By Corollary 1(2), the generic Dixon matrix size is

C(d)
n = 1

n(d − 1) + 1

(︃
nd

n

)︃
.

Since ρ ≤ D(F), the quantity C
(d)
n also upper-bounds the size of the extracted

submatrix M′, so the estimates below are upper bounds on the actual cost.
We give a stage-by-stage outline of the relevant model choices below; here

we consider the determinant methods with the lowest theoretical complexity
or the fastest experimental performance. The detailed parameter derivations,
complexity formulas for all five determinant models, and the full Step 1 vs Step 4
comparison are deferred to Appendix H.

Step 1: Compute the cancellation determinant. This step computes the
determinant of the n × n refined cancellation matrix (3), whose entries are poly-
nomials in ℓ = 2n+k−2 variables (the n−1 original variables, n−1 dual variables,
and k parameters), with total parameter-degree bounded by B1 := nd. This is
the many-variable, small-matrix regime, where expansion by minors and sparse
interpolation are most competitive. The abstract parameters governing these
models admit the following explicit expressions in (n, d, k, C

(d)
n ) (full derivation

in Appendix H):

µ1 :=
(︃

n − 1 + k + d

n − 1 + k

)︃
,S1 :=

(︁
C(d)

n

)︁2
(︃

nd + k

k

)︃
, L1 = ˜︁O(︃n2

(︃
n − 1 + k + d

n − 1 + k

)︃)︃
,

(13)
where µ1 counts the monomials of one dense polynomial of total degree d in
n − 1 + k variables, the factor

(︁
C

(d)
n

)︁2 in S1 comes from the Dixon bilinear sup-
port and

(︁
nd+k

k

)︁
from the parameter monomials of degree at most B1, and the

constant-determinant cost inside L1 is absorbed into the matrix-evaluation term.
For these parameters, S1 also bounds every intermediate minor, and the deter-
minant admits a division-free straight-line program of length O(n2µ1); see Ap-
pendix H.1. Substituting (13) into the two preferred determinant models yields

T minor
1 = ˜︁O(n2nµ1S1) = ˜︁O(︃n 2n

(︃
n − 1 + k + d

n − 1 + k

)︃(︁
C(d)

n

)︁2
(︃

nd + k

k

)︃)︃
, (14)

T sparse
1 = ˜︁O(L1S1 + S1 log q) = ˜︁O(︃n2

(︃
n − 1 + k + d

n − 1 + k

)︃(︁
C(d)

n

)︁2
(︃

nd + k

k

)︃)︃
(15)

(the term S1 log q is dominated by L1S1 up to polylogarithmic factors). The
sparse model saves a factor 2n/n over expansion, but in all our experiments
cached expansion by minors is faster, its constant factors being much smaller.

Step 2: Construct the Dixon matrix. Extracting the Dixon matrix coef-
ficients from the cancellation determinant is dominated by Step 1. The block
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recursion of Zhao and Fu [86] builds M directly; following Qin et al. [69], the
resulting surrogate T FDixon

2 is attractive when few variables are eliminated and
degrees are high, but its (n!)3 factor (Appendix H) makes it less competitive
otherwise.

Step 3: Extract a maximal-rank submatrix. After evaluating the entries (a
cost absorbed by Step 1), Step 3 extracts a maximal-rank submatrix numerically,
with linear-algebra cost

T3 = O
(︂(︁

C(d)
n

)︁ω
)︂

. (16)

Given the entry degrees, the degree-aware weights of Section 4.1 are computed
by a single pass over the

(︁
C

(d)
n

)︁2 entries, dominated by (16).

Step 4: Compute the Dixon resultant. This step computes the symbolic
determinant of the extracted ρ × ρ matrix M′ in the k retained parameters a;
the bounds below use ρ ≤ C

(d)
n . In the Kronecker+HNF model, the complexity is

governed by the entry-wise parameter degree E4 ≤ nd, while in the evaluation-
interpolation model it is governed by the total degree D4 of the elimination
polynomial. Under Heuristic 2, the elimination polynomial satisfies the Bézout
degree bound D4 ≤ d n. Put C = C

(d)
n and µ4 =

(︁
nd+k

k

)︁
. Including matrix

evaluation, the corresponding parameters are

N4 ≤ (dn + 1)k, L4 = ˜︁O(Cω + C2µ4), δ4 = nd(Cnd + 1)k−1. (17)

where δ4 bounds the average column degree after Kronecker substitution and
reduces to δ4 = nd when k = 1. Therefore,

T HNF
4 = ˜︁O(︂(︁C(d)

n

)︁ω
δ4

)︂
= ˜︁O(︂(︁C(d)

n

)︁ω
nd(C(d)

n · nd + 1)k−1
)︂

, (18)

T eval
4 = ˜︁O(N4(L4 + kD4)) = ˜︁O(︁(d n + 1)k

(︁
Cω + C2µ4 + k d n

)︁)︁
. (19)

Overall comparison. Let T best
1 and T best

4 be the minimum cost across
all considered models for Steps 1 and 4, respectively. Then TDixon =˜︁O(max{T best

1 , T best
4 }). At the idealized boundary ω = 2, both stages must be

retained. For ω > 2 and fixed k, under the applicable field and degree hypothe-
ses, Step 4 is asymptotically dominant among the displayed cost bounds in the
fixed-d or fixed-n regimes analyzed in Appendix H.3. It also dominates the run-
ning time in our experiments, so we use T best

4 as the asymptotic estimate.

Well-determined case. For k = 1, M′ is a univariate polynomial matrix for
which the HNF algorithm of [61] is typically optimal:

T HNF
4 = ˜︁O(︂(︁C(d)

n

)︁ω
nd
)︂

= ˜︁O(︃nd

(︃
1

n(d − 1) + 1

(︃
nd

n

)︃)︃ω)︃
. (20)
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For Step 1, the most competitive models are sparse interpolation and cached
expansion by minors; substituting k = 1 into (14) and (15) gives

T minor
1 = ˜︁O(︃n2 d 2n

(︃
n + d

n

)︃(︁
C(d)

n

)︁2
)︃

, (21)

T sparse
1 = ˜︁O(︃n3 d

(︃
n + d

n

)︃(︁
C(d)

n

)︁2
)︃

. (22)

With the best applicable construction model, Step 4 is asymptotically domi-
nant for ω > 2 in the regimes analyzed in Appendix H.3, and is also the empirical
bottleneck. We therefore adopt T = T HNF

4 as the asymptotic estimate for well-
determined systems; Appendix H.4 gives the model-specific comparisons.
Remark 6. For mixed-degree systems, we bound D(F) using the Hessenberg
Bound of Corollary 1(3) and take the maximum cost over all stages. In particular,
for k = 1 and total-degree bounds d1, . . . , dn, Step 4 costs ˜︁O((

∑︁
i di)D(F)ω) and

dominates in most cases. We omit a detailed mixed-degree analysis.

3.3 Comparison with Gröbner Basis Methods
Gröbner basis methods solve polynomial systems by computing a grevlex or-
der basis via F4/F5 [10,35] and then converting to lexicographic order via
FGLM [36]. We compare Dixon with these methods on (n; d)-systems.

Well-Determined Systems (m = n) Numerous studies [10,11,16,75,58] have
established theoretical complexity bounds for Gröbner basis algorithms. Table 3
summarizes these bounds and their ratios relative to Dixon.

The Gröbner-based approach includes both the grevlex basis computation
and the change to lexicographic order, so the relevant comparison is with the
combined F4/F5+FGLM cost. We also include the HNF-based change-of-order
algorithm of [18] as an alternative to FGLM. In both asymptotic regimes con-
sidered, the displayed Dixon bound is asymptotically smaller than the com-
bined bound. However, these Gröbner basis costs are upper bounds that do not
fully capture practical F4/F5 optimizations. Finer estimates for F5 [11] and
F4 Tracer [59] are available under additional assumptions and not included in
our comparison. The ratios therefore compare general upper bounds, while Sec-
tion 4.2 provides practical comparisons. Figure 1 evaluates the unsimplified cost
expressions as n varies, including the per-degree sum; further plots and ratio
derivations are given in Appendices E and D.

Overdetermined Systems (m > n) Gröbner basis methods are typically
preferable here: the degree of regularity is significantly lower than for well-
determined systems [10,12], and the grevlex basis often yields univariate poly-
nomials directly, eliminating the FGLM step. The Dixon resultant, in contrast,
needs exactly n equations to eliminate n−1 variables and cannot leverage redun-
dancy: one selects n equations and verifies the rest afterward, at slightly higher
cost than the well-determined case.
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Table 3. Arithmetic cost bounds for well-determined (n; d)-systems, with dreg = n(d−
1) + 1, dI = dn, and t = Θ(dn−1/

√
n). Ratios omit logarithmic factors. The three

displayed Gröbner-basis ratios (classical, F5, and rectangular) have the same orders in
both standard asymptotic directions. The displayed FGLM and BNS ratios use n fixed
and d→∞. Complete derivations are given in Appendix D.

Method Complexity Ratio to Dixon

Dixon Resultant ˜︁O(︃nd ·
(︃

1
n(d− 1) + 1

(︃
nd

n

)︃)︃ω)︃
1

GB (classical) [10] O
(︃(︃

n + dreg

dreg

)︃ω)︃
O
(︁
(nd)ω−1)︁

GB (F5) [11,16] O
(︃

n · dreg ·
(︃

n + dreg − 1
dreg

)︃ω)︃
O
(︁
nω+1)︁

GB (rectangular) [11,77] O

(︄
n ·
(︃

n + dreg − d

n

)︃
·
(︃

n + dreg

n

)︃ω−1
)︄

O
(︁
nωdω−1)︁

GB (per-deg) [75,58] O

(︄
n ·

dreg∑︂
i=0

(︃
n + i− d− 1

i− d

)︃(︃
n + i− 1

i

)︃ω−1
)︄

—

FGLM [36,58] O (n · dω
I ) O

(︁
n3ω/2dω−1e−nω

)︁
BNS order change [18] ˜︁O (︁t ω−1dI

)︁
O
(︁
nω−1/2e−nω

)︁
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Fig. 1. Complexity comparison varying n with d = 2, ω = 2.81.
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Underdetermined Systems (m < n) For complete solving, a common crypt-
analytic strategy is to guess n − m variables and solve the resulting subsystem
using Gröbner bases; we do not propose Dixon as a replacement. For elimina-
tion in this positive-dimensional setting, however, Dixon treats the retained vari-
ables as parameters and eliminates several variables at once, producing explicit
relations that can be combined with guessing or meet-in-the-middle decomposi-
tions; by contrast, Gröbner-basis conversion in the same setting may use Gröbner
walks [29], whose cost can be difficult to predict.
In summary, the two methods are complementary: Dixon and Gröbner basis are
comparable on well-determined systems; Gröbner basis is typically preferable for
overdetermined systems; Dixon is attractive for underdetermined systems as a
determinant-based elimination method.

4 Optimized Implementation of the Dixon Resultant

While the theoretical complexity analysis highlights the advantages of Dixon
resultant methods, bridging the gap to practical efficiency requires overcoming
several significant hurdles. Currently, off-the-shelf computer algebra systems offer
limited support: Dixon resultants are not natively implemented in advanced
solvers such as Magma [23], and although implementations exist in Fermat [63]
and through Jinadu–Monagan’s packages in Maple [52,51], their performance
is often unsatisfactory at scale. Beyond software limitations, extraneous factors
must be carefully controlled or the classical Bézout bound becomes inapplicable,
and large-scale polynomial-matrix operations must be handled efficiently. This
section addresses these issues.

4.1 Reducing Extraneous Factors via Degree-Aware Submatrix
Selection

The primary challenge in implementing the Dixon resultant arises from the ex-
traneous factors in Definition 2, which do not correspond to actual solutions of
the original system and can substantially inflate the resultant degree beyond the
Bézout bound (Theorem 1). Without extraneous factors, the degree is controlled
by the ideal degree and hence by Bézout, providing both theoretical elegance and
computational efficiency.

Chtcherba and Kapur reduce extraneous degree through support translations
and dialytic multiplier selection [28, Section 9]. Qin et al. [70] proposed a method
based on parameter specialization and regular-chain computation; however, the
regular-chain step incurs additional overhead. Our strategy selects low-degree
maximal-rank submatrices of the original Dixon matrix. Our experimental re-
sults show that the proposed greedy selection algorithm reduces redundant fac-
tors, and in most cases the resulting Dixon determinants remain at or below the
Bézout bound.
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Degree-aware submatrix selection strategy. Following the determinant de-
gree estimation framework of Labahn et al. [61], for any nonsingular polynomial
matrix A,

deg(det(A)) ≤ min(|rdeg(A)|, |cdeg(A)|),

where |rdeg(A)| and |cdeg(A)| denote the sum of row degrees and column de-
grees, respectively. Our method is based on the following working hypothesis:

Heuristic 1 (Degree Minimization Heuristic) For two maximal-rank
square submatrices A and B of the same Dixon matrix, if

min(|rdeg(A)|, |cdeg(A)|) > min(|rdeg(B)|, |cdeg(B)|),

then we heuristically expect B to have a lower determinant degree.

The intuition is that a smaller row/column-sum degree bound tends to in-
dicate a smaller determinant degree, motivating our greedy strategy to favor
low-degree maximal-rank submatrices and thereby potentially reduce extrane-
ous factors.

Remark 7. Labahn et al. [61] also used a refined bound deg(det(A)) ≤
maxπ∈Sn

∑︁
i deg(ai,π(i)), where Sn is the symmetric group on {1, . . . , n}. For

a given matrix, this bound can be computed in O(n3) by maximum-weight bi-
partite matching. We use row/column weights computable in O(n2) as a cheaper
but coarser guide to submatrix selection.

Degree-aware selection algorithm. Based on Heuristic 1, we design a greedy
algorithm that combines rank verification with degree-aware ordering of rows and
columns. The core idea is to assign degree weights to rows and columns of the
Dixon matrix and prioritize those with lower degrees during Gaussian elimina-
tion, preserving the rank at the evaluation point while heuristically favoring a
low determinant degree. The full pseudocode is in Appendix F.

If each coordinate is sampled independently and uniformly from a finite set
A ⊆ K, the probability of rank loss is at most deg(h)/|A| for any fixed nonzero
maximal-rank minor h, by the Schwartz–Zippel lemma [74,87]. See also [53,51].

Heuristic 2 Let P = {p1, . . . , pn} be a generic polynomial system with degrees
d1, . . . , dn, and M its Dixon matrix. The submatrix selected by Algorithm 1 yields
a resultant R satisfying deg(R) ≤

∏︁n
i=1 di.

This is supported by computational experiments (Appendix G), with rare
observed violations of the Bézout bound by only 1–2 degrees. Passing this test
does not establish the absence of extraneous factors or excess multiplicities. The
estimates using D4 ≤

∏︁
i di assume Heuristic 2; the stronger bound D4 ≤ dI

additionally assumes their absence.
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4.2 Implementation
We developed a comprehensive, open-source C implementation of the Dixon
resultant method, DRSolve, built upon the high-performance FLINT [81] and
PML [82,50] libraries, available at https://github.com/drsolve/drsolve. It
supports operations over prime fields Fp of arbitrary size, general finite fields Fq,
and Q. It incorporates most Dixon construction techniques from [62,86,51] and
most polynomial-matrix determinant techniques from [61,49,48,64]. It provides:

– Elimination and solving: Eliminate n − 1 variables from n polynomials,
and compute all solutions of zero-dimensional systems.

– Flexible determinant algorithms: Support for all determinant compu-
tation methods discussed in this paper.

– Optimized arithmetic: Binary extension fields F28 ,F216 ,F232 ,F264 ,F2128 ,
and multi-modular techniques with CRT-based reconstruction over Q.

– Complexity estimation: A tool for estimating the cost of a polynomial
system, or of a parameter set such as the number of variables and degrees.
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Fig. 2. Performance comparison (time in seconds) of DRSolve 0.3.0, Magma 2.29-7,
msolve 0.9.5, and Fermat 7.9b on randomly generated dense polynomial systems over
Fp with p = 229 +11. The four panels show degree sweeps for n = 3, 4, 5 and a variable-
count sweep for d = 2; here n denotes the number of variables (equal to the number of
equations). A curve stops where the corresponding solver exceeded one hour.
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Experimental results. As discussed in Section 3.3, Dixon resultants are well
suited to parametric elimination, while Gröbner bases are particularly effec-
tive for overdetermined solving. We therefore focus our benchmarks on well-
determined systems, a common setting in which both methods apply naturally.

Figure 2 compares our Dixon implementation with the Gröbner basis solvers
in Magma [23] and msolve [17], as well as with the high-performance Dixon im-
plementation Fermat [63]. Jinadu–Monagan’s Maple implementation is designed
for Q and is not included in our finite-field benchmarks. All benchmarks were
performed on a dual-socket AMD EPYC 7302 server. Our advantage over Fer-
mat is primarily due to the efficient polynomial-matrix routines in FLINT/PML,
in particular the HNF algorithm; for Fermat, we used interpolation, which was
the fastest option in our tests.

The comparison between Dixon implementations and Gröbner basis solvers
reveals a clear trade-off: Magma performs best for systems with more variables
and lower degrees, possibly benefiting from F4/F5 optimizations, while DRSolve
performs best for systems with fewer variables and higher degrees.

5 Application to AO Primitives

This section organizes the applications around three elimination patterns. The
goal is to highlight the solving methodology first and to use concrete AO prim-
itives as representative case studies. We focus on solving strategies rather than
on new algebraic models for AO primitives, reusing the best-known models from
the literature and reevaluating them through the Dixon-resultant viewpoint.

Remark 8. Although much of the preceding discussion is developed under gener-
icity assumptions, the structural bounds remain applicable to non-generic poly-
nomial systems arising in AO primitives. Estimates relying on heuristic assump-
tions remain conditional. These bounds may be loose for structured instances,
but still provide useful complexity estimates for algebraic analysis.

5.1 Method 1: Direct elimination

Method 1 applies the Dixon resultant directly to a square polynomial system.
Starting from n equations in n variables, we eliminate n − 1 variables, solve the
resulting elimination polynomial in the remaining parameter, and then back-
substitute recursively. We estimate the complexity based on the analysis in Sec-
tion 3.2. This is the classical Dixon solving workflow of [80,3], instantiated here
with the bounds of Section 3 and the implementation of Section 4.

This method is best suited to Type I (low-degree) primitives, whose CICO
systems admit a dense but uniformly low-degree algebraic description, so that
the first elimination dominates and the later back-substitution phases operate
on lower-dimensional systems; we take Poseidon as the representative example.

22



Application to Poseidon. We consider the CICO-3 problems of Poseidon [42]
and Poseidon2 [43] in sponge mode, using the input/output and internal-
subspace models from [44]; the precise models are summarized in Appendix J
(see Figure 9 for an overview of the permutation). For the pure I/O model, direct
Dixon elimination matches the natural square-system viewpoint. For the mixed-
degree subspace models, the Hessenberg bound from Section 3 becomes essential
because the polynomial degrees are no longer uniform. Figure 3 compares the
resulting complexities for t = 8, c = d = 3, α = 3 across different numbers of
partial rounds.
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Fig. 3. Complexity comparison for Poseidon2, with the model parameters t = 8,
c = d = 3, α = 3 of [44]. Here ω = 2.81 for all curves.

Table 4 reports small-instance timings. Full-round systems behave close to
generic dense systems, while partial-round systems are much more structured, so
both the Dixon matrix size and the Gröbner-basis degree of regularity fall well
below their generic upper bounds. Since the size of this drop depends on the
specific subspace model, the generic bound should be read as an upper-bound
template rather than as a tight prediction of the best attack. A finer analysis of
these structural effects is left for future work.

5.2 Method 2: Iterative elimination

Throughout this section calligraphic letters denote blocks: F , P, R are blocks of
polynomials, X , Z are blocks of variables, and |X | is the number of variables in
the block X .
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Table 4. Timing comparison for Poseidon instances (t = 6, c = 1, d = 3, I/O mod-
eling, bypass one round) over Fp, p = 262 + 169. T and E denote theoretical and
experimental values; complexities (Comp.) are in log2 field operations. Here ω = 2.81.
For odd RF , one additional full round is added at the beginning. Both the Comp. and
the timed implementation use the HNF determinant model.

Gröbner Basis Dixon Resultant

Configuration dreg Comp. Time D(F) Comp. Time

T E T E (s) T E T E (s)

RF = 3, RP = 0, α = 3 25 25 32.8 32.8 2.2 117 108 24.1 23.7 0.3
RF = 3, RP = 0, α = 5 73 71 45.2 44.9 94295 925 875 33.9 33.7 1477
RF = 4, RP = 0, α = 3 79 79 46.2 46.2 188189 1080 1053 34.7 34.6 1772

RF = 2, RP = 1, α = 3 25 11 32.8 23.9 0.02 117 36 24.1 19.3 0.006
RF = 2, RP = 1, α = 5 73 27 45.2 33.7 14.3 925 175 33.9 27.2 2.1
RF = 3, RP = 1, α = 3 79 31 46.2 35.3 178 1080 891 34.7 33.9 695
RF = 2, RP = 2, α = 3 79 24 46.2 32.4 0.4 1080 297 34.7 29.4 11.9

Method 2 is designed for ladder-structured systems and generalizes itera-
tive two-polynomial elimination to local multipolynomial subsystems. It can be
viewed as a generalization of the resultant-based approach of Yang et al. [85]
to multipolynomial Dixon elimination, and as an AO-oriented specialization of
hybrid Dixon-matrix construction from [32]. We write such a system as

S : F1(X0, X1), F2(X1, X2), . . . , Fn(Xn−1, Xn), (23)

with |F1| = |X0| + 1 and |Fi| = |Xi−1| for 2 ≤ i ≤ n. Eliminating successively,

R1 = ResX0(F1), R2 = ResX1(R1, F2), . . . , Rn = ResXn−1(Rn−1, Fn), (24)

yields a univariate eliminant if |Xn| = 1, or a smaller system otherwise.
Assume each block Fj has common degree dj . By Bézout, the ideal-theoretic

eliminant produced at step i satisfies

deg(Ri) ≤
i∏︂

j=1
d

|Fj |
j . (25)

For the last step with |Xn| = 1, we obtain Rn from Rn−1 and Fn by eliminating
Xn−1. Here Rn−1 has degree at most Din :=

∏︁n−1
j=1 d

|Fj |
j and each polynomial in

Fn has degree dn. Viewing this as Dixon elimination on one polynomial of degree
at most Din and |Fn| polynomials of degree dn, the Unrestricted Bound (7) gives
matrix size at most

(︁
dn|Fn|−dn+Din

|Fn|
)︁
. The entry-wise degree in the remaining

variable is at most Din + dn|Fn|, so univariate HNF gives

˜︁O(︃(Din + dn|Fn|)
(︃

dn|Fn| − dn + Din

|Fn|

)︃ω)︃
, (26)
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with the Hessenberg Bound (9) available when the Unrestricted Bound is too
coarse.

For meet-in-the-middle (MITM) instances, we split the chain into forward
and backward parts meeting in a small middle block Z:

F1(X0, X1), . . . , Fn(Xn−1, Z), F ′
1(Y0, Y1), . . . , F ′

m(Ym−1, Z). (27)

Forward and backward eliminations give two middle-state relations of degrees

Dfwd =
n∏︂

j=1
d

|Fj |
j , Dbwd =

m∏︂
j=1

d′
j

|F ′
j |

.

When |Z| = 2, the final merge eliminates one variable between the two bivariate
relations, leaving a univariate eliminant. With dmax = max(Dfwd, Dbwd), its cost
admits the coarse bound

˜︁O(︁dω+1
max

)︁
. (28)

The complexity of Method 2 is the maximum over all intermediate elimi-
nations and the final merge (28); the intermediate-stage analysis for Vision is
given in Appendix K. Root finding, back-substitution, and the verification of
the candidate solutions in the original system—which also discards the spurious
candidates possibly introduced by extraneous factors—are negligible in compar-
ison.

This method is best suited to Type II (equivalence-relation) primitives, whose
ladder-structured CICO systems link successive states through local low-degree
relations; we take Vision as the representative example.

Application to Vision. For Vision [4] with s = 2, inverse layers make the full
direct model unattractive, so we adopt a meet-in-the-middle (MITM) approach
following the general framework of Liu et al. [65] and apply iterative Dixon
elimination. The detailed model and equation distribution are in Appendix K
(the round function is recalled in Figure 10); Figure 4 and Table 5 summarize
the outcome.

For these parameters the final merge (28) dominates every forward and back-
ward stage of the chain, so it alone determines the overall complexity; the stage-
by-stage figures, together with a rank bound that keeps the intermediate rungs
below the merge, are collected in Appendix K. The special structure of Vision
yields observed degree growth far below the Bézout-based upper bounds. A more
precise estimate is left for future work.
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Fig. 4. Complexity comparison for Vision (ω = 2 for consistency with [65]).

Table 5. Experimental timing and complexity comparison for Vision (s = 2). Com-
plexities (Comp.) are in log2 field operations. ω = 2 for consistency with [65].

2 rounds 3 rounds 4 rounds

Method Comp. Time Comp. Time Comp. Time

Gröbner basis [65] 31.0 1.38s 42.0 1d 4h 53.0 —
Dixon resultant 24.1 0.1s 31.0 15m 48.1 3d

5.3 Method 3: Ideal reduction and hybrid elimination

Method 3 combines Dixon elimination with the reduction machinery developed
for FreeLunch-style systems in [14]. We start from a triangular system

P =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

zα
1 − f1(x) = 0,

zα
2 − f2(x, z1) = 0,

...
zα

n − fn(x, z1, . . . , zn−1) = 0,
h(x, z1, . . . , zn) = 0,

(29)

and use the reduction procedure Reduce of [14, Algorithm 1]. For a polynomial
g of weighted degree dPk

(g) in a single retained variable, with degzi
g ≤ 2α − 2,

the reduction cost is ˜︁O(dPk
(g)(2α − 1)n) [14, Lemma 1], where n is the number

of levels in the triangular ideal Pk. We take the reduced triangular system as
input. If it must be constructed from an arithmetic circuit, its construction cost
must be added separately [14, Proposition 4]. For CICO-1 and a system that
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is a FreeLunch Gröbner basis, the optimized two-polynomial strategy of [14,
Corollary 3] applies directly and gives

˜︁O(︄dIα2
(︃

2α − 1
α

)︃n+2
)︄

. (30)

For general CICO-k, fix α ≥ 2 and k, retain |X | = k input variables, and
build k relations Rj(X ). Assume degzi

hj ≤ 2α − 2. Put Bk(e) =
(︁

e+k
k

)︁
and

D̄ = maxj dPk
(hj).

(P1) Reduction. Computing the normal forms of the k output constraints
costs

Tred = ˜︁O(︁k Bk(D̄) (2α − 1)n
)︁

. (31)
(P2) Successive elimination. Reduction only lowers the exponents degzi

be-
low α; it does not by itself produce an element of K[X ]. For each constraint, set
hj,n = NFPn(hj) and compute, for i = n, . . . , 1, hj,i−1 = NFPi−1(Reszi(hj,i, zα

i −
fi)). Here Pi contains the first i triangular equations and Rj = hj,0 ∈ K[X ]. With
Di = αn−iD̄, the cost is

Telim = ˜︁O(︄k

n∑︂
i=1

Bk(Di) (2α − 1)i+2

)︄
. (32)

The degree bounds and multivariate cost estimates are proved in Appendix L.1.
(P3) Final elimination. Let dR := maxj deg(Rj) ≤ α nD̄. Assuming that

⟨R1, . . . , Rk⟩ is zero-dimensional and the Dixon projection conditions hold, the
final step eliminates k−1 variables from these k relations by mixed-degree Dixon
elimination:

Tfinal = ˜︁O(︁max
{︁

T best
1 (R), T3(R), k dR D(R)ω

}︁)︁
, (33)

where T best
1 and T3 are the construction and rank-extraction costs of Section 3.2,

and D(R) is bounded by Corollary 1(3), which specializes to C
(dR)
k when all the

Rj have the same degree.
The total symbolic hybrid cost is, up to a constant factor, the maximum

of (31)–(33); in particular the reduction and elimination phases are not ab-
sorbed into the final Dixon cost in general. By contrast, direct elimination on
the unreduced system of n + k equations gives

˜︁O(︄max
{︄

T best
1 (Pk), T3(Pk),

(︂∑︂
i

di

)︂
D(Pk)ω

}︄)︄
, (34)

again with D(Pk) from Corollary 1(3), since the constraints hj do not have the
same degree as the triangular equations; the last term becomes (n+k)α(C(α)

n+k)ω

when all equations have degree α. The comparison between the two routes de-
termines whether the reduction phase is worthwhile.

This method is an improved attack on Type II (equivalence-relation) primi-
tives, refining Method 2 by interleaving Dixon elimination with ideal reduction;
we take XHash12 as the representative example.
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Fig. 5. Symbolic complexity comparison for XHash12, α = 7 and ω = 2.81, in log2 field
operations. For CICO-1, Method 3 reduces to the two-polynomial route of (30); for
k ≥ 2, it includes reduction, successive elimination and final Dixon elimination. Each
GB curve uses

(︁
m+dreg

m

)︁ω, where m = 12s + k and dreg = m(α− 1) + 1.

Remark 9. For the special case of CICO-1, the two-polynomial iterative-
resultant route of [14] already gives (30), and Dixon does not change the picture.
In concurrent and independent work, Bak et al. [8] develop a related CICO-
2 framework, introducing improvements to variable elimination and the final
bivariate resultant, with substantial theoretical and practical gains. Although
Method 3 does not currently offer a concrete advantage for k ≥ 3, it provides a
more flexible framework for further elimination strategies.

Application to XHash12. We focus on XHash12 [5]; the permutation (Figure 11)
and the triangular model we use are recalled in Appendix L. Figure 5 com-
pares the direct Dixon method, the hybrid reduction-based strategy, and the
corresponding generic Gröbner-basis estimate for each k = 1, 2, 3, 4. The hybrid
method is excellent for CICO-1 and retains a small margin for CICO-2. For
CICO-3 and CICO-4, however, the intermediate degrees make it worse than the
direct elimination method.

Table 6 compares symbolic complexity estimates with recorded elimination
times for small XHash polynomial systems. The special structure of these in-
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stances and implementation details can lead to discrepancies between generic
complexity bounds and measured running times. A refined complexity analysis
accounting for this structure is left for future work.

Table 6. Elimination times and symbolic complexity estimates for small XHash poly-
nomial systems. The tuples specify (α, State, step): the exponent, state width, and
number of steps. Comp. denotes log2 field operations with ω = 2.81.

CICO-1 (3, 3, 5) CICO-1 (7, 3, 5) CICO-2 (3, 4, 3)

Method Comp. Time Comp. Time Comp. Time

Gröbner basis 48.8 1.5s 74.7 - 41.4 59.7s
Method 1 42.6 5.12s 64.4 - 35.1 4.5s
Method 3 18.6 0.04s 29.6 200.4s 31.2 413.2s

6 Conclusion

In this work, we revisited the Dixon resultant as a practical and theoretically
grounded tool for algebraic cryptanalysis. By establishing upper bounds on the
Dixon matrix size that are attained by the monomial support of generic systems,
we derived refined complexity estimates. Combined with an efficient implemen-
tation and a degree-aware submatrix selection strategy, our framework enables
reliable elimination for polynomial systems arising in cryptographic applications.

Our results show that Dixon resultants and Gröbner basis methods play com-
plementary roles in algebraic cryptanalysis. In well-determined settings, Dixon
resultants are comparable to Gröbner bases. Gröbner basis methods are more
effective for overdetermined systems, whereas Dixon resultants provide a struc-
tured determinant-based elimination subroutine for underdetermined settings.

There remain several directions for future work.

1. Further analyzing AO primitives through better algebraic models for Dixon
elimination, refined complexity analyses accounting for AO-specific struc-
tures, and applications to Type III (lookup-table) primitives in combination
with recent algebraic techniques [9];

2. Improving Dixon-resultant techniques, including rank estimation to refine
Step 4 complexity estimates and optimize Step 3, the exploitation of overde-
termined systems to reduce complexity, nonheuristic extraneous-factor elim-
ination, and connections with multivariate subresultants [30];

3. Optimizing Dixon resultants for MQ systems, with potential applications
to schemes such as UOV [57]. Although asymptotically favorable under the
compared naive Gröbner-basis bounds, direct Dixon elimination is generally
slower than Magma in our MQ experiments and theoretically less efficient
than guessing-based hybrid methods [21]. Improving its theoretical or prac-
tical performance on MQ systems is a direction for future work.
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40. Grassi, L., Khovratovich, D., Lüftenegger, R., Rechberger, C., Schofnegger, M.,
Walch, R.: Reinforced Concrete: A fast hash function for verifiable computation.
In: Proceedings of the 2022 ACM SIGSAC Conference on Computer and Commu-
nications Security, CCS 2022. pp. 1323–1335. ACM (2022). https://doi.org/10.
1145/3548606.3560686
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73. Sauer, J.F., Szepieniec, A.: SoK: Gröbner basis algorithms for arithmetization ori-
ented ciphers. IACR Cryptol. ePrint Arch. p. 870 (2021), https://eprint.iacr.
org/2021/870

74. Schwartz, J.T.: Fast probabilistic algorithms for verification of polynomial identi-
ties. Journal of the ACM (JACM) 27(4), 701–717 (1980)

75. Spaenlehauer, P.: Solving multi-homogeneous and determinantal systems: algo-
rithms, complexity, applications. (Résolution de systèmes multi-homogènes et
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A Background on Algebraic Geometry and
Combinatorics

In this appendix, we provide essential background on convex geometry, poly-
nomial support structures, and lattice path enumeration that facilitate under-
standing of the complexity analysis in Section 3. For a detailed introduction to
these topics, please refer to [31,78,22].

Definition 5 (Generic Property [31]). Fix degree bounds d1, . . . , dn, and
let C be the affine space over K of the coefficient tuples of polynomial systems
(f1, . . . , fn) with degx(fi) ≤ di. A property P is said to hold generically if
there exists a Zariski open dense subset U ⊆ C such that P holds for every
(f1, . . . , fn) ∈ U .

Equivalently, the property holds whenever a suitable nonzero polynomial in
the input coefficients does not vanish; see [31, Chapter 3, §5, Definition (5.6),
p. 115]. The exceptional systems are contained in a proper algebraic subset. Over
a finite base field, this definition is interpreted over its algebraic closure and does
not by itself assert a probability of success for sampling in that finite field.

Definition 6 (Convex Set and Convex Hull). A set C ⊂ Rn is convex if
for any two points p, q ∈ C, the line segment {(1 − λ)p + λq : λ ∈ [0, 1]} lies
entirely in C.

For any set S ⊂ Rn, its convex hull conv(S) is the smallest convex set con-
taining S, equivalently:

conv(S) =
{︄

m∑︂
i=1

λisi : si ∈ S, λi ≥ 0,

m∑︂
i=1

λi = 1
}︄

.

Linear combinations of this form are called convex combinations.

Definition 7 (Polytope). A polytope is the convex hull of a finite set in Rn.
A lattice polytope is a polytope whose vertices lie in Zn.

Definition 8 (Monomial Support). For a polynomial f =
∑︁

α cαxα where
cα ∈ K and α ∈ Zn

≥0, the support of f is the set of exponent vectors correspond-
ing to nonzero coefficients:

Supp(f) = {α ∈ Zn
≥0 : cα ̸= 0}.

Definition 9 (Newton Polytope). The Newton polytope of a polynomial f
is the convex hull of its support:

NP(f) = conv(Supp(f)) ⊂ Rn.

The Newton polytope records the ”shape” or sparsity structure of f ; the actual
coefficient values do not affect NP(f).
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Definition 10 (Mixed and Unmixed Systems [54]). A polynomial system
F = (f1, . . . , fn) is called unmixed if

NP(f1) = · · · = NP(fn).

Otherwise, it is called mixed.

Definition 11 (Minkowski Sum). For polytopes P1, P2 ⊂ Rn, their
Minkowski sum is:

P1 + P2 = {p1 + p2 : p1 ∈ P1, p2 ∈ P2}.

More generally, for λ ≥ 0 and polytope P , define λP = {λp : p ∈ P}.

Proposition 1 (Properties of Minkowski Sum).

1. The Minkowski sum of polytopes is a polytope.
2. The Minkowski sum of lattice polytopes is a lattice polytope.
3. For polytopes P, Q and λ, µ ≥ 0: λ(P + Q) = λP + λQ and (λ + µ)P =

λP + µP .

Proposition 2 (Newton Polytope of Products [54, Fact 3.2]). For
nonzero polynomials f, g ∈ K[x1, . . . , xn]:

NP(fg) = NP(f) + NP(g).

Proposition 3 (Faces of Minkowski Sums). Let P1, . . . , Pr ⊂ Rn be poly-
topes, and let P = P1 + · · · + Pr be their Minkowski sum. Then every face P ′ of
P can be expressed as a Minkowski sum:

P ′ = P ′
1 + · · · + P ′

r,

where each P ′
i is a face of Pi.

Definition 12 (Lattice Path). A lattice path in Z2
≥0 from (0, 0) to (u, w) is

a sequence of points
(x0, y0), (x1, y1), . . . , (xk, yk)

such that (x0, y0) = (0, 0), (xk, yk) = (u, w), and for each i = 0, 1, . . . , k − 1 we
have either

(xi+1, yi+1) = (xi + 1, yi) (a right step)

or
(xi+1, yi+1) = (xi, yi + 1) (an up step).

All points of the path lie in Z2
≥0. Such a path consists of exactly u horizontal

steps and w upward steps; the height of a horizontal step is the y-coordinate
at which it is taken. The number of lattice paths refers to the total number of
distinct lattice paths satisfying these conditions.
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B Proof of Lemma 2

Proof. We establish the equality by showing both inclusions.

Setup. For each k ∈ {1, . . . , n}, define

Pk := {(i1, . . . , ik, 0, . . . , 0) ∈ Zn
≥0 : i1 + · · · + ik ≤ dk}.

By definition of the Iterated-Simplex Polynomial, whose coefficients over Z are
positive,

Supp(Id1,d2,...,dn
) = P1 + P2 + · · · + Pn,

where + denotes the Minkowski sum. Define the target set:

Qn :=

⎧⎨⎩(α1, . . . , αn) ∈ Zn
≥0 :

n∑︂
ℓ=n−j+1

αℓ ≤
j∑︂

i=1
dn−i+1 for all j ∈ {1, . . . , n}

⎫⎬⎭ .

Inclusion P1 + · · ·+Pn ⊆ Qn. Let (α1, . . . , αn) ∈ P1 + · · ·+Pn. Then there exist
(i(k)

1 , . . . , i
(k)
n ) ∈ Pk for k = 1, . . . , n such that

(α1, . . . , αn) =
n∑︂

k=1
(i(k)

1 , . . . , i(k)
n ).

Fix j ∈ {1, . . . , n} and consider the last j components. For each k ∈ {n − j +
1, . . . , n}, by the definition of Pk, we have

n∑︂
ℓ=n−j+1

i
(k)
ℓ ≤ dk.

Therefore,
n∑︂

ℓ=n−j+1
αℓ =

n∑︂
ℓ=n−j+1

n∑︂
k=1

i
(k)
ℓ =

n∑︂
k=n−j+1

n∑︂
ℓ=n−j+1

i
(k)
ℓ

≤
n∑︂

k=n−j+1
dk =

j∑︂
i=1

dn−i+1.

This shows (α1, . . . , αn) ∈ Qn.

Inclusion Qn ⊆ P1 + · · ·+Pn. The strategy is to construct the decomposition by
greedily moving mass from the last coordinates of α into Pn (which can absorb
up to dn units of total mass), while keeping the prefix (α′

1, . . . , α′
n−1, 0) inside

Qn−1. We proceed by induction on n. For n = 1, clearly P1 = Q1.
Assume n ≥ 2 and P1 + · · · + Pn−1 = Qn−1, where Qn−1 is the set attached

to the truncated sequence (d1, . . . , dn−1), viewed as a subset of Zn−1
≥0 × {0}. Let

(α1, . . . , αn) ∈ Qn. We construct a decomposition

(α1, . . . , αn) = (α′
1, . . . , α′

n−1, 0) + (α′′
1 , . . . , α′′

n)
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with (α′
1, . . . , α′

n−1, 0) ∈ Qn−1 and (α′′
1 , . . . , α′′

n) ∈ Pn.
We define the decomposition recursively for j = 1, . . . , n. At step j, if

αn−j+1 +
n−1∑︂

ℓ=n−j+2
α′

ℓ ≤
j∑︂

i=2
dn−i+1

(with the convention that the sums
∑︁n−1

ℓ=n−j+2 α′
ℓ and

∑︁j
i=2 dn−i+1 are empty—

and therefore equal to 0—when j = 1), set α′
n−j+1 := αn−j+1, α′′

n−j+1 := 0.
Otherwise, set

α′
n−j+1 :=

j∑︂
i=2

dn−i+1 −
n−1∑︂

ℓ=n−j+2
α′

ℓ, α′′
n−j+1 := αn−j+1 − α′

n−j+1.

Here
∑︁j

i=2 dn−i+1 =
∑︁n−1

k=n−j+1 dk is precisely the budget that Qn−1 allows for
the suffix starting at index n − j + 1; note also that this budget increases by
dn−j+1 ≥ 0 from step j −1 to step j, so α′

n−j+1 ≥ 0 in the second case. At j = 1
the budget is the empty sum 0, so the step forces α′

n = 0.
In both cases,

n−1∑︂
ℓ=n−j+1

α′
ℓ ≤

j∑︂
i=2

dn−i+1,

which establishes (α′
1, . . . , α′

n−1, 0) ∈ Qn−1.
To verify (α′′

1 , . . . , α′′
n) ∈ Pn, we need

∑︁n
ℓ=1 α′′

ℓ ≤ dn. If the second case never
occurs, then α′′ = 0 and there is nothing to prove. Otherwise, let j be the largest
index at which the second case occurs; then α′′

ℓ = 0 for every ℓ < n − j + 1, and
since the second case saturates the budget at step j we obtain

n∑︂
ℓ=1

α′′
ℓ =

n∑︂
ℓ=n−j+1

α′′
ℓ = αn−j+1 −

⎛⎝ j∑︂
i=2

dn−i+1 −
n−1∑︂

ℓ=n−j+2
α′

ℓ

⎞⎠+
n∑︂

ℓ=n−j+2
α′′

ℓ

=
n∑︂

ℓ=n−j+1
αℓ−

j∑︂
i=2

dn−i+1 ≤
j∑︂

i=1
dn−i+1−

j∑︂
i=2

dn−i+1 = dn,

where the inequality follows from the definition of Qn.
By the induction hypothesis,

(α1, . . . , αn) ∈ Qn−1 + Pn ⊆ P1 + · · · + Pn.

Combining the two inclusions gives Supp(Id1,...,dn) = P1 + · · ·+Pn = Qn. ⊓⊔
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C Experimental Validation for Dixon Matrix Size Bound

We provide numerical comparisons between our Fuss–Catalan bound (FC Bound,
Corollary 1(2)), Unrestricted bound (Corollary 1(1)), the volume comparison
bound (5), motivated by [54, Theorem 4.3] and verified in Section 3.1, and the
trivial variable-based bound (4). Table 7 shows the bounds alongside the actual
Dixon matrix sizes computed from randomly generated dense (n; d)-systems over
Fp with p = 231 −159; generic attainment is subject to the characteristic hypoth-
esis in Lemma 4, and we record the field used for reproducibility. The “True Size”
column reports the actual row/column dimension of the Dixon matrix observed
in our experiments. For each pair (n, d) we sampled 20 independent, fully dense
systems of n equations, all of total degree d, with all coefficients drawn uniformly
and independently from Fp; the observed size agreed across all samples. It is the
support dimension D(F), not rank M (Remark 5).

Table 7. Comparison of Dixon Matrix Size Bounds

n d FC Bound Unrestricted Bound Volume Bound Variable Bound True Size

3 2 5 6 6 8 5
3 3 12 15 13 18 12
3 4 22 28 24 32 22
3 5 35 45 37 50 35
4 2 14 20 21 48 14
4 3 55 84 72 162 55
4 4 140 220 170 384 140
4 5 285 455 333 750 285
5 2 42 70 83 384 42
5 3 273 495 421 1944 273
5 4 969 1820 1333 6144 969
5 5 2530 4845 3255 15000 2530
6 2 132 252 345 3840 132
6 3 1428 3003 2624 29160 1428
6 4 7084 15504 11059 122880 7084
6 5 23751 53130 33750 375000 23751
7 2 429 924 1493 46080 429
7 3 7752 18564 17017 524880 7752
8 2 1430 3432 6657 645120 1430
9 2 4862 12870 30368 10321920 4862
10 2 16796 48620 141093 185794560 16796
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D Detailed Derivation of Complexity Ratios in Table 3

This appendix gives the step-by-step derivation of the “Ratio to Dixon” column
in Table 3. The three Gröbner-basis ratios have the same orders whether n ≥ 2
is fixed and d → ∞, or d ≥ 2 is fixed and n → ∞. The change-of-order ratios
depend on the direction of growth, so we give both estimates for FGLM below.
In the ratios, ˆ︁TM denotes the expression inside the displayed cost bound for
method M , with logarithmic factors omitted.

For a well-determined (n; d)-system, we use the Dixon resultant complexity
as the baseline:

TDixon = ˜︁O(︃nd

(︃
1

n(d − 1) + 1

(︃
nd

n

)︃)︃ω)︃
.

Gröbner Basis Classical [10] The complexity is

TGB = O
(︃(︃

n + dreg

dreg

)︃ω)︃
.

With dreg = n(d − 1) + 1, this becomes

TGB = O
(︃(︃

nd + 1
n

)︃ω)︃
.

Using the binomial identity(︃
nd + 1

n

)︃
= nd + 1

nd − n + 1

(︃
nd

n

)︃
,

we compute the ratio:

ˆ︁TGBˆ︁TDixon
=

(︁
nd+1

n

)︁ω

nd
(︂

1
n(d−1)+1

(︁
nd
n

)︁)︂ω

= (nd + 1)ω

nd
= (nd)ω−1

(︃
1 + 1

nd

)︃ω

∼ (nd)ω−1.

Gröbner Basis F5 Bound [11,16] The complexity is

TF5 = O
(︃

n dreg

(︃
n + dreg − 1

dreg

)︃ω)︃
.

Substituting dreg = n(d − 1) + 1 gives

TF5 = O
(︃

n
(︁
n(d − 1) + 1

)︁(︃ nd

n − 1

)︃ω)︃
.
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Using (︃
nd

n − 1

)︃
= n

nd − n + 1

(︃
nd

n

)︃
,

the ratio becomes

ˆ︁TF5ˆ︁TDixon
=

n
(︁
n(d − 1) + 1

)︁(︁
nd

n−1
)︁ω

nd
(︂

1
n(d−1)+1

(︁
nd
n

)︁)︂ω

= nω+1(nd − n + 1)
nd

= nω+1
(︃

1 − 1
d

+ 1
nd

)︃
∼ nω+1.

Gröbner Basis rectangular [11] The bound comes from the Macaulay matrix
at degree dreg. It has r = n

(︁
n+dreg−d

n

)︁
rows and c =

(︁
n+dreg

n

)︁
columns. Its row

echelon form can be computed in O(rcϱω−2) operations, where ϱ ≤ c is the
rank [77]. Thus

Trect = O

(︄
n

(︃
n + dreg − d

n

)︃(︃
n + dreg

n

)︃ω−1
)︄

.

After substituting dreg = n(d − 1) + 1, this becomes

Trect = O

(︄
n

(︃
(n − 1)d + 1

n

)︃(︃
nd + 1

n

)︃ω−1
)︄

.

Applying the same binomial identity as above gives

ˆ︁Trectˆ︁TDixon
=

n
(︁

nd−d+1
n

)︁(︁
nd+1

n

)︁ω−1

nd
(︂

1
n(d−1)+1

(︁
nd
n

)︁)︂ω

=
(︁

nd−d+1
n

)︁(︁
nd
n

)︁ nd − n + 1
d

(nd + 1)ω−1.

For n fixed and d → ∞,(︁
nd−d+1

n

)︁(︁
nd
n

)︁ =
n−1∏︂
i=0

nd − d + 1 − i

nd − i
−→

(︃
1 − 1

n

)︃n

.

Consequently,

ˆ︁Trectˆ︁TDixon
∼
(︃

1 − 1
n

)︃n

nωdω−1 = Θ
(︁
nωdω−1)︁ ,
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where 1/4 ≤ (1 − 1/n)n < e−1 for n ≥ 2. More generally, the binomial quotient
above is between (1−1/n)n and 1 for all n, d ≥ 2. Combining this uniform bound
with the exact expressions for the classical and F5 ratios gives

ˆ︁TGBˆ︁TDixon
= Θ

(︁
(nd)ω−1)︁ ,

ˆ︁TF5ˆ︁TDixon
= Θ

(︁
nω+1)︁ ,

ˆ︁Trectˆ︁TDixon
= Θ

(︁
nωdω−1)︁ .

Thus the three Gröbner-basis rows retain exactly the orders displayed in Table 3
in either standard direction of growth. Their leading constants may differ be-
tween the two directions; the statement is an order comparison, not a uniform
joint asymptotic equivalence.

FGLM [36,58] The complexity estimate, excluding construction of the multipli-
cation matrices, is

TFGLM = O(n dω
I ) = O(n dnω).

For n fixed and d → ∞, the Fuss–Catalan formula gives

C(d)
n = 1

n!

n−2∏︂
j=0

(nd − j) = nn−1

n! dn−1(︁1 + On(d−1)
)︁
. (35)

Substituting this expansion into the ratio yields

ˆ︁TFGLMˆ︁TDixon
= n dnω

nd
(︂

C
(d)
n

)︂ω

∼ n dnω

nd
(︂

nn−1

n!

)︂ω

d(n−1)ω

=
(︃

n!
nn−1

)︃ω

dω−1.

Stirling bounds simplify the factorial coefficient to(︃
n!

nn−1

)︃ω

= Θ
(︂

n3ω/2e−nω
)︂

, (36)

with constants depending only on ω. Hence the ratio in the table is

ˆ︁TFGLMˆ︁TDixon
= Θ

(︂
n3ω/2dω−1e−nω

)︂
.

The factorial expression is the exact leading coefficient for fixed n; the e−nω form
displays its order of magnitude as a function of n. The high-degree expansion (35)
is not a uniform joint limit in (n, d).
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BNS Change of Order [18] Under the shape and stability assumptions of [18,
Theorem 1.1], the complexity is

TBNS = ˜︁O(︁tω−1dI
)︁

.

Here t counts the grevlex basis elements whose leading monomial is divisible
by the smallest variable. For the generic-system estimate, use dI = dn and
t = Θ(dn−1/

√
n) as in [18, Section 6.2 and Table 1]. Substitution gives

TBNS = ˜︁O(︂(︁dn−1n−1/2)︁ω−1
dn
)︂

= ˜︁O(︂n−(ω−1)/2dnω−ω+1
)︂

.

Using (35) and then (36), the ratio becomesˆ︁TBNSˆ︁TDixon
= tω−1dn

nd
(︂

C
(d)
n

)︂ω

= Θ

(︃(︃
n!

nn−1

)︃ω

n−(ω+1)/2
)︃

= Θ
(︂

nω−1/2e−nω
)︂

.

BNS takes the grevlex basis as input and reads its polynomial-matrix represen-
tation directly under the stability assumptions.

FGLM for fixed degree and growing dimension. For d ≥ 2 fixed and n → ∞,
equation (41) instead gives C

(d)
n = Θd(γn

d /n3/2). Writing ηd = d/γd = ((d −
1)/d)d−1 < 1, the second FGLM estimate isˆ︁TFGLMˆ︁TDixon

= Θd

(︂
n3ω/2ηnω

d

)︂
.

Thus the FGLM ratio grows as Θn(dω−1) when n is fixed and d → ∞, as
displayed in Table 3, but decreases exponentially when d is fixed and n → ∞.
Under the corresponding generic estimate for t, BNS similarly satisfiesˆ︁TBNSˆ︁TDixon

= Θd

(︂
nω−1/2ηnω

d

)︂
.

The plots use the unsimplified cost expressions in order to cover both regimes.

Other elimination algorithms. For two bivariate polynomials, eliminating one
variable, structured Sylvester-resultant algorithms such as Villard’s [83] have a
better asymptotic complexity, even though the Dixon construction works with
a smaller matrix. On the AO systems of Section 5, the relevant Gröbner com-
petitors also include FreeLunch [15] and CheapLunch [7], for which the grevlex
basis is essentially free and change of order dominates. Their comparison with
Dixon therefore depends on the number of variables and the degrees; the full
F4/F5-plus-change-of-order model does not describe this special structure.
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E Further Comparative Plots

We present a more comprehensive comparison of the computational complexity
of the Dixon resultant and Gröbner basis methods from multiple perspectives.
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Fig. 6. Complexity comparison between the Dixon resultant and Gröbner basis
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F Degree-Aware Submatrix Selection Algorithms

Algorithm 1 gives the pseudocode for the selection strategy described in Sec-
tion 4.1.

Algorithm 1 Degree-aware maximal-rank submatrix selection
1: Input: Polynomial matrix M ∈ K[t1, . . . , tm]r×c (possibly rectangular or rank-

deficient)
2: Output: Row indices R and column indices C with |R| = |C| such thatM(α)[R, C]

is nonsingular of order rankM(α), with selection guided by degree weights
3: Initialize R ← ∅, C ← ∅
4: Choose concrete evaluation point α = (α1, . . . , αm) ∈ Fm

5: Evaluate Mconst ←M(α1, . . . , αm) {Constant matrix}
6: Compute row degree weights: dr(i)← maxj deg(Mi,j) for each row i
7: Compute column degree weights: dc(j)← maxi deg(Mi,j) for each column j
8: Sort row indices by increasing degree weights: πr

9: Sort column indices by increasing degree weights: πc

10: Initialize basis tracker: B ← ∅
11: for each candidate index k in πr do
12: Extract row vector vk from Mconst
13: Eliminate vk against existing basis vectors in B
14: if vk ̸= 0 after elimination then
15: Normalize vk and add it to B
16: Include k in R
17: end if
18: end for
19: Reset basis tracker: B ← ∅
20: for each candidate index k in πc do
21: Extract column vector vk from Mconst
22: Eliminate vk against existing basis vectors in B
23: if vk ̸= 0 after elimination then
24: Normalize vk and add it to B
25: Include k in C
26: end if
27: end for
28: return R, C

The selected submatrix has the rank of the evaluated matrix; it has maxi-
mal polynomial-matrix rank when evaluation preserves rank. The degree weights
guide the selection but do not guarantee a globally minimal determinant degree.
After evaluation and weight computation, selection uses two Gaussian elimina-
tions on constant matrices and sorting, within the bound in Equation (16).
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G Experimental Results of Degree-Aware Submatrix
Selection

We present the experimental results of Algorithm 1 to assess Heuristic 2. Table 8
compares the performance of our degree-aware selection strategy against naive
random selection across various polynomial system configurations.

Table 8. Frequency of Bézout-bound violations

nx k
Degrees Bézout Bound Bézout violations

(d1, . . . , dnx+1)
∏︁

di Naive Algorithm 1
2 1 (3, 4, 5) 60 195/200 0/200
2 1 (5, 6, 6) 180 200/200 0/200
2 1 (5, 5, 5) 125 192/200 0/200
5 1 (2, 2, 2, 2, 2, 2) 64 199/200 0/200
3 2 (2, 2, 3, 3) 36 177/200 1/200

Observed violation frequency 963/1000 1/1000

In Table 8, nx denotes the number of variables to eliminate (so the sys-
tem contains nx + 1 polynomials, consistent with the convention in the main
text where n is the number of polynomials), k denotes the number of parame-
ters retained. We count cases with deg(Res(F)) >

∏︁
di; passing this test does

not certify the absence of extraneous factors or excess multiplicities. The naive
method uses random submatrix selection. All experiments were conducted over
F65537 with 200 repetitions per system configuration. The observed violations
for Algorithm 1 exceeded the Bézout bound by at most 1–2.
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H Detailed Stage-wise Complexity Parameters

This appendix provides the detailed parameter derivations and the full set of
five determinant models (expansion, Bareiss, Kronecker+HNF, interpolation,
sparse) for the two symbolic-determinant stages whose preferred models were
summarized in Section 3.2. We keep the notation of Section 3.2 throughout: F
is an (n; d)-system in n − 1 + k variables, C

(d)
n is the generic Dixon-matrix size,

and we use the determinant-method complexity templates from Appendix I.

H.1 Step 1 Parameter Derivations

This subsection derives the four abstract parameters (µ1, S1, L1, δ1) and the ad-
ditional grid-size parameter N1 used to instantiate the five Step 1 complexity
models. The expressions for (µ1, S1, L1) recover (13) in Section 3.2, and substi-
tuting them into the determinant templates of Table 2 reproduces (14)–(15).

The refined construction of the cancellation matrix from (3) lowers several
dual-variable degrees by one through the difference quotients in xi − x̄i, but this
affects only the eliminated and dual variables and not the retained parameters
a. For the asymptotic estimates below we use uniform upper bounds that are
simpler to state. The determinant in Step 1 involves ℓ = 2n+k−2 variables (the
n−1 original variables, the n−1 dual variables, and the k retained parameters),
with each entry having parameter total degree at most d. Summing across the
n rows of the determinant, the parameter total degree of det( ˆ︁C) is therefore at
most

B1 :=
n∑︂

i=1
d = nd.

Dense monomial-count proxy. The expansion-by-minors model uses the dense
monomial-count proxy

µ1 :=
(︃

n − 1 + k + d

n − 1 + k

)︃
,

i.e. the number of dense monomials in the original fj when viewed as a poly-
nomial in the n − 1 + k variables of x and a of total degree at most d.
Explicitly expanding the difference-quotient entries would introduce a factor
max{1, d/(n+k)} in the uniform entry-support bound. The theoretical expansion
model avoids this factor by multiplying the undivided numerators of a difference-
quotient row by the cached minors, summing the row expansion, and only then
dividing exactly by the common linear factor xi−x̄i. Each numerator has at most
2µ1 terms, and this linear division is soft-linear in the input and output support
sizes. By Lemma 6, with U := S1, the cost therefore remains ˜︁O(n2nµ1S1), as
in (14).

Variable-wise degree bounds. The Kronecker+HNF model uses the variable-wise
degree bounds derived from the refined cancellation-matrix structure. A row-by-
row analysis of ˆ︁C (the variable xi appears in rows 1, . . . , i with degree ≤ d, in
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row i + 1 with degree ≤ d − 1 after the difference quotient, and is absent from
rows i + 2, . . . , n where it has been replaced by x̄i; an analogous count applies
to x̄i) gives

Dxi
:= degxi

(det ˆ︁C) ≤ (i + 1)d − 1, Dx̄i
:= degx̄i

(det ˆ︁C) ≤ (n − i)d − 1,

Daj := degaj
(det ˆ︁C) ≤ nd,

for i = 1, . . . , n − 1 and j = 1, . . . , k. Every entry has total degree at most
d, so in particular exi

, ex̄i
, eaj

≤ d. For a fixed ordering of the ℓ = 2n + k − 2
variables, let D1,1, . . . , D1,ℓ denote the corresponding determinant-degree bounds
and define w1,i :=

∏︁ℓ
j=i+1(D1,j + 1). Using the entry total-degree bound, the

average column degree of the univariate matrix is bounded by

δ1 := d w1,1 = d ·
ℓ∏︂

j=2
(D1,j + 1) ≤

ℓ∏︂
j=1

(D1,j + 1).

The estimate is valid for any fixed variable ordering, although its value may
depend on that ordering. The HNF cost is then T HNF

1 = ˜︁O(nωδ1).

Interpolation parameters. For evaluation-interpolation, the tensor-grid size is

N1 =
2n+k−2∏︂

i=1
(D1,i + 1),

and one probe evaluates the n2 entries of ˆ︁C at a point of Fℓ
q and computes the

determinant of the resulting n×n constant matrix. Each entry fj is a polynomial
in the n − 1 + k variables of x, a with at most µ1 monomials, so building the
evaluated matrix from n underlying polynomials at n points costs ˜︁O(n2µ1) field
operations, and the constant determinant costs ˜︁O(nω). Therefore

L1 = ˜︁O(nω + n2µ1).

Sparse term bound. The sparse model uses the structural term bound

S1 :=
(︁
C(d)

n

)︁2
(︃

B1 + k

k

)︃
,

where the factor
(︁
C

(d)
n

)︁2 comes from the bilinear Dixon support (each of x, x̄

contributes at most C
(d)
n distinct monomials by Lemma 4), and

(︁
B1+k

k

)︁
bounds

the number of parameter monomials of total degree at most B1 in the k retained
parameters a; see Appendix I for the full derivation.

Intermediate minors. The same structural term bound controls all intermediate
minors, not merely the final Dixon polynomial.
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Lemma 6. Let n ≥ 2, d ≥ 2, k ≥ 1, and degx,a fi ≤ d. Every square minor H

of ˆ︁C satisfies

# Supp(H) ≤
(︃

nd + n + k − 1
2n + k − 2

)︃
≤
(︁
C(d)

n

)︁2
(︃

nd + k

k

)︃
= S1.

This holds over any field, without a genericity assumption.

Proof. The first row of ˆ︁C has total degree at most d; every other row has degree
at most d−1. Thus a j-row minor has degree at most j(d−1)+1 ≤ n(d−1)+1 in
2n+k−2 variables, giving the first inequality. For the second, use C

(d)
n =

(︁
nd

n−1
)︁
/n

and put

R(n, m, k) =
n2(︁m+n+k−1

2n+k−2
)︁(︁

m
n−1
)︁2(︁m+k

k

)︁ , m ≥ 2n.

The ratios
R(n, m, k + 1)

R(n, m, k) = (m + n + k)(k + 1)
(2n + k − 1)(m + k + 1) < 1,

R(n, m + 1, 1)
R(n, m, 1) = 1 − n(n − 1)

(m + 1)(m + 2) < 1

reduce the claim to rn := R(n, 2n, 1) ≤ 1. Here r2 = 1 and

rn+1

rn
= (3n + 1)(3n + 2)(3n + 3)(n + 2)

8n(2n + 1)2(2n + 3) ≤ 1 :

the denominator minus numerator is (n−1)(37n3 +89n2 +60n+12) ≥ 0. Taking
m = nd proves the claim. ⊓⊔

The bound concerns completed minors; temporary products in Bareiss updates
may have O(S2

1) terms, as allowed by its cost model.

A division-free program for sparse interpolation. Huang’s algorithm requires a
division-free straight-line program (SLP), not only a scalar determinant black
box [49, Definition 2 and Algorithm 9]. A dense Horner program for fj has length
O(µ1). For two consecutive evaluations A, B differing only in xi, propagate the
values and the divided difference Q(h) = (h(A) − h(B))/(xi − x̄i) through that
program using

Q(u + v) = Q(u) + Q(v), Q(uv) = Q(u)v(A) + u(B)Q(v).

The input differences are 0 or 1, so this computes each refined entry without
division, including at xi = x̄i. All entries cost O(n2µ1) operations. Composing
with an O(n4) division-free determinant program [71] gives an SLP of length

O(n2µ1 + n4) = O(n2µ1),

since µ1 ≥
(︁

n+1
2
)︁

for d ≥ 2. Consequently Huang [49, Theorem 12] gives the
stated expected sparse cost with Monte Carlo correctness. A sufficient charac-
teristic condition is p > nd; any extension needed to obtain enough interpolation
points is accounted for as in that theorem.
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Step 1 complexity models. Substituting these parameters into the determinant
models of Table 2 yields the following five Step 1 complexity estimates (all in
field operations over Fq):

T minor
1 = ˜︁O(n2nµ1S1),

T Bareiss
1 = ˜︁O(n3S2

1),
T HNF

1 = ˜︁O(nωδ1),
T eval

1 = ˜︁O(N1(L1 + ℓB1)) ,

T sparse
1 = ˜︁O(L1S1 + S1 log q).

In the expansion and Bareiss models, U1 = S1 is justified by Lemma 6; the
cached-expansion formula uses the deferred linear division described above.

FDixon recursive construction. Besides the five determinant models, the direct
recursive construction of Zhao and Fu [86] builds the Dixon matrix without first
forming the n × n cancellation determinant, so it replaces Steps 1 and 2 by a
single block-recursive construction. Following the complexity model of Qin et
al. [69, Theorem 3.1], our implementation uses the surrogate

T FDixon
2 = ˜︁O(︄m2

1 (n!)3
n∏︂

i=2
m3

i

)︄
,

where the sorted surrogate degrees mi are the per-variable degree bounds se-
lected in the code. (One can verify the (n!)3 factor by combining the dominant
term n3 · ((n − 1)!)3 of [69, Eq. (19)–(20)] with n · (n − 1)! = n!.) The factorial
factor reflects the recursive enumeration of monomial supports inside the block
recursion, which makes the estimate most attractive when n is small and the
degrees mi are large; for systems with many eliminated variables it becomes less
competitive than the direct Step 1 path.

H.2 Step 4 Parameter Derivations

This subsection derives the abstract Step 4 parameters (D4, N4, L4, δ4, µ4, S4)
used to instantiate the five Step 4 complexity models. The expressions for
(D4, N4, L4, δ4) recover (17) in Section 3.2, and substituting them into the de-
terminant templates of Table 2 reproduces (18)–(19).

Step 4 computes a symbolic determinant of a C
(d)
n × C

(d)
n polynomial matrix

in the k retained parameters a. Let E4 ≤ nd be an entry-wise parameter-degree
bound for the Step 4 matrix and D4 ≤ d n be the conditional Bézout total-degree
bound for the determinantal output (Heuristic 2).

Parameter expressions. A Kronecker base C
(d)
n E4 + 1 suffices to avoid overflow

in the encoded determinant; the resulting univariate matrix has average column
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degree bounded by

δ4 := E4

k−1∏︂
j=1

(C(d)
n E4 + 1),

which collapses to δ4 = E4 ≤ nd in the well-determined case k = 1. The
evaluation-interpolation and sparse-interpolation parameters are

N4 ≤ (D4 + 1)k, S4 ≤
(︃

D4 + k

k

)︃
, L4 = ˜︁O(︂(︁C(d)

n

)︁ω +
(︁
C(d)

n

)︁2
µ4

)︂
.

The dense monomial-count proxy for one matrix entry is

µ4 :=
(︃

k + E4

k

)︃
.

Intermediate-minor degree bound. The final degree bound D4 does not by itself
bound intermediate minors. For the selected ρ × ρ matrix, let a(1) ≤ · · · ≤ a(ρ)
and b(1) ≤ · · · ≤ b(ρ) be the sorted total degrees of its row and column monomial
labels. Set D0 = n(d−1)+1. Since dega Muv ≤ D0 −au − bv, every j-row minor
has degree at most jD0 −

∑︁
i≤j a(i) −

∑︁
i≤j b(i). Hence the certified choice

H4 := max
0≤j≤ρ

(︄
jD0 −

j∑︂
i=1

a(i) −
j∑︂

i=1
b(i)

)︄
, U4 :=

(︃
H4 + k

k

)︃
(37)

controls all intermediate minors. Without label information one may use U4 =(︁
ρE4+k

k

)︁
. For mixed total degrees, replace D0 by

∑︁
i di − (n − 1).

Probe cost and asymptotic effect. The term C2µ4, with C = C
(d)
n , accounts for

matrix evaluation. It also suffices for the entry-circuit part of a simultaneous
value-and-gradient probe; the determinant part costs ˜︁O(Cω) as explained in
Appendix I.5. Relative to the scalar determinant term, the added factor is 1 +
µ4/Cω−2. For fixed d, k and ω > 2, it tends to 1 as n → ∞. For fixed n, k and
d → ∞, the ratio µ4/Cω−2 has order dk−(n−1)(ω−2) when using E4 = nd. The
HNF cost is unchanged.

Step 4 complexity models. The full set of five determinant models (all in field
operations over Fq) is:

T minor
4 = ˜︁O(︂C(d)

n 2C(d)
n µ4U4

)︂
,

T Bareiss
4 = ˜︁O(︂(︁C(d)

n

)︁3
U2

4

)︂
,

T HNF
4 = ˜︁O(︂(︁C(d)

n

)︁ω
δ4

)︂
,

T eval
4 = ˜︁O(N4(L4 + kD4)) ,

T sparse
4 = ˜︁O(L4S4 + S4 log q).
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Table 9. Complexity models instantiated for the first and final symbolic determinants.

Method Step 1/2 Step 4

Expansion ˜︁O(n2nµ1S1) ˜︁O(︂C
(d)
n 2C

(d)
n µ4U4

)︂
Bareiss ˜︁O(n3S2

1) ˜︁O(︂(︁C(d)
n

)︁3
U2

4

)︂
Kronecker ˜︁O(nωδ1) ˜︁O(︂(︁C(d)

n

)︁ω
δ4

)︂
Interpolation ˜︁O(N1(L1 + ℓB1)) ˜︁O(N4(L4 + kD4))
Sparse ˜︁O(L1S1 + S1 log q) ˜︁O(L4S4 + S4 log q)
FDixon ˜︁O(m2

1(n!)3∏︁n

i=2 m3
i ) —

Full table of stage-wise models. Table 9 collects all the formulas above.

H.3 Step 1 vs Step 4 Comparison

This subsection gives the detailed comparison behind the main-text statement
that the symbolic cost is usually governed by the final determinant computa-
tion. We first compare the most favorable first-determinant estimate with the
univariate HNF model for the final determinant, and then relate this theoretical
picture to the trend plots used in the paper.

Notation. We keep the notation of Section 3.2 and the preceding subsections. In
particular, the first determinant is modeled by

T minor
1 , T Bareiss

1 , T HNF
1 , T eval

1 , T sparse
1 , T FDixon

2 ,

while the final determinant is modeled by

T minor
4 , T Bareiss

4 , T HNF
4 , T eval

4 , T sparse
4 .

Fixed degree. For k = 1, fixed d ≥ 2, and ω > 2, sparse construction is asymp-
totically below the Step 4 HNF bound under the characteristic condition of
Appendix H.1. Cached expansion additionally requires (44). Appendix H.4 gives
both ratios and the ω = 2 boundary case.

Comparison of T HNF
1 and T HNF

4 as d grows. Fix n and again take k = 1. The
variable-wise determinant degrees in the first determinant satisfy D1,i = Θ(nd),
with ℓ = 2n − 1, and per-entry degree Θ(d), so (treating n as fixed and letting
d → ∞)

δ1 = d ·
ℓ∏︂

i=2
(D1,i + 1) = Θ(d2n−1), T HNF

1 = ˜︁O(nωd2n−1).

For the final determinant,

C(d)
n = Θ(dn−1), T HNF

4 = ˜︁O(︂nd
(︁
C(d)

n

)︁ω
)︂

= ˜︁O(dω(n−1)+1).
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Since ω > 2, we have ω(n − 1) + 1 > 2n − 1 for every n ≥ 2. Thus, for fixed
n, the HNF complexity estimate for Step 4 has a strictly larger exponent in d
than that for Step 1. At the boundary ω = 2, the exponents coincide, so this
comparison alone does not establish which stage dominates; the suppressed poly-
logarithmic factors and constants may affect their relative costs. In particular,
the constants may depend strongly on n, which is held fixed in this analysis.
For ω > 2, the comparison supports using Step 4 as the asymptotic bottleneck
within the HNF model in the fixed-n, high-degree regime. This is consistent with
our experiments, in which the final symbolic determinant dominates the running
time. We treat ω = 2 as an idealized boundary used for the uniform-exponent
security comparisons.

For any fixed k ≥ 1, the same comparison of construction and HNF bounds
holds: at fixed d, sparse construction is C2 poly(n) while HNF is Cω+k−1 poly(n).
At fixed n, the respective Kronecker/HNF degree exponents are 2n + k − 2 and
(ω+k−1)(n−1)+k, differing by (ω+k−3)(n−1) > 0. The Step 4 interpolation
bounds also grow faster than the corresponding construction bounds in these
two regimes, under their output-degree hypotheses. These are comparisons of
displayed bounds, not claims about the actual rank or running time. When
sparse interpolation is unavailable, cached expansion requires the threshold (44)
in the fixed-d regime.

Overall comparison. Construction is controlled by Kronecker+HNF in the fixed-
n, high-degree regime, and by sparse interpolation or cached expansion in the
fixed-d regime under the conditions above. These comparisons are asymptotic;
at moderate parameters the overall estimate retains both stages. Figures 7 and 8
show the individual cost models.

H.4 Well-determined Case (k = 1)

We now specialize the comparison in Appendix H.3 to the well-determined set-
ting k = 1, which is the case used both in the comparison with Gröbner ba-
sis methods (Section 3.3) and in the AO applications of Section 5. The ar-
gument is more explicit than the general case because the parameter space is
one-dimensional, so D4 ≤ d n, E4 ≤ nd, δ4 = nd, and Kronecker+HNF reduces
to a single univariate HNF on a C

(d)
n × C

(d)
n matrix.

Explicit formulas. Substituting k = 1 into the Step 1 and Step 4 templates of
Appendices H.1 and H.2 gives

T HNF
4 = ˜︁O(︂nd

(︁
C(d)

n

)︁ω
)︂

, (38)

T sparse
1 = ˜︁O(︁n2 (nd + 1)

(︃
n + d

n

)︃(︁
C(d)

n

)︁2)︁ = ˜︁O(︁n3 d

(︃
n + d

n

)︃(︁
C(d)

n

)︁2)︁
, (39)

T minor
1 = ˜︁O(︁n 2n(nd + 1)

(︃
n + d

n

)︃(︁
C(d)

n

)︁2)︁ = ˜︁O(︁n2d 2n

(︃
n + d

n

)︃(︁
C(d)

n

)︁2)︁
, (40)
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Fig. 7. Comparison of the first and final determinant costs as the polynomial degree
varies. The curves show the displayed cost models for n = 3 and k = 1.
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Fig. 8. Comparison of the first and final determinant costs as the number of variables
varies (k = 1). The sparse curve assumes sufficiently large characteristic; cached ex-
pansion obeys the threshold (44).
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Asymptotic size of C
(d)
n . For fixed d ≥ 2 and n → ∞, the Fuss–Catalan formula

and Stirling’s approximation give

C(d)
n = 1

n(d − 1) + 1

(︃
nd

n

)︃
= Θ

(︂ γ n
d

n3/2

)︂
, γd := dd

(d − 1)d−1 , (41)

where γd > 1 for d ≥ 2. The sequence (γd)d≥2 is strictly increasing, with min-
imum γ2 = 4, and grows like γd ∼ e d as d → ∞. Equation (41) shows that
C

(d)
n grows exponentially in n for any fixed d ≥ 2, while

(︁
n+d

n

)︁
= Θ(nd) is only

polynomial in n for fixed d. This separation is the key quantitative input for the
two comparisons below.

Comparison of T HNF
4 with T sparse

1 . Forming the ratio and cancelling the common
d-factors gives

T HNF
4

T sparse
1

= ˜︁Θ(︄(︁C(d)
n

)︁ω−2

n2
(︁

n+d
n

)︁ )︄ . (42)

Substituting (41), the numerator
(︁
C

(d)
n

)︁ω−2 equals γ
(ω−2)n
d /n3(ω−2)/2, which

grows exponentially in n as long as γ ω−2
d > 1, i.e. as long as ω > 2 (since γd > 1

for d ≥ 2). The denominator is polynomial in n for fixed d. Hence for every
ω > 2 and every fixed d ≥ 2, the ratio (42) tends to infinity as n → ∞, so

T HNF
4 ≫ T sparse

1 asymptotically in n.

Comparison of T HNF
4 with T minor

1 . The same cancellation yields

T HNF
4

T minor
1

= ˜︁Θ(︄(︁C(d)
n

)︁ω−2

n 2n
(︁

n+d
n

)︁ )︄ = ˜︁Θ(︃ (γ ω−2
d /2) n

poly(n, d)

)︃
. (43)

This ratio tends to infinity as n → ∞ iff the base satisfies

γ ω−2
d > 2, equivalently ω > 2 + log 2

log γd
. (44)

The right-hand side of (44) is strictly decreasing in d: for d = 2 it equals 2 +
log 2
log 4 = 2.5; for d = 3 it equals 2 + log 2

log(27/4) ≈ 2.363; and it tends to 2 from
above as d → ∞. In particular, for the Strassen exponent ω ≈ 2.81 used in
our timing tables and Sections 5–3.3, condition (44) is met for all d ≥ 2 (e.g.
γ0.81

2 ≈ 3.07 > 2). Hence
T HNF

4 ≫ T minor
1 asymptotically in n,

for every ω ≥ 2.81 and every d ≥ 2 (and more generally whenever (44) holds).

Boundary case ω = 2. For fixed d and ω = 2, equations (42) and (43) give ratios
of order 1/(n2(︁n+d

n

)︁
) and 1/(n2n

(︁
n+d

n

)︁
), respectively, up to logarithmic factors.

Thus these two construction bounds exceed the HNF bound for Step 4 as n
grows; cached expansion retains its additional 2n factor. The value ω = 2 is used
for the uniform-exponent comparison in Vision, where the overall estimate takes
the maximum over all stages (Appendix K). For ω > 2, the sparse comparison
and the cached-expansion threshold (44) apply under their stated hypotheses.
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I Alternative Determinant Computation Methods

This appendix expands the determinant-method summary from Table 2. We
record both the complexity formulas and the stage-specific origin of the param-
eters used in the comparison code.

Notation. Let P (y) be an m×m polynomial matrix in variables y = (y1, . . . , yv).
Let Di bound degyi

det(P ) and let ei bound the degree of a single entry of P in
yi. Define

wi =
v∏︂

j=i+1
(Dj + 1), δ =

v∑︂
i=1

eiwi, N =
v∏︂

i=1
(Di + 1).

Then δ bounds the entry degree, hence the average column degree, of the univari-
ate matrix obtained after Kronecker substitution. If every entry has total degree
at most E, the bound δ ≤ Ew1 may be used instead. This gives the Step 1 and
Step 4 specializations with E = d and E = E4 ≤ nd, respectively. We also write
B := maxi Di, L for the cost of one determinant probe, S for a sparsity bound on
det(P ), U for an upper bound on the support size of intermediate minors arising
during a chosen evaluation strategy, µ for a dense monomial-count bound on one
entry of P , and ˜︂M(u) for soft-Oh multiplication at degree u.

Intermediate-minor support bounds. The output support bound S and the
intermediate-minor bound U serve different purposes. For Step 1, Lemma 6
proves U1 = S1 is valid for the uniform total-degree setting. For Step 4, use (37),
or the coarser dense degree bound stated there; a bound on the final determinant
degree alone does not justify U4 = S4.

I.1 Expansion
A baseline model is expansion by minors [38,48]. In the notation used in the
code and plots, this is summarized by

T minor = ˜︁O(m2mµU).

The corresponding storage proxy is ˜︁O(︂(︁ m
⌊m/2⌋

)︁
U
)︂

, since one keeps a full layer
of minors rather than only the final determinant.

I.2 Bareiss
The fraction-free Bareiss elimination method [13] replaces cofactors by exact
divisions inside a Gaussian-elimination style process. For symbolic polynomial
entries, we use the coarse dense surrogate

T Bareiss = ˜︁O(m3U2).
This captures the fact that the arithmetic count is cubic in the matrix size, while
the dominant symbolic cost comes from multiplication/division on intermediate
polynomials whose support is controlled by the chosen intermediate-minor bound
U .
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I.3 Kronecker

Kronecker substitution yi ↦→ twi , with wi =
∏︁v

j=i+1(Dj + 1) and Di ≥
degyi

det(P ), is injective on the determinant support. Since substitution is a
ring homomorphism,

Ψ(det P ) = det(Ψ(P )), det P = Ψ−1(det(Ψ(P ))).

Thus HNF can be applied to the encoded matrix and only the final output needs
decoding [64, Theorems 5 and 7]. Its cost is ˜︁O(mωδ) [61]; for Step 4 with k = 1,
this is ˜︁O((C(d)

n )ωE4).

I.4 Interpolation

Dense evaluation-interpolation [48] evaluates the determinant on the full tensor
grid of size N and then reconstructs the polynomial variable by variable. The
resulting model is

T eval = ˜︁O(︄NL + N

v∑︂
i=1

˜︂M(Di)
)︄

⊆ ˜︁O(N(L + vB)) .

The first term is the probe phase; the second is the tensor/Lagrange reconstruc-
tion phase. In the main text we use the simpler upper bound ˜︁O(N(L + vB)).
This method is deterministic but becomes impractical as soon as the product
grid N grows too quickly.

I.5 Sparse

Huang [49, Definition 2, Algorithm 9 and Theorem 12] interpolates a polynomial
given by a division-free SLP of length L ≥ v, with sparsity bound S and strict
partial-degree bound D > maxi degyi

f . For char(Fq) ≥ D, the expected field-
operation count in the proof is˜︁O(LS + vS + S log q) = ˜︁O(LS + S log q).

The interpolation has Monte Carlo correctness; the root-finding subroutine is
Las Vegas. Remark 13 of that paper describes a bounded-retry variant. If our
inclusive degree bound is B, taking D = B + 1 requires p > B. Extension fields
supply additional points when necessary but do not change the characteristic,
so this model is excluded for the binary-field Vision instances.

Algorithm 9 uses the SLP only to obtain values of f and yi∂f/∂yi at field
points. Thus the same proof applies to an oracle computing these simultaneously
at cost L ≥ v. For f = det P , evaluate the entry circuits and the numerical
adjugate, then propagate the cofactor sensitivities backwards through the entry
circuits:

∂f

∂yi
=
∑︂
u,w

cofuw(P )∂Puw

∂yi
.
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The adjugate costs ˜︁O(mω) even at singular points: use det(P )P −1 at full rank,
zero at rank at most m−2, and a nonsingular (m−1)-block and the left/right null
vectors at rank m − 1. Reverse propagation costs the entry-circuit length, giving
L = ˜︁O(mω + m2µ + v). This is an implementation of the value-and-gradient
queries, not an identification of scalar black-box cost with SLP length.

For Step 1, Appendix H.1 supplies an actual division-free SLP of length
O(n2µ1) and the structural output bound S1. For Step 4, use L4 and the output
bound S4 ≤

(︁
D4+k

k

)︁
, with the stated hypothesis on D4. The factor S log q comes

from root finding and is already present in the field-operation count.

Stage-specific instantiations. Use (m, δ, N, S, L, U) = (n, δ1, N1, S1, L1, S1) for
Step 1 and (C(d)

n , δ4, N4, S4, L4, U4) for Step 4. In particular, the output and
intermediate support bounds are not identified in the latter stage.

Where the parameters come from. The Kronecker bound δ1 is read from the
cancellation-matrix structure. In the uniform-degree case, a row-by-row analysis
of the refined matrix ˆ︁C gives

degxi
(det ˆ︁C) ≤ (i + 1)d − 1, degx̄i

(det ˆ︁C) ≤ (n − i)d − 1,

and the parameter variables satisfy degaj
≤ d per row, so the total parameter

degree of the n × n determinant is at most B1 = nd. (See Appendix H for the
derivation of these bounds.) These are exactly the ingredients used to form δ1
and N1 in the code. The sparse term bound S1 comes from the Dixon-matrix
construction itself:

(︁
C

(d)
n

)︁2 reflects the bilinear support size, while
(︁

B1+k
k

)︁
bounds

the parameter contribution at each coefficient position.
For the final determinant, the HNF parameter δ4 is obtained from the entry-

wise parameter degree bound E4, while N4 and S4 come from the total-degree
bound D4 of the elimination polynomial. In the well-determined case k = 1, this
collapses to the univariate HNF model used in the main text.

Recursive block construction. Besides the five determinant models in Table 2, the
code also keeps a Zhao/Fu-style recursive block-construction surrogate [86,69]
that builds the Dixon matrix directly, bypassing the n × n cancellation determi-
nant of Step 1:

T FDixon
2 = ˜︁O(︄m2

1 (n!)3
n∏︂

i=2
m3

i

)︄
.

We do not list it in the main table because it is not a generic determinant model;
rather, it is a special construction path that replaces the combined Step 1/Step 2
cost and can be attractive when the number of eliminated variables is small and
the degrees are high.
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J Poseidon

Poseidon [42] is a family of hash functions designed for efficient evaluation in
zero-knowledge proof systems, while Poseidon2 [43] updates the linear layer
for improved performance.

Let p > 230 be a prime and let 2 ≤ t ≤ 24. Both Poseidon and Poseidon2
follow the HADES strategy. The permutation over Ft

p is

P(x) = (ERF −1 ◦ · · · ◦ ERF /2) ◦ (IRP −1 ◦ · · · ◦ I0) ◦ (ERF /2−1 ◦ · · · ◦ E0) ◦ M ′(x),

where E denotes full rounds, I denotes partial rounds, and RF = 2Rf . For
Poseidon, M ′ is the identity.

The round functions are

Ei(x) = ME ·
(︁
(x0 + c

(i)
0 )α, . . . , (xt−1 + c

(i)
t−1)α

)︁
,

Ii(x) = MI ·
(︁
(x0 + c̄

(i)
0 )α, x1, . . . , xt−1

)︁
.

The parameters are chosen so that gcd(α, p − 1) = 1 and so as to meet the
targeted security level.

AddC MDS

xd

xd

xd

Rf rounds

AddC MDS

xd

RP rounds

AddC MDS

xd

xd

xd

Rf rounds

· · · · · ·

Fig. 9. Overview of Poseidon and Poseidon2. (Figure from [24])

Attack models used in Section 5. We follow the algebraic models from [44]. The
direct Dixon method is applied to the input/output model, while the mixed-
degree subspace models are estimated using the Hessenberg bound from Corol-
lary 1(3). This is the reason the Poseidon part of the main text only needs the
final complexity plots and timing table.
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K Vision

Vision is a ZK-friendly hash function following the MARVELlous design strat-
egy proposed in [4]. Over F2ℓ , each round alternates inverse maps with affine
layers. For s branches, the round functions are

F2i(x) = M ·
(︁
B−1(x−1

0 ), . . . , B−1(x−1
s−1)

)︁
+ C2i,

F2i+1(x) = M ·
(︁
B(x−1

0 ), . . . , B(x−1
s−1)

)︁
+ C2i+1,

where M is an MDS matrix with rows indexed by 1, . . . , s, the Cj are round
constants, and B(x) = b0+b1x+b2x2+b3x4 is an F2-affine linearized polynomial.

MDS AddK MDS AddK

x−1 B x−1 B−1

x−1 B x−1 B−1

x−1 B x−1 B−1

Fig. 10. Round function of Vision. (Figure from [24])

MITM model used in Section 5. For the CICO problem with s = 2, we follow
the general MITM philosophy of [65] but use Dixon elimination instead of an
overdefined-system Gröbner-basis attack. The intermediate variables and equa-
tions are listed below.

For r rounds, we introduce intermediate variables (wi,1, wi,2) and (zi,1, zi,2)
at round i (1 ≤ i ≤ r), so that the round-1 variables w1,j and z1,1 occurring in
the input constraint below are covered. The core equations are:

F
(1)
i,k := B(wi,k) ·

⎛⎝ s∑︂
j=1

M[k][j] · B(zi−1,j) + ϵi−1,k

⎞⎠− 1, k ∈ {1, 2}, (45)

for the first inverse layer, and

F
(2)
i,k := zi,k ·

⎛⎝ s∑︂
j=1

M[k][j] · wi,j + σi,k

⎞⎠− 1, k ∈ {1, 2}, (46)

for the second inverse layer; ϵi,k, σi,k and β3,1 denote the known constants of the
corresponding affine layers.

The fixed-input and fixed-output constraints are represented by

f (in) := z1,1 ·

⎛⎝ s∑︂
j=1

M[1][j] · w1,j + σ1,1 + β3,1

⎞⎠− 1, (47)
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and
f (out) :=

s∑︂
j=1

M[1][j] · B(zr,j) + ϵr,1. (48)

Imposing the CICO conditions fixes one input and one output coordinate and
removes the corresponding pair of intermediate variables together with the two
equations attached to it. What remains is one free input variable together with
2r − 1 pairs of intermediate variables, i.e. 4r − 1 variables, and the equations

2r − 2⏞ ⏟⏟ ⏞
deg=8, shape F (1)

+ 2r⏞⏟⏟⏞
deg=2, shape F (2), including f(in)

+ 1⏞⏟⏟⏞
deg=4, f(out)

= 4r − 1,

which is the count split into the forward and backward chains in Table 10. For
r = 2, for instance, this is 2 equations of degree 8, 4 of degree 2 and 1 of
degree 4, matching the instance used in our experiments. This is the shape of
the ladder (23): |F1| = |X0| + 1 = 2, |Fi| = 2 for the remaining rungs, plus the
single output constraint.

The equation-degree distribution used in the MITM estimate is summarized
in Table 10.

Table 10. Degree distribution of equations for MITM elimination of Vision. Rows split
each round count into the forward and backward chains; the three middle columns give
the number of equations of degree 8, 2, and 4 in that chain; the last column reports
the total degree of the resultant produced by that chain.

r Equation # Equations Degree
deg = 8 deg = 2 deg = 4

even Forward r r 0 24r

Backward r − 2 r 1 24r−4

odd Forward r − 1 r + 1 0 24r−2

Backward r − 1 r − 1 1 24r−2

The MITM elimination proceeds by computing forward resultants up to the
middle state and backward resultants from the output side to the same middle
state. The two shared middle variables Z are retained throughout, so the forward
chain terminates in one relation in Z of total degree Dfwd and the backward chain
in another of total degree Dbwd. The final step is a single resultant within Z: it
eliminates one of the two middle variables between these two relations, yielding
the univariate eliminant in the remaining middle variable. This is the detailed
model underlying Equation (28) in the main text.

Rank and extraction cost of a rung. Let the incoming relation R have degree at
most D in the eliminated block x = (x1, x2), and let the two local equations have
block degree at most e. Expanding the refined cancellation determinant along
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the column of R gives ∆ =
∑︁3

i=1(−1)i+1 ˆ︁Ci,Rmi, where mi is the corresponding
local 2 × 2 minor. The three R-entries decompose into at most 1, D, D products
of a polynomial in x and a polynomial in x̄, respectively, while grouping the
local minors by dual monomials gives ranks at most e(3e − 1)/2,

(︁
e+1

2
)︁

and e,
respectively. Hence

rank M ≤ r0 := e(e + 3)
2 D + e(3e − 1)

2 . (49)

The same expansion has O(e4D3) terms and explicitly gives M = UV of in-
ner dimension r0, independently of the characteristic. After a rank-preserving
specialization, a row basis UI,: gives MI,: = UI,:V with the same row space
as M. Thin-matrix elimination therefore extracts a maximal-rank submatrix
in ˜︁O(Nρ̄ω−1) operations, where ρ̄ = min{N, r0} and N bounds both support
dimensions; use dense elimination if r0 > N . For fixed e, the ˜︁O(D3) factor-
construction cost is included in Step 1.

For Vision with s = 2 the two local equations of a rung have block bidegree
(e, e) with e = 1 for the deg = 2 rungs and e = 4 for the deg = 8 rungs, so (49)
reads ρ ≤ 2Din +1 and ρ ≤ 14Din +22 respectively, against a support dimension
D(F) = Θ(D2

in).

Determinant model used in the tables. An incoming relation involves only the
eliminated block. Each of the two local equations has retained-block degree at
most e, so a Dixon-matrix entry has retained degree at most E = 2e. Con-
ditional on the degree bound Dout for the actual determinantal output, put
b = min{ρ̄E, Dout}; otherwise use b = ρ̄E. With two retained variables, Kro-
necker substitution followed by HNF costs

˜︁O(ρ̄ωE(b + 1)) .

This expression gives the Step 4 entries below, including the first rung with
ρ̄ = 2, E = 2. The final merge is univariate and uses ˜︁O(dω

max(Dfwd + Dbwd)).
These HNF estimates do not use the point-evaluation interpolation model or its
probe cost L4.

Stage-by-stage results. Tables 11 and 12 record the cost of every elimination
carried out by Method 2, so that the claim of Section 5.2 that the final merge
dominates can be read off directly. For a rung we list the degree d of the local
block, the total degrees Din and Dout of the incoming and outgoing relations,
the support dimension D(F) of the associated Dixon matrix, the rank bound
ρ̄ = min{D(F), r0} used for Step 3, and the costs of Steps 1, 3 and 4; the cost
of the rung is their maximum. Forward rungs are numbered Fi and backward
rungs Bi according to their position in the ladder. All entries are log2 field
operations at ω = 2. Step 1 uses the O(e4D3

in) term count above, with fixed-
e constants suppressed, which is far below the Θ(D(F)2) coefficient positions
of a dense Dixon polynomial. For Step 3 we use the rank-sensitive cost model˜︁O(D(F)ρ̄ω−1); its estimate remains below Step 4 for the listed parameters. The
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Table 11. Every Dixon elimination performed by Method 2 on Vision with r = 4
(s = 2), in log2 field operations, ω = 2. The meet-in-the-middle cut is after rung 4.

Stage d log2 Din log2 Dout log2 D(F) log2 ρ̄ Step 1 Step 3 Step 4 Cost

F1 2 0 2 1.0 1.0 3.0 2.0 5.3 5.3
F2 8 2 8 4.5 4.5 6.0 8.9 19.4 19.4
F3 2 8 10 15.0 9.0 24.0 24.0 29.0 29.0
F4 8 10 16 19.0 13.8 30.0 32.8 46.6 46.6

B7 2 2 4 3.3 3.2 6.0 6.5 11.4 11.4
B6 8 4 10 7.5 7.5 12.0 15.0 28.0 28.0
B5 2 10 12 19.0 11.0 30.0 30.0 35.0 35.0

Merge — 16 — 16.0 16.0 48.0 32.0 48.1 48.1

Table 12. Maximal forward and backward stage cost against the final merge, for
Vision with s = 2 and 2 ≤ r ≤ 10, in log2 field operations, ω = 2. The last column is
the complexity reported for Method 2.

r log2 Dfwd log2 Dbwd Max. forward Max. backward Merge Max. over stages

2 8 4 19.4 11.4 24.1 24.1
3 10 10 29.0 28.0 31.0 31.0
4 16 12 46.6 35.0 48.1 48.1
5 18 18 53.0 52.6 55.0 55.0
6 24 20 70.6 59.0 72.1 72.1
7 26 26 77.0 76.6 79.0 79.0
8 32 28 94.6 83.0 96.1 96.1
9 34 34 101.0 100.6 103.0 103.0
10 40 36 118.6 107.0 120.1 120.1

first rung has no incoming relation R and uses the ordinary two-polynomial
bound N = ρ̄ = 2 instead.

The candidate roots of the final univariate eliminant are substituted back
into the original system, which removes the spurious ones at negligible additional
cost.
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L XHash12

XHash12 is a STARK-friendly sponge hash function proposed by Ashur et al. [5].
The permutation over F12

p is

F(x) = M ◦ B2 ◦ I2 ◦ P2 ◦ B1 ◦ I1 ◦ P1 ◦ B0 ◦ I0 ◦ P0(x),

where p = 264 − 232 + 1. The nonlinear layers combine power maps over Fp and
over Fp3 .

M
D
S

M
D
S

M
D
S

x7 x1/7

x7 x1/7

x7 x1/7

x7 x1/7

x7 x1/7

x7 x1/7

x7 x1/7

x7 x1/7

x7 x1/7

x7 x1/7

x7 x1/7

x7 x1/7

X7

X7

X7

X7

S0 Si+1

C0 Ci Ci+1 Ci+2

First round only STARK round (even) STARK round (odd)

Folding point

CPU round (even) CPU round (odd)First round only

Fig. 11. Round function of XHash12 [5]

Hybrid model used in Section 5. For an s-step instance, let n = 12s and write
the system in triangular form

Pk =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Zα
1 − f1(X ) = 0

...
Zα

n − fn(X , Z1, . . . , Zn−1) = 0
h1(X , Z1, . . . , Zn) = 0
...
hk(X , Z1, . . . , Zn) = 0

with α = 7 for the standard XHash12 instance. The complexity curves use D̄ = α
for the output constraints and the degree bounds Di = αn−iD̄ before each
successive elimination. For CICO-1, we instantiate (30) with dI = αn. For k ≥
2, we evaluate the sum in (32) and bound the final relation degrees by αnD̄.
In both the direct and final hybrid Dixon computations, construction uses the
cheaper of Kronecker+HNF and cached expansion, followed by rank extraction
and univariate HNF; the reported estimate is the maximum over these stages.
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L.1 Multivariate Reduction and Elimination Costs
Fix α ≥ 2 and the number k of retained variables X = (X1, . . . , Xk). Let Pi =
{zα

j − fj : 1 ≤ j ≤ i} be a reduced triangular system. Give each Xj weight
1 and choose nonnegative weights wi recursively so that dw(fi) ≤ αwi. Thus
reduction cannot increase weighted degree, and the total degree in X is bounded
by weighted degree. Assume degzi

hj ≤ 2α − 2 and D̄ = maxj dw(hj) ≥ 1. The
estimates below have constants depending on the fixed α, k.

Reduction. For a polynomial of weighted degree at most D with degzj
≤ 2α−

2, every intermediate retained-variable degree in Reduce is at most D. Products
of reduced coefficients can be encoded in a box with at most (D +1)k(2α−1)i−1

positions. Since (D+1)k = Ok(Bk(D)), fast multiplication costs ˜︁Ok(Bk(D)(2α−
1)i−1). The recurrence of [14, Proposition 3 and Lemma 1] therefore becomes

Ci(D) ≤ (2α − 1)Ci−1(D) + ˜︁Oα,k

(︁
Bk(D)(2α − 1)i−1)︁ , C0(D) = 0.

Unfolding it gives Ci(D) = ˜︁Oα,k(Bk(D)(2α − 1)i); the factor i is logarithmic in
the coefficient-box size. This proves (31). It also bounds multiplication followed
by reduction, with D the sum of the two input weighted-degree bounds.

One resultant. Let hi be reduced modulo Pi with dw(hi) ≤ Di. Over
A = K[X , z1, . . . , zi−1]/⟨Pi−1⟩, multiplication by hi in the free rank-α algebra
A[zi]/(zα

i −fi) defines an α×α matrix. Its determinant equals Reszi
(zα

i −fi, hi),
and hence the resultant used in the text up to a nonzero sign. In the basis
1, zi, . . . , zα−1

i , the entry in row r, column c has weight at most Di + (c − r)wi.
Each determinant term consequently has weight at most αDi. If hi depends on
zi, then wi ≤ Di, so a division-free determinant computation of this fixed-size
matrix involves only weighted degrees Oα(Di) and Oα(1) multiplications and re-
ductions. If hi is independent of zi, the determinant is simply hα

i . The reduction
bound above gives, in either case,˜︁Oα,k

(︁
Bk(Di)(2α − 1)i+2)︁ .

This supplies the fixed-α, k multivariate counterpart of [14, Lemma 2], without
requiring roots of unity in the base field.

Successive stages. The weight bound gives dw(hi−1) ≤ αdw(hi), so Di =
αn−iD̄ is valid, as in [14, Lemma 3]. Summing the one-stage cost over i and the
k constraints proves (32); the final relations have total degree at most αnD̄. For
k = 1, successive terms in decreasing i have ratio α/(2α−1) < 1, so the first stage
dominates, recovering [14, Proposition 7]. For fixed k ≥ 2, Bk(Di) = Θk(Dk

i )
and αk/(2α−1) > 1, so the last stage dominates. The reduction cost is bounded
by the i = n term of the elimination sum.

For CICO-1, the reduction method of [14] can be applied directly. For larger
k, the hybrid strategy first derives reduced relations R1(X ), . . . , Rk(X ) from the
triangular ideal and then performs a final Dixon elimination on these relations.
The hybrid strategy is effective for very small k, while direct Dixon elimination
gives the better estimate for CICO-4. The reference point for both is the direct
Gröbner-basis attack of the designers [5]; the same triangular model, with the
power maps of Bi replaced accordingly, applies verbatim to XHash8.
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