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Abstract. Folding schemes combine a batch of relation instances into
one accumulator. For quadratic relations, applying the fold directly cre-
ates a mixed term for every pair of inputs. We present CauchyFold, a
lattice protocol that folds one accumulator with k£ fresh quadratic in-
stances without enumerating these pairwise terms.

The companion work [WX26| uses Cauchy folding coefficients to repre-
sent the mixed contribution through a vector-valued polynomial of de-
gree below k. We give two algorithms that compute its coefficients with
quasi-linear arithmetic in k for fixed relation dimensions. The protocol
commits this polynomial before the folding challenge. Since the folding
coefficients need not be short integers, it computes the fold over an ex-
tension field and canonically re-encodes the result as bits. This preserves
the accumulator’s commitment layout and honest opening bound.

For classical resettable provers, we give explicit extraction-error and
expected-time bounds for a folding node with a fixed-depth reduction
chain. It recovers valid source openings or a short nonzero vector in the
kernel of a commitment matrix. A compiled profile at £k = 1024 uses
162.67 KiB of no-retry interactive communication, excluding incoming
commitments and the CRS.

Keywords: Folding schemes - Lattice-based cryptography - Cauchy in-
terpolation - Knowledge extraction

1 Introduction

Recursive proof systems can use folding to absorb new computation into an exist-
ing accumulator [BCMS20,KST22]. Each fold combines several relation instances
into one accumulated instance that can participate in the next fold. Combining
a large batch in one step requires a way to represent the interactions among its
inputs without letting those interactions dominate the fold.

For a quadratic relation, these interactions are mixed terms: each pair of
inputs contributes a bilinear expression. Folding one accumulator with & fresh
instances produces k accumulator—source terms and (;‘) source—source terms.
Computing and retaining them separately would incur a quadratic dependence
on the batch size. Many folding constructions avoid this expansion by first re-
ducing the computation to linear or evaluation claims. We ask how to fold while
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retaining the quadratic relation through the challenge that combines the in-
stances.

The companion work [WX26] supplies the algebraic starting point. When
the folding coefficients are scaled Cauchy functions of a single challenge, the
complete mixed contribution has a polynomial representation with only k vector
coefficients. We call this polynomial the Cauchy carrier. CauchyFold turns this
representation into a lattice folding protocol.

1.1 From the representation to a lattice protocol

A short representation need not be cheap to compute. The carrier’s defining
expression still sums over every pair of source states. We give two algorithms that
recover its coeflicients using fast polynomial arithmetic. One obtains residues at
the Cauchy poles using bilinear evaluations; the other evaluates the quadratic
map at fixed interpolation points. Both avoid enumerating the source pairs and
use quasi-linear arithmetic in k for fixed relation dimensions.

The lattice commitment imposes a different requirement: its opening must
have bounded integer coefficients. The Cauchy coefficients are field elements, so
using them to combine lattice openings directly would lose that bound. Cauchy-
Fold computes the folded values over an extension field and then encodes them
afresh. The new accumulator has the same commitment layout and honest open-
ing bound as its input accumulator. The protocol must then show that this new
commitment contains the values computed from the sources and the carrier. A
field proof supplies this link and reduces the remaining checks to linear relations
over bounded lattice openings.

The extraction proof must also control norms after division by challenge
differences. We use modular division to recover candidates and compare them
through bounded integer differences, as in [WF26]. For a classical prover that can
be restored to its complete state at the specified protocol points, the extractor
returns valid source openings or a short nonzero vector in the kernel of a com-
mitment matrix. The theorem gives explicit failure and expected-time bounds
for one interactive folding step with a fixed finite sequence of reductions. These
outcomes give a computational reduction to the module short integer solution
(Module-SIS) problems for the commitment matrices.

A deterministic compiler gives profiles at six selected arities, from 2 to 1024
for a relation consisting of four length-eight dot-product equations. At k = 1024,
the selected profile uses 162.67 KiB of no-retry interactive communication, ex-
cluding incoming commitments and the CRS. We give exact statistical and
message-length calculations, operation counts separated by type, and lattice-
attack estimates for the matrices used by the protocol.

1.2 Related work

Folding and accumulation. Accumulation separates the task of combining claims
from that of finally deciding them [BCMS20,BGH19]. Nova folds committed
relaxed R1CS instances after committing a cross term [KST22|. HyperNova and
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Protostar broaden the relation interface and support multi-folding [KS24,BC23],
while hash-based schemes accumulate code-based claims [BMNW24,BCFW25].

Lattice folding. Controlling the witness norm is a central requirement of lattice
folding [BC26,BC25]. Neo and Cyclo combine decomposition and range checks
with evaluation or principal linear relations [NS26,GLLO26]. Symphony first
reduces R1CS statements to linear evaluation claims [Che25|, and PikkuFold
folds a principal relation carrying a polynomial-evaluation claim [Osa26]. Proto-
galattice also folds a nonlinear relation directly, through a general polynomial
interface [BNP26].

CauchyFold retains the quadratic relation until the fold is formed; its field
and linear reductions follow that step. Table 1 compares the relations present at
the folding challenge scheme by scheme.

Table 1. Relation interfaces at the folding challenge.

Reduction
Scheme Relation at folding boundary Lattice before fold
Nova [KST22] Relaxed R1CS X X
HyperNova [KS24] CCS evaluation claims X v
LatticeFold and Lattice- Linear or evaluation relation v v
Fold+ [BC26,BC25]
Neo [NS26] CCS evaluation claims v v
Cyclo [GLLO26] Principal linear relation v v
SALSAA [KLOT25] Semi-structured linear relation v v
Symphony [Che25] Linear evaluation relation v v
PikkuFold [Osa26] Polynomial-evaluation relation v v
ProtogaLattice [BNP26] General polynomial relation v X
CauchyFold Quadratic residual relation v X

Reduction before fold means reducing the computation relation to linear or
evaluation claims before the challenge that forms the accumulated instance. For
SALSAA and PikkuFold, the entry refers to their AIR applications.

Lattice arguments and extraction. RPS [KLNO24] gives reductions of knowledge
for structured linear and inner-product relations. RnR [KLNO25] uses random
projections for structured linear relations. Both are relevant to the linear stage of
CauchyFold, while short-challenge invertibility and relaxed binding comparisons
support the recovery of bounded openings [LS18,BC25].

Adaptive special soundness studies extraction from an accepting prover be-
yond a single algebraic transcript [AKLY?24|, while RoKoko develops rewind-
based extraction for lattice protocols [KLNT26|. Our comparison step uses the
short-kernel method of [WF26]. The carrier representation and its exact retained-
width interpretation come from [WX26], under that work’s direct-boundary and
support assumptions.
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Field checks and polynomial algorithms. The field proof uses multilinear exten-
sions and sumcheck [LFKN92|, a common route from algebraic constraints to a
small number of evaluation claims [Set19,XZZ719,GLS*21,DP25|. The polyno-
mial algorithms in [vzGG13,BS05] provide product trees, multipoint evaluation,
and interpolation. We apply these routines to the Cauchy mixed term to produce
the coefficients that the prover commits.

Section 2 explains the construction, and Section 3 fixes the relations and
notation. The carrier algorithms, protocol, and extraction theorem follow in
Sections 4—6. Section 7 gives the efficiency bounds and the compiled instance.

2 Technical Overview

The main task is to combine quadratic instances without constructing all pair-
wise mixed terms. Once this is done over a field, the folded values must be
committed with bounded lattice openings and linked to the original instances.
Figure 1 places these steps in the protocol.

(a) Linear/evaluation-first route (representative)

Computation reduce Linear or fold Folded
relation evaluation claims claim

(b) CauchyFold: direct quadratic folding

Sources and carrier Field-to-linear reduction

Folded quadratic record

Input Co, ..., Cr: sanslple and lattice backend

commit Cy ce¢C (z*,E*) reduce Sumcheck — Lob = yg
H(T) € Yp[T]<k fold Canonical ie—encoding; Finite lattice reductions
carrier width: kr fix C*, Caux

. and pivot terminal
field coordinates

Fig.1. Folding boundary in a representative linear/evaluation-first route and in
CauchyFold. The upper row illustrates a representative reduction-before-fold pattern.
CauchyFold commits its kr-coordinate carrier before sampling ¢, forms the quadratic
fold, and only then reduces the field relation to a scalar linear handoff and finite lattice
backend.

2.1 Representing the mixed terms

Write the relation as Q(z) = FE, where @ is a homogeneous quadratic map, z
contains the public and private state, and F is its residual. Fresh instances have
residual zero; an accumulator may carry a nonzero residual from earlier folds.
The polarization B(z,z) = Q(z + z) — Q(z) — Q(z) describes the interaction
between two states.
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Consider an accumulator zy and two fresh states z1, zo. Write B;; = B(z;, z;),
and choose the folding coefficients 1/T and 1/(T — 1). The three mixed terms
then have a common denominator:

Bo1 4 By + Bia  (Bi2 — Bo1) + (Bo1 + Bo2)T
T T-1 T(T-1) T(T-1) '
The numerator has just two vector coefficients. These coefficients determine the
weighted mixed contribution at every challenge outside {0, 1}, which is precisely
the information needed for folding.

For general k, choose distinct poles &;, nonzero scales \;, and coefficients
a;(c) = Ai/(c—&;). The challenge c is uniform in a set C that excludes the poles.
Multiplication by D(T") = [[,(T — &;) turns each accumulator—fresh term into a
polynomial of degree at most k — 1, and each fresh—fresh term into one of degree
at most k — 2. The representation from [WX26] therefore writes the complete
mixed contribution as H(c)/D(c), where deg H < k. We call H the Cauchy
carrier.

Each coefficient lies in Yg, the span of the outputs of B. If this space has
dimension r, representing each coefficient in a fixed basis gives kr field coor-
dinates. The companion result proves that this width is exact under its stated
direct-boundary and support assumptions. Figure 2 illustrates the change in
representation.

(a) Explicit pairwise record (b) Cauchy carrier
Accumulator—fresh outputs k=l
— 1
Bor || Boa || Bos | Bos || Bos | scaled Cauchy H(T) = Z(:) BT
weights =
Fresh—fresh outputs Ho H, H, Hs Hi
By || Bizs | Bia | Bis
B3 Bos Bos Explicit record Cauchy carrier
B3y Bss k + (’2‘) vectors k vectors
Bus r[k + (%)] coordinates rk coordinates

Fig. 2. Explicit pairwise record and Cauchy carrier. The direct quadratic expansion
contains k + (g) mixed outputs in Yz, whereas the carrier has k coefficients in Yg. If
r = dimg Yg, the corresponding widths are r(k + (’;)) and rk field coordinates. The
diagram is schematic for k = 5; each cell denotes one element of Y5.

The prover commits H before receiving c. Otherwise it could choose the
carrier to fit only the sampled folded equation. This order will also let the final
check certify the source relations, as explained below.

2.2 Computing the carrier without the pair table

The defining expression for H still contains every source pair. The pole-residue
algorithm avoids enumerating them by working at the poles. Remove the singular
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term \;z;/(T — &;) from the rational folded state and evaluate the remaining
regular part at &; call the result v;. The residue of the mixed contribution
H(T)/D(T) at &;, meaning its coefficient of (T — &;)71, is

— \B(z. 0, R P ACY)
R; = \iB(z,v),  H(T) Zi:RZ v

T

Thus k evaluations of B suffice once the v; are available. Computing them by
separate sums would still visit every pair. Instead, a product tree constructs the
common numerator N(T') = >, \;z;D(T) /(T — &;). Evaluating derivatives of N
and D at the poles gives all regular parts together. A second tree reconstructs
the carrier coefficients from the residues.

An alternative algorithm evaluates H at k fixed nonpole points and interpo-
lates. At each point it obtains the mixed contribution from one evaluation of @,
after subtracting the diagonal source terms. A derivative identity handles their
squared denominators. Both constructions use quasi-linear arithmetic in k& for
fixed relation dimensions; Section 4 gives their costs and cache requirements.

2.3 Committing the folded values with bounded openings

The Cauchy coefficients are extension-field elements. Their integer representa-
tives can be large, so multiplying lattice openings by these coefficients would
not preserve the opening bound. We instead compute the folded state and its
residual in the field:

z* :zo—i—Zai(c)zi7 E* :Eo—i—Zai(c)QEi—&—D(c)_lH(c).

For valid inputs, E; = Q(z;), with F; = 0 for the fresh sources. The prover then
encodes (z*, E*) canonically and commits that encoding. The output uses the
same state commitment matrix, layout, and honest coefficient-norm bound as
an accumulated input.

To see why the folded equation checks the sources, first hold their values and
H fixed and put §; = Q(z;) — E;. In the two-source example above, replace ¢
by a formal variable T in the folded expressions. Multiplying their relation error
Q(z*) — E* by D(T)? gives a polynomial F' of degree at most four. Evaluating
it at the poles gives F(0) = &; and F(1) = dy; its coefficient of T% is dg. If F is
identically zero, all three source relations hold, and the remaining identity forces
H to equal their carrier. Otherwise a random nonpole challenge is a root with
probability at most 4/|C|. For general k, the same argument gives 2k/|C|. Sec-
tion 6.5 justifies fixing these values when commitments may have incompatible
openings.

Encoding the output afresh creates a new obligation: the prover must show
that the new commitment contains the prescribed fold. A sparse field circuit
checks the fold, the output quadratic relation, the public coordinates, and the
canonical ranges of the encodings. Sumcheck reduces these constraints to three
evaluations of linear forms in the encoded witness. Expanding them in the fixed



CauchyFold 7

field basis and adding the commitment equations gives a public scalar system
Lob = yo over Fy. The lattice stage must recover a bounded opening b for this
system. The field checks subsequently establish that the recovered coordinates
are canonical bits with the required semantics.

2.4 Reducing the linear relation over lattices

Sending the whole opening of Lyb = y¢ would lose the communication benefit
of folding. The lattice protocol instead partitions it into ring blocks and reduces
the verification task through a fixed number of layers. Each layer commits the
data needed to combine these blocks, checks a projection response, and combines
the linear equations by a fresh aggregation challenge. Short ring challenges then
form a response, which is split into low and high parts. These parts and the
digits of the committed block data form the next layer’s witness. Only the final
layer sends a bounded response directly.

Both tests use short public randomness descriptions. A seed for Nisan’s space-
bounded generator [Nis92] produces the ternary projection matrix. Applying the
generator to the complete modular norm test bounds the change in acceptance
probability for each candidate fixed before the seed. After the projection response
is fixed, two extension-field elements generate three aggregation rows. Their joint
error is bounded by a polynomial root argument.

2.5 Recovering the source openings

The extractor works backwards from a bounded terminal opening. It restores
the prover to a saved state and collects five bounded responses on each short-
challenge coordinate fiber. Three of these determine the quadratic identity; the
full set also bounds comparisons between independent recovery trials. Let X1, X5
be the response differences from one center and A, Ay the corresponding chal-
lenge differences. Distinct short challenges have invertible differences, so modular
division gives two candidates for the witness block. If they differ, the compare-
before-clearing method [WF26] forms

v = XlAQ — X2A1.

This is a nonzero modular kernel of the parent commitment matrix. Its integer
norm is controlled by the bounded responses and challenge differences, without
requiring a short integer representative of either modular inverse.

When the candidates agree, the extractor still needs to show that the recov-
ered opening is short. It fixes the candidate before sampling a fresh projection
test. Agreement with the new accepted responses then links this candidate to
the norm check. Inconsistent openings of an unchanged auxiliary commitment
instead give a short kernel for that commitment’s matrix. Applying these com-
parisons through the layers yields a bounded opening of the field witness; the
field checks and the Cauchy polynomial test then recover the original source
relations.
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The analysis accounts for the probability and cost of obtaining accepting
continuations. It uses fresh trials at each saved state, and a single truncation of
the complete extraction gives the finite running-time bound for the Module-SIS
reductions.

3 Preliminaries and Relations

For a positive integer n, write [n] = {1,...,n} and [n]o = {0,...,n — 1}. The
security parameter is k. We reserve \; for the Cauchy scales.

3.1 Fields, rings, and norms

Let ¢ = q(k) be an odd prime and let K/F, be an extension of degree ¢, with
a fixed public basis 1,6, ...,0"" . Semantic relations and the field sumcheck are
defined over K. Lattice commitments use the rings

O =7Z[X]/(X? + 1), R, = 0/q0,

where d is a power of two. The extension-field generator # and the ring variable
X have different roles. In particular, packing field coefficients into R, does not
identify K with R,.

For a ring vector v, coef(v) lists its coefficients in increasing powers of X,
concatenated in vector order. We write cen(v) for the lift with coefficients in
[—(g—1)/2,(¢ — 1)/2], and |Jv]|2 for its Euclidean coefficient norm. An integer
vector in OP is measured before reduction modulo ¢q. For ¢ € O, the opera-
tor norm ||¢||op is the induced Euclidean norm of negacyclic multiplication, so
levllz < llcllop v]2-

We write ct(f) for the constant coefficient of f € R,. Scalar linear forms can
be expressed through this operation. For a = (ag,...,a4-1) € IFZ, put

d—1
t(a) =ag — Zand*J.
j=1

Then ct(t(a)v) = (a,coef(v)). Applying this identity block by block converts
scalar coefficient equations into constant-term equations without changing the
underlying scalar relation.

3.2 Quadratic relations and mixed outputs

A relation is specified by an explicit homogeneous quadratic map @ : K* — KY.
Its polarization is the symmetric bilinear map B(x,z) = Q(z +2) — Q(z) — Q(2).
The description of @, rather than a value oracle alone, determines its scalar
extension and the field circuit used by the protocol. Write

Yp = spang{B(z,2) : x,z € K"}, r = dimg Y.
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Fix an injective basis map U : K" — KY with image Yg, and its inverse on this
image, J : Yp — K". Thus UJb = b for every mixed output b. We distinguish y,
the ambient output dimension, from r, the dimension needed to represent mixed
terms.

A semantic state is z = (uhom,xpub, zpriv), where the first two components
are public and 2,4, is private. The coordinate upom homogenizes the original
relation. An accumulated record also contains a residual E € KY and satisfies
Q(z) = E. Fresh records have zero residual and homogenizing coordinate one.
For computations over Fy, we also require z € Fy: all nonconstant extension-field
components are zero. The concrete instance uses this base-field condition.

3.3 Canonical encodings and commitments

Let m, = [logy q]. A field element ¢ = Ef;lo a,0” is encoded by the mg-bit
binary representation of each a, € {0,...,¢ — 1}, in the declared basis order.
The map Enc concatenates these bits and appends any prescribed zero padding.
Decoding is Fy-linear on the base-field coordinate vector; groups of ¢ coeflicients
are then interpreted in the fixed basis of K. The encoding map itself is not linear.
If the encoded length is L, then

Dec(Enc(s)) = s, |Enc(s)||% < L. (1)

Canonicality requires both Boolean bits and a represented integer strictly be-
low g. Appendix B gives the comparator constraints and the complete segment
layout.

The map Pack groups consecutive d encoding bits into each ring element,
preserving their coefficient norm. Thus a semantic record in K becomes a canon-
ical bit vector, then a ring vector used as the commitment opening. A state
commitment has the form

C = Ag Pack(Enc(z, E)), Ag € RZ“XE’“.

The same matrix is used for the accumulator, all fresh records, and the folded
output. Carrier and field-auxiliary encodings use two further matrices Ay and
A,ux- All independently sampled matrices are uniform, with their joint distribu-
tion given by the product of their individual distributions. Additively homomor-
phic lattice commitments support algebraic manipulation of committed values
[BDL*16]. Here their binding property is used through the explicit short-kernel
problem below.

Definition 1 (Accumulated and fresh committed relations). The public
instance s (Unom, Tpub, C). An opening contains zpiv, @ residual E, and an
encoding e. Put z = (Uhom, Tpub, Zpriv)- Lhe opening belongs to Racc if

e = Enc(z, E), C = Aq Pack(e), Q(z)=E.

It belongs to Ruesn tf, in addition, upom =1, E =0, and z € Fy.
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3.4 The Cauchy carrier

Fix distinct poles &1, ..., & € K, nonzero scales Ay, ..., g, and an exactly sam-
plable challenge support C C K\ {&1,...,&}. Require |C| > 2k and a public
polynomial bound on the expected cost of exact sampling. Put

k

Ai
& D(T) :E(T—gi), Pi(T) = e

ai(c) =

The carrier representation from [WX26] is

src Z)\P ZO7Zi)
2
T - 51)(T 51) v

1<1<]<k

It lies in Y [T|<k. Its basis coordinates JHg, therefore consist of kr field ele-
ments. The exact width characterization and its boundary assumptions are given
in [WX26].

Given H = UH with H € K"[T].y, the semantic fold at ¢ € C is

k
= Z )z,
k
E*=Eo+ Y ai(c)’E; + D(c) " H(c).

For H = Hg,. and valid input records, polarization gives Q(z*) = E*. The output
is committed through a fresh canonical encoding Enc(z*, E*). Its state matrix,
encoding length, and honest opening bound are the same as for an accumulated
input. No division by u* is used; the accumulated relation permits u* = 0.

3.5 Multilinear extensions and sumcheck

For a table f : {0,1}¥ — K, its multilinear extension is the unique polynomial
of individual degree at most one agreeing with the table on the Boolean cube.
Define

4
H vibj + (1 —v;)(1 —by)).

Then f(v) = > peq0,13¢ €a(v, b) f(b).

We use the usual public-coin sumcheck protocol [LFKN92]. At each round
the prover fixes a univariate polynomial before the verifier samples the next field
challenge. The analysis uses the total-degree identity bound of Schwartz [Sch80].
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If the round polynomial has degree at most Dy, a false claim survives £ rounds
with probability at most Ds.¢/|K|, in addition to any preceding random compres-
sion error. Our field check has degree three per round. Together with its initial
equality-weighted compression, its error is at most 4¢z/|K|. Section 5.4 expands
the terminal evaluations into a scalar linear relation and adds the commitment
equations. Sumcheck arguments over modules provide a general framework for
connecting polynomial checks to commitment openings [BCS21].

3.6 Module-SIS and the extraction model

For a matrix role j, let ¥, = (¢,d, a;,b;,5;). The corresponding Module-SIS

problem gives a uniform matrix 4; € Rq’ b5 and asks for

ve b, Ajv=0 (mod gq), v mod g # 0, vl < B;. (4)

Module lattices and short integer relations provide the underlying commitment
assumption [Ajt96,LS15]. When $; < g, the usual nonzero-integer-vector formu-
lation agrees with (4) inside the stated ball: a nonzero vector divisible by ¢ has
norm at least q.

We denote by AdVI,MjSIS (T') the maximal success probability within time 7" in
the chosen computational model. The security theorem keeps a separate advan-
tage term for every independently sampled matrix.

The prover and extractor are classical. A reset restores the complete prover
configuration at a specified checkpoint, including its random tape and mutable
state. Verifier coins sampled after that checkpoint are fresh in each recovery trial.
Continuation success may depend on the challenge. Section 6 accounts for this
dependence when sampling further accepting continuations and bounding their
cost. Binding enters through comparisons of openings: incompatible openings
yield a short kernel for their commitment matrix.

4 Cauchy Carrier Algorithms

The formula for H,.. contains k+ (g) bilinear terms. Its coefficients can neverthe-
less be computed without visiting every pair. The pole-residue algorithm needs
only k evaluations of B; an alternative uses k new evaluations of () when the
source values are available. Both construct the carrier before the verifier samples
its challenge.

4.1 The carrier representation

Write S = K™ and Y = K¥. Throughout this section, H denotes Hg, from (2).
Its committed coordinates are H = JH € K"[T|<,. We use P;; = D/((T —
&) (T —¢&;)) for the polynomial multiplying the pair (7, j).
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The same representation gives the rational identity
() iz AN2Q(z;)
T) zo + Z T_ 52 (ZO) 27,: (T — 52)2 . (5>

Both algorithms use the common numerator N(T') = Y. A\;z; P;(T), so that the
rational folded source is zo + N(T)/D(T). All arithmetic takes place over K,
using the polynomial description of @ fixed in Section 3.

e

—~

4.2 Pole-residue construction

The pole-residue algorithm works at the poles themselves. It avoids the extra
interpolation points and constructs the carrier directly in its image basis. Assume
char K # 2, as in our instantiation. Define the regular part of the folded source
at fz by

Aj
_20+Z£ zj Ri:)\iB(Zi,’Ui).
J#i

The regular part v; is the constant term after removing \;z; /(T — &;) from 2o +
N(T)/D(T). Expanding numerator and denominator at &; gives the derivative
expression below; the residues then reconstruct H:

T) = Z R:P(T),  wvi=z+ gg; — Nz 21;((52) (6)

In particular, the apparent k-by-k sum in the definition of the v; can be evaluated
with polynomial arithmetic.

Construct D, N, differentiate them, and evaluate D’, D", N’ at the poles. The
distinctness of the poles gives D’(¢;) # 0. Compute their inverses in a batch, form
the v;, and make k calls to B. After applying J to each R;, another numerator

tree reconstructs
T) = J(R;)P,(T)

Only r output coordinates pass through this last tree. In contrast, the first
numerator tree processes the n coordinates of each source vector.
Appendix A derives the regular-part formula and the tree routines.

4.3 Multipoint construction

Choose k distinct public points 7, . .., 73 outside the pole set. These are internal
interpolation points. They are fixed before the protocol and introduce no verifier
messages or new challenges. In addition to N, define Mg (T) = >, AM2Q(z;) P;(T).
A product tree constructs D, N, and Mg coordinatewise. The recurrence and
evaluation routines are given in Appendix A.



CauchyFold 13

The squared denominators in (5) need no second evaluation routine. Formal
differentiation gives

3 NQ(z) _ Mq(T)D'(T) — Mgo(T)D(T)
(T - &)? D(T)? '

%

Evaluate D, D', N, Mg, Mg, at all 7;. For each point, set s; = 20 + N(7;)/D(75)
and compute

Mo(1;)D’ (1) — M} (1) D(7;
hj = D(Tj) (Q(Sj) _ Q(Zo) _ Q( ]) (JD)(Tj)Q Q( ]) ( J)) _
The values h; are evaluations of H. Interpolating them recovers its k& ambient-Y
coefficients; applying J gives the committed coordinates. Only the k evaluations
Q(s;) are new if the source Q-values are already available. Otherwise those source
values require another k + 1 evaluations.

This construction uses standard product trees, remainder trees, and interpo-
lation [vzGG13,BS05]. Appendix A specifies the recurrences and the accounting
for inversions.

4.4 Correctness and equivalence

Theorem 1 (Fast carrier construction). For arbitrary source vectors and
the data above, the multipoint algorithm outputs the carrier H=JH of (2).
In odd characteristic, the pole-residue algorithm outputs the same polynomial.
Neither algorithm requires a table of the values B(z;, z;).

Proof. For multipoint construction, the differentiated numerator identity and
(5) give hj = H(7;). There is a unique polynomial of degree below k with these
k values.

For the pole-residue construction, expand ZZ R;P;. The terms involving zq
give the first sum in (2). For a pair ¢ < j, symmetry of B combines its two
contributions into

Pi(T) — P(T)
§i— &

The derivative formula computes exactly these R;. Both algorithms therefore
recover H, and the linear map J recovers the same image-basis coefficients.

AiX;B(zi, %) = Ni\jB(2i, 2;) Py (T').

4.5 Arithmetic complexity

Let M (k) be a bound on the cost of multiplying two scalar polynomials of degree
O(k) over K. Assume M (k) > k and that M (k)/k is nondecreasing. Also assume
M(2k) = O(M(k)). For brevity, write P(k) = M (k)log(k + 1). Let Co,Cg,Cj
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be the costs of one @, B, and J application. The tree operations cost O(P(k))
per vector coordinate. Hence

Tnui = O((n + y)P(k) + kCq + kCy), (7)
Tresidue = O((TL + T)P(k) + k(CB + CJ)) (8)

Multipoint interpolation uses the y ambient output coordinates, whereas residue
reconstruction uses the r image coordinates. Both bounds include the subsequent
J applications. Computing the public basis maps, when necessary, belongs to
relation preprocessing.

The large-arity compiler first substitutes the public fresh constants. In each
fresh record, 223 base-field coefficients are zero and one is one; the remaining
68 coeflicients are private base-field values. Together with the accumulator, out-
put, carrier, and gate values, this leaves 84k 4 728 free coefficients. A malformed
public homogenizing coordinate is rejected. Other public-coordinate constraints
remain in the circuit. These substitutions use only the strict fresh format, with-
out assuming the private quadratic equations.

The physical state and carrier segments retain their value-bit layouts. With
the specialized comparator, the auxiliary segment has 1929 + 48V = 3 696k +
15648 bits, padded to a multiple of 64. At k = 1024, it occupies 59381 ring
columns and ends with 32 zero bits. The active vector stores the 48 value bits
and twelve helpers of each free coefficient, followed by the fixed-one coordinate.
Thus

Nusea = 60(84k +728) +1, Sy = 49(84k + 728) + 1. (9)

The full physical vector is bgx + Pactb. Its public offset has squared norm 673k:
the specialized encodings of zero and one have weights three and four. This offset
is subtracted in the commitment equations and cancels in opening comparisons.
Accordingly Sy bounds the active witness. Coordinate insertion preserves differ-
ences and introduces no additional commitment matrix.

The remaining semantic equations contribute 4k + 123 rows. Combined with
the comparisons, this gives

Mp = 63(84k + 728) + 4k + 123 = 5296k + 45 987. (10)

At k = 1024, these formulas give Nyseq = 5204641, Sy = 4250457, and £ = 23.
The initial scalar system has 263 181 rows before backend alignment: 64 - 4(k +
4) commitment equations, twelve field-evaluation equations, and one fixed-one
equation.

The streaming reference evaluates each of the k+ (’;) bilinear terms, converts
it to image coordinates, and accumulates its scalar polynomial coefficient by
coefficient. The cubic coordinate cost describes this accumulation routine. It
need not store the pair table, although its arithmetic still visits every pair. With
M (k) = O(k) and fixed relation dimensions and map costs, both fast algorithms
have O(k) arity dependence. Section 7 accounts for the remaining protocol costs.
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Table 2. Carrier algorithms. Map-call counts are for k = 16 and are reported as
(Q, B, J). Multipoint construction uses cached source Q-values; without them, add 17
calls to . The streaming reference uses precomputed scalar P;, P;;.

Algorithm Polynomial-coordinate work Map calls, k = 16
Streaming pairs O(rk?) (0,136,136)
Multipoint O((n+y)P(k)) (16,0, 16)
Pole-residue O((n+r)P(k)) (0,16,16)

5 The CauchyFold Protocol

The protocol has two stages. It first forms the quadratic fold and checks its
canonical encoding over K. Sumcheck reduces this check to a committed scalar
linear system over IF,. The lattice stage then reduces the size of its witness until
the verifier can check a short response directly. Figure 3 shows the interaction,
including which messages are fixed before each challenge.

5.1 Front-end parameters

Fix the quadratic map, the public-coordinate map, and the committed relations
from Section 3. The input is one accumulator and k strict fresh records. Their
state matrix Ay is also used for the folded output. Setup independently samples
Ay for the carrier and A,ux for the field-circuit auxiliary values. Each matrix
is uniform in its declared module-matrix space. The encoding layout, segment
lengths, public coordinates, and padding are part of the parameters. All backend
matrices, dimensions, and challenge distributions are also fixed at setup; we
introduce them after the field reduction.

Let U : K" — Yp be the fixed basis embedding for the mixed-output space.
The carrier is represented as H(T) = U(H(T)), where H(T) = Zf;é H;T7 €
K"[T]. Thus its encoded semantic payload has exactly kr extension-field co-
ordinates. Setup also fixes the poles &;, the nonzero scales );, and the uni-
formly sampled support C C K\ {&1,...,&}. We use D(T) = [[,(T — &) and

ai(c) = Ai/(c = &)

5.2 Commit the carrier before the Cauchy challenge

The input commitments Cy, C1, ..., Cy and their public coordinates are already
part of the statement. An honest prover computes the carrier Hg. by either
algorithm in Section 4. It sends

CH = AH PaCk(EIlC(i\IO7 . 7ﬁk—1))-

Only then does the verifier sample ¢ uniformly from C. The fixed coefficient
layout enforces deg H < k.
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Prover ¥ Verifier V
Canonical source openings Co,...,Cx and
(20, Eo) and (z;,0)% | public source coordinates
1. Cauchy front end
Cy

Construct the carrier H(T).
Commit its coefficients.

Fix the carrier commitment.
c

Sample ¢ « C.
C*, CilllX

Fold and re-encode. Compute the folded

Commit state and auxiliaries. public coordinates.

2. Field reduction
P  V: degree-3 sumcheck over K, in {r rounds

Coins r; round messages (g;,7;); terminal values (14,7p,tc)

Derive the public scalar relation Lob = yg over F,.
Field evaluations, commitment links, and fixed-coordinate equations.

3. Nonterminal layeri =0,...,L — 1
Commit the digits of Ui
tj= A,WJ di
! Sample a fresh complete
projection seed.
Compute the centered pi Check || piII% <m;Si;
projection response p;. lock the projection and p;.
(& xi) Sample a fresh structured
aggregation challenge.
Commit the digits of the U2,i
symmetric data h;.
Ci Sample short challenges
C; «— Dls ‘.
Select a private response z; Derive the next
with ||z,-||§ < Gy; split it. public linear relation.

Continue with L;4; coef(wis1) = yit1-
The response z; and child witness w;. are not transmitted.

4. Pivot terminal i = L
Fix the block commitments and pivot commitment before projection.
Run the seeded projection and structured aggregation stages.

Fix symmetric data, then sample ¢z with ¢z o # 0.

Encode the selected response < Check pivot, norm, and
with ||z[13 < Gp. principal equations.

On acceptance, retain On acceptance, output
(z*, E*) privately. "= (*, x5, C).

Bounded retries. Projection retries refresh the seed, keeping preprojection messages fixed.
Short-response retries keep the selected projection, aggregation, and symmetric-data messages fixed.
Malformed messages reject; a failed child suffix does not reopen a parent retry loop.

Fig. 3. Interaction overview. The carrier commitment is fixed before the Cauchy chal-
lenge, and each selected projection response is fixed before the structured aggregation
challenge. Nonterminal responses and child witnesses remain private. Section 5 speci-
fies the messages and retry rules; Appendix E gives their canonical serialization.



CauchyFold 17

5.3 Form the folded record

The prover computes (2*, E*) by (3). The verifier computes the public coordi-
nates of z* by the same linear combination. The prover sends

C* = Ay Pack(Enc(z*, E*))

and the commitment Cjyy to the auxiliary values of the field circuit defined next.
Both are fixed before the first field challenge.

5.4 Field checks and the scalar linear handoff

The field reduction connects the newly encoded output to the committed sources
and carrier. Its public output is a scalar linear system whose witness contains
the openings of these commitments and the field auxiliaries. The circuit first
checks the following relation on the committed objects: all encodings are Boolean
and canonical; padding and public coordinates are correct; each fresh record
has homogenizing coordinate one, residual E; = 0, and 2; € Fy; equations (3)
hold; and Q(z*) = E*. It does not separately evaluate @ on every input. The
carrier fixed before ¢ makes the folded equation a polynomial test of those input
relations, as illustrated in Section 2. Section 6.5 applies that test after comparing
the source and carrier openings.

Let m, = [log, q] and t = [K : F]. Each field value is encoded by ¢ canonical
mg-bit coeflicients. For every coefficient, the compiler adds the comparison with
q from Appendix B.

The comparison helpers are Boolean variables over F,. Nonlinear gate out-
puts receive canonical K encodings in Cy,x, while affine expressions are lowered
directly to linear forms. The resulting sparse matrices satisfy

AbOBb—Cb=0 over K, (11)

where b € Fflv ° contains the active encoding coordinates, a fixed-one coordinate,
and any alignment padding. Publicly fixed coordinates may be eliminated before
forming the matrices. Write the full physical encoding as by = bgx + Pact),
where P, inserts the active coordinates and bg, supplies the public constants.
The constant coordinate allows all resulting affine expressions to remain linear
forms in b. The template and all dimensions are fixed in advance. The value of
¢ changes public coefficients, not the shape of the circuit.

Pad the constraint tables with zero rows to 2¢F entries. Set v4 = Ab, vg = Bb,
and vc = Cb. After all commitments are fixed, the verifier samples r € K. The
parties run sumcheck on

> ed(r,v)(a(v)ip(v) - ve(v)) = 0. (12)

ve{0,1}¢F

Each round polynomial has degree at most three and is fixed before the next
independent uniform challenge. A profile can send all four coefficients, or use the
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following two-coefficient encoding. At round j, write g;(X) = ((1 —r;) + (2r; —
1) X) (up+u1 X +up X?), absorbing the equality weight of the preceding challenges
into the quadratic factor. For the current claim s;, the prover sends u;, u2 and the
verifier reconstructs ug = s;—r;(u1+us2). This enforces g;(0)+g;(1) = s; without
division, including when r; is 0, 1, or 1/2. Every encoded message expands to
a degree-three sumcheck message, and the honest polynomial has the required
factor. Thus this encoding preserves the original soundness bound. At the final
point 7 € K’F, the prover sends t4,tp,tc. The verifier checks the final value
eq(r,7)(tats — to).
The remaining claims are

(ATeq,,b) =ta, (BTeq,,b)=tg, (CTeq,,b)=tc. (13)

Because b has coordinates in F,, expansion in the fixed field basis gives 3t scalar
equations. Adding all segment commitment equations, the constant-coordinate
equation, and the zero-padding equations produces the explicit system Lyb = yo.
With fixed coordinates eliminated, each segment link is C' — APack(bsx) =
APack(P,etb), restricted to that segment. The insertion acts on base-field co-
efficients; ring multiplication is applied after insertion and packing. An honest
witness b consists of bits, so Sy = Ny is a valid squared-norm bound; the con-
crete layout gives a tighter bound by counting fixed coordinates. Pad b to the first
layer’s declared length and group its coefficients into ring blocks w = Pack(b).
The backend receives the public equation Lgcoef(w) = yo and the opening
bound. Its extractor first recovers a bounded coefficient vector. The field com-
parison in Section 6.5 then establishes Booleanity, canonicality, and the semantic
equations.

5.5 The recursive linear reduction

A nonterminal layer replaces the current linear system by a child system in a split
response and committed digits. The child must satisfy those equations with its
prescribed norm bound; the terminal will check a response directly. The block
count s; below controls this internal reduction and is distinct from the outer
folding arity k.

The lattice backend has layers ¢ = 0, ..., L. At layer 4, its input is

L; coef (w) = y;, w = (wo, ..., Ws,—1), w; € R (14)

Zero padding makes the coefficient length ds;n;. The honest squared-norm bound
is S;, while extraction allows ; = 0;1/S; with o; > 3. The public parameters
include the main matrix A; € Ry*", an even radix p; < ¢, m; projection
rows, 7; = 3 aggregation equations, and retry bounds Rp;, Rc ;. The auxiliary
matrices used below are independently sampled with their stated dimensions.
The projection family at layer 4 is a deterministic map II; : {0, 1}@00d —
{—1,0,1}mi*dsini Tts complete seed specifies both the initial block and all hashes
of Nisan’s generator. The verifier samples all £5°° bits independently for each
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projection attempt. Appendix C.5 specifies the generator and proves the fixed-
vector projection bound used in Section 6.

Each short-challenge support D; C R, is closed under negation and contains
zero. Distinct elements have unit differences. Its uniform distribution satisfies

Dil =M >4, leflop <T7°,  Ellcen(ev)|3 < pavll3. (15)

Here c is a ring element, unlike the Cauchy challenge ¢ € K. For ¢ =5 (mod 8)
and the parameters of Section 7, we use the full coefficient box {—2, —1,0,1,2}¢,
with M; = 5% and p; = 2d. For the concrete degree d = 64, the spectral cal-
culation in Appendix C.7 gives T, < 2csc(m/128) < 82, so we use the integer
bound 77" = 82. The unit condition follows from the short-difference criterion
of [BC25, Lemma 2.4]; the moment calculation is given in Appendix C.

Consider a nonterminal layer and suppress its index where convenient. Put
; = [log,, q] and b’ = p;/2. The deterministic radix decomposition Dig,,
produces ¢; signed digits per coefficient, each of absolute value at most b?lg. Its
public linear recomposition map is Rec.

Commitment and projection. The prover computes t; = A;w; and forms the
digit vector t = Dig,, (to,...,ts,—1). It sends

Uy = Bi%\, Bi S Rgt‘ix(ziaisi).
The verifier sends a fresh complete seed d; € {0, 1]>e§eed7 which both parties
expand to IT = I1;(d;). The prover sends a payload-free retry tag or commits to
this attempt by sending

p = cen(I1 coef(w)), Ipll3 < m;S;. (16)

There are at most Rp; attempts, all with the same ;. Each retry uses a fresh
complete seed. Sending p fixes the selected projection and response for the rest
of this layer. Malformed messages or a violated norm bound cause rejection.

Aggregation and symmetric data. After p is fixed, form L = (LT, 1T)T and
7= (T, p")7. Let R; = rows(L) and J; = [R;/4]. The structured aggregation
uses an extension of degree t = 4. In the fixed basis (1,6, 6%,6°), let 7 : K — F}
retain the first three coordinates and put

H = {iEO + 210 + 1'292 + 93 LT, X1, T2 € Fq}

The verifier samples (; & K and Xi & ‘H independently. For j = 4b + s < R;,
the three aggregation coefficients at position j are defined by

(i, af?,af?) = w(i0°¢)). (17)

The message contains the four base-field coordinates of (; and the first three
coordinates of y;; its last coordinate is fixed to one. It therefore occupies seven
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base-field elements. Set v(®) = a(9L and b, = a9y, Apply the constant-term
lifting ¢ from Section 3 blockwise to these coefficient rows. This gives public
vectors ¢§e) € Ry such that

v® coef (w) = ct Z e) (18)

To express the principal equation for a linear combination of blocks, the
prover forms the upper-triangular symmetric data

b = 5 (68 w) + (87 wa)),  0<a<b<s

These are the coefficients of the quadratic identity in the short challenges. The

prover commits to their radix digits as us = D; h with D; € Rg"™ ix(bimisi(si41)/2)

The scalar diagonal identities are ct ) j hEi) = be.

Short response and child. Only after us is fixed does the verifier sample inde-
pendent ¢; < D;. The honest response is z = cen(}_; ¢;w;). The prover may
request at most R ; — 1 further short challenges to obtain ||z||3 < G;, where the
integer threshold satisfies

G +12>21;5;. (19)

Thus the smallest threshold allowed by this analysis is G; = [2p;5;] — 1. These
retries keep w1, I, p, (;, Xs, u2 unchanged.

Once a response is selected, write z = 2z, + PiZni Over the integers, with
121000 < bdlg The child witness is z = (zlo,zhl,t h) Its public scalar linear
system is obtalned by expanding

Bz%\: uy, Diﬁ:u%
Ai(210 + pizni) = Y ¢ Rec(t;), (20)
<Z cj s Zlo + pzzh1> = Z C.Cp Rec(?z((:}))), (21)
a,b
ct Z Rec( h(e) = be. (22)

In an upper-triangular representation, each off-diagonal term in (21) has coef-
ficient 2¢,cp. All coefficients are now public, so these equations are linear in x.
Any padding added for the next block partition receives an explicit zero equa-
tion. The next layer proves this system with its prescribed norm bound. After
the child is submitted, a rejecting suffix ends the attempt; it does not reopen
the parent’s response retry loop.

The child has raw coefficient length

i(si+1
N = 2dn; + d; (aisi + 713(524—)) : (23)
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Its honest energy bound combines the split-response bound with the energies of
the two digit segments. Equation (53) in Appendix C.8 gives the bound used by
the parameter calculation. Zero padding increases only the length.

5.6 The pivot terminal

The terminal creates no child witness. It sends the bounded response and sym-
metric data directly, while one block commitment is reconstructed from the
response. A separate pivot commitment fixes the digit opening of that block
before projection. Let its main matrix be Ay € R{Z*"F and put t; = Apw;.
Fix an even pivot radix p, < g, let ¢, = flogpp q], and sample an independent

B, € Ror*(arty),
Before projection, the prover sends ¢1,...,ts, —1 and v, = B, Dig, (to). Pro-
jection and aggregation follow the preceding layer definition. The prover then

sends the symmetric values h((ﬁ,) before the short challenge. For each e, it omits

only ct(h(()%)), which the verifier reconstructs as be — >, ct(h;j)). All other

coefficients of h(()%) are transmitted.
The verifier samples ¢y < Dy, \ {0} and ¢; < Dy, for j > 1. It uses the same
fixed-prefix retry rule. On receiving z, it sets

sp—1

tole,z) =cy' | Arz— > ety | (24)
j=1

The inverse exists by the unit-difference condition on short challenges. The ver-
ifier checks
By Digpp (tole, 2)) = Ups HZHS <Gy,

and every principal equation (21), with z in place of its split representation. The
response threshold is
G152, g (25)
L Z ML M, —1 L-
Equivalently, the smallest integer threshold is Gy = [2u, M Sr /(M —1)] — 1.
The factor accounts for excluding the zero challenge in coordinate zero. The
terminal uses only the two matrices Ay and By,

Projection responses and the terminal response use a canonical, fixed-padded
signed Rice encoding of their centered integer coefficients. The decoder checks
canonicality and the integer norm before mapping the coefficients into ;. Retry
tags have no payload; malformed payloads reject. Appendix E specifies the byte
grammar.

6 Security

The proof follows the protocol in reverse. Starting with the terminal response,
the extractor recovers a bounded opening of each preceding linear relation. The
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field step then establishes that the initial opening is a canonical encoding, and the
Cauchy step recovers the source quadratic relations. An inconsistent comparison
instead returns a short nonzero kernel of the matrix whose commitment is being
compared.

Within a lattice layer, five accepted continuations on each short-challenge
coordinate fiber give a modular witness candidate. Any three distinct values de-
termine the quadratic identity, while all five are retained for comparisons across
independent trials. A separate trial, with fresh projection and aggregation ran-
domness, certifies its norm and the original linear equations. The proof restores
the prover only to complete saved states: a short-challenge reset fixes all ear-
lier messages, whereas a projection reset fixes only the commitments sent before
projection. The source-opening steps use the same distinction at the field and
Cauchy challenges.

6.1 A finite extract-or-short-kernel theorem

Fix the setup and a complete pre-Cauchy checkpoint. Each recovery experiment
restores its own complete checkpoint and samples fresh continuation coins. Local
resets preserve all messages and challenges fixed before that checkpoint.

Three errors contribute at layer i. A vector of norm greater than -; passes
one seeded projection with probability at most ep;. This fixed-vector bound fol-
lows by expressing the norm test as a bounded-space computation and applying
Lemma 7. Across Rp; attempts, use ep; = 1 — (1 — ep,;)f*Pi. A fixed nonzero
residual survives structured aggregation with probability at most €,g ;, as given
by Lemma 8. Finally, coordinate recovery loses at most 10Rc,; >, M;l Thus
the local loss is

s;—1
~ ,L 1
€ = €p,i t+ €agg,i + 10Rc,; Z U (26)
j=0 "4

where M;; = M; except that Mrqg = My — 1 at the pivot terminal. Let ep <
40 /|K| be the error of the field check. Adding the Cauchy consistency error
gives

% &
Iﬁ:angEF-l-m-i-Zq. (27)
i=0
Appendix C.10 gives the exact expressions and the projection specialization used

for the concrete profiles.
The specified main and auxiliary kernel radii at a nonterminal layer are

Ba, = {3\/§Tfp\/ 1+ p7 %‘+1-‘ ; B, = Bp, = [2vita1].  (28)
At the terminal they are

Ba, = BVBTYPVGL, 8o, = |pp/darty]. (29)
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Each of Ay, Ay, Aaux has comparison radius [27g]. These radii use the bound
supplied by the linear-chain extractor; canonicality is established only in the
subsequent field step.

Theorem 2 (Finite-node extraction). Use the seeded-projection protocol in
Section 5. Assume the field, encoding, and challenge conditions there, including
M;; > 5; q > 128v; and the stated independent-row projection bound at every
layer; and the child length and energy conditions (23) and (53). The 384-row
profiles satisfy the stronger condition q > 176~;. For every fixed pre-Cauchy
checkpoint s of a classical prover, let p(s) be the acceptance probability of the ac-
tual continuation. There is a resettable extractor that returns one of the following
with probability at least max{0, p(s) — Kalg}:

1. canonical openings of all source commitments, satisfying their specified accu-
mulator or strict fresh relations, together with the carrier consistency equa-
tion and an output opening on one actual accepting Cauchy replay;

2. a specified matriz A; and an integer ring vector v such that Ajv = 0 mod ¢,
vmod g # 0, and ||v||2 < f;.

For a prover whose continuations have the required uniform conditional cost
bounds, the extractor has the expected-time recurrences in Appendiz C.9. For
fized internal depth and polynomial-size parameters, these bounds are polynomial.
Honest execution fails with probability at most

L
€comp < 2(2_Rp’i + 2_Rc‘i)- <3O>
=0

In the selected profiles Rp; = Rc,i = 160, so this is 2(L + 1)27160,

The following argument derives the recovery and comparison guarantees;
Appendix C supplies the sampling, projection, and norm lemmas.

6.2 Local recovery from five coordinate challenges

We first recover algebraic candidates, following the reduction-of-knowledge view-
point [KP23], and certify their norms in the next step. Fix a short-challenge
checkpoint, including w1, us, the chosen projection, and the aggregation rows.
A successful child extraction supplies the child linear equations and an opening
with norm at most ~; 1. Recomposition therefore bounds its response by

2l < Z5* == \/1 4 pZ Yig1. (31)

This is the bound used in extraction, rather than the honest threshold +/G;. The
terminal directly enforces Z$* = /G .

Retain one successful center (c, z). For coordinate j, seek four further success-
ful continuations that change only ¢;, using distinct values. After r € {1,2,3,4}
values have been excluded, a failed call stops the search with probability r/M;;,
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as in Lemma 4. If their auxiliary openings disagree modulo ¢ with the center,
subtract the two openings of u; or us and return a B;- or D;-kernel. Otherwise
t and h are fixed across all five continuations. Write

Ap = c§-b) - cj, X, =20 — 2, w§b) = XbAgl, be{l,2,3,4}.

The commitment equation gives 4,X;, = t;A;. If two recovered slopes differ,
relabel them as 1,2. The integer vector

v = XlAQ — X2A1 (32)

is a nonzero modular kernel. Its norm is at most 3v/3 7P Z&*t. Only short nu-
merators and short challenge differences are lifted to the integers. The modular
inverse used to define a slope need not have a short integer lift. This is the
compare-before-clearing principle of [WF26] in the present interface.

If all four slopes agree, call the result w; and retain the five response-
challenge pairs. Replace the jth challenge by a formal variable T in the principal
equation, and replace the response by z + (T' — ¢;)w;. The resulting polynomial
has degree at most two and vanishes at all five chosen values. Any three have
pairwise unit differences, so its Vandermonde matrix is invertible over R,. The
quadratic coefficient gives

@9 )y =), Ay =t

337

Summing the diagonal identities recovers the scalar aggregation equations.

The coordinate-sampling analysis averages over the original uniform center,
allowing continuation success to depend on the challenge (Lemma 4). It loses
at most 10 j Migl success mass and makes at most 1 4 4s; oracle calls in ex-

pectation. Accounting for the bounded response attempts gives 10Rc ; Zj Mi;I
n (26). At the pivot terminal, disagreement in reconstructed ¢y instead produces
a B)-kernel: its canonical digit openings have length da ¢, and differ coefficien-
twise by at most p,. If they agree, the same five-point recovery applies.

6.3 Certifying a recovered candidate

The slopes just recovered satisfy the sampled aggregation equations. They need
not yet satisfy the original linear system or its norm bound. To certify them,
return to the complete checkpoint before projection, where u; is fixed, and run
a fresh recovery trial.

For a fixed candidate w with L; coef(w) # y;, the augmented residual is
nonzero for every projection response. The structured aggregation challenge is
sampled only after that response is fixed, so Lemma 8 bounds the probability that
all three derived rows miss it by €,g5 ;. If w satisfies the linear system but [Jw||, >
~;, an incorrect projection response is covered by the same aggregation bound. A
correct projection response must pass the fixed-vector test. Its probability over
at most Rp,; fresh complete seeds is at most €p;. Thus a fresh recovery returns
any specified bad w with probability at most

5§Ct = €agg,i + €Pi- (33)
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The comparison respects commitment lifetimes. Across new projection trials,
uy remains fixed. Different ¢ openings therefore give a Bj-kernel. Equal ¢ but
different recovered slopes give a nonzero kernel by Lemma 5. It compares all
pairs of edges from the two five-point fibers and returns one with norm at most
5T P Z¢¥t. Since 5 < 3+/3, this fits the radii in (28) and (29). The commitment

o~

us may change after a new projection and aggregation, so its h openings are not
compared across that boundary. At the terminal, the fixed pivot commitment
replaces the u; comparison.

An accepted trial has a biased challenge distribution, so the fixed-candidate
bound must be applied before conditioning on acceptance. Run one recovery
trial. On a successful candidate, independently repeat the same recovery trial
until it returns a candidate or kernel. Incompatible candidates yield a kernel.
Compatible candidates are accepted only after their original linear relation and
norm bound are checked. Lemma 3 shows that this procedure loses at most 4}
success probability and costs at most twice the expected cost of one recovery
trial, plus comparison and checking.

6.4 Finite composition and acceptance conditioning

Put A; = Z}LL:l €n. The terminal supplies the base case by direct verification.
Suppose the child extractor succeeds with probability at least p; — A; 1 at ev-
ery fixed child checkpoint ¢. An actual forward execution submits at most one
child proposal: once submitted, a suffix rejection cannot trigger another parent
retry. Averaging over the chosen checkpoint therefore subtracts A;y; only once.
Coordinate recovery then uses the actual success probabilities of this oracle.

Combining local recovery with (33) gives success at least p;—A; at layer i. The
induction preserves the witness relation, its extracted norm, the role and radius
of every kernel, and one actual accepting continuation from the center branch.
This last record identifies the output commitment and challenge to which the
final witness belongs.

The same induction gives (54) by applying the uniform conditional cost
bound at every reached checkpoint. Appendix C.9 justifies summing costs when
the number of invocations depends on earlier outcomes. For growing depth, the
product [, 2R¢ ;(1 4 4s;) must also be controlled; the theorem asserts polyno-
mial expected time for fixed depth.

6.5 From linear openings to source witnesses

Fix the post-Cauchy commitments. One raw field trial samples fresh field coins,
runs sumcheck, and invokes the linear-chain extractor. It returns a kernel or
an opening b of Lob = yo with ||blj2 < v9. For any fixed b violating (11), the
random equality test misses its nonzero residual with conditional hazard at most
IK|~! in each of its £ restrictions. Conditional on a nonzero initial claim, each
degree-three sumcheck round has hazard at most 3|K|~! [LFKN92|. Multiplying
the conditional survival probabilities bounds their combined failure by er. The
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terminal linear equations bind the final three evaluations. Thus a fixed bad
opening returns with probability at most ep.

Apply the preceding independent-trial comparison at this checkpoint. If the
openings differ, some committed segment differs: the uncommitted constant and
padding coordinates are already fixed by Lob = yo. The difference of the two
segment openings is a kernel for its corresponding matrix. Public offsets can-
cel, and coordinate insertion followed by restriction to a segment has Euclidean
operator norm at most one. Its radius is therefore at most 2vg, including when
fixed coordinates have been eliminated. If they agree, check the full field relation
and decoding directly. This gives canonical source, carrier, output, and auxiliary
values with the post-Cauchy semantics.

One more comparison moves to the pre-Cauchy checkpoint. Across its in-
dependent trials, only source and carrier openings are compared; output and
auxiliary commitments are allowed to depend on c. Incompatible source or
carrier openings give an Ag- or Ag-kernel. For a fixed compatible tuple, put
0; = Q(z;) — F; and P,(T) = D(T)/(T — &;). Its accepted fold implies that ¢ is
a root of

F(T) = 50+Z/\2 )26; + D(T)(Hee(T) — H(T)). (34)

The polynomial is identically zero exactly when every source relation holds and
H = Hg.. Indeed, evaluation at &; isolates d; for ¢ > 1. Once these vanish, the
coefficient of T%* isolates dy. The remaining identity forces H = Hy,.. Otherwise
a nonzero scalar coordinate has degree at most 2k, giving a return probability
at most 2k/|C|. The final comparison proves Theorem 2.

6.6 Averaging over setup and reducing each role

Let Ay, ..., Ay be the complete set of independently sampled matrices. Repeated
uses of Ay constitute one role. Associate 9; = (¢, d, a;,b;, 3;) with coefficient £5
Module-SIS and the nonzero-modulo-q condition of Theorem 2. Let py be the
seeded protocol’s actual acceptance probability averaged over setup and adver-
sarial initialization, and let Py bound the extractor’s entire expected running
time under the same distribution.

Theorem 3 (Role-specific computational reduction). Assume the product
setup above and the hypotheses of Theorem 2. For a global time budget By,
truncate the complete extractor once after By steps, obtaining Ep, . For each
role j, let ST'N* bound all extra work needed to embed a Module-SIS challenge,
generate the other setup coordinates, initialize the prover, and return a checked
kernel. In a computation model with exact uniform finite-alphabet sampling,

Pr[Ep, returns source witnesses]

P 35
Z max OapN — Ralg — Z AdVMSIS (B + maX) ( )
N

j=1
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For bounded implementations of setup sampling from unbiased bits, subtract ad-
ditionally Zj Nset,j, Where Nset,; @5 the declared sampling-failure bound for the
extra setup in reduction j.

Proof. Averaging Theorem 2 over setup and initialization gives success at least
PN — Kalg- Markov’s inequality charges Py /By for truncating the complete ex-
tractor. For each j, embed the external Module-SIS matrix in role j and sample
every other matrix independently. This preserves the product-setup distribution,
and a role-j kernel solves the embedded instance within time By + SJ'{*. Sum
over the disjoint kernel-output events. Bounded setup sampling adds its failure

probability by coupling with exact sampling.

Appendix D specifies the setup and running-time costs of these reductions,
including bounded sampling from unbiased bits.

7 Efficiency and Concrete Instantiation

We analyze carrier construction, field reduction, and the lattice backend, then
report communication and arithmetic counts for six selected arities. Communi-
cation follows the canonical serialization in Appendix E. These are parameter-
derived costs; no end-to-end runtime benchmark is reported.

7.1 Asymptotic cost

Let N = N§*" be the initial coefficient-witness length. Write W for construction
and application of the sparse field relation, including the transposes used for the
final sumcheck evaluations, and let C'y be the carrier cost from Theorem 1. At
layer ¢, the witness is padded to N; = ds;n; coefficients. Its child has raw length

) 2N; i(si +1
=20, (+ Lot >). (36)

7

The first term is the split response; the second contains commitment digits and
symmetric data. This is equation (23) expressed in terms of the padded length
N;.

One nonterminal layer performs

2 2
O (alsmz + TiS; Ny + at,i&aisi + ahﬂ-&nsi)

ring operations, in addition to projection, aggregation, and public-transpose
work. The public maps can be applied in either direction by streaming their
coefficients.

Theorem 4 (Finite-schedule efficiency). Fiz 0 < v < 1/3 and a constant
number L of nonterminal layers. Choose

sy = max(a, [ = P20,

dSZ‘
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and use a terminal block count of the same order. Suppose the resulting schedule
satisfies the norm, modulus, challenge, and statistical conditions of Section 6. If
the remaining public dimensions and retry caps are polynomial in the security

parameter and log q = poly(k) + O(log N), then, for v = (1 — v)L+1,
Tp = Ox(Wr + Cp + N'™), BBy = Ox(N7+1),  (37)
Ty = O.(Wg + N), By_p = O (N" +1). (38)

The notation hides polynomial security-parameter factors and logarithms, but no
powers of k, s;, or N. Incoming fresh commitments add O(kasidlog q) bits.

The proof is given in Appendix E.1.

7.2 Compiled relation and profile families

The relation consists of four dot-product equations,
7
Qi(2) =) ajebje—uzj,  0<j<4
£=0

The 69 coordinates of z are u, the four public values x;, and the 64 private values
aj.¢,b;¢. Fresh records have u = 1, zero residual, and base-field coordinates, so
the dot products must equal the stated x;. This sparse relation serves as a
concrete instance of the protocol.

The four polarized outputs span Yz =Y = K* son =69 and y = r = 4. At
arity k, the carrier contains 4k extension-field values. The profiles with k& < 32 use
the reference prefix comparator. For k£ = 1024, the compiler eliminates publicly
fixed fresh coordinates and uses a comparator specialized to ¢ = 2% — 59. Its
active length is Nyseq = 5040k + 43 681, its field-row count is Mp = 5296k +
45987, and its honest energy bound is Sy = 4 116k + 35673. The field tables are
padded to 27 rows. Appendix B derives the segment layout and constraints.

All profiles use

g=2%-59, K=F[0/(0" -46°+2), R, =F,[X]/(X*+1).

They also share the short-challenge set, canonical value encoding, retry caps,
and pivot parameters. The large-arity profile uses the specialized helpers, two-
coefficient sumcheck messages, and exact Rice capacities described in Appen-
dices B and E; the five smaller profiles retain the reference helper and mes-
sage formats. Every modular projection has 384 rows, with squared norm slack
0% = 38400/4121. The main, front-end, auxiliary, and pivot row ranks are re-
spectively 16, 4, 6, and 2. Full parameters and schedules appear in Appendix D.7.

At k = 1024, the carrier has 4096 extension-field values. Eliminating fixed
coordinates and specializing the canonical comparison gives 5204 641 active co-
efficient positions and 5469091 field rows. The source commitment format and
folding relation remain the same. The selected schedules give no-retry interaction
below 163 KiB at all six reported arities.



CauchyFold 29

Table 3. Internal size and no-retry interaction of the selected arity profiles.

Handoff Field Interaction Interaction
k coefficients constraints {p (bytes) (KiB)
2 129025 200813 18 74735 72.98
4 188161 293031 19 92032 89.88
8 306 433 477467 19 116298 113.57
16 542977 846339 20 156 322 152.66
32 1016 065 1584083 21 154820 151.19
1024f 5204641 5469091 23 166 579 162.67

The interaction columns give exact bidirectional syntax counts without retries. They
exclude incoming commitments, the CRS, and application-level public-input
envelopes. Handoff counts exclude partition-alignment padding, and field constraints
are unpadded. Each row uses the block partition and radix schedule specified in
Appendix D.7. f The k = 1024 row uses the specialized compiler and compressed
message formats, with four nonterminal layers. All rows use the common matrix
ranks and 384 projection rows.

The profiles with k& < 16 enter the pivot terminal directly. The k = 32
profile uses two nonterminal layers and splits its auxiliary commitment into two
independently sampled matrices. The k = 1024 profile uses four nonterminal
layers followed by the pivot terminal. These choices determine the number of
independently sampled commitment matrices.

7.3 Statistical and computational parameters

For k = 1024, the statistical error bound is below 27130, with —log, kalz ~
131.976. The honest probability that either 160-attempt retry loop is exhausted
at any of the five layers is at most 10 - 27169, Appendix D.8 gives the error
decomposition and the values for the other arities.

The large-arity profile has seventeen independently sampled commitment
matrices: three front-end matrices, three matrices at each of four nonterminal
layers, and two at the pivot terminal. The official lattice estimator [AT26] was
run on every role in classical and quantum MATZOV cost models [MAT22].
Under the coefficient-expanded Euclidean SIS model, the smallest reported costs
occur for A;: 155.624 and 148.847 in log,(rop), both at BKZ block size 441. The
complete role table and all extrapolation flags appear in Appendix D.9.

The estimates describe the cost of the modeled lattice attacks. They do not
evaluate the full advantage functions or the extraction-time term in Theorem 3.

7.4 Communication and operation counts

A base-field element occupies six bytes, an extension-field element occupies 24
bytes, and a ring element occupies 384 bytes. Each aggregation challenge contains
seven base-field elements, or 42 bytes. Projection and terminal responses use the
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fixed-padded signed Rice codec specified in Appendix E. Every message is byte-
aligned and every retry attempt carries a one-byte tag.

The k£ = 1024 no-retry interaction consists of 120 224 prover bytes and 46 355
verifier bytes, for 166579 bytes in total. Transporting the 1025 incoming state
commitments would add 1574 400 bytes. The CRS and application-level public-
input envelope remain separate. Appendix E gives the directional ledger, retry
maxima, and phase-by-phase syntax.

Beyond the carrier costs in Table 2, the field stage requires sparse matrix ap-
plications, sumcheck, and equality-table operations. The lattice stage adds ring
products, projection additions, generator expansion, and coeflicient operations.
Appendix E counts these in their respective arithmetic units.

The compiler, parameters, and scripts for these calculations are available
in the accompanying repository.! Communication is counted from the message
syntax, and arithmetic from the specified algorithms; no wall-clock timings are
reported.

8 Conclusion

The Cauchy representation of [WX26] removes the need to retain a separate
mixed term for every source pair. CauchyFold makes this representation usable
in a lattice protocol: its coefficients can be computed without enumerating the
pairs, and the folded values can be committed with a bounded honest opening.
For fixed relation dimensions, preparing the mixed contribution uses quasi-linear
arithmetic in the arity.

Canonical re-encoding preserves the accumulator layout and honest opening
bound. The finite-node analysis recovers source witnesses or a short commitment
kernel, with explicit statistical loss and expected extraction time. The special-
ized compiler and message encodings give 162.67 KiB of no-retry bidirectional
communication at k = 1024, excluding incoming commitments and the CRS.

Use of large language models. Large language models were used to polish the
text, assist with code, and check mathematical rigor and grammar. They were
not used to generate the main ideas or principal proofs of this paper. The author
has reviewed all model-assisted text and code and takes full responsibility for
the paper and its accompanying code.
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A Carrier Algebra and Algorithms

This appendix records the polynomial routines used in Section 4. The routines
depend only on the public poles, scales, basis maps, and source vectors, so they
run before the verifier’'s Cauchy challenge.

A.1 Numerator and evaluation trees
For an index set I C {1,...,k}, write

D(T)

D) =JI - ). M) =Y ey,

i€l i€l

where the a; lie in any fixed finite-dimensional K-vector space. The leaves contain
Dy =T — & and Ny = a;. For disjoint children I, I1, combine them by

-DI:DIODfla N[:N]0D11+N[1D]0. (39)

Each summand acquires precisely the missing denominator factors, so induction
on the tree proves the displayed definition of N;. For carrier construction, the
weights are respectively \;z;, A7Q(z;), or J(R;).

At a level whose subproblems have size at most m, the total scalar work
is O((k/m)M(m)) = O(M(k)). The equality of these bounds follows from the
assumptions on M. There are O(log(k + 1)) levels. For an a-dimensional nu-
merator, applying the recurrence to every coordinate costs O(aP(k)). Unequal
subtrees handle values of k that are not powers of two.

For evaluation at distinct points t1,...,t;, construct the product tree of
T — t;. Starting at its root, reduce the input polynomial modulo each child’s
product. The leaf remainders are the evaluations. This remainder tree has the
same asymptotic cost as the numerator tree. It applies to each coordinate of IV
and to the derivatives used in the two algorithms. The scalar tree is shared by
all coordinates.

Interpolation also uses (39). If L(T) = [[;(T" —t;) and the values are hy,
form

h;  L(T)
P = zj: L'(t;) T —t;

Distinctness gives L'(tj) # 0 and F(t;) = h;. Since degF' < k, this is the
unique interpolant. The evaluations of L’ and the weighted reconstruction give
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an O(aM (k)log(k 4+ 1)) algorithm for a-dimensional data. These polynomial
routines are standard [vzGG13,BS05]. Transposed multiplication and division
also give fast evaluation and interpolation routines [BLS03|]. Here the trees avoid
explicit Cauchy matrix multiplication.

A.2 Multipoint construction in detail

The rational function Mg /D has simple poles:

Mo(T) _ 5~ 2Q(z)

D(T) T-&

i

Differentiate in K(T'), coordinate by coordinate. The quotient rule gives

Mo\ MgD' — M,D A2Q(z

_(HMe) _ Fe¥ Y _ Z L(z) (40)
D D? - (T —&)?

This uses formal derivatives and involves no division by factorials. The identity

is valid in positive characteristic as well.

A complete execution proceeds as follows.

1. Construct D, N, Mg by the numerator tree. If source values Q(z;) are not
part of the available data, evaluate them first.

2. Form D’,Mé2 and evaluate D, D', N, MQ,Mé) at the fixed nonpole points
Tlyeeos Tk

3. Invert the nonzero D(7;) and compute the vectors s; and h; in Section 4.3.
Equation (40) removes the diagonal source terms.

4. Interpolate the h; in ambient Y. Apply J to each coeflicient to obtain the
serialized image-coordinate order.

The need for k£ distinct nonpole points is an algorithmic precondition of this
version. At k = 16, the concrete construction uses {; =i —1 and 7; = 15+ 7, for
1 <14,5 <16. They lie in F, C K and are distinct because ¢ > 31. They are not
sampled during the protocol.

A.3 Deriving the pole-residue formula

Fix a pole ;. The rational source vector can be written locally as

20+ 0 = +zo + .
DM T-& ;T—fj

The second part is regular at & and takes the value v;. After the double-pole di-
agonal term in (5) is subtracted, the coefficient of (T'—&;) "t is R; = \; B(z;, v;).
The following elementary calculation also obtains it without manipulating Lau-
rent series.
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Since D = (T — &;)P;, formal differentiation gives
D'(&) = Pi(&), D" (&) = 2P{(&).
For j # 4, the polynomial P; contains the factor T — &;, so

D'(&)
&i—&

Pj) = [ - =

ha#i,j
Consequently
N'(&) = NiziPl(&) + > Nz Pj(&)
J#i

= \zD(€)/2+ D)
i

Ajz;

&—&

Dividing by D’(&;) and subtracting the first summand yields the formula for v;
in (6). The only characteristic restriction is that 2 be invertible. In particular,
no condition char K > £ is needed for this derivative argument.

The pairwise identity in the proof of Theorem 1 verifies reconstruction from
these residues. Since R; € Yp, we may apply J before the final numerator tree,
reducing its output dimension from y to r.

For k = 1, the formula specializes to D" = 0, v; = zp, and H = A\ B(z1, 20).
Thus the same algorithm covers this endpoint.

A.4 Inversions, basis changes, and the concrete count model

For nonzero ay,...,ax, all inverses can be obtained from the inverse of their
product. Form the prefix products, invert the final product, and traverse the
prefixes backwards to recover each a; ! This uses one field inversion and O(k)
multiplications. It applies both to D(r;) and to D’(§;). Interpolation denomina-
tors can be handled in the same way or precomputed with the fixed interpolation
nodes. The arithmetic bounds of Section 4 allow either implementation.

The operation count uses schoolbook polynomial arithmetic and direct in-
versions for fixed public preparation. The asymptotic bounds above also allow
fast multiplication and batch inversion.

For the concrete relation at k£ = 16, one @ evaluation uses 36 multiplications
and 32 additions or subtractions in K. One direct B evaluation uses 72 multipli-
cations and 68 additions or subtractions. The maps J, U are identities on K*, so
each application copies four coordinates and uses no field arithmetic. With the
source @-values cached, the multipoint algorithm makes 16 new @ calls. Without
that cache it makes 33 in total. The pole-residue algorithm makes 16 calls to B
in either case. These map calls are expanded in the operation counts; they are
not added a second time to the expanded multiplication and addition counts.

For a general relation, a dense J can dominate the coordinate conversion. Its
cost is therefore explicit in (7) and (8). The coefficient representation alone does
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not provide an efficient basis map. If the basis is computed from the values of
B on source basis pairs, both those evaluations and the ensuing linear algebra
belong to relation preprocessing.

B Encoding and Compiler Specification

The deterministic compiler fixes the relation, public-coordinate map, committed
bit segments, and field constraint matrices. This appendix specifies the common
relation and the arity-dependent layouts used in Section 7.

B.1 Semantic relation and mixed-output coordinates

The source space is S = K%, with coordinates ordered as

z = (u, o, 21, T2, T3, (45,1, b5,1) j=o0,....3:1=0,...,7) -

Within the last group, j is the outer index and [ the inner index; each a;; is
followed by b;,;. Define

7
QJ(Z) = Zaj’lbj,l — urj, 0<j <4 (41)
=0

Thus Y = K*. The public-coordinate map selects w, g, 1, T2, 3. A fresh record
has u = 1, residual £ = 0, and all its z coordinates in the embedded base field.
Its four equations require the indicated dot products to equal the public values
(Ej.

An accumulator satisfies Q(z) = E over K, with its public coordinates fixed
by the instance. The public statement fixes the selected coordinates, while the
remaining coordinates and the committed residual form its opening.

Let eq; , €p, , denote the corresponding standard source basis vectors, and let
e; denote an output basis vector. Then B(eq;,,¢€s,,) = e;. These four explicit
pairs span Y, while B always takes values in Y. It follows that Yg =Y, r =
y = 4, and J = U = Iy. This algebraic calculation fixes the basis used by the
compiler.

B.2 Canonical field values and comparison helpers
The field representation is
q = 281474976710597, K =T, [0]/(0% — 462 + 2).

An element of K is encoded in the basis (1,6, 62, 63). Each of its four coefficients
is the unique integer in [0, q) representing that base-field element. Its binary



CauchyFold 37

encoding has 48 bits, least significant first. Therefore one K value occupies 192
coefficient bits. Decoding is the linear map

3 47
Dec(b) =» 6" 27b,; inK.
v=0 ;=0

Range constraints make this linear decoding canonical. Boolean constraints alone
would also accept the 48-bit representation of q.
For one base-field coefficient, let ¢; be the binary digits of ¢g. Store Boolean

helpers eg, . .., eq47, and let eyg alias the fixed-one coordinate. For j = 47,... 0,
enforce
o _ Jeirrbi, g =1,
6j+1(1 - bj)v q; = Oa (42)

€j+1bj =0 if q; = O, €y = 0.

Every value bit and every helper is constrained to be Boolean.

Lemma 1 (Canonical comparison). For Boolean digits by, ..., by7, the con-
straints in (42) have a solution in the helper bits exactly when Z?LO 29b; < q.
The solution, when it exists, is unique.

Proof. The recurrence forces e; = 1 precisely when all digits from position 47
down to j equal those of ¢. Starting from eyg = 1 determines every helper. At
the first differing digit, a zero digit of ¢ cannot be replaced by a one, because
ej+1b; = 0 would fail. A one digit of ¢ may be replaced by zero; the equality
flag then becomes zero and remains zero. Finally, ey = 0 excludes equality with
q. This is exactly strict comparison of the represented nonnegative integers.
The forced helpers are Boolean, so they satisfy the additional helper Boolean
constraints.

Lemma 2 (Weight of a canonical coefficient). Let z € [0,q), and include
both its 48 value bits and the 48 comparison helpers from (42). Their joint Ham-
ming weight is at most 90. This bound s attained by x = q — 1.

Proof. Let t be the highest position at which the binary expansions of z and
q differ. Since z < ¢, we have ¢ = 1 and x; = 0. The helper string then
has 47 — t ones. The value string has at most wt(ga7 - - gry+1) + t ones, since
the ¢ lower positions are unrestricted. Hence their joint weight is at most 47 +
wt(qar -+ - qer1) < 90, because ¢ has binary weight 44. For = ¢ — 1, the value
string has weight 43 and the helper string has weight 47.

Each helper is one base-field bit, subject only to its Boolean and comparison
constraints.
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Specialized comparison for the large-arity profile. The identity ¢ = 64(242—1)+5

gives a shorter comparison. Let by, ..., bs7 be Boolean value bits. Introduce six
Boolean bits hyg, ..., hs and enforce
5 a7
D 2h;=42-)"b;.
=0 =6

The right side counts zero bits in the high part. Define five product helpers by
p1 = (1—ho)(1—h1) and p; = pj_1(1 —h;) for 2 < j < 5. Put e = ps, introduce
m = ebs, and require

€(b3 + by + b5) =0, m(b1 + bo) =0.

The count equation is an integer equality because both sides lie in [0, 63], below
q. It uniquely determines the count bits, and the product equations uniquely
determine the remaining helpers. If the high part is not all ones, the represented
value is below g. Otherwise e = 1, and the two restrictions allow exactly the low
values 0,...,4. Thus the comparison accepts exactly the canonical values and
has a unique helper extension. The product helpers are Boolean consequences
of their defining equations. There are twelve helpers and 63 constraints per
free coefficient: 48 value-bit and six count-bit Boolean constraints, one count
equation, six product equations, and two low-part restrictions.

The joint weight of the value and helper bits is at most 49. If the high part
has no zero bits, its weight is 42, the five product helpers are one, and the low
part together with m has weight at most two. Otherwise let s > 0 be its zero
count. The count bits and the initial zero-test products have total weight at most
s, while e = m = 0. Their contribution cancels the missing high bits, giving total
weight at most 48. The bound 49 is attained at ¢ — 1.

B.3 Segments, packing, and field constraints

A state segment contains z followed by its four residual coordinates. Each state
therefore occupies Ly = 192(69 + 4) = 14016 bits, or 219 ring columns. The
carrier contains the k coefficients of H , with four output coordinates inside each
coefficient. Its length is 768k bits, or 12k ring columns.

The compiler inlines affine combinations in the R1CS linear forms. Its private
arithmetic gates are the 32 products a;b; and the four products uz; needed
to check Q(z*) = E*. Thus gk = 36 canonical K-valued gates are added. The
accumulator, k fresh records, folded output, carrier, and gate values contain

Vic = 73(k + 2) + 4k + 36 = 77k + 182

canonical extension-field values. In the reference encoding, their comparison
helpers occupy 192V bits. Including the gate encodings, the auxiliary segment
has

Lawx = 1929 + 192V = 14784k + 41 856
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bits, or 231k + 654 ring columns.

Packing places each consecutive group of 64 bits in the coefficients of an
element of Ry, in increasing powers of X. The state matrix is reused by the
accumulator, all fresh records, and the folded output. The carrier and auxiliary
matrices are sampled independently. These logical commitments therefore use
three front-end matrices.

For the reference encoding, the handoff order is the accumulator, the &k fresh
records, the folded output, the carrier, the auxiliary segment, and the fixed-one
coordinate. Its compact length is

Nusea (k) = 29568k + 69 889. (43)

Zeros introduced by a backend block partition receive explicit zero equations.

Let b € IFéV wd(®) o this handoff vector. Its honest squared norm is smaller
than its length. There are 4Vix = 308k + 728 encoded base-field coefficients. In
each strict fresh record, the base-field condition on z; € K fixes 3-69 coefficients
to zero, E; = 0 € K* fixes another 16, and u; = 1 fixes one coefficient to one. Thus
223k coeflicient encodings have zero weight, k have weight one, and 84k + 728
remain unrestricted. Lemma 2, together with the global fixed-one coordinate,
gives

b2 < 90(84k + 728) + k + 1 = 7561k + 65 521. (44)

Every decoded semantic coordinate is a K-linear form in b. A multiplication
gate is one row of

(Ab) ® (Bb) —Cb =0 over K.

An affine equality is a row whose first factor is the fixed-one coordinate. The
matrices check canonical encodings; public coordinates; strict and base-field fresh
conditions; the two Cauchy fold equations; and Q(z*) = E*. Source validity and
carrier consistency follow from the Cauchy comparison in Section 6.

For the reference encoding, the unpadded field-row count is

Mp(k) = 46 109k + 108 595. (45)

The field-table index takes its first variable as the most significant bit. Padding
adds only zero rows until the next power of two. The resulting depth is {p =
Nog, M (k).

Each of the three terminal K-linear claims becomes four Fg-linear claims
because the handoff coordinates lie in the base field. Together with the commit-
ment equations, the fixed-one equation, and any backend alignment zeros, these
claims form the initial scalar system Lgb = yp.

B.4 Challenge independence and sparse-matrix representation

For ¢ ¢ {0,...,k—1}, the values (c—i)~! and D(c)~! are public coefficients. They
change the coefficients of the fold equations and of the output public-coordinate
equations. They never change a segment, gate, helper, row, or column allocation.
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Table 4. Field constraints for the reference and specialized encodings.

Constraint category k=16 k= 1024
Value-bit Boolean constraints 271488 4163712
Helper Boolean constraints 271488 520 464
Comparison recurrences and products 271488 520464
High-part count equations 0 86 744
Comparison restrictions 28280 173488
Public coordinates 90 4106
Explicit fresh-format equations 3392 0
Folded source and residual equations 73 73
Quadratic gates and output equations 40 40
Total field constraints 846 339 5469 091
Padded field rows 220 223

The k = 16 column uses the reference prefix comparator; k = 1024 uses the
specialized comparator and substitutes fixed fresh coordinates. Backend alignment
zeros are excluded.

The compiler therefore emits one fixed matrix layout together with coefficient
expressions parameterized by ¢ and the public statement.

The matrices are stored in compressed sparse row form. Their coefficient
identifiers refer to K values and to public expressions in the challenge. For the
k = 1024 profile, A, B, C contain 5562 711, 19 555 250, and 527 376 stored entries,
respectively. The allocated positions are fixed over the supported challenge set
even when a public coefficient vanishes at one challenge. The sparse layouts
determine the matrix-application and transpose counts used in Appendix E.

C Finite Extraction and Statistical Proofs

C.1 Comparing independent recovery trials

The comparison in Section 6.3 takes a recovery algorithm O at one complete
checkpoint. Independent calls restore the same public and prover state and use
fresh continuation coins. A call returns failure, a verified short kernel, or a can-
didate. Write s = Pr[O # 1], and let u bound its entire expected cost.

Two incompatible candidates must yield a verifiable kernel by the specified
comparison procedure. For each fixed bad candidate u, assume

Pr[O returns a candidate compatible with u] < e. (46)

Compatibility depends on the objects fixed at this checkpoint, not on messages
that may change in a fresh continuation.

Lemma 3 (Independent-trial comparison). There is an algorithm that re-
turns a good candidate or a kernel with probability at least s — €. Its expected
raw-trial cost is at most 2, in addition to comparison and checking.
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Proof. Run O once. On failure, stop; on a kernel, return it. Otherwise retain
the candidate v and repeat independent calls to O until a nonfailure result is
obtained. A kernel is returned immediately. Incompatible candidates produce
their checked kernel. For compatible candidates, check the target predicate on u
and return it only if it is good.

If s = 0, the loop is never reached. If s > 0, its last sample has the success-
conditioned distribution of O. For a fixed bad u, equation (46) bounds the proba-
bility of a compatible candidate in that distribution by £/s. The total probability
that the first call returns a bad candidate is at most s. Thus the additional failure
probability is at most ¢.

For cost, let C), be the cost of trial n in an independent sequence. The event
that the first n — 1 calls fail is independent of C,,, even if C,, is correlated with
its own outcome. Tonelli’s theorem gives the expected cost until first success as

Y (-5 EC, < E.
S

n>1

The loop is reached with probability at most s, so it contributes at most p on
average. The initial call contributes another .

C.2 Coordinate sampling with challenge-dependent success

Let the challenge space be Hj;(l) D; with |D;| = M; > h for an integer h > 3. A
call at challenge ¢ succeeds with an arbitrary probability a(c). Calls all restore
the same complete short-challenge checkpoint. The success event can include a
kernel, which terminates the algorithm immediately.

Choose a uniform center and call the oracle once. If successful, seek h — 1
further successful values on every coordinate fiber. When r € {1,...,h — 1}
values of coordinate j are already excluded, draw uniformly from the remaining
M —r values. On failure, stop with probability r/Mj; otherwise repeat. A success
supplies the next point. These stopping coins are extractor coins.

Lemma 4 (h-point sampling). Let p be the success probability of a uniform
center. The procedure returns a complete h-point star or a kernel with probability

at least
h s—1
-1
b= ()
=0

It makes at most 1+ (h — 1)s oracle calls in expectation.

Proof. Fix all center coordinates except 7, and let § be the average of a on the
resulting fiber. If F is the excluded set of size r, the next attempt succeeds with
probability

" M;6 =3 . cpale)
Mj—’/' '
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The probability that an attempt either succeeds or stops is

D:qu(lfu)%:JJrM
J

> 0.
M; -

Consequently the expected number of calls in this stage is 1/D, and its stopping
probability is (1 — w)r/(M;D). These formulas apply conditional on the history
that selected F.

For each possible original center, the probability of reaching the stage is at
most its original success probability a(c). Averaging this bound over the original
uniform center gives § on the fixed fiber. Since D > §, the stage costs at most
one call in expectation and stops with mass at most r/M;. A fiber with 6 =0
cannot reach the stage. Summing over r = 1,..., h—1 and all coordinates proves
both bounds.

This calculation is taken under the original center distribution. Conditioning
first on reaching a later stage would generally bias that distribution. Uniform
sampling with at most h — 1 excluded values can be implemented by rejection
sampling, with expected overhead at most M;/(M; — h + 1) < h per retained
draw.

For the actual bounded retry protocol, apply the lemma separately at each
reached response attempt. Its checkpoint is fixed by the past; its current chal-
lenge is fresh. A retry in a coordinate fork counts as an unsuccessful oracle call.
Summing over at most R¢c attempts gives (g) Re Zj M{l. We use h = 5, giving
loss 10Rc > ; M j_l and expected oracle count 1 + 4s.

C.3 Algebraic recovery and short integer comparisons

Suppose two accepted responses differ only in coordinate j. Their difference
satisfies AX = t;A, where X is the difference of responses and A the difference
of challenges. The latter is a unit. Thus w; = XA~! is a well-defined modular
slope. Given two such certificates (X1, A1) and (X3, As), unequal slopes produce
v=X149 — Xo41. Then Av = 0 mod ¢, and

vmod g = (w§1) - w§2))A1A2 # 0.

If every response has norm at most Z and every challenge has operator norm at
most T°P, the shared center gives a sharper comparison than bounding the two
products separately. Write the center response and challenge as (z,c¢) and the
two off-center pairs as (z1,¢1) and (22, c2). Commutativity gives

v=_(21 —2)(ca—¢) — (22 — 2)(c1 — ¢)
=ca(z1 — 2) + c(z2 — 21) + c1(z — 22).
The three responses lie in the radius-Z coefficient ball. Hence
20 = 2113 + [lz2 — 211l + ||z — 22|l

= 3(l1213 + 12213 + llz2l12) — 2 + 21 + 2213 < 927
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Cauchy-Schwarz bounds the corresponding perimeter by 3v/3Z. Applying the
multiplication-operator bound to the preceding expansion therefore yields

[v]|2 < 3V3TPZ. (47)

O RR )

If both slopes agree, put w; = w;’ = w,”. For any aggregation e, define

P, ;(T) = <Z ca(T)O), 2 + (T — cj)wj> — " ca(T)en (TR,
a a,b

where only coordinate j depends on T'. This degree-two polynomial vanishes
at the center and both new coordinate values. Its evaluation matrix has de-
terminant equal, up to sign, to the product of their pairwise differences. That
determinant is a unit, so the polynomial is zero over R,. Its quadratic coefficient
yields (qﬁ;e), w;) = h§-j-). The first response equation gives Aw; = t;. These facts
suffice to recover all aggregate scalar equations. R

At a nonterminal layer, any discrepancy in the recovered t or h is handled
before this polynomial argument. Both vectors open commitments fixed at the
short-challenge checkpoint. Their differences have norm at most 2vy;41. At the
terminal, ¢1,...,ts_1 and h are public and fixed. Two different reconstructions of
to have different canonical pivot digit vectors. Their difference is nonzero modulo
g, opens the same pivot commitment to zero, and has norm at most p,/dar?p.

Lemma 5 (Comparison across independent trials). Let h > 3. Suppose
two recovery trials for the same block commitment produce pairs (cq,zq) and
(Cas 2a), 0 < a < h. Within each trial, challenge differences are units, responses
have coefficient norm at most Z, and challenge multiplication operators have
norm at most T°P. Suppose every pair in the first trial has modular slope w,
every pair in the second has slope w, and Aw = Aw = t. If w # w, one can find
a nonzero modular kernel of A with integer norm at most
4h

e T2 (48)

For h =5, this is 5T°PZ.
Proof. For each edge e = (a,b) with a < b, set D, = ¢, — ¢, and X, = 2z}, —

Zq, using the bounded integer representatives. Define ﬁf, X ¢ in the other trial.
Commutativity and the equal commitment images give

Ke,f:ﬁer—DejZf7 AKe,fZO (mod q)

Modulo ¢, this vector equals Deﬁf (w — W), which is nonzero because both dif-

2
ferences are units. Thus all (g) candidates are nonzero modular kernels.
The Euclidean pair identity gives

S IKE = R Yzl = || 3 =

2
< h2Z72.
2
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Applied to the vectors ¢,z, the same identity gives, for every fixed integer ring
vector z,

Yo IDszl3 < hY - [Caxly < h3(T)? |3
f a

Consequently >, ||5er||§ < h*(T°P)2Z2, and the same bound holds for the
other product. Using |lu — v||3 < 2||ul]3 + 2||v|]3 yields

DK sll3 < 4n*(T)2 22,
eif

2
Divide by (g) and take square roots. Enumerating these candidates and choos-
ing one of least squared norm realizes the bound using integer arithmetic.

The local recovery checks all four slopes against the same center. Their agree-
ment implies the pairwise slope condition in the lemma by subtraction. Their
disagreement is handled by (47). Independent trials therefore need no common
center, and both branches fit the registered 3v/3 T°PZ radius.

C.4 A modular projection bound

The projection certifies the centered modular slope, rather than the short nu-
merator used to recover it. The following bound is uniform over every fixed
candidate vector.

Lemma 6 (One-row test). Let § > 1, ¢ > 12803, and let w be a centered
integer coefficient vector with ||w||2 > B. Let the coordinates of w be independent,
with Pr[r; = —1] = Pr[r; = 1] = 1/4 and Pr[r; = 0] = 1/2. Then

2
) [
E. exp (_cen(g;zw)) ) < §+2 1000

Proof. Consider the g-periodic Gaussian

G(z) = Ze—(w+lq)2/(362)_

ez

Its absolutely convergent Fourier expansion is

G([L’) _V 37‘—5 26—3w262h2/q262ﬂ’ihw/q'

4 heZ

Write Sy, = >_, mjw;. Its characteristic function at frequency h/q is

]Ee27rihsw/q — Hcosz(ﬂ'hw]‘/q) S [Oa 1]
J
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Removing coordinates can only increase this product. All Fourier coefficients are
nonnegative. Hence for every subvector v of w,

Ee~cen(80)*/36%) < BG(S,,) < EG(S,). (49)

If some |w;| > B, retain that coordinate alone. The [ = 0 contribution is
at most (1 + e~'/3)/2 < 7/8. The coordinate is centered, so |w;| < ¢/2. For
I # 0, the distance to the [th Gaussian peak is at least |l|¢/2, giving a total
contribution at most 23,5, =" (4/8)*/12 < 9=1000,

Otherwise every coordinate has magnitude below 5. Retain coordinates until
V =3, v first reaches 2. Then % <V < 24” and

3 1 3
2 _ 4 _ 9y2 1 4912
ES;=V/2, ES;=3V 4% vf < TV2

Using e* <1 — 2 + 22/2 for # > 0 bounds the zero peak by

v v T
682 ' 2451 = §

For the other peaks, independence and cosh(tv;/2)% < e' %i/4 give Pr[|S,| >
x] < 2¢=%"/V_ For a nonzero integer [, split according to whether |S,| > |I|q/2.
The former event has probability at most 2e— "/ (8'82); on its complement the
Gaussian term is at most e~1"9" /(1287 Summing both signs of [, the nonzero
peaks contribute at most

—12(q/B)%/8 —12(¢/B)? /12 4 2 1000
426 ! +22@ ! S22048_1+21365_1<2 :
>1 1>1

Equation (49) completes the proof.

Corollary 1 (Independent rows). Put Op = 7/8 + 27190, For 4 = 4+/8S,
o >3, q > 128y, and a fived centered w with ||w||2 > 7, an m-row projection
satisfies

2 1/(302) m 30° "
Pr[||cen(Hw)||2§mS]§<e 9p) < 5—vtr) -
o

Proof. On the event in question,

2
p (_NeenTTIBY | sy
372

Markov’s inequality and row independence bound its probability by ™/ (3"2)9}3.
The last inequality uses e® < (1 —z)~! for 0 <z < 1.
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The last expression is rational whenever o2 is rational, so its comparison with
a target error can be made by exact integer arithmetic. This moment estimate
remains available for any admissible profile. The selected profiles use the sharper
independent-row bound described below. The protocol may choose a projection
based on earlier failed attempts. For a fixed bad candidate, each new matrix still
satisfies the bound conditional on the past. Induction over the attempts bounds
the chance that at least one of Rp trials passes by 1 — (1 — ep)®?. The simpler
union bound Rpep remains valid.

C.5 Transport to seeded projections

We now replace the R = 2m/N independent input bits used by the lazy-ternary
projection with the output of Nisan’s generator [Nis92]. The seed includes the
initial block and every hash description. All of these bits are freshly and inde-
pendently sampled in each raw projection attempt.

Lemma 7 (Fixed-test transport). Let F, : {0,1}* — {0,1} be the complete
projection PASS predicate for a vector w fized before the seed. Suppose F,, is
computed by a finite-state machine with at most 2= states. For block length b,
depth h, and any § > 0, the recursive affine-Toeplitz generator satisfies

26wesm
5226 -

Proof. Nisan’s good-hash lemma bounds the probability of a bad hash sequence
by 206wem b /(§522%) [Nis92, Lemma 2]. Conditioned on good hashes, the recursive
hybrid changes the acceptance probability of any Boolean event by at most
(2" — 1)6. Splitting on the good-hash event gives the stated inequality. The
probability is over the initial block and every hash choice; keeping the hashes
fixed and refreshing only the initial block would not satisfy this premise.

[Pr{F,,(G) = 1] - Pr[F, (Ug) = 1]| < (2" — 1)5 +

For completeness, an affine Toeplitz hash on b bits is
b—1
hat(); =1+ apyjme (mod2),  a|=2b—-1, [f=0b.
r=0

It requires 3b — 1 description bits. Starting from Go(z) = z, define
Gu(z;hi,... hy) = Gra (w5 hay oo hn1) [| Grea (B (@) Py oo Bm1).

The complete seed length is b+ h(3b— 1). The expansion may be truncated after
R bits.

For an input of length NV and energy threshold 7' = mS, the PASS compu-
tation consumes two bits per trit. Its state stores the current bit position, one
pending bit, the residue modulo ¢, and the accumulated squared energy clipped
at T + 1. It therefore has at most

(R+1)4q(T + 2)
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states. The vector w is fixed in the transition function.
Put

W = [logy ((R+1)4¢(T +2)) ], Eseed = 2710,
For an integer block length 1 < b < R, set

R 28seed
n=fon 7] -ty

The first term in Lemma 7 is then 2e4.04/3. Requiring

2b

27 26w (20 — 1)2
>

3
4:Eseed

(50)

bounds the second term by egeeq/3. Thus the total transport error is at most
Eseed -

For each possible depth h, the parameter calculation selects the smallest
integer b satisfying (50) and 52" > R. It keeps the pair only if the preceding
depth formula holds, then minimizes b + h(3b — 1). Ties are resolved first by
the smaller b and then by the smaller h. All comparisons use integers or exact
rational numbers. Appendix D.7 records the resulting seed lengths.

The bound also applies to a vector selected from earlier adaptive history:
condition on that history and sample the next complete seed independently. It
compares acceptance probabilities of this fixed norm test, even though the seed
is public.

For every selected profile, the independent-row input to the transport lemma
is the ternary projection bound of PikkuFold [Osa26, Theorem 2|, specialized
to A =192, m = 384, a = 41.21 = 4121/100, and modular-range parameter
176. We set 0? = 38400/4121, so ao? = 384 and the acceptance threshold is
exactly 384S;. The condition 176v; < ¢ is checked at every selected layer. The
independent projection error is at most 27192; fixed-test transport therefore gives
ep; = 27192 4 9150,

C.6 Structured aggregation

Lemma 8 (Structured aggregation for a fixed residual). Let r € F&\ {0}
be fized before ((,x) & K x H, and let the three rows be defined by (17). Put
D =[R/4] — 1. Then

Pr[(a(e),r> =0 fore=1,23] < ¢ 3+ (1 —¢ ) min{1, D/q¢*}.

Proof. Pad only the final group of four residual coordinates and define

[R/4]1-1 7 3
PT(T) = Z (Z T4b+595> Tb.

b=0 s=0

Linear independence of the field basis makes P, a nonzero polynomial of degree
at most D. Hence a := Pr[P.(¢) = 0] < min{1,D/q*}. For a fixed nonzero
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z = P.((), the event m(xz) = 0 asks that y lie in 2~!kerm. This is a one-
dimensional linear subspace of K. Its intersection with the affine hyperplane H,
whose last basis coordinate is one, contains at most one point. Since |H| = ¢?,
the conditional probability is at most ¢~3. The three aggregated residuals equal
7(xP-(¢)), so the total probability is at most a + (1 — a)g~3.

The affine multiplier x is needed even for a one-block residual: without it,
(0,0,0,1) would always be hidden by projection onto the first three basis coor-
dinates. The argument above instead bounds the joint test on any residual fixed

before (¢, x)-

C.7 Short-challenge moments and honest retries

For the concrete ring degree d = 64, the box challenge admits a sharper oper-
ator bound than its coefficient ¢; norm. Let ¢(X) = Z?io ¢; X7 with |¢j| < 2.
Negacyclic multiplication is unitarily diagonalized over the roots w; = exp((2t +
1)7i/64) of X5 +1, so

lellop = max fe(w)]-
For each root,

[efwe)| = max R (e e(w))

63
<2 imw/64) = 2 128 82.
< Igggglwswﬂﬂ/ )| = 2ese(m/128) <

Multiplication by the odd number 2¢ 4+ 1 permutes the angles modulo 7. The
last trigonometric identity follows by fixing the signs between consecutive zeros
and summing the resulting geometric series. Thus 7°P = 82 is a valid integer
operator bound for the full challenge box. Distinct challenges have coefficients
differing by at most four. Under the field and cyclotomic conditions used here,
the short-difference unit criterion [BC25] applies when 4 < /q/2.

Each challenge coefficient has mean zero and variance two. For an integer
ring vector v, expansion of each output coefficient and cancellation of cross terms
gives

E||ev]l3 = 2d|[7]3. (51)

Centering modulo g can only reduce the absolute value of each coefficient.
Thus for modular multiplication the conclusion is the inequality E|| cen(cv)||3 <
2d|v||3-

For several blocks, let Y; = cen(c;w;). Since ¢ is odd and the challenge
distribution is symmetric, EY; = 0. The Y; are independent, so

2

2
Efcen [ Seuy || <E|Y V| = B8 < s
J 9 J j

2 J
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The response energy is an integer. Consequently, if G + 1 > 2u.S, then rejection
implies an energy of at least G+1, and Markov’s inequality bounds its probability
by 1/2. At the pivot terminal, conditioning the first challenge on being nonzero
preserves symmetry and raises its moment by at most M /(M —1). Equation (25)
gives the same 1/2 success bound.

For the projection, the uncentered variance calculation is E|[IT coef(w)||3 =
m|lw||3/2. Centering again decreases the norm. Hence an honest projection re-
sponse under independent trits passes ||p||3 < mS with probability at least
1/2+1/(2(mS + 1)), using the integrality of the energy in Markov’s inequality.
Direct substitution gives 2759 < 1/(2(mS + 1)) in every layer. Lemma 7 there-
fore leaves seeded honest success at least 1/2. Fresh challenges in each bounded
retry family give exhaustion probability at most 2777 and 27%¢ respectively.
The response bound remains valid after projection succeeds, because the witness
is fixed and the short challenges are newly sampled. A union bound across layers
proves (30).

C.8 Norm propagation through a child

The radix decomposition used by the honest prover is deterministic. For a non-
negative coefficient z, repeatedly set 2’ = | (z+b® —1)/p;| and use the remain-
der x — p;a’. The remainder lies in [fb?ig +1, b?ig]. Apply this to |z| and restore
the sign for negative z. After ¢; = [log,, | digits, every centered coefficient has
been represented. This fixes the tie convention at the radix endpoints.

The energy of this canonical representation is smaller than the coordinatewise
bound £;(b3#)2. For an even radix p = 2b, let foe(x) be the sum of the first £
squared digits produced from a nonnegative integer =, and put

Foo(B) = max, o).
Set J = [(B+0b—1)/p]. For £ > 1, the exact recurrence is F, ¢(B) = B? when
J =0, and otherwise

(52)

2 _
Fpu(B) = max { 4 P (T 1), } .

o1 (J) + max{(b—1)%, (B — pJ)?}

Indeed, quotient fibers 0, ..., J—1 are complete. Their low digit ranges over [—b+
1,b], so its largest square is b?; the remaining digits encode the quotient. The final
fiber has quotient J and low digit in [-b+ 1, B — pJ], where convexity places the
maximum at an endpoint. Negating all digits handles negative centered integers
and does not change their energy. For ¢ = 2% — 59 and B = (¢ — 1)/2, the
recurrence gives

Fe16(B) =249,  Feus(B) =8129,  Fios7(B) = 25537.

These values apply to the canonical encodings of tA and h. The independent
low-part bound for the raw split of z remains dn; (b)'#)2.
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For an honest split z = 215+ p;2ni, there are dn; low coefficients, each bounded
by bflg . The triangle inequality yields
VG + bE\/dn,
ol < A=
(2

The two committed digit segments have squared-energy bounds

si(s; +1
B = dagsiFye(la =112, Eni=dn CEH 5 -1,

Adding these to the bounds for zj, and zy; gives the sufficient child-energy con-
dition

4 Gi + dn; (b)8)2 + 2648\ /dn, G,
SZ-H>dni(bf‘g)2+Et7i+Eh,i+{ dna(b7)” + 2 TVAG | g

p?

Its ceiling can be evaluated without floating-point arithmetic: after isolating
the single square-root term, comparison with a candidate integer is decided by
squaring nonnegative integers.

An extracted child only has the total norm bound ||z||s < 7;41. Its blocks
need not be canonical radix digits. Nevertheless, Cauchy—Schwarz gives

l cen(io + przmi)llz < \/1+ o2y llzollg + l2aall3 < /1 + P20

Each auxiliary block also has norm at most 7; 1. Combining these inequalities
with the integer comparison above proves (28).

C.9 Conditional costs and finite composition

The expected-time bound records actual work, including full-seed sampling and
parsing, streaming projection expansion, state restoration, arithmetic, and veri-
fication. Let H; uniformly bound the conditional cost of preparing and running
one layer-i continuation, excluding the child extractor. Let Wl-(“r’) cover bounded
projection and aggregation preparation, modular slope recovery, shared-center
comparisons, and final witness checks. It also includes constructing and compar-
ing at most 100s; cross-trial kernels: each five-point fiber has ten edges in each
trial. Each candidate requires two bounded-coeflicient ring-vector products, sub-
traction, and an exact squared-norm comparison. A sufficient recurrence is

T < W 4 2Re (14 4s;)(H, + TSY), i< L. (54)
At i = L, direct terminal verification replaces the child cost, giving
Tt < W 4+ 2Re (1 + 4s,)Hy.
The field and Cauchy extraction steps satisfy

T < 2(Hp + TS5 + W, Tt < 2(Hg + TE) + WE. (55)

node
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Here Hp, Hc include their prover continuations, and W& W& include the
comparisons and semantic checks.

The number of invocations is random and can depend on previous successes.
Let N be this count, and let F,_; contain the complete history before call
n. The event N > n is F,_i-measurable. If every reached checkpoint satisfies
E[C,, | Fn—1] < H + T, then

N
EY Co=3 E[LnsnEC, | Fouil]
n=1 n>1
<(H+T)Y» Pr[N >n]=(H+T)EN.

n>1

Tonelli applies because the costs are nonnegative. This argument includes his-
tories that select unusual challenges or child checkpoints; it requires a uniform
conditional cost bound there, rather than a bound averaged only over an honest
challenge.

For success, let the actual forward execution select child checkpoint ¢ with
subprobability measure v. It selects at most one child, so v has mass at most
one. If the child extractor succeeds with probability p; — A; 1 or better at every
t, averaging gives

/(Pt = Aiy1) dv(t) > /pt dv(t) — Aigq.

The coordinate sampler then applies to this raw oracle’s actual success function.
Its loss is additive; the child loss is not charged again at every requested fork.
The independent-trial comparison doubles the expected trial cost and adds only
the fixed-candidate return error. These two facts give (54) and the induction
pi — A

Throughout this induction a successful child return includes its actual ac-
cepting center branch. Prefix it by the parent’s recorded messages to retain one
accepting continuation. It is not necessary that the extracted witness, when used
by an honest prover, reproduce all those messages. The record serves to identify
the actual challenge and output commitment attached to the recovered source
witnesses.

C.10 Combined error terms

One admissible choice for the independent-row error bound, from Corollary 1, is

N 3052 7 i
iid 7 —1000
= —— (=42 .
#= (s (5427)) (%)

For a vector fixed before the complete seed, Lemma 7 gives

|Pr[PASS,, (ITsceq)] — Pr[PASS,, (IT;iq)]| <n, 5 =2"1" (57)
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The selected profiles instead use the sharper 384-row bound described in Ap-
pendix C.5: B
EIILC}Z — 27192’ €P7i — 27192 4 27150' (58)

Fresh seeds on successive attempts imply €p; =1 — (1 —ep;)®Pi < Rp ep,;.
For the augmented row count R; of Section 5.5, put Di®¢ = [R;/4] — 1.
Lemma 8 allows the aggregation bound

€agg,i = qu + (1 - qig)D?gg/qé{ (59)

The field check has conditional errors at most |K|~! for each equality-weight
restriction and 3|K|~! for each degree-three sumcheck round. Its combined bound
is

erp=1—(1—[KH1-3KIY)* <4lp/K|.

Substituting these terms and the five-point sampling loss into (26) and (27) gives
the statistical bound used in Theorem 2.

D Computational Reduction and Module-SIS
Instantiation

D.1 One assumption term per sampled matrix

The setup distribution is a product of uniform module-matrix distributions.
Its coordinates are the front matrices, the three matrices A;, B;, D; at every
nonterminal layer, and the two matrices Ap, B, at the pivot terminal. With
three front matrices and L nonterminal layers, there are 3L + 5 coordinates.
The k = 1024 profile has L = 4 and therefore J = 17. The k = 32 profile
has one additional front matrix because its auxiliary segment is split into two
independently committed blocks.

A matrix can be used in several commitment equations. In particular, Ag;
authenticates k+ 2 state records: one accumulator, k fresh states, and one folded
output. A short difference for any one of these uses solves the same Ag; instance.

Role j has parameters ¥; = (¢, d, a;, b, 8;). Its Module-SIS game is defined
in (4), with a uniform challenge 4; € Ry’ b and advantage AdvgljSIS (t). Every
role uses the coefficient /5 norm and requires the returned kernel to be nonzero
modulo gq.

Coefficient expansion produces a structured negacyclic matrix of size da; by
db;. It is an exact representation of the module equation and coefficient norm.
Its entries are not an independently sampled scalar matrix. The attack estimates
reported later use the specified coefficient-lattice model; the computational the-
orem retains the role-specific Module-SIS assumptions.

D.2 Embedding a challenge without changing setup

Fix a role j. The reduction receives a Module-SIS matrix with exactly the di-
mensions and ring of that role. It places this matrix in coordinate j and inde-
pendently samples every other coordinate from its declared distribution. Public
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data derived from these matrices is then generated by the protocol’s usual algo-
rithm. The reduction runs the adversary’s initialization to reach the pre-Cauchy
checkpoint and invokes the truncated extractor.

Public statements and commitments may depend on the entire setup; they
are generated after this embedding in the same order as in the real experiment.
The full joint distribution, rather than only each marginal matrix distribution,
is consequently preserved.

When the extractor returns a role-j kernel, the reduction checks the equation,
the norm, and modular nonzeroness, then returns the vector. Any other role or
failure is a failure for this reduction. This defines a separate reduction for every
fixed j.

To make the role events disjoint, the extractor returns immediately on the
first verified kernel. Its role label is part of the output. If a local comparison can
produce several kernels, use a fixed public order to select the first. Writing K
for the event that the truncated extractor returns role j, we have

Pri| JE&;| =) Pr[K]].
J J
Each fixed-role reduction gives the corresponding bound on Pr[K}].

D.3 A single global clock and complete runtime charges

To keep the formulas readable, this appendix writes p, P, B, Ep, 57" for the
seeded quantities pn, Pn, By, Epy, ;'8 of Theorem 3. Fix the cost model be-
fore interpreting an advantage bound. The extractor’s clock covers its entire ex-
ecution from the supplied pre-Cauchy checkpoint. It includes verifier sampling,
prover continuations, copying and restoring complete states, nested extractor
calls, field and ring arithmetic, integer norm checks, kernel validation, and out-
put construction. The expectation P in Theorem 3 bounds this whole clock,
averaged over the actual setup and initialized prover state.

Let T be that runtime and stop the full computation after B steps. Markov’s
inequality gives Pr[T > B] < P/B. The same clock runs across all layers and all
recovery trials. There is no separate truncation loss per layer or per matrix.

For the fixed-role reduction, write

53 = Syeys,j T Spublic,j T Sinit,j T Sinterface,j-
The terms bound, respectively: generation of the other setup matrices; generation
of the remaining public data; the adversary’s initialization up to the supplied
checkpoint; and any challenge conversion, input/output handling, or final return
work outside the extractor’s clock. Any cost already inside that clock need not
be counted a second time. A common larger bound is also valid.

With these charges, the solver runs in at most B + S7"**.

When the adversary is strict polynomial time and the protocol dimensions
are polynomially bounded, the initialization and interface terms have worst-case
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polynomial bounds. Exact finite-alphabet sampling can be charged as a primitive
operation in a stated arithmetic model. In a random-bit model it requires the
additional treatment below; an unbounded rejection loop is not a worst-case
setup bound.

D.4 Quantifiers when averaging over setup

Let w contain the complete setup and initialized prover state, and let s(w) be its
pre-Cauchy checkpoint. The statistical extractor is the same algorithm for all w.
Its pointwise guarantee is

Pr[Src U Ker | w] > max{0, p(s(w)) — Kalg }-
The same public error bound applies to every setup. Therefore
Pr[Src UKer] > E,p(s(w)) — Kalg = P — Kalg-

The runtime assumption is separately E,E[T | w] < P. It suffices for the single
averaged Markov bound.
After truncation, subtracting the labelled kernel events gives

Pr[Ep returns Src| > p — kag — P/B — ZPr[Kj}
J
> p— kag — P/B =Y AdvyS'(B + ).
J
Taking the maximum with zero yields the stated theorem. In a parameter family
with a growing number of roles, the assumption must control the entire matrix

family uniformly, or directly bound its summed advantage. Negligibility for each
fixed role index, with no uniform bound as the index grows, would not suffice.

D.5 Bounded setup sampling from random bits

A uniform F, coefficient can be sampled by drawing m, = [log, ¢| unbiased bits
and accepting the integer if it is below . Its acceptance probability is greater
than 1/2. For the extra keys in reduction j, let

Nset,j = dz anby,
h#j

be the number of required base-field coefficients. Bound every coefficient sampler
by rset attempts and fail the reduction on exhaustion. Then

Tlset,j < Nset,j2_Tset~ <6O>

If other public setup randomness uses rejection sampling, its bounded samplers
and failure probabilities are included in the same accounting.
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Couple this implementation with exact rejection sampling using the same
random bits. On the event that no cap is reached, the two setups agree, including
all derived public data. Successful sampled coefficients have the required uniform
distribution. Thus

Pr[Kj] S AdVijSIS (B + ngax) + Tlset,j»

where S}“ax now includes at most Ny, j7set coeflicient-sampling attempts. Sum-
ming these bounds adds ) j Tset,j to the theorem. Sampling inside the extractor
itself remains covered by its full clock and the one global truncation.

D.6 Mapping to coefficient-lattice estimates

The estimator maps a module matrix with a; rows and b; columns to coefficient
dimensions ngis = da; and mgig = db;, preserving the Euclidean radius 3;. The
classical and quantum cost conventions and their numerical outputs are specified
in Appendix D.9.

D.7 Concrete profiles

The arity profiles share the field, ring, semantic relation, short challenges, retry
bounds, and canonical value encoding. The specialized compiler and message
formats are used for the k = 1024 profile. Their backend schedules are selected
separately. Table 5 lists the common parameters and the selected matrix ranks.

The block partitions and radices for k& < 32 were selected from a finite grid
with zero to five nonterminal layers followed by one pivot terminal. The block
count ranges from 2 to 32 at each layer. The nonterminal radix is a power of two
between 4 and 128. This initial search fixed the row ranks, projection parameters,
challenge sets, retry caps, and pivot codec, retaining schedules that satisfied the
modular projection range and the reference instances’ column and kernel-radius
bounds. The present profiles retain those block partitions and radices, with norm
bounds and matrix ranks updated as described in Section 7. The accompanying
artifact includes the search code and selected schedules.

For each nonterminal layer, A; commits a response block, B; commits the
radix digits of its block commitments, and D; commits symmetric-data digits.
The pivot terminal uses A, and B,. Together with the front-end matrices, this
gives five independent matrices for the terminal-only profiles, twelve for k = 32,
and seventeen for k = 1024. Repeated state commitments use the same Ay and
do not create additional assumption terms.

The response thresholds are given by (19) and (25). Kernel radii follow (28)
and (29), with [2v¢]| for each front-end matrix.

D.8 Statistical error

Table 8 reports the exact rational calculations through their displayed negative
binary logarithms. The field term, Cauchy consistency term, projection term,
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Table 5. Parameters shared by the selected profile families.

Parameter Common value
Base field modulus ¢ 218 _ 59

Ring R, Zq[X]/(X®* +1)
Extension degree and polynomial 4; 0% — 46 + 2
Semantic dimensions (n,y,r) (69,4,4)
Front-end row rank 4

Auxiliary and pivot row ranks 6 and 2

Squared norm slack ¢ 38400/4 121
Projection rows 384
Aggregation rows and challenge 3 rows; 42 bytes per layer
Response codec Fixed-padded signed Rice
Short-challenge support {-2,-1,0,1,2}%*
Challenge operator bound; moment 82; 128
Projection and response caps 160 and 160

Pivot radix and digit count 8 and 16

Main row rank 16

Both families use compact handoff vectors, poles 0,...,k — 1, and scales A; = 1. The

k = 32 profile splits its auxiliary commitment into independently sampled blocks of
4,350 and 3,696 ring columns. The 384-row projection specialization applies to every
displayed profile.

Table 6. Selected finite schedules and norm bounds.

k i s; p; n; N; Si G
20 3 T 673 129216 80643 20644 608
40 3 T 981 188 352 95765 24515840
8 0 4 T 1198 306 688 126 009 32258 304
16 0 6 T 1415 543 360 186 497 47743232
32 0 9 64 1765 1016 640 307473 78713087
1 6 64 961 369 024 260916 513 66 794 627 327

2 5 T 639 204 480 163024 939 41734 384 384
1024 0 30 64 2711 5205120 4250457 1088116991
1 14 128 1459 1307 264 1153671816 295339984 895

2 8 128 837 428 544 1282739299 328 381 260 543

3 6 128 555 213120 626217742 160311741951

4 5 T 445 142 400 415737499 106 428 799 744

N,; = 64s;n; includes alignment padding. S; and G; are squared-norm bounds. T
denotes the pivot terminal, whose radix is 8. The profiles with k£ < 16 enter the
terminal directly; k& = 32 uses two nonterminal layers and k = 1024 uses four.

structured-aggregation term, and coordinate-recovery term are evaluated sepa-
rately before summation.

For the k = 1024 profile, put

ep = 2—192 4 2—150’ 5F -1 (1 _ q—4)23(1 _ 3(]_4)23-
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Table 7. Complete projection-seed and selected-response lengths.

k i Block bits Depth Seed bits Seed bytes pi bytes
20 1103 17 57339 7168 534
4 0 1109 17 57651 7207 538
8 0 1117 18 61417 7678 547
16 0 1126 19 65289 8162 561
32 0 1140 20 69520 8690 580
1 1183 18 65047 8131 815

2 1199 17 62331 7792 795
1024 0 1180 22 79038 9880 673
1 1212 20 73912 9239 866

2 1256 18 69 062 8633 867

3 1249 17 64931 8117 838

4 1175 17 61083 7636 825

The seed includes the initial block and every affine-Toeplitz hash description.
Selected projection responses use the fixed-padded signed Rice codec. The
independent structured aggregation challenge adds 42 bytes per layer.

Table 8. Statistical bounds and independent commitment-matrix counts.

k —log, Kalg Independent matrices

2 136.349232 5

4 136.349232 5

8 135.940489 5

16 135.361850 5
32 133.626152 12
1024 131.976186 17

The second column is the negative binary logarithm of an exact statistical upper
bound. It is not a computational-security estimate. The accompanying artifact
contains role-specific classical and quantum estimates for all displayed profiles.

Exact rational arithmetic gives

2048 5)
o <4 1—(1— 160 e
ratg < 0F + g TO(1 - (1 —er) ]+ 5
68618 62 1
-3
+(1—q ) q4 +1600(564+564_1> (61)

The five layers have >, DI = 68618 and ), s, = 63, with one coordinate
at the terminal sampled from Dy, \ {0}. These counts give the aggregation and

coordinate-recovery terms in (61). The honest retry-exhaustion bound is 10 -
2—160.

D.9 Attack-estimation parameters
For a role with a rows and b columns over R, the estimator input is

(nSIS; mgis, 4, 67 norm) - (64@, 64b7 248 - 59a ﬁ7 2)
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Table 9. Independent Module-SIS roles and attack estimates for the k = 1024 profile.

Role a b Radius 8 Classical Quantum BKZ block
Ast 4 219 12587 231.318 216.806 717
Ag 4 12288 12587 231.318 216.806 717
Aaux 4 59381 12587 231.318 216.806 717
Ao 16 2711 2827705411 167.895 159.888 485
Bo 6 3840 207 365 202.997 191.376 614
Do 6 11160 207 365 202.997 191.376 614
Ay 16 1459 5962830476 155.624 148.847 441
B1 6 1568 218 658 201.042 189.617 607
D1 6 2205 218658 201.042 189.617 607
Ao 16 837 4166 255944 161.201 153.865 461
Ba 6 896 152777 215.286 202.430 658
Do 6 756 152777 215.286 202.430 658
As 16 555 3394633258 164.548 156.876 473
Bs 6 672 124 482 224.228 210.474 690
D3 6 441 124 482 224.228 210.474 690
Ay 16 445 139003 366 236.648 221.743 731
By 2 256 1024 210.864 198.317 647

The module matrix has shape a x b. The estimator input is coefficient Euclidean SIS
with dimensions (64a,64b), modulus ¢ = 2*® — 59, and radius 8. Classical and
quantum columns report log,(rop) under the MATZOV models. Every listed block
size is at most 1024. The calculation uses SageMath 10.9; the estimator version and
individual outputs are supplied with the artifact.

The official SIS.estimate interface gives the heuristic coefficient-lattice costs
in Table 9. Its classical and quantum MATZOV estimates lie within the docu-
mented block-size range. These modeled costs retain the role-specific Module-SIS
assumptions and extraction-time loss in Theorem 3; they do not cover every at-
tack exploiting module structure.

For k = 2, the estimator returns no finite attack estimate for Ay under either
model. The remaining smaller-profile estimates exceed 128 in log,(rop), with 38
entries using block sizes above 1024. The artifact records these extrapolations
and the nonfinite outputs.

E Efficiency, Serialization, and Operation Counts

We first prove the finite-schedule bounds of Theorem 4, then give the serialization
rules and operation counts for the concrete profiles.

E.1 Proof of the finite-schedule bounds
Proof. Equation (36) gives

Y = Ou (NI 4 N2 1) = Ou(NF + 1),
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where the second equality uses 2v < 1—v. Iterating a constant number of layers
yields N2 = O, (NO=*)" 4 1). The largest witness-dependent ring term is pro-
portional to s;V;, giving the exponent 1 + v. Sumcheck processes geometrically
shrinking tables and adds O(2°F) work beyond construction of the field relation.

A nonterminal layer sends two commitments, one selected projection re-
sponse, and retry tags. The terminal sends the disclosed block data and one
bounded response. Equation (36), together with 2v < 1 — v, bounds the last-
layer payload by 5,€(N 7 4+ 1). In the other direction, a complete projection seed
has polylogarithmic length, the structured aggregation challenge contains seven
base-field elements, and the short challenge has s; ring elements. The largest of
these terms is O, (N 4 1). Public transposes, projection expansion, and field
checks give the verifier-time bound.

E.2 Canonical message syntax

A canonical element of IF, occupies six little-endian bytes; encodings at least
q are rejected. An element of K lists its four base-field coefficients in the basis
(1,6,62,63), and a ring element lists the coefficients of 1, X,..., X5, These
objects occupy 24 and 384 bytes, respectively.

A projection seed contains the initial block and every affine-Toeplitz hash
description required by the fixed generator. Seed bits are packed least-significant
bit first, with zero high padding. Consecutive generated bit pairs (u,v) encode
the trit « — v in row-major order. The structured aggregation challenge sends
¢ € K and the three free coordinates of xy € H, for 42 bytes. Short-challenge
coeflicients use three bits. Each message is byte-aligned separately, and the public
profile fixes every vector length and retry cap.

For a centered integer response v € Z™ with public bound ) j v]2- < T, map

2 >0
u(z):{z’ 2=

—2z—-1, z<NO.

With public Rice parameter a > 1, encode u by its unary quotient, a terminator,
and an a-bit remainder. Put U = |T/2272|, t = [\/U/n], and r = min{n —
1, (U — nt?)/(2t + 1)]}. The large-arity profile uses the exact maximum bit
length

Liyax =n(a+1) +nt +r. (62)

To see this, a quotient j requires coefficient magnitude at least 241§, attained
by the nonnegative coefficient with this value. For a fixed sum of quotients, their
sum of squares is minimized when they differ by at most one. A sum nt + r
therefore requires energy 22¢=2(nt? + r(2t + 1)). Inverting this expression gives
the displayed capacity, attained by a vector with n—r quotients ¢ and r quotients
t+1. The profile chooses the public ¢ minimizing this length and pads to its byte
ceiling. The reference profiles use the valid larger capacity n(a+1)+[vnT /2% 1].
Both parsers read exactly n coordinates, enforce the norm bound, and reject
nonzero trailing padding.
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Table 10. Communication accounting.

(a) Directional communication and optional input transport

All £ 4+ 1 incoming Maximum accepted

k P—-V VP commitments interaction
2 66 565 8170 4608 1226213
4 83775 8257 7680 1249711
8 107 546 8752 13824 1352682
16 146 990 9332 26112 1477294
32 128 569 26 251 50688 4145561
1024 120224 46 355 1574400 7325872

All entries are bytes. The directional columns give no-retry interaction. Incoming
commitments are a separate optional transport cost. Maximum accepted interaction
sets every applicable retry cap to 160 and is not an expectation. The CRS and
application-level public-coordinate encoding are excluded.

(b) Phase ledger for k = 1024

Phase or message family PV VP Total
New front-end commitments 4608 0 4608
Cauchy challenge 0 24 24
Field subprotocol 1176 1104 2280
Nonterminal layer 0 5283 10642 15925
Nonterminal layer 1 5476 9617 15093
Nonterminal layer 2 5477 8867 14 344
Nonterminal layer 3 5448 8303 13751
Pivot terminal 92756 7798 100 554
Total 120224 46 355 166 579

The table counts one accepted attempt at each layer using the serialization specified
in this appendix.

E.3 Field and carrier operations

The sparse-entry counts in Appendix B determine the matrix-application costs.
A forward sparse application performs one K-by-F, multiplication per stored
entry and accumulates the result in K. For £ = 1024, the three matrices contain
25645 337 entries in total. A transpose multiplies the K-valued row weight by
each stored coefficient. Padding rows perform no arithmetic.

The equality table for 2¢F rows uses 2 — 1 extension-field multiplications
and the same number of subtractions. At & = 1024, each count is 8 388 607.
The degree-three sumcheck then processes geometrically shrinking tables. The
prover’s operation ledger keeps these K additions and multiplications separate
from sparse applications and from the twelve terminal base-field claims.

For the carrier algorithms of Table 2, the count expands each @), B, and
J call in the arithmetic of the concrete relation, as specified in Appendix A.
Multiplication by a base-field interpolation constant is a K-by-F, operation,
while a product of two arbitrary extension-field values is a K multiplication.
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E.4 Projection, aggregation, and lattice work

One forward projection scan reads m;N; ternary entries. Summed across the
selected layers, this is 208 650240 entries for the selected k = 16 profile and
2801836032 entries for k = 1024. Retries and the three aggregation adjoints
are charged separately. Those adjoints contribute 3m; N; ternary-weighted terms
and may share one generated stream. Seed generation counts affine-Toeplitz
hash evaluations and binary convolution operations; these are not field or ring
multiplications.

For an augmented relation with R; rows, structured aggregation uses J; —1 =
[R;/4] — 1 general multiplications in K to advance the powers of (;, together
with linear basis operations for the four positions in each group. The k£ = 1024
profile has ). (J; — 1) = 68618. Both parties perform the deterministic expan-
sion. Applying the resulting rows to the public relation is counted through the
structured forward and transpose operators, not through a dense 3 x R; matrix.

The remaining backend ledger distinguishes full R, products, products by
bounded public coefficients, ring additions, radix decomposition, centered coef-
ficient operations, and integer norm checks. Literal CRS storage is 16 203 264
bytes for the selected k = 16 profile and 197147 136 bytes for & = 1024.
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