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Abstract

Based on techniques discovered in the better.codes autoresearch project, we show
that Reed-Solomon codes of rate p and block length n over a field of sufficiently large
characteristic, have C - n list size bound when requiring fractional agreement o with
a received word; where C, « are constants depending only on p and a < ,/p. This
complements the recent breakthrough results [BCP™ 26, [Jer26] achieving n¢ list size
bounds with agreement p + € for any constant ¢ > 0 with an unspecified constant
exponent c.

1 Introduction

The Johnson bound[Joh62] tells us that for any Reed-Solomon code of block length n
and rate p the number of codewords having fractional agreement ,/p + € with any vector
y € F" is at most a constant C,.. What happens at and below agreement ,/p for
RS codes has long remained unsolved. The recent better.codesE] autoresearch project
has seemed to “break through Johnson”, albeit for a specific RS code of block length
n = 218, [BCP*26] extrapolated and built on ideas from better.codes, and managed to
show for general RS codes over prime fields, list sizes stay polynomial in ¢ = |F| while
only requring agreement p + € for any constant € > 0 (and moreover, the list of close
codewords can be efficiently found). Subsequently, Jeronimo [Jer26] showed that for the
same fractional agreement list sizes can be bound polynomially in the block length n -
which is crucial for applications of RS codes in zk-SNARKSs where ¢ >> n. However the
exponent in the polynomial is unspecified in [Jer26] and seems large. In this note, we
have two goals.

o Illustrate the ideas from better.codes in a simpler way than [BCP™26, [Jer26], by
only going a “bit beyond Johnson”. Technically, this corresponds to only needing
to look at the first derivative of a polynomial, as opposed to a large enough number
of derivatives as in [BCP™26, [Jer26].

1See better.codes| online.


better.codes

e Obtain a linear in n bound on the number of close codewords rather than an
unspecified polynomial number as in [Jer26].

We introduce some notation to present our main result.

Notation and terminology for the main result: [ denotes a finite field of size ¢q. k,n

denote integers with 0 < k < n < gq. We denote vectors in " in bold letters, and their

coordinates in non-bold letters. For example for x € F” we denote x = (x1,...,zy). Fix

any x,y € F". Fix any 0 < a < 1 and let a := [an]. We denote by agree,(RSk, x,y)

the set of polynomials f € F_;[X] such that f(x;) = y; for at least a values i € [n].
Our main theorem is

Theorem 1. Fiz any 0 < p < 1. Then there is a constant 0 < o < /p and positive
integers d, C' depending only on p such that the following holds. Fix any positive integers
k <n with k/n < p. Let p > max{d, k} be prime and q = p* be a power of p larger than
n. Let F be the field of size q. Then for any x,y € F", we have

lagzee, (RSk,x,y)| < Cn.

1.1 Overview of Techniques:

To understand the result, it is instructive to go all the way back to Sudan’s original
paper on list-decoding of Reed-Solomon [Sud97].

The Sudan list decoding algorithm:  The basic idea of [Sud97] is to construct a non-zero
bi-variate polynomial Q(X,Y’) such that for any f € F_,[X] close to our received word,
we have Q(X, f(X)) = 0. In other words, f is a root of () as a univariate polynomial
in Y over F(X). The main question, which all subsequent optimizations deals with, is
how close f has to be to be a root. Let’s sketch the calculation of that. Sudan allows in
@ all monomials XY/ such that the (1,k — 1)-weighted degree - namely i + (k — 1) - 7,
is smaller than a prespecified bound D. One can show there are at least D?/2k such
monomials. We put n constraints on Q)’s coefficients - that Q(x;,y;) = 0 for each i € [n].
An f agreeing with y on D locations has Q(z;, f(x;)) = 0 for D values i € [n]. This
implies in turn Q(X, f(X)) = 0 (identically as a polynomial). Thus, there can be at
most degy (Q) < D/(k — 1) such f. The essential thing is that we can indeed find a
non-zero () satisfying the constraints. For this we need the number of coefficients to be
at least the number of constraints. Namely,

D?/2k > n,
translating to D > v/2kn. Dividing by n we get
a:=(D/n) > /2p.

Namely, fractional agreement o = 1/2p with y is sufficient for f to be a root of Q.



Guruswami-Sudan introduce multiplicities: [GS99] essentially pushed the required frac-
tional agreement down to \/p. They did this by looking at roots of high multiplicity.
Given (z,vy), look at a shifted version of Q:

Q(X,)Y)=Qx+ X,y +Y).

Q(z,y) = 0 is equivalent to Q'(z,y) having a zero constant coefficient. Motivated by
this, we can constrain in addition to Q(z,y) = 0, that all monomials X*Y7 of Q' total
degree i + j < m vanish. This is useful for the following reason: f(x) =y now implies
that Q(X) = Q(X, f(X)) has a zero of multiplicity m at x as a univariate; namely
that (X — x)™ divides g. This reduces by a factor of m the amount of agreement points
of f with y needed, to obtain g = 0.

On the other hand, we have increased the number of constraints: each (z;,y;) will
have (") constraints corresponding to the monomials X'Y7 of Q" that need to vanish.
One can show that as m grows the number of constraints grow slow enough, and conse-
quently [GS99] can list decode from agreement close to /p rather than [Sud97]’s v/2p.
Roughly speaking - this is because (T;) ~ m?/2 rather than being close to m?. This two
in the denominator precisely ends up cancelling the factor of two in Sudan’s required
agreement.

Multiplicity codes:  Kopparty [Kopl5] and Guruswami and Wang [GW11] noticed that
we can list-decode from smaller agreement if the codeword additionally contains deriva-
tive evaluations. Namely, for some parameter d, a codeword symbol will contain in
addition to f(z;), the values fM)(z;),..., f@(z;) - where ) denotes the j’th deriva-
tive of f. The basic reason is that this gives us more data from which to interpolate
our (). Namely, we can work with a d 4+ l-variate () that we require to vanish at a
point (x;,1;) where now y; € F4*! is the i’th symbol of the received word, containing
the purported derivative evaluations at x;.

The novelty of better.codes - “hidden derivatives”: ~ The main noveltyP] in better.codes is
observing that also for the RS code, it pays off to construct @) vanishing at a “jet curve”
(X, f(X), f/(X)). This can seem surprising at first - the received word doesn’t contain
derivative values, so how can we construct Q7 Let us illustrate this. Suppose f agrees
with received word y at index i. We’d like to enforce Qf(x;) = Q(xi, f(xi), f'(z5)) =0
assuming f(z;) = y;. Since we don’t know f’(x;), our only way to do this is to constrain
that Q(x;,vi, Z) = 0 identically as a polynomial in Z. This seems quite expensive in
terms of the number of constraints. Specifically, if we allow degree s in Z, it translates
to s + 1 linear constraints on the coefficients of (). The point, however, is that when we
enforce Qf(x;) vanishing at higher multiplicities, because of the way derivatives of Q
and @ interact via the chain rule we can save constraints. For example, use the chain
rule to get

QY (i) = Qx (i, yi, f'(2:)) + Qv (@i, yiy [1(2:) [ (2:) + Qz (@i, yis () [ (i)

It seems the hidden derivatives approach was initiated by Bartosz Naskrecki:
https://github.com/proximity-prize/proximity-prize/pull /122.




We want to ensure Q’f (z;) = 0. Since, again, we have no information about the values
f(x), f"(z;) we need to constrain the polynomial

F(Z7 R) = QX(':EZvyZ’Z) + QY(xz7y27Z)Z+ QZ($27yZ>Z)R

to be identically zero. When deg,(Q) < s, F has 2(s + 1) coefficients that are linear
combinations of @’s coefficients. However, we get for free Qz(x;,yi, Z) = 0 as it is the
derivative of Q(x;, y;, Z) which we already constrained to be zero - saving us s constraints.

2 Preliminaries

Notation: As in the introduction, F denotes a finite field of size ¢ and characteristic p.
Denote by L the algebraic closure of F(X). For Q(Y, Z) € L[Y, Z] we denote by zeros(Q)
the set of all (z,y) € L? with Q(z,y) = 0.

When discussing polynomials we at times omit the variables for notational clarity;
e.g. f instead of f(X) for f € F[X]. For (s,t) € K2, we use the notation

Bezout's theorem: We use the following corollary of Bezout. (Recall our L is alge-
braically closed.)

Theorem 2. Let T(Y,Z) € L[Y, Z] be an irreducible polynomial . Let H € L[Y, Z] be
any non-zero polynomial such that T’ doesn’t divide H. Then

|zeros(T') N zeros(H )| < deg(T)deg(H).

3 Main argument structure

Given f € F;[X] and Q € F[X,Y, Z] we define the jet polynomial of f with respect to
Q as
Qr(X) = Q(X, f(X), (X))

Now, there are two components needed. The first is constructing a low-degree @) such
that @ is the zero polynomial whenever f has large agreement with y.

Theorem 3. Fiz 0 < p < 1. There is a constant 0 < p < a < /p, and positive
integer d both depending only on p such that the following holds. Fir any x,y € F™.
There exists a non-zero polynomial Q € F[X,Y, Z] with degy z(Q) < d such that any
f € agree, (RSk,x,y), we have Q¢(X) = 0.

The second component is showing any such () cannot have many “roots” f that have
large agreement with y.

Theorem 4. Fix any constants o, p with 0 < p < a < /p < 1, and positive integer
d. There is a constant C depending only on o, p,d such that the following holds. Let F
be a field of characteristic larger than max{d,k}. Let Q € F[X,Y,Z] be non-zero with

degy ~(Q) < d.



Then for any x,y € F" the number of f € agree,(RSk,x,y) with Q5 = 0 is at most
Chn.

It is immediate that the two theorems imply Theorem

Proof. Of theorem[T]Given 0 < p < 1 take the constants «, d obtained from p in Theorem
Now given k,n,x,y, let @ be the polynomial obtained from Theorem [3| such that for

all f € agree,(RSk,x,y) Q(X, f, f') = 0 with degy ,(Q) < d.
Now apply Theorem {4| to x,y, @ to obtain that the number of f € agree,(RSk,x,y)

with Q(X, f, f') = 0is at most C'-n. Since all f € agree, (RS, x,y) satisfy Q(X, f, f') =
0, we get
lagree,(RSk,x,y)| < C-n.

This proves Theorem

It is left to prove Theorems [3]and [4 This is done in the next two sections.

4 Interpolation

In this section we prove Theorem [3]

Terminology: For integer h we denote (h)y := max{h,0}.
We make a non-standard definition of a tri-variate polynomial Q(X,Y, Z) vanishing
with multiplicity at a point (z,y) € F2.

Definition 4.1. Fiz a polynomial Q(X,Y,Z) € F[X,Y, Z] such that deg,(Q) < s. Fix
any x,y € F. Let
P(X,Y,Z) = Q(z + X,y + XY, Z).

We say that Q vanishes with multiplicity m at (x,y) if we can write for some polynomial

D€ F[X,Y, Z].
P(X,Y,Z) ZXT (Y,Z)+ X"D(X,Y, Z),

such that for each r € {0,...,m — 1}, C, is a polynomial (only) in Y,Z with (Y —
2y rC(Y, Z).

The following claim demonstrates the usefulness of the above definition. In words
- if @ vanishes with multiplicity m at (z,y), f(x) = vy implies that @ vanishes with
multiplicity m in the standard sense for a univariate.

Claim 4.2. Fiz Q(X,Y,Z) € F[X,Y, Z] such that deg,(Q) < s. Fiz x,y € F such that
Q vanishes with multiplicity m at (v,y). Let f € F<;[X] satisfy f(x) =y. Then Qs(X)
is divisible by (X — x)™



Proof. Define the so-called secant polynomial Sy of f at x:

5100 = LX) = F0) _ flo+ 20 -

We have f(z+ X) =y + X - S¢(X). Taking derivatives

fllz+X)=8p(X)+ X - S(X).

Thus, the difference between the Sy and f'(z + X) is a multiple of X - and we will use
this shortly.

As before, define P(X,Y,7) := Q(z + X,y + XY, Z). Substituting Y = 54(X), Z =
fl(x+ X) we get

P(X, Sp(X), f'(z+X)) = Qa+X, y+X-S¢(X), f(24+X)) = Q(z+X, f(z+X), f'(z+X))

The vanishing of @ with multiplicity m at (z,y) implies that for some polynomials
{B,(Y,Z)}o<r<m and D(X,Y, Z)

m—1
P(X.Y,2)= Y X"(Y = Z2)""B,(Y,Z) + X"D(X,Y, Z).
r=0

We thus have

= Qy(z+X).

F(z+X) ZXT SH(X)—f (2+X))™ " Bp(Sp(X), f/(2+ X))+ X™D(X, S7(X), f/ (24 X))

m—1
= S XXX ) B (S4(X), £ (@ + X)) + X"D(X, S;(X), (& + X)),
r=0

— XS X BA(S(X), f(e + X)) + X™D(X, 55(X), (a4 X)),

which is clearly a multiple of X™. O

The following claim will upper bound the number of linear constraints required to
enforce vanishing with multiplicity at a point.

Claim 4.3. There is a universal constant Cy such that the following holds. Fixz any
s <m. Let
k=m?s/2 —ms?/2 + s3/3.

Fiz any x,y € F. There is a set of at most k + Co - m? linear constraints on the
coefficients of a trivariate Q(X,Y, Z) € F[X,Y, Z] that imply Q vanishes at (x,y) with
order m.



Proof. Fix r € [m]. We work separately with the homogenous components of each C,
enforcing for each one that it is divisible by (Y — Z)™~". Note that the Y-degree of C,
is at most r: Since we are looking at P = Q(z + X,y + XY, Z) the Y degree of any
monomial is at most the X degree, and C, (Y, Z) is multiplied by X". Thus, the total
degree of C, is at most r + s since deg,(Q) < s. Now fix 0 < ¢ <r+ s, and let C, 4 be
the g-th homogenous part of C,.. Write

”
Crg= CrgiY' 297"
i=0
Note that in fact the range of indices ¢ is smaller: as the Z degree is s, we can’t have a
monomial Y?Z97% unless ¢ — i < s; equivalently, unless i > ¢ — s. In this context, define
the interval D, , of valid indices:

Drq:=1[(q¢—5)+,(g—95)++1,....,min{r,q}].

Thus, we in fact have
> gV 2
1€D, 4
Denote d,. 4 := |D;4|. Thus, we have d, ; = min{r,q} — (¢ —s)+ + 1.

Note that we can always enforce (Y — Z)™~" dividing C, ; using at most d, 4 linear
constraints: Each coefficient ¢, 4; is a linear combination of @’s coefficients, and we can
simply enforce all of them to be zero.

On the other hand we can always enforce the same divisiblity condition by at most
m — r linear constraints: To see this, define the univariate polynomial

hY) = hrg(Y) = Crg(Y,1) = > crgiY
ZED'rq
We claim it suffices to constrain (Y — 1)™" divides h(Y): Assume that indeed h =
(Y —1)"""g(Y). We have that C, (Y, Z) = Z9n(Y/Z), so this would imply

Crg=2Y/Z -1)""g(Y/2)

We can assume that ¢ > m — r (otherwise we already know that d.q < ¢+1<m—r
constraints suffice), so the expression is

= (Y = 2"z (Y 2),

which is divisible by (Y — Z)™~". Finally, it is know that enforcing (Y — 1) "|h(Y)
translates to m — r linear constraints on h, 4(Y)’s coefficients, which in turn translates
to m — r constraints on (Q’s coeffcients.

Thus, the total number of constraints to enforce () vanishing with multiplicity m on
(z,y) is bounded by

m—1r+s
Z Z min{m —r,d, 4}
r=0 ¢=0

and we must upper bound this quantity. We begin by upper bounding T;()l gig drg

and later will subtract a lower bound on what the minimum with m — r reduces.



Bounding the sum of d,.; values Fix r. Z r+s o drq corresponds very simply to the number
of all monomials Y*Z7 where 0 <i <r,0 < j < s (each such monomial will be in some
homogenous component of C;). Thus ZT+S drg=(r+1)-(s+1)and

m—1r+s m—1
Zidrq— s+1)Y (r+1)=(s+1)(m+2)(m+1)/2.
r=0 q=0 r=0

lower bounding the sum of differences (d, ; — (m —7))4. Define A, ; = (dyg— (m—7))4.
Note that our number of constraints is precisely

m—17r+s

D, D (drg=Arg)

r=0 q=0

Thus we need to lower bound T:Bl Zgig A, in order to get an upper bound on the
number of constraints.

We claim that Z’;rg Arg=2r+1-—m)(s+1—(m—r)): Recall how before to
compute ZHS d,, we were thinking of the grid of all 0 <i < r,0 < j <'s. For a given
0 < ¢ <r+s, the pairs (4, 7) in the grid contributing to d; ; are on the diagonal line of
pairs (¢,q — £). It can be seen that removing from this grid the upper left rectangular
grid of size r +1 — (m —r) x (s + 1) — (m — r) exactly removes from each D, , options
beyond the first m — r - if such exist. We thus have

m—1r+s
ZZAr,q: Z (r+1—m-—-7r))(s+1—(m—r))
r=0 ¢=0 m—s<r<m

Turning this into a sum on h := m — r instead

s—1
= Y (m+1-2h)(s+1—h)=s(s+1)(m+1)+ > —(m+1)h— (s+1)2h + 21°
0<h<s h=0

=s(s+1)(m+1)—(m+1+2(s+1))(s+1)s/24+2s(s+1)(2s+1)/6

Note that all the pescy +1’s will resut in terms that are O(m?), so we can write (using
s < 'm) this as
> ?m/2 — s°/3 — Cm?

for some universal constant C.

Summing: Thus, the number of constraints is upper bounded by

sm?/2 — s*m /2 + 53 /3 4+ C - m?



Let D := amn. Define D to be the set of coefficients with weighted degree smaller
than D and Z-degree at most s.

D:={XYIZ%+ (k—1)j+ (k-2 <D,0<(<s}

Next, we need to lower bound the number of coefficients. One can prove using
coefficient counting similar to [GS99] for example that

Claim 4.4. For a universal (possibly negative) constant Co we have
ID|/n > (a?/p) - m?s/2 — ams®/2 + ps® /6 + Com?
Our main “interpolation lemma” is

Lemma 4.5. Fiz 0 < p < 1. There are constants p < o < /p, and C' depending only
on p such that the following holds. Fix any x,y € F". There exists Q € F[X,Y, Z] with
non-zero coeffcients only at monomials in D such that Q) vanishes with multiplicity m
at (x;,y;) for each i € [n].

Proof. To guarantee a non-zero () vanishing with multiplicity m at each (x;,v;), we
need the number of coefficients available divided by n to be larger than the number of
constraints required for such vanishing. Omitting the O(m?) terms, using Claims
and [4.4) the lower bound on the number of coefficients, and upper bound on number of
constraints are respectively

e (a2/p)-m?s/2 — ams?/2 + ps3 /6.
e m?s/2 —ms?/2 + s3/3.
Dividing both quantities by(m?s)/2, and denoting o := s/m, we get
« (@?/p) —ao +(p/3)0”.
e 1—0+2/302%
Subtracting the second line from the first, we get

-2
P o2

(®/p—1)+(1—a)o+

We wish to ensure this quantity is strictly larger than zero. In such a case, we can take a
large enough constant m so that it remains positive when we add the O(m?) terms in the
exact expression. Since the o2 coefficient is negative, we can find the unique maximum

according to where the derivative vanishes. This occurs at o = ?2’((2:(;)) . Substituting this
value we get
2 3(1 — 2
o 30-a)7
p 42 -p)
It is easy to see this expression will be positive for some a < /p: At o = |/p the first
_ 2
two terms cancel out, and we are left only with % > 0. So by continuity there



must be a < /p that leaves this expression positive. As a concerete value, what can
— (1—v/p)*
take for example o := /p (1 — T)'
O

Finally, we prove Theorem

proof of theorem[3. Use Lemma to get ) vanishing with multiplicity m at each
point (z;,y;). Given f € agree,(RSk,x,y) we have from Claim that Qr(x;) =
Q(xi, f(x;), f'(x;)) vanishes with multiplicity m for the [an] agreement points of f with
y. Since deg(Qs) < amn this implies Q is identically zero as required. O

5 Bounding the number of roots

In this section we show that a non-zero bi-variate Q € L[Y, Z] cannot have too many
“roots” f in the sense of Q(f, f’) = 0 that agree with a given received word y at many
places. We set some terminology in order to precisely state our claim.

Notation and Terminology In this section L denotes the algebraic closure of F(X).
We work throughout the section with a polynomial @ € F[X,Y,Z]. We denote d :=
degy (@) - meaning the total degree in variables Y,Z. We assume a, k,n,S,x,y are
defined as before. We assume the characteristic p > k. We say f € F.x[X] is a root of
Qif Q(X,f,f)=0and f(x;) = y; for at least a values i € [n]. In other words f is a
root of Q if f € agree, (RSk,x,y) and Q(X, f, ') = 0.

We denote by Qx,Qy,Qz € F[X,Y, Z] the derivatives of ) with respect to X,Y, 7
respectively. Denote H(X,Y, Z) := Q. We say that f is a regular root it H(X, f, ') #
0. Otherwise, we say f is a singular root.

Square-freeness: We sometimes think of @) as a bi-variate @Q € L[Y, Z]E| We assume
that Q(Y, Z) € L[Y, Z] is a non-zero bi-variate over L that is square free. That is,

QY. 2) = [Ty, 2)
i=1

where T; € L(Y, Z) is irreducible and gcd(7T;,Tj) = 1 for i # j. Note that we can move
to the square-free part of Q) from Section [4 without changing the set of roots f according
to our above definition.

We begin by showing that for a regular root f we can derive all its derivatives via a
differential equation.

3Note that every element of F[X,Y, Z] can be thought of as an element of L[Y, Z]; but the converse is
not true: An element of L[Y, Z] might have “weird” coefficients like VX and so does not naturally map
to a tri-variate in F[X,Y, Z].

10



Lemma 5.1. For each 2 < j < k there exists a polynomial F; € F[X,Y, Z] such that for
any reqular root f € F [ X]

H(X, f, f1)2-3
Furthermore, we have degy »(F;) < d-(2j —3).

Proof. We prove the lemma by induction on j. Fix a regular root f € F_;[X]. For
J =2: Since f is a root we know that Q¢ = Q(X, f, f’) is identically zero, and hence so
is Q’f. Using the chain rule for derivatives, recalling that H = Qz, we get

0=QX)=Qx(X, f, f)+Qv(X, £, ) f + HX, f, ) f".
As f is regular we can divide by H(X, f, f') and get

o Qx(X ) 4 Qv (XL L S
fX) == H(X, /, /')

Thus, if we set F»(X,Y, Z) := —(Qx + Qy - Z) we have
FZ(Xafvf/)/H(Xafaf/):f”(X)'

As degy. z(F2) < d this proves the induction base for j = 2.
Proceeding to the induction step, define for a tri-variate polynomial F[X,Y, Z],

EF)=H(Fx+Fy -Z2)-Fz(Qx +Qy - Z)

We have E(F)(X N
(rx gy = SIS
and degy. 7 (E(F)) < degy z(F) + d.
Now assume that
Fiy(X, f, f)

f(j) _ . .
HZ=3(X, f, ')

Let F' = Fj. Omitting below the substitution (X, f, f’) in all tri-variate polynomials to
avoid cumbersome notation, using the chain rule we have

E(F j— . i—4 6(H
gy - ST - (25 = 3) FHAS
H45-6

Multiplying numerator and denominator by H we get
_ §(F)HY3 — (2§ — 3)HY*F&(H)
- H45-5
Cancelling as many H factors as possible we get
_ 8(F)H —(2j — 3)F&(H)
o H2i-1 :
Define Fj1 := &(F)H —(2j—3)F&(H). Note that deg(Fj;1) < deg(F;)+2d < 2d+ (25—
3)d = (2j — 1)d, where we used the induction hypothesis for j in the second inequality.
Since (25 — 1)d = (2(j + 1) — 3)d this proves the induction step for j + 1.

O]

11



“Formal derivative” evaluation equation

5.1 The A; curves

To get a good bound on the number of regular roots, we need to show they are contained
in many intersections of zeros(Q)) with other curves. For this purpose, first define

R(Y,2):=Y/H*(Y, Z),F\(Y, Z) := Z/H(Y, Z).

Note that while Fp, F} are not polynomials, they satisfy the formula in Lemma [5.1]
Namely, for j =0,1
H2i—-3
for any regular root f.
Now define for i € [n]
XV
Ai(Y, Z) = Z (%7)

e Z)H**=D=2 — f2Rhy,
0<j<k :

The point is that when z; is an agreement point for f, (f, f’) will be contained in
A;.

Claim 5.2. For a regular root f, (f, f') € zeros(A;) when f(x;) = y;.

Proof. We will use the following “evaluation via formal derivatives” formula that holds
for any f € Fi[X] and x € F:

f(z) = Z LX)jf(j)(X)

1l
o<j<k
Fix i € [n] and a regular root f. From Lemma we have for all j

F(X, f, f)

f(j) - /.
H(X, f, )53

We substitute this expression for the derivatives of f inside the aforementioned evaluation
formula and get

0§j<k2 ]' H(X?f7f/)2']73
Multiplying by H(X, f, /)75 to clear denominators, we have

H(X, f f 5 ) = 30 WH(X, £ fPED2R(X £, ),

0<j<k

Now, observe that when f(x;) = y;, this is precisely the equation defining A; evaluated
at (f,f’). That is, A(f, f') = 0. O
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We want to use Theorem [2 to bound the intersections zeros(1") N zeros(A;) of irre-
ducible components T' of () with the A; curves. For this, we need to deal separately with
the cases where T divides A;, which we do next.

Claim 5.3. Let T be an irreducible component of Q. If T|A; for at least k values i € [n]
then T contains at most one reqular root of Q.

Proof. For each i € [n] T|A; implies that for any f € T, A;(f,f') = 0. When f is a
regular root this implies f(x;) = y;. If that holds for k different ¢ € [n] there is a unique
f € F.;[X] that satisfies these constraints. O

Now we are ready to bound the total number of regular roots in an irreducible
component.

Lemma 5.4. Fix any irreducible componentT of Q). Then T contains at most (”_k)(z(lzii))ddeg(ﬂ <

i;_’;(Qk — 3)ddeg(T) regular roots.

Proof. If T|A; for k values i € [n] the claim follows from Claim Assume otherwise.
Call A; good if T doesn’t divide A;. For such ¢ we can conclude by Theorem [2] that
|zeros(T') N zeros(A;)| < (2k — 3)ddeg(T") Let N be the number of regular roots in 7.
Each such f is contained in good A; for at least a — k i’s. So we have

(a—k) N < (n—k)(2k — 3)ddeg(T),

implying

N < (= R)(2k Z)ddeg(T)

5.2 The singular case

Now we bound the number of singular roots of an irreducible component T" of Q).

Claim 5.5. Assume that char(L) > d. If T is an irreducible component of Q. Then the
number of singular roots f € T is smaller than deg(T)d.

Proof. Suppose first that 7'+ H. Any singular root f satisfies H(f, f') = T(f, f') = 0.
Since T is irreducible we have from Theorem [2] that the number of singular roots in T
is at most deg(T") - deg(H) < deg(T)d.

Now suppose T' divides H. We show this implies Tz = 0: Recall that @ is assumed
to be square-free. Write Q = T - R for R with ged(T, R) = 1. Now take the derivative
of ) in variable Z using the product rule. E|

H=Qz=T7R+TRy

4Observe that the derivative of Q in Z as a bi-variate over L is the same as its derivative H = Qz
by Z as a tri-variate in F[X,Y, Z].
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If T divides H we can write for some P € L[Y, Z]
TP=T7R+TRyz

which implies
T(P—Rz)=TzR

Now look at two cases. If Tz # 0 then we must have that T divides Tz. But this
is impossible since deg(7Tz) < deg(7’). Suppose that Tz = 0. Since char(L) > d this
implies 7" doesn’t depend on Z. SoT' = T(Y'). Thus, any root f contained in 7', satisfies
T(f) = 0. In other words, f is an actual root of T" as a univariate polynomial over L;
and so, there can only be degy (T') roots (regular or singular) contained in 7T

U

5.3 final calculation

Proof. (of Theorem {)) First note that given any non-zero ) € L[Y, Z] as in the theorem
statement, we can always move to the square free part of (). This doesn’t increase the
degree d or change the set of roots (f, f'). Let n := (d + i;_’;(Qk — 3)) In summary,
according to Claims [5.5] and the total number of roots in a component 7" is at most
ndeg(T") and so the total number of roots is at most 1 - d. Define C := 2pd(d + i;_’;)
Using 2k — 3 < 2pn we have that the total number of roots is at most Cn. Noting that
C is indeed a constant depending only on d, «, p, this concludes the proof. ]
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