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Abstract. Generic divisor-addition formulas use little arithmetic workspace. However, these formulas
fail on exceptional inputs. We prove a randomized reduction that allows quantum phase computation to
use these formulas. The reduction uses two independent public group seeds over a finite abelian group
of odd order. For each fixed input, the two children at each node of a complete balanced addition tree
are independent and uniform. The density of exceptional pairs then bounds the total failure probability
and the error of the randomized quantum channel.

We apply the reduction to an odd prime-order subgroup of size r in a genus-two Jacobian over F,. Here
q is an odd prime. The curve model is a monic quintic with zero quartic coefficient. The construction
uses an integer lift of weighted Mumford arithmetic, a terminal polynomial for phase computation, and
an independent shifted Legendre symbol. These components give useful-sample probability 1 — O(L/q)
on the exact domain Z2 when r = ©(¢*). The notation Z, denotes Z/rZ, and L is the number of tree
leaves. This bound assumes exact preparation and Fourier readout. Explicit height certificates, streaming
CRT reconstruction, and clean modular primitives give a sampler that uses 10n 4 o(n) logical qubits.
This count includes both scalar registers, and n = [log, q] is the field bit length. The model allows
intermediate measurements, reset, and classical feedforward.

For the Gaudry—Schost instance over Fyi27_;, a 16-bit window gives an analytic allocation of 1,923
qubits, compared with 2,172 and 3,063 qubits for the matched Huang et al. and Chen et al. module
schedules. These schedules retain the same scalar inputs. The bound for a capped run is below 2°°
Toffoli gates. A 32-bit window uses 1,618 qubits, but its Toffoli bound is about 27%43 and its classical
tables contain at most 23¢ entries. Rotation synthesis is charged separately. These estimates describe an
explicit space—time tradeoff.

Keywords: quantum discrete logarithms; genus-two Jacobians; reversible divisor arithmetic; Legendre symbol;
output compression.

1 Introduction

Shor’s algorithm factors integers and solves the discrete logarithm problem in finite cyclic groups in polynomial
time [38]. Its implementation requires reversible group arithmetic. This arithmetic determines much of the
quantum gate count and the number of logical qubits. Resource estimates therefore help us assess the cost of
quantum attacks on public-key cryptography.

Several works have reduced the quantum space needed to factor RSA moduli. We use B for the bit
length of an RSA modulus. Beauregard’s circuit uses 2B + 3 logical qubits [2]. Haner, Roetteler, and Svore
gave a 2B + 2-qubit implementation with Toffoli-based modular multiplication [21]. Chevignard, Fouque,
and Schrottenloher later reduced the asymptotic width to B/2 + o(B) for balanced RSA moduli [8]. Their
construction combines residue arithmetic, output compression, and the Ekera—Hastad short-discrete-logarithm
algorithm [17]. It computes a small part of the modular-exponentiation output with sublinear workspace.
The algorithm uses repeated quantum samples and classical postprocessing. Gidney further optimized the
residue-arithmetic approach and reported an estimate of 2,043 logical qubits for a 3,072-bit RSA modulus [19].

Researchers have also reduced the space needed for elliptic-curve discrete logarithms over prime fields.
Here n denotes the bit length of the base-field prime. Proos and Zalka proposed a register-sharing method
with an asymptotic allocation of 5n + o(n) logical qubits [33]. Roetteler et al. [35] and Héner et al. [22] gave
explicit arithmetic circuits and detailed resource estimates. Chevignard, Fouque, and Schrottenloher then



developed an output-compression approach with 3.12n 4 o(n) logical qubits [10]. This reduction requires a
larger quantum gate count.

Arithmetic optimization provides another route to lower space use. Luo et al. [30] gave a prime-field
elliptic-curve algorithm with 3n +6|log, n| +O(1) logical qubits. Their construction uses a compact reversible
inversion circuit, register sharing, intermediate measurements, and classical feedforward. These developments
show that both the arithmetic implementation and the information retained for period finding affect quantum
space.

Genus-two Jacobians provide a natural setting for this problem. A reduced divisor of degree two is
specified by four field coefficients. A quantum circuit must also store temporary values for divisor addition
and normalization. Huang et al. [24] estimated these resources over prime fields. Chen et al. [7] later gave
explicit circuits over Mersenne prime fields. These works provide concrete arithmetic baselines. They also
motivate the question studied here: how much quantum space can we save if we compute only the information
needed for Fourier sampling?

Shor’s algorithm and output compression. Let C be a genus-two curve over an odd prime field F,. Let
G = (P) C Jac(C)(F,) have known odd prime order r. We write Z, = Z/rZ and use 0, ...,r — 1 as register
representatives. The notation [a]D denotes scalar multiplication of a divisor class D. Given @ = [k]P, we
seek k € Z,. The group-valued function

F(a,b) = [a]P + [b]Q, (a,b) € 72,

satisfies F'(a + k,b— 1) = F(a,b). Quantum Fourier sampling uses this periodicity to recover k. A standard
evaluation circuit stores a canonical representation of F'(a,b) before the Fourier stage.

Output compression replaces this representation with a smaller value that preserves enough information
about the period. May and Schlieper [31] studied this approach for period finding. Chevignard, Fouque,
and Schrottenloher (CFS) [10] developed a concrete construction for elliptic curves over prime fields. Their
construction lifts projective-coordinate formulas to the integers and evaluates them through a residue number
system. It then uses a Legendre symbol to compress the output to one bit. This method avoids field inversion
during the compressed evaluation. It reduces quantum storage at the cost of more gates. The space saving
comes from computing the compressed value directly. A circuit that first computes a full group element still
reaches the peak width of that evaluator, even if it later compresses the result.

The genus-two case. An extension to genus two requires additional arguments. Cantor’s algorithm provides
complete divisor arithmetic [5]. Earlier work also gives explicit weighted coordinates and inversion-free
addition laws [28,13,23,32]. Our construction uses a generic weighted Mumford formula. This formula can fail
when a denominator vanishes or a reduced divisor has lower degree. A quantum circuit must account for
these exceptional inputs.

Two further issues arise. First, integer lifting enlarges the intermediate values. Their size determines how
many auxiliary moduli the residue computation needs. Second, a phase that is invariant under coordinate
scaling need not produce useful Fourier samples. We must therefore control exceptional additions, bound
integer growth, and prove the sampling property of the chosen phase.

Contribution. We give a compressed discrete-logarithm sampler for curves with a square-free monic quintic
model C : y?> = f(x) whose quartic coefficient is zero. Section 2 states the model assumptions. We write
n = [log, q] and m, = [log,r]. For r = ©(¢?) and window width w = O(log, n), our sampler uses at most
10n+o(n) logical qubits. This bound includes both m,-bit scalar registers. We count peak live logical qubits in
a model that allows intermediate measurements, reset, and classical feedforward. The classical preprocessing
and quantum arithmetic have polynomial cost under this window choice. Theorem 6.1 states the full result.
The construction has two main components within the output-compression and residue-arithmetic framework
of CFS [10]. Binary Jacobi evaluation [37] and measured tree evaluation [27] supply the phase and cleanup
methods.

First, we randomize the leaves of a complete balanced addition tree using two independent uniform public
group seeds. For each fixed scalar input and each internal node, the two true child sums are independent and
uniform. This property turns the density of exceptional pairs into a failure bound that holds uniformly over
inputs. For a genus-two tree with L leaves, the bound is (L — 1)(14¢ + 3)/r. We also obtain an error bound



for the randomized quantum channel. This bound averages over the fresh seeds and retains their classical
records. The input and any reference system must be independent of those seeds. The masking argument
applies to finite abelian groups of odd order and does not depend on the genus-two coordinate system. It
builds on affine randomization [6] and the random translations used in earlier quantum discrete-logarithm
analyses [33,35].

Second, we give an integer lift of the weighted Mumford formulas and a reversible schedule for the
compressed phase. An independent uniform shift v € F, defines the shifted Legendre phase. A terminal
polynomial of degree at most 19 evaluates this phase without field inversion on generic inputs. We evaluate the
polynomial modulo small auxiliary primes and use streaming Chinese remainder reconstruction to obtain its
value modulo ¢. Explicit height bounds determine the required prime product. A shared evaluation schedule
and its inverse clear the temporary registers. These bounds and cleanup certificates make the quantum-space
estimate explicit. The integer lift and its reversible implementation are our arithmetic contributions beyond
the existing coordinate formulas.

We prove the useful-sample bound for uniform inputs on the exact domain Z2. With exact preparation
and Fourier readout, the probability is 1 — O(L/q) when r = ©(¢?). Each run uses fresh tree seeds and an
independent Legendre shift. The finite bound also includes preparation, Fourier, and rotation-synthesis errors.
Every accepted candidate is checked classically by [k']P = Q.

Resource estimates. We evaluate the construction on the Gaudry—Schost instance over Fai27_;. A 16-bit
window gives an upper bound of 1,923 logical qubits and a capped-run bound below 2° Toffoli gates. The
classical leaf tables contain at most 22! entries. For comparison, the matched schedules derived from the
addition modules of Huang et al. and Chen et al. use 2,172 and 3,063 qubits, respectively. All three schedules
retain the same 500 scalar-input qubits. These comparisons refer to the specified module allocations; they do
not establish optimality over all circuit designs.

A 32-bit window further reduces the allocation to 1,618 qubits. Its Toffoli bound is about 27%43, and its
classical tables contain at most 236 entries. The quantum gate estimates include reversible table selection,
reconstruction, cleanup, preparation, and Fourier readout. Rotation synthesis is charged separately. These
estimates show an explicit tradeoff: the construction saves logical qubits, but it requires substantially more
gates and classical storage. Section 6.2 gives the detailed comparisons.

Organization of the paper. Section 2 introduces the curve model and reversible arithmetic. Section 3 recalls
compressed Fourier sampling on the exact input domain and fixes the resource conventions. Section 4 constructs
the shifted Legendre phase and its terminal polynomial. Section 5 gives the residue tree, height bounds,
reconstruction, and masking theorem. Section 6 combines these results into the sampler and evaluates its
resources. Section 7 discusses the remaining questions. Appendices A-E contain proof details, implementation
certificates, and comparison data. The accompanying source archive contains the verification programs and
their recorded results.

2 Hyperelliptic Curves and Arithmetic

This section starts with reversible arithmetic over the base field. It then specifies the curve and subgroup used
in the discrete logarithm problem. Finally, it specifies the canonical Mumford encoding and recalls complete
divisor arithmetic and its standard reversible implementation.

2.1 Arithmetic over the base field

Modular multiplication, modular squaring, and modular inversion are comparatively costly operations in
quantum finite-field arithmetic. We briefly describe their algorithms and summarize the quantum resources
required to implement them. Let ¢ be an odd prime, and set n = [log, ¢]. Each element of F, is represented by
its canonical residue in {0,...,q— 1}, using an n-qubit register. The resource estimates count peak live logical
qubits, including all source, target, and workspace registers, and Toffoli gates for the complete computation
and workspace cleanup.



Multiplication. We implement multiplication by the clean accumulation map
2,y,2,0) — |2,y,2 + zy mod ¢,0),  0<z,y,2<q.

The target is distinct from the sources and may hold any canonical residue. Both sources are preserved and all
workspace returns to zero. The Horner method scans the bits of y from most to least significant, alternating
controlled additions of z with modular doubling of the accumulator. Luo et al. [30, Appendix B] implement
each controlled addition with 11n + O(1) Toffolis and each doubling with 6n + O(1). Their zero-target
multiplier uses n additions and n — 1 doublings, giving 17n2 + O(n) Toffolis and 3n + O(1) logical qubits.
To accumulate into an arbitrary initial target z, we first replace it by 2~ ("~ 2 mod ¢. The subsequent scan

returns
n—1

gn—1 (27(”71)2 mod q) + Z y;2) =2+ 2y (mod g).
§=0
The n — 1 initial halvings have the same cost as modular doubling. Our complete multiplier therefore uses
3n + O(1) logical qubits and

n(1ln+ O(1)) 4+ 2(n — 1)(6n + O(1)) = 23n*> 4+ O(n)

Toffoli gates. The fixed-modulus arithmetic uses the measurement-assisted adder of Gidney [18]; borrowed
source qubits are restored after each block, with the prescribed measurement-dependent phase corrections.

For a Mersenne prime ¢ = 2" — 1, the congruence 2" =1 (mod ¢) makes modular doubling and halving
cyclic bit rotations. The all-zero word represents zero, and the all-one word ¢ is excluded. Rotations preserve
this canonical encoding and use no Toffolis. Combining them with the Luo controlled adder reduces the
complete multiplication cost to 11n24O(n) Toffolis, with the same 3n+O(1) width. A coherent implementation
of the same rotation method uses 4n + 4 logical qubits and 16n2 — 5n Toffolis; see (45). The cyclic-shift
approach also appears in [11,7].

An alternative computes the 2n-bit integer product and reduces it by folding the high half into the low
half. Writing xy = ¢¢ + 2"c¢1, the reduction is

s=rcy+c, zymod g = s — qls>g, 0<s5< 2,

where 1g denotes the indicator of E. One conditional subtraction suffices, including when s = ¢. After
the reduced product is added to the target, the fold and integer product are uncomputed. This complete
construction uses 7n + 4 logical qubits and 8n? + 28n — 15 Toffolis (Appendix E.2). It follows the Mersenne
reduction used in [25, Appendix A]. For n > 4, its gate bound is smaller than that of the coherent rotation
multiplier, at the cost of 3n additional qubits.

Squaring. The corresponding clean accumulation map for squaring is
|z, 2,0) — |z, 2z + 22 mod ¢, 0), 0<z,2<q.

The source is preserved, the target is a distinct canonical-residue register, and all workspace returns to zero.
Squaring can be implemented by multiplication with equal operands. For the Luo Horner circuit, CNOT
gates first supply a separate copy of the source bits. After accumulation, the same CNOTs clear that copy.
The original source, copied source, and target occupy three n-qubit words. Consequently, this construction
uses 3n + O(1) logical qubits and 23n2 + O(n) Toffolis over a general prime field, or 11n? + O(n) over a
Mersenne prime field. Preparing and clearing the copy costs 2n CNOTs and no Toffolis.

Dedicated squaring also exploits the repeated partial products in

n—1 n—1
z? = 2%223‘ + Z xiiji“H, T = Zzﬂj.
§=0 0<i<j<n §=0
The diagonal terms require no nonlinear bit products, and each off-diagonal pair occurs only once. This
identity underlies the integer squarers in [12,15]. For the coherent Mersenne rotation circuit, the equality
x? = z; saves six Toffolis per controlled update and removes the need for a second source word. Its complete
square-accumulate map uses 3n + 4 logical qubits and 16n? — 11n Toffolis. The product-and-fold squarer uses
6n + 4 logical qubits and 8n? 4 24n — 15 Toffolis, including reduction, target accumulation, and reversal of
both temporary computations. As with multiplication, folding has a smaller gate bound for n > 4 and uses
3n more qubits. The constructions and their cleanup are described in Section 5.3 and Appendix E.2.



Inversion. Define invo(0) = 0 and invg(z) = 27! for x # 0. Normalization uses the clean inverse map
|z)]2)|0) — |x)|z @ invo(z))|0), 0<z<gq, =z€{0,1}".

Here @ is bitwise XOR, so the target may be any n-bit word. The extended Euclidean algorithm computes the
inverse by updating the remainders of (x,q) together with their Bézout coefficients. The terminal ged is one
for z # 0, and its coefficient of = gives 7! mod ¢. Luo et al. [30, Sections 3, 6.1-6.2] share registers between
shrinking remainders and growing coefficients, using length registers to locate the active data. Their forward
circuit replaces z by 21 and retains the Euclidean state needed for reversal. It uses at most 2n+6|log, n| +19
logical qubits and 229n? + O(n log, n) Toffolis.

Our clean interface adds an n-qubit target and one zero-input flag. We compute e = [z = 0], replace a
zero source by one, run the forward Euclidean circuit, and XOR its inverse into z when e = 0. Running
the inverse logical circuit then restores the source and clears the Euclidean state. Finally, the zero-input
substitution is undone and the flag is erased. The forward and reverse calls have the same cost; the zero tests
and controlled copy add 5n — 6 Toffolis. Thus the complete inverse uses

3n+6|log,n] +20 logical qubits, 458n2 + O(nlog,n) Toffoli gates.

These bounds include source restoration, the arbitrary XOR, target, and workspace cleanup. The measurement-
assisted blocks are implemented with their phase corrections, including in the inverse logical circuit.

For ¢ = 2™ — 1, a coherent binary Euclidean implementation gives a different tradeoff. Each of 2n — 1 fixed
rounds uses parity and comparison tests, controlled swaps and subtractions, and cyclic right rotations to
halve the remainder and its modular coefficient. Two recorded bits per round allow all updates to be reversed
after the inverse has been XORed into the target. This zero-completed construction uses 10n + 2 logical
qubits and 104n? — 80n + 14 Toffolis, with no intermediate measurements (Appendix A). Its larger width
buys a smaller quadratic gate coefficient. An independent binary construction for general odd primes is given
in Appendix A.

Resource summary. Table 1 summarizes these complete interfaces. Multiplication and squaring update
a canonical target by modular addition; inversion updates a binary target by XOR. All rows preserve
their sources and clear all workspace. The Horner rows and the Luo inverse adapter allow intermediate
measurements, reset, and classical feedforward; the other rows are coherent.

Table 1. Resource upper bounds for clean base-field arithmetic, including all input and target registers and workspace
cleanup. The Horner bounds include compensation for a nonzero initial target; their squaring implementations include
a separate source copy.

Operation Implementation Logical qubits Toffoli gates
General odd prime ¢, with n = [log, ¢

Multiplication Luo Horner 3n+ 0(1) 23n2 4+ O(n)
Squaring Luo Horner 3n+ O(1) 23n? 4+ O(n)
Inversion Luo adapter 3n + 6|log, n| + 20 458n> + O(nlog, n)
Mersenne prime ¢ = 2" — 1

Multiplication Luo Horner 3n+ O(1) 11n? 4 O(n)
Squaring Luo Horner 3n+ 0(1) 11n2 4 O(n)
Multiplication Coherent rotations dn + 4 16n% — 5n
Squaring Coherent rotations 3n+4 16n% — 11n
Multiplication Product and fold m+4 8n? +28n — 15
Squaring Product and fold 6n + 4 8n? +24n — 15
Inversion Binary rotations 10n + 2 104n? — 80n + 14

All three operations have linear qubit bounds and quadratic Toffoli bounds, with different leading constants.
The larger gate coefficient of clean inversion motivates the inversion-free polynomial map used by the residue



sampler in Section 5. The Mersenne bounds apply only when the active modulus has that form; a Mersenne
base field does not make the auxiliary CRT primes Mersenne. The finite sampler estimates in Section 6 use
the explicit coherent primitive constants of Section 5.3. Additional outer controls are accounted for separately.

2.2 Curve model, encodings, and reference arithmetic

The curve C' is the smooth projective model of

where the supplied model has
f(z) = 2® 4 c32® + co2® + cyx + g € Fyla]  square-free. (1)

We assume that the model is a monic quintic with zero quartic coefficient. Not every genus-two curve over F,
has such a model. When ¢ # 5, a translation removes the quartic coefficient of an existing monic quintic. In
characteristic five, that coefficient must already vanish. The symbol co denotes the unique point at infinity.
We define

J=Jac(C)E,), G=(P)CJ  [Gl=r, (2)

where r is a known odd prime. The input includes @ = [k]P. The task is to find k € Z,. The field and
subgroup bit lengths are

n = [log, ¢, m, = [logy 7], Nin = 2m,  for the exact domain Z2. (3)
Every class has a unique reduced Mumford representation (u,v), with « monic,
degv < degu < 2, ulv? - f.
The identity is (1,0) [5]. For degree two, we write
u(r) = 2% + urz + uo, v(x) = vix + vo. (4)
Thus wq, ug, v1,vo are field elements, whereas u, v are polynomials. For several divisors we write uy), v§i): i
identifies the divisor and j identifies the coefficient. The Weil bounds give (/g — 1)* < |J| < (y/g+1)*. In
particular, m, = 2n + O(1) when the cofactor |.J|/r is bounded. For smaller subgroups, we retain m, as a
separate size parameter.
The standard Cantor construction gives a reference addition algorithm over F, [5]. We write the two

reduced pairs as (u(), v(l)) and (u(®,v()). This notation distinguishes input labels from coefficient subscripts.
The algorithm computes the following monic ged:

d = ged(u™,u® oM 4 ?)
The algorithm also computes Bezout coeflicients a, b, ¢ satisfying
au™ + bu® 4 (v + @) = 4.
The composition step is
o =uMu® /d?, (5)
auMv® 4+ buP o™ 4 c(vMWy@) 1 f)

7= y (mod ). (6)

All divisions in these formulas are exact polynomial divisions. The algorithm reduces v modulo u. While
degu > 2, it replaces the pair by

monic o , —U mod monic o .
u u




The right-hand side uses the old pair. The result is the unique reduced representative of the sum. Ged
computation handles shared support, inverse pairs, and doubling. The algorithm also includes the identity
(1,0). We use this algorithm as a correctness reference. The clean inversion circuit in Section 2.1 supplies the
inverses needed for normalization.

The reference algorithm includes gcds, degree decisions, and normalization in [F,. These operations do
not directly give a fixed polynomial circuit over Z with bounded degree. This distinction matters when we
compare the algorithm with the complete elliptic-curve polynomial formulas in [9, Section 2.2]. The residue
interface in Section 5 requires its own treatment of all reachable cases.

Canonical Mumford encoding. We fix an injective encoding Enc : G — {0, 1}¢. One explicit Mumford encoding
has £ = 2 + 4n. It uses a two-bit degree tag d and four n-bit slots in the following order. All coefficients have
canonical representatives in {0,...,q¢ — 1}.

d coefficient slots (u1,ug, v1,vg) represented pair

2 (U17U07U171)0) (x2+u1m+uo, v1x+v0)
1 (O,U@,O,Uo) ($‘+'U0,Uo)
0 (0,0,0,0) (1,0)

The degree tag d determines the implicit monic coefficient. The tag 3 is unused. The same convention encodes
every class of J; Enc denotes its restriction to G.

This encoding fixes the register representation for the complete divisor arithmetic below. Weighted
coordinates for the Legendre construction are specified in Section 4.

The standard compute—copy—uncompute construction [3] turns Cantor’s algorithm [5] into a clean reversible
reference routine. For fixed genus two, fixed coefficient arrays and degree tags bound the number of field
operations independently of n. The base-field primitives above therefore give O(n) qubits and O(n?) Toffoli
gates. For a classically specified divisor B, a compute-swap—uncompute schedule also implements

)|D)[0) — [0} D + [¢] B)|0), ¢ < {0,1}. (7)

Appendix A records the fixed-length Cantor implementation and cleanup. The finite resource estimates for
the sampler use the weighted polynomial evaluator specified below. The Legendre sampler uses weighted
polynomial formulas, whose exceptional inputs are handled by the masking argument in Section 5.5.

3 Fourier Sampling with a Compressed Phase

We use the Fourier-sampling framework of Shor [38] and the output-compression approach of May and
Schlieper [31] and CF'S [10]. This section fixes the conventions and records the sampling and resource formulas
used by the genus-two construction. We count peak logical qubits, including the two scalar registers, and allow
intermediate measurements, reset, and classical feedforward. Classical records do not contribute to this width.
Arithmetic subroutines must implement their stated clean coherent maps, including on inputs entangled with
other registers. We account for single-qubit rotation synthesis with a separate distribution-error budget eqyn.
All gate bounds below are analytical bounds.
Our exact-domain analysis uses

F(a,b) = [a]P + [b]Q = [a + kb|P, (a,b) € Z2. (8)

Here (a,b) are scalar inputs, while (u, v) below are Fourier outcome labels in Z2. In this section, these outcome
labels are not the Mumford polynomials u(x), v(x) of (4). We define w, = €>™/" and use the convention

— 1 —au
Fa) = 7 Z w, Y u).
UELy

Each register uses m, qubits, with valid basis states 0,...,7 — 1. The transform on this subspace is extended
to a unitary on the entire binary register. Preparing a uniform state on this subspace and implementing the



transform are separate resource items. Hadamards on m,. qubits alone do not prepare that state when r is
not a power of two.
For h: G — {0,1}, we define g(D) = (=1)"P). A clean evaluation of ho F is a reversible circuit satisfying

|2)12)[0) — [x}|z @ h(F(2)))|0).

Initializing the target to |—) = (|0) — |1))/v/2 induces the phase g(F(x)). All input-dependent workspace
must be erased before Fourier processing. Otherwise it changes the off-diagonal entries of the input density
operator.

We identify g([¢t]P) with g(t). We define its normalized Fourier coefficient and mean by

gu) =~ Yottt = - > 9(). 9)

Parseval’s identity gives Y, [g(u)]? = 1.
The following exact-domain identity specializes the standard Fourier-sampling and output-compression
framework [38,31,10] to the clean sign phase used here.

Theorem 3.1 (Exact-domain phase compression). Let r be an odd prime, let G = (P) have order r, and
let Q@ = [k]P for k € Z,. Let g : G — {—1,1}, with g([t|P) identified with g(t) and with § and p, as in
(9). Assume that the phase g(a + kb) is evaluated cleanly, with all workspace reset before the Fourier stage.
Starting from

|tho) = Z |a, b), (10)

a,beZ,

apply this phase and then measure after F, ' @ F, . The resulting distribution is

o~ 2
gw)|*, v=ku (modr),
0, otherwise.

The event u # 0 has probability
Puse = 1 — ﬂ?; = Varz,(g(t)). (12)

Every sample in this event yields k = vu™! (mod r).

Proof. Clean phase evaluation leaves the scalar registers in the pure state r='Y"_, g(a + kb)|a,b). Under the
stated inverse-Fourier convention, the amplitude at (u,v) is

A(u,v): 2 Z a+ kb)w,va—vb

a,b€Z,

_ lg <Z —ut> <Z oJ(uk v)b)
" teZ bEZ,

Here the substitution ¢ = a + kb is a bijection for each fixed b. Character orthogonality makes the second
factor equal to » when v = ku (mod r) and to zero otherwise. Thus A(u, ku) = g(u), which proves (11).
Parseval’s identity confirms that these probabilities sum to one.

The only supported label with u = 0 is (0,0), and its probability is [g(0) ,ug. Hence the useful
probability is 1 — u2. Since g(t)? = 1, its variance is Eg(t)* — (E¢g(t))* = 1 — p2, proving (12). Finally, every
nonzero u € Z, is invertible because r is prime, and the support relation v = ku gives k = vu~! (mod r). O

? =

Corollary 3.2 (Variance criterion). Under the assumptions of Theorem 3.1, suppose each sign occurs on at
least an n fraction of G, where 0 < n < 1/2. Then puse > 4n(1 — 1), and independent executions have expected
waiting time at most 1/(4n(1 —n)).

Proof. The sign-frequency assumption gives |ug| < 1 — 2n. Equation (12) yields the probability bound, and
the waiting-time bound follows from independent repetition. O



A nonconstant phase need not be efficient. If its minority sign occurs once, the useful-sample probability is
Puse = 4(r — 1) /r2. This probability is exponentially small in m,.. For gr(t) = g(t+ T), the Fourier coefficients
satisfy gr(u) = w¥Tg(u). Translation leaves both the distribution and the variance unchanged.

The low-space construction in Section 4 uses the field-shifted Legendre phase g, of (16). Its useful-sample
probability is established using shifted-character correlations and coordinate-fiber bounds.

The preparation and terminal Fourier readout below instantiate Kitaev’s eigenvalue-measurement
method [26] and the semiclassical feedback of Griffiths and Niu [20], using Cuccaro ripple-carry arithmetic [14].
The explicit constants refer to the modular-shift schedule in Appendix D.1.

Theorem 3.3 (Space and error of exact-domain sampling). Let r > 3 be an integer, write m, = [log, ],
and let 0 < ex < 1 and Jprep > 1, with Jorep an integer. Set

t =m, + [log,(4+2/er)] . (13)

Allow intermediate measurements, reset, and classical feedforward. The explicit schedule in Appendix D.1
implements uniform preparation on Z2 and terminal Fourier readout with the following bounds. These bounds
exclude phase-oracle resources and rotation-synthesis costs.

The preparation and readout stages use at most 3m, + 5 peak logical qubits, including both m,-qubit scalar
registers and all quantum workspace. Classical records do not contribute to this width. With at most Jprep
trials per register, successful preparation produces exactly the state in (10); its abort probability is at most
21=Jerer . Preparation uses fewer than 16m, — 8 Toffolis in expectation and at most 4Jprep(2my — 1) under
the trial cap.

Fourier readout uses at most 10(2m,. — 1)t Toffolis and at most t(t — 1) individual classically controlled
dyadic feedback rotations across both registers. This count includes all semiclassical feedback. Combining the
angles within each round reduces the number of single-qubit rotations to at most 2(t — 1). For every joint state
supported on 72, its decoded joint labels have total variation distance at most e from ideal measurement
after (F.-1)®2, before rotation-synthesis errors. Consequently, conditional on successful preparation and clean
phase evaluation, the sampler approzimates (11) within this error budget.

Preparation measures only the range predicate x < r. Acceptance therefore leaves the exact uniform
state, with probability r/2™" > 1/2 per trial. Readout estimates the eigenphase of the cyclic shift with one
recycled control and classical feedback, then rounds it to a Fourier label [26,20]. The chosen ¢ bounds each
incorrect-label probability by er/2, giving the two-register error bound. Cuccaro-based modular shifts supply
the stated gate count [14]; the allocation and error estimate are recorded in Appendix D.1. Rotation synthesis
adds its separately budgeted distribution error egyy.

4 Output Compression Using the Legendre Symbol

The shifted Legendre phase is evaluated in Lange’s weighted Mumford coordinates [28], with the second
scaling parameter fixed to one. The nonleading coefficients of v have weight two, and the coefficients of v have
weight three. With a scale coordinate Z of weight one, we use the degree-two chart Z # 0 in P(2,2,3,3,1),
with coordinates [Uy : Up : V1 : Vg : Z]. The affine decoding is

U1 U() Vl ‘/O
U1=ﬁ7 Uozﬁ, Ulzﬁa Uozﬁ- (14)
Thus the equivalence relation is
(U1, U, Vi, Vo, Z) ~ (AU, AU, NV, APV, AZ), A € Byl (15)

Each affine degree-two pair has the representative [u1 : ug : v1 : vg : 1]. Conversely, rescaling a point by Z~1
gives this unique representative with last coordinate one. Thus (14) identifies the valid part of this chart with
the degree-two Mumford chart. This representation permits evaluation of the shifted quadratic character
without division by Z.



4.1 Field-shifted Legendre phases

The symbol x, denotes the quadratic character of F,, with x,(0) = 0. We sample a classical seed v € F,
uniformly and define the phase by

—1, degu =2 and x4(uo+7v) =—1,
D)= 16
9:(D) {+1, otherwise. (16)
On the weighted chart (14), the character satisfies
Xq(uo +7) = xq(Uo +7Z2%). (17)

The identity Uy + 722 = (ug + ) Z? explains this equality. The rescaling in (15) multiplies its argument by
A2. The classical seed 7 is fixed under projective rescaling. Thus the shift requires no division by Z. It is a
shift of a field coefficient, not a translation of the group element. The convention at zero makes g, a binary
phase on every class.

The field seed -~y is distinct from the subgroup order r. The success estimate below follows from the
shifted-character correlation and the sizes of the ug fibers.

Example 4.1 (Why the unshifted phase can fail). We take a prime ¢ # 2, 5. We define the curve C': y? = x°+1
and the point A = (0,1). The associated class is P = [A — oo]. Then P has order five, but go from (16) is
identically 4+1 on (P). More generally, a square or zero shift v gives useful-sample probability zero, whereas a
nonsquare shift gives probability 24/25.

Proof. The identity (y — 1)(y + 1) = 2° gives div(y — 1) = 54 — 500. Thus [5]P = 0. The class P is nonzero.
Otherwise, a function with divisor A — co would define a degree-one map from a genus-two curve to P'. The

reduced pairs are
0= (1,0), +P = (2,£1), +[2|P = (22, £1).

The first three classes have degree below two. The other two have uy = 0. Hence all five phases equal +1 at
v = 0. For a general shift, the first three phases remain +1. The last two are +1 for square or zero -, and
—1 for nonsquare 7. Thus the mean phase is respectively 1 or 1/5, and Theorem 3.1 gives the stated useful
probabilities. O

Scale invariance alone therefore does not ensure positive sampling variance. Uniform field shifts give an
average guarantee while allowing zero-variance realizations. This order-five example illustrates failure of a
fixed unshifted phase; the regime r = ©(¢?) considered below concerns families of much larger subgroups.

We define the completed binary character by

8¢(2) = Xq(7) + 1z=0. (18)

Thus x, takes values in {—1,0,1}, whereas s, takes values in {—1,1}. In particular, s,(0) = 1. We have
sq(z) = —1 precisely for nonsquares and s,(z) = +1 otherwise. For uniform + € F,, its mean satisfies

1
E,sq(a+7) = 7

For distinct a,b € Iy, its correlation satisfies

1+ yola—b) + xa(b—a)
q

B [sql0 + )50+ )] = << (19)
For a = b the correlation equals one.

The mean follows from )~ xq(x) = 0. For a # b, the standard quadratic character sum [29, Chapter 5] is
> N Xq((v +a)(y+ b)) = —1. An elementary proof uses a change of variables to express the quadratic as a
nonzero multiple of ¢> — 1. The proof then counts solutions of 2% = ¢? — 1. The factorization (t — z)(t + 2) = 1
gives ¢ — 1 solutions because ¢ is odd. The character sum gives the same count as ¢ + Y, x4(t* — 1). The two
zero-indicator terms contribute x4(a — b) + x4(b — a). Their sum is at most two, so the inequality follows.
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For any subgroup G C J, the symbol e denotes the number of its classes with degu < 2. We also define
mg = #{D € G : degu = 2, ug = a}.
The reduced Mumford representation [5] gives the elementary bounds

Zmazr—e, e<2q+1, me <4q (a€Fy). (20)

The lower-degree classes consist of the identity and at most two affine points for each 2 € F,. Thus
e < 2¢ + 1. For fixed uy = a there are g possible monic polynomials v = 22 + u;x + a. For a square-free
u, the algebra F,[z]/(u) is either a quadratic field or a product of two copies of F,. The equation v? = f
(mod u) has at most four solutions in either case. For u = (z — t)?, a solution satisfies v(t)? = f(t) and
20(t)v'(t) = f'(t). If f(t) =0, no solution exists because square-freeness gives f'(t) # 0. Otherwise, v(t) has
at most two choices. Each choice determines v’ (¢) uniquely. Hence at most four reduced pairs occur for each
u, and m, < 4q follows.

Theorem 4.2 (Shift-averaged useful probability). We assume that G has odd prime order r. The exact-
domain sampling algorithm uses (16) with a fresh uniform ~ in each run. For the counts e,m, in (20), the
mean useful-sample probability satisfies

B fi-i) 2 (1-7) (1- S5 v, 1)

E,[1—p ] Zmax{O, (1— (11) <1— ‘W)}. (22)

In particular, if r = ©(q?), then the mean useful-sample probability is 1 — O(q~1). Under this condition, the
expected number of independent runs is 1+ O(q™1).

Proof. The phase mean is
o € + Za maS‘Z(a’ + ,Y)

g, = .
9~ r

We expand the square and use ), m, = — e. Equation (19) then gives

R VR Rt DR

72 qr?

S R

2
E,Yugv

q q r2

Theorem 3.1 identifies the useful probability with the variance in (12). The bound Y, mZ < (max, m,)(r—e) <
4q(r — €) then gives the second inequality. For r = ©(¢?), e = O(q) and Y., m2 = O(qr) give the stated
asymptotic probability. Independent resampling gives a geometric waiting time. O

Example 4.1 attains the bound (21). Indeed, e = 3, mg = 2, and all other m, vanish. There are (¢ + 1)/2
square or zero shifts and (¢ — 1)/2 nonsquare shifts, so
g—124 12(¢—1)
— = =Ve.
2q 25 25q

E,[1- ﬂ;] =

For ¢ = 13, the average is 144/325 ~ 0.4431: seven shifts give probability zero and six give probability 24/25.

This equality illustrates the distinction between a shift-averaged bound and a guarantee for a specified shift.
When ¢ =3 (mod 4), the same calculation gives the exact shift-averaged useful-sample probability

<e+ %)2 +(1+1/9) 3, (ma B T;e>2

By [1-p2]=1- = (23)
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Here x4(a — b) + x4(b— a) =0 for a # b. Equation (19) therefore gives the off-diagonal correlation —1/g.
The squared mean therefore satisfies

2e(r — 1 —e)?
TQE’Y[.ugw]—ez‘i‘e(Tq ) (1+q)zmﬁ—(r qe) :

a

The identity >, (mq — (r —e)/q)? = >, m2 — (r —e)?/q and (12) give the result. This identity applies to
the field ¢ = 2127 — 1 used below. It separates mean phase bias from variation in the fiber sizes. Its numerical
evaluation requires the actual fiber counts. The uniform bound (22) requires no such enumeration.

The precise bound Vg is nonnegative because e + > a m?2 < r2 Tt is a lower bound on the mean success,
not on every fixed shift. The following bound gives a certificate without subgroup enumeration:

E,[1—u ] Zmax{o, (1—2) (1—(2(1;1)2—47?».

For the subgroup in Example 4.1, any nonsquare v changes the two degree-two phases to —1 and gives success
24/25. A nonsquare shift need not be favorable on an arbitrary subgroup.
An exact character implementation may compute an integer X, satisfying

Uy +~Z2%, degu =2 in a valid chart,

(24)
0, degu < 2.

X,ymodq{

The seed is classical and its canonical integer lift has at most n bits. The arithmetic interface must include
exceptional-case masking and this terminal polynomial. A variance theorem alone does not specify that
program. The masked construction in Section 5 uses a different total polynomial whose disagreement with
the ideal phase is bounded explicitly.

4.2 A phase-only terminal node

Only the shifted Legendre phase uses the terminal node considered here. The node therefore need not produce
the five coordinates of the sum. This observation gives a fully specified optimization at the terminal node.
Internal nodes still require all five output coordinates. We retain the assumption of a monic degree-five

model with vanishing z# coefficient from Section 2. The two input tuples are U = (Ul(i), Uéi), Vl(i)7 Vo(i), Z;),
i=1,2. For j = 0,1, we define the scaled differences and sum by
AU =072~ UM 23,
AV, = vz - vz, (25)
sU = U 22 UiV Z3.
The symbols A and X here denote these two-input differences and sums, not differentiation or an unspecified
summation. For example, when Z; = Z, = 1, they reduce to AU; = u§.2) — u§1) and XUy = u§2) + ugl). In the
arithmetic listings, dU, dV, and sU are the corresponding code names. We also define
¢. =UNus? o U,
R. = (AUy)? — C, AU,
E. = AV AUy — AV AU,
L. = AU AV — CL.AV;.

(26)

We set K = Z,Z, and Ay. = K2. The subscript “sc” identifies this scalar scale factor. It distinguishes the
factor from the addition map A in (36). We define the terminal polynomials by

N, = A L2+ 200220, + (UNUP — AUy)E?
— VI ZBRLE, + SULALRS, (27)
D, = A2, ¥, = N, +7D..
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Here N, and D, are the numerator and denominator for the output coefficient u((JS) on the generic branch.
The scalar polynomial ¥, is the shifted phase argument. The group-valued map F in (8) has a different role.
Every expression is an integer polynomial. The terminal program uses no division. The generic interpretation

requires the nonvanishing condition in Proposition 4.3.

Proposition 4.3 (Square-factor elimination at a generic terminal node). We assume that the degree-two

inputs are valid and satisfy Z1ZaR.E« # 0. The symbol u(()g) denotes the constant coefficient of the monic
quadratic representing their sum. The following identities hold:

) = N/Dy sg(y) = sg(u’ +9) (v € Fy). (28)

The identity includes u(()g)

weighted input.

+ v = 0. In particular, the phase is unchanged by independently rescaling either

Proof. The following interpolation proof also establishes the compact addition map (36). We first take
normalized inputs

(uM, vW) = (22 + azx + ¢, sz + u), (u?, @) = (22 + ba + d, ta + v).
The letters in this display denote field elements. We define

= (d—¢)* — (ad — cb)(b — a),
=( s)(d—c) = (v—u)(b—a),
L=(d- )(v—U) (ad — cb)(t — ),

By =sR—aL — (ab+ ¢)E, By =uR — cL — bcE.

Here R = Res, (u(l)7 u(2)). When R # 0, the two quadratics are coprime. Thus a unique polynomial of degree
at most three has the prescribed remainders v modulo u(. It is

—Ez? — [L+ (a+b)E]a® + Biz + By

(z) = 7

The numerator reduces to Rv® modulo each input quadratic. This calculation verifies interpolation without
choosing roots or extending the base field. The additional assumption E # 0 means that the interpolant has
degree three.

Since the inputs are valid, uMu® divides 2 — f. Its quotient has degree two and leading coefficient
E?/R?. We write the associated monic quadratic as x? + ax + 3. The leading coefficient of f is one and its
x* coefficient is zero. We compare the coefficients of 2° and z* in the following identity:

R2(? — f) = E2uMu® (22 + ax + B)
The comparison gives
A=2LE + (a +b)E* — R? T = LE — R?,

N = L? 4+ 2aLE + (ab — d + ¢)E? — 2sRE + (a + b)R?,
a=A/E*  B=N/E%.

The formulas in (27) and (35) reduce to these polynomials for normalized inputs. Cantor reduction gives
v®) = —fmod (2 + ax + B). The identities 22 = —ax — § and z° = (a® — B)z + af give

(3) AT—E2(BlE+N) (3) NT—BOE3
v = (Y = .
! RE3 ’ 0 RE3

We choose the output scale RE and clear the decoding denominators. These steps give the normalized
compact five-coordinate output. The construction therefore performs the usual composition and reduction on
this generic branch. It also applies when the input supports do not split over the base field.
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For arbitrary nonzero input scales, we apply the weighted rescalings Z; L and Zy ! These rescalings give
the normalized inputs above. Every monomial of N, and D, has weighted bidegree (12,12), so their quotient
is unchanged. The five compact output polynomials have bidegrees (20, 20), (20, 20), (30, 30), (30, 30), (10, 10),
respectively. Their common output rescaling therefore cancels under the decoding rule (14). This cancellation
proves both the compact addition formula and ué?’) = N, /D, for the original weighted inputs. The rescaling
uses only the assumed nonzero scales. It requires no additional generic condition.

Finally, D, = (Z1Z2&,)? is a nonzero square. Hence ¥, = D*(u(()S) + v) has the same completed quadratic

character as uéB) + . If this last argument is zero, both completed characters equal one. The phase identity

thus includes the zero case and is invariant under independent weighted rescaling of either input. O

For a nonzero polynomial P(z) =) ca2®, we define
deg P =maxlal, [Pl =3leal: (29)
& «

Here the multi-index « runs over the exponents of the input coordinate variables. The quantity |a| is their sum.
Thus || P||; is a coefficient norm, not a norm of a state or a divisor. Classical parameters such as v are fixed
coeflicients unless stated otherwise. The unexpanded program gives the ordinary degree bounds deg N, < 19,
deg D, < 18. Tt also gives the coefficient-norm bounds || N.||; < 640, ||D.||1 < 64. These bounds follow by
propagating the degree and coefficient norm through the arithmetic program. Exact sparse expansion gives
[IN.]|1 = 232 and deg N, = 19. The supplied symbolic certificate contains 115 numerator monomials and 34
denominator monomials. It verifies (66) as a polynomial identity over Z. This verification is stronger than a
check at finitely many field points. Consequently a classical integer lift of v gives

deg¥, <19,  [|¥,]1 <232+ 64]y/. (30)

Alternatively, we can treat v as one additional input variable. The resulting polynomial has degree 19 and
coefficient norm 296. The terminal polynomial is therefore compatible with integer reduction at auxiliary
moduli. This compatibility does not extend to the generic-branch test. The terminal polynomial also does not
supply formulas for nongeneric inputs.

To turn the reconstructed polynomial value into a phase, we use the binary Jacobi algorithm of Shallit and
Sorenson [37], as used for quantum character evaluation by CFS [10, Sections 4.2—4.3]. We fix a worst-case
schedule of 2n + 1 rounds and use the completion s,(0) = 1 from (18). The character argument Y serves
as one working operand. Recording the branches, applying the sign phase, and reversing the computation
implements

V)[0) — s,(VIV)0)  (0<Y <q). (31)

The input and all workspace are restored. With the ripple and dirty-ancilla decompositions specified in
Appendix D.1, the total logical width, including the n-qubit input, satisfies

Wy (n) < 60+ 12. (32)

One forward macro costs at most 36n Toffolis. Including all 2n + 1 forward macros and their complete reversal
gives

Cy(n) <72n(2n+1). (33)

A clean character phase uses this bound once. At n = 127, it is 2,331,720 Toffolis. These resource allowances
are used in the sampler’s stage allocation; the fixed schedule, zero-input case, and cleanup are detailed in the
appendix.

5 Addition of Divisor Classes Using Residues in a Binary Tree

We follow CFS [9, Section 5] and compute the final character argument in two steps. We first evaluate the
tree modulo small auxiliary primes. We then reconstruct the result with a guarded CRT calculation. Our
construction uses a compact weighted genus-two addition node. Public random masks justify its generic
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formulas on the exact uniform sampling domain. This section gives a sampler with bounded error. Appendix C
separately specifies the stronger exact residue interface for arbitrary inputs.

The input size is Ny, = 2m,, as in (3). We set s, = [m,/w] and write a = Z‘;ial aP29w and
b= Z‘;io_l b)27% The window values are al¥) = |a/27%| mod 2% and similarly for 5). The highest window
may have fewer than w bits. We place the P-windows before the Q-windows. We pad the Ly = 2s,, summands
to L = 2/log2 Lol = 9" Jeaves. For © = (a,b), we define the group-valued leaves by

[a)21] P, 0<i< Sy,
Ai(z) =  plmse)2l=s0v)Q, s, < < 28y, (34)
O, 25, <i < L.

The symbol Og denotes the identity of G. The leaf sum satisfies ), A;(z) = [a|P + [b]Q = F(x). One window
selects each nonpadding leaf from a public table. The padded leaves are fixed. The total table size is at most
L2". Zero windows and padded leaves also receive masks. A classical computation prepares all tables and
masks. Both m,-bit scalar registers remain live throughout the quantum arithmetic.

5.1 A lower-degree weighted addition map

We use the recovery rule (14) to reduce the degree of the denominator-cleared internal node. We set K = Z1 Z,
and retain R, &y, L, from (26) and N, from (27). In particular, XU; = U1(2)le + Ul(l)Z§ is the scaled sum
of the two linear coefficients, as defined in (25). We define the following local polynomial quantities:
j* = ’C2£* + EU15*7
A, =2K2L.E, + XULE? — K*R2,
T, = L.E, — K*R2, (35)
B, =V ZR, — vz, — UVUP + UM Z22)E.,
By =V ZR, —U\V Z2c, —UPVUPe,.
The polynomial J, is used in the interpolation. The group J = Jac(C)(F,) is the Jacobian. The symbol N,

denotes a polynomial numerator. The symbol N;, denotes the number of scalar input qubits. The compact
polynomial map A : Z° x Z®> — Z° has output

Ul = AR, Uy = N.RZ,
V] = RY(AT. — EX(BiE. + N.)), (36)
Vg = R2(N.T. — BoE}), 7' = KR.E..

Primes on coordinates label the output of one addition. They do not denote derivatives. The evaluator
computes all five expressions over Z, or reduces them modulo the active modulus. These expressions represent
group addition over IF, on the generic domain KR.E, # 0.

The proof of Proposition 4.3 shows that this map represents group addition on its generic domain. The
proof uses interpolation, composition, coefficient comparison, and one Cantor reduction.

Choice of arithmetic formula. Earlier papers report classical field-operation counts under specified coordinate
and genericity conditions. Lange’s extended weighted addition uses 47 field multiplications and 7 squarings
[28, Section 3.1]. Hisil and Costello’s plain projective addition uses 41 multiplications, 7 squarings, and 22
additions [23, Table 2]. These counts describe forward field evaluation. They do not include reversible cleanup
or CRT reconstruction. Ozbay Gurler and Hisil give a complete inversion-free algorithm [32, Sections 3-5].
Their algorithm distinguishes input degrees, equal input polynomials, common support, and a degree-one
output. Their cost analysis also includes the field operations used to select a case. Their Jacobian coordinates
have coeflicient weights (2,4, 3,5) and two scales. Our five-coordinate chart instead specializes Lange’s weights
(2,2,3,3).

We choose (36) because the same integer polynomial map defines every nonterminal addition node at
every auxiliary modulus. Its degree, coefficient norms, and height recurrence give the required lower bound
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on the product of the CRT moduli. Proposition 5.1 certifies its evaluation and cleanup with eight local
words. The terminal polynomial gives the required phase argument without a field inversion. A reversible
implementation of the cited complete algorithm would also need compatible branch selection, integer-height
bounds, and a clean register schedule. Independent case selection modulo the auxiliary primes would not
necessarily evaluate one common integer expression. Our masks give a proved sampling guarantee for the
chosen generic formula. The resource bounds below apply to this construction.

5.2 Weighted height and growth along the tree

The ordinary total degrees of the five outputs in (36) are bounded by (32,31,48,47,15). Their weighted
bihomogeneity gives a more useful bound for repeated additions. Under the separate input rescalings with
weights (2,2, 3,3, 1), their bidegrees are

(20, 20), (20,20), (30,30), (30,30), (10,10).

Thus the output scale changes by AP0 as required by the same recovery weights. A direct coefficient-norm
certificate gives the componentwise upper bound

WO TG IV s VS T 127 111) < (20480, 40960, 6291456, 6029312, 64). (37)
For an integer tuple U = (Uy, Uy, V1, Vi, Z), we define
H(U) = max{1, [U: [/, [Uo| /2, VA |3, Vo[ /2, | 2]} (38)

This function measures the size of the chosen integer tuple. It is not a projectively invariant height of a divisor
class. If Hy = H(U), then |U;| < HE, |V;| < H}, and | Z| < Hy. The symbol H denotes this weighted height
throughout the tree argument. The symbol H in (41) is an integer bit bound. Bihomogeneity and (37) give
the following bound. The bound also holds for exceptional tuples that do not represent group elements:

H(AU,V)) < 28H(U)OH (V). (39)

We justify the constant and exponents as follows. We write Hy = H(U) and Hy = H(V') for the two child
tuples. An output coordinate of weight w € {2, 3,1} has weighted bidegree (10w, 10w). If its coefficient norm is
Cw, its absolute value is at most ¢, H lljowal/O‘”. The w-th root of this bound is ci, “H [1]0H ‘1/0. The five constants
from (37) satisfy

max{20480"/2,40960"/2, 6291456/, 6029312364} < 28

The maximum of the five coordinate bounds and 1 proves (39). Thus the exponents 10 apply to the weighted
heights of the two children. The balanced-tree growth factor 20 is their sum after taking logarithms.

Normalized leaf tuples have Z = 1 and four coordinates in [0, g). Every fixed dummy leaf must satisfy the
same conditions. For ¢ < 2", these tuples have weighted log-height at most n/2. A leaf has tree height j = 0.
Its parent has height j = 1. We define a bound ¢; for twice the logarithmic weighted height by

200 — 1
19

If both children have log, H < t;_1/2, then (39) gives logy Hparent < 8 4+ 10t;_1 = t;/2. This inequality
proves the bound by induction. The terminal polynomial ¥, = N, + vD, has weighted bidegree (12,12). Its
coefficient norm is at most 232 + 64|y| < 2" for the canonical seed 0 < v < ¢. Thus a tree with 2" leaves,
with the direct phase polynomial at the final node, has the certified signed-integer bound

to=mn,  t;=20t;_1 + 16 = n20? + 16 (40)

o, <2®,  H=n+10+12t;_; (h>1). (41)

In particular H = O(nL'°#22%) for L = 2". The index h — 1 occurs because the terminal polynomial receives
the two subtrees immediately below the root. Its bidegree (12, 12) gives log, [, | < n +9 4 12t;_1 whenever
the output is nonzero. The extra bit in H is a conservative reserve. The smaller terminal polynomial does not
change the internal-node exponent log, 20.
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For finite allocations, the normalized leaf scale gives a sharper bound for each coordinate. For a nonzero
integer polynomial P in ten variables, we define

Bp(v) = [logy |P|i] + max a-(v,v).
aesupp P

We collect equal monomials before computing the norm and support. These quantities depend on the integer
polynomial. They do not depend on its evaluation schedule. We start with vg = (n,n,n,n,0) and set
vj = (Ba,(vj_1));_;. The triangle inequality gives |U;| < 2% at height j, including exceptional tuples. Thus
a valid replacement in the finite CRT allocation is

H.,, =1+ max{BN* (Uh,l),n + Bp, (’Uhfl)}7 ‘W’Yl < 2 Hew (42)

The strict inequality follows from 0 < v < 2™. We write a = By, (vp—1) and d = Bp, (vp—1). The triangle
inequality then gives || < 2 + 24 < 20 4 2n+d < gl+max{antd} The repeated vector (v,v) bounds the
two child tuples separately. Its entries and H.y, bound integer heights. They do not specify quantum register
allocations. The initial zero in vy records the normalized leaf scale Z = 1. Appendix D.3 supplies the exact
coefficient and support certificate. This certificate improves the finite allocations. The general tree-growth
exponent remains log, 20.

5.3 An explicit low-workspace local evaluator

For an active auxiliary modulus p, a residue word uses b, = [log, p| qubits. In uniform allocation bounds, b is
an upper bound on all these word lengths. We use Cj(b), Cs(b), and C4(b) for the gate costs of clean modular
multiply-accumulate, square-accumulate, and addition/subtraction primitives. These primitives preserve their
source words and return their scratch to zero. Appim(b) is the largest number of additional scratch qubits used
by one selected primitive. This allocation includes fixed-constant multiplication where required. It excludes
the source and target words. In particular, multiplication implements |z)|y)|z) — |z)|y)|z + zy mod p) for
canonical z,y, z. Squaring allows its two sources to be the same word, but its target remains distinct. A
zero-target product oracle is a different interface.

Clean modular primitive bounds. For every odd modulus p < 2°, b > 2, the preceding interfaces have the
following explicit Toffoli and workspace bounds:

Aprim(b) é b + 47
C(b) < 24b* — 17b + 4, Cs(b) < 24b* — 23b + 4, (43)
Ca(b) <10b -5, C.,(b) < 106* — 5b.

The cost C, applies to multiplication by a classical constant and accumulation into a distinct target. The
circuit preserves every source. The target may initially hold any canonical residue. The circuit returns
all additional qubits to zero. The same bounds hold for inverse circuits. An inverse circuit reverses the
accumulation, for example z < z — zy mod p. It does not compute z~'. Only Toffoli gates are counted in
these inequalities.

The scratch allocation is explicitly

register ‘ qubits
reusable clean operand| b + 1
target extension 1 b+1)+1+1+1=0b+4.
wrap/underflow flag 1
ripple carry 1

The same allocation is reused for successive additions and Horner rounds. Thus the corresponding total
primitive widths are at most 3b 4 4 for addition, 4b 4 4 for multiplication, and 3b + 4 for squaring or classical-
constant multiplication. These totals include all preserved sources and the separate target. Appendix E.1
explains why the source column “Ancillas” in the Chen inventory is not Apmim. The circuit loads a controlled
classical constant with CNOT gates only. It loads a variable word controlled by one preserved bit with at
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most b Toffolis. Five uncontrolled ripple additions then implement a modular update, including wrap-flag
erasure. Since a ripple addition modulo 2°+! uses 2b — 1 Toffolis [14], a controlled variable update costs at
most 16b — 5 Toffolis. In-place modular doubling costs

Dy, < 4b—2. (44)

Its inverse is modular halving because p is odd.

To accumulate zy into z, the circuit first halves z exactly b — 1 times. It then processes the bits of y from
most to least significant. It adds y;x and doubles the target between consecutive bits. If zg is the original
target and Z = 2~ (®=1 2y mod p, the final value is

b—1
2017 ¢ nyJQj =zo+xy (mod p).
j=0

The initial compensation costs at most (b — 1)(4b — 2) = 4b? — 6b + 2 Toffolis, separately from the same cost
for the interleaved doublings. Without it a nonzero initial target would be multiplied by 2°~!. Consequently
the multiplication ledger is

b(16b—5) +(b—1)(4b—2)+ (b—1)(4b—2) =24b* —17b + 4.

controlled updates initial halvings interleaved doublings

For squaring, g = x; controls the jth update. The coincident source bit satisfies x? = x;, so each load/unload
pair saves two Toffolis. Three such pairs save six per round. The replacement of 166 — 5 by 16b — 11 gives
24b% — 23b + 4. For a classical v, a classical computation prepares kj = 27y mod p. The circuit accumulates
the b controlled constants x;k;. It loads them with CNOT gates. This gives C, < b(10b — 5) without Horner
compensation. Appendix D.1 supplies the gate decomposition, flag proof, and finite ledger. After residue
output, the large-modulus CRT update can reuse the tree workspace. The maximum of the separate stage
bounds therefore gives the peak allocation. Every specified gate is a permutation on the full binary space.
The modular specification applies to canonical residues.

The Mersenne rotation optimization [7, Section 3.2] specializes these resource bounds. If the active modulus
is p = 2® — 1, the same canonical arbitrary-target interfaces and scratch allocation have the bounds

AN (D) <b+4, Dy =0,
CMer(b) < 16b% — 5b, C¥eT(b) < 16b% — 11b, (45)

CNer(b) <106 —5,  CMer(b) < 10b* — 5b.

The cost DM is the Toffoli count for doubling or halving. These operations may still have Clifford or routing
costs.
For z = Z?;é zj2j , cyclic left rotation gives

D(z) =2z —2,_1(2"—1)=2z (mod p).

The canonical set excludes the all-one word p. Rotation preserves that exclusion and fixes zero. Its output is
therefore canonical. The reverse rotation D! is modular halving. This is the Mersenne shift optimization
of [7, Section 3.2 and Fig. 4], applied here with an explicit check that the canonical domain is preserved.
Since D’ = I, the initial b — 1 halvings can be combined into one left rotation, D~(®~1) = D. The remaining
b — 1 rotations between updates also use no Toffolis. The circuit uses the clean modular adder, including
its canonical reduction and wrap erasure. The b updates then cost b(16b — 5), or b(16b — 11) for squaring.
The addition and constant-accumulation bounds are unchanged, as is the reusable scratch allocation. This
unconditional accumulation schedule requires no controlled rotation.

This specialization applies when the active modulus has Mersenne form. The form of the curve’s base
field alone does not suffice. In a padded physical word of width b, a Mersenne modulus 2¢ — 1 with d < b
uses rotations of its lowest d bits. The zero high bits remain untouched. The construction also works for
composite 2¢ — 1 as ring arithmetic, although the prime schedule below uses only primes. Further reduction
and product-circuit options are discussed in Appendix E.2.
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Proposition 5.1 (A cached clean evaluator). The polynomial map (36) has a clean arbitrary-target accu-
mulation with ten preserved input words, five output words, eight local words, and primitive scratch. Its cost
18

Chode < 274C) + 262C5. (46)

The scalar terminal uses the same eight-word local allocation and has cost 130Cy + 138Cs + C. A measured
five-coordinate node can be phase-corrected with the ten inputs, one scalar correction word, and the same
eight local words at cost

Cehost < 638C + 776Cs. (47)

All local words and primitive scratch are returned to zero.

Proof. The evaluator first computes AUy, AUy, AVy, AVy, C, in five words. It then computes R, Ex, L4 in the
remaining three. It erases C, first and then erases the four differences. Each reversal uses fresh scratch. The
evaluator computes K? in a freed word. It now holds four cached quantities at cost 43C,; + 50Cs. It retains
these caches while processing A, N,, By, and By. It shares A, and N, across their output contributions. It
clears each quantity before the next stage. The evaluator distributes the terms of N, and B;. This reduces
the additional workspace to the four remaining words. The stage costs, including reversal, are

stage M S

prepare and clear the four caches|86 100
A, contributions 28 36

N, contributions 95 82

B contribution 33 24

By contribution 27 20

Z' contribution 5 0

The terminal adds N, and then vD, before clearing the caches. For ghost correction, the evaluator computes
each completed coordinate into one zero scalar word. It applies the recorded binary parity and erases the
word before processing the next coordinate. This scalar interface requires a separate count because it cannot
assume output sharing. Appendix D.2 gives all associations, workspace allocations, and the resulting ghost
count. O

Thus a uniform local-move bound may use G = 2max{Q,, 7074} whenever Cys,Cs,C, < A. Here Qy,
and Aj are the lookup and primitive bounds defined in Section 6.1. The scalar ghost correction determines
this conservative constant. This bound cannot use twice the vector-evaluation cost. The executable certificate
checks the complete word traces as polynomial identities over Z and verifies arbitrary-target reversal and
recorded-phase correction.

Measured erasure uses the phase-corrected uncomputation method of CFS and Kornerup et al. [10,27].
We assume that a clean computation has produced a binary word f(z) of length d while retaining its logical
input z. A measurement of that word in the Hadamard basis gives a uniform classical outcome p € {0,1}.
It applies the diagonal phase (—1)%f(#)) to the retained state. If this phase is corrected coherently, the
measured word can be reset without changing the logical state, including its entanglement with any other
register.

We write the state before measurement as

YoDm)lf @), Y nal® =1,

where the possibly unnormalized vectors 7, include all other registers. The unnormalized state conditioned
on p is
272y (=) ), ). (48)

x

Orthogonality of the 2 register gives probability 2~¢ for every . To correct the phase, the circuit recomputes
f(z) into clean workspace. It applies Z to the output positions selected by p and uncomputes the word.
These operations multiply the state by the same sign and restore all workspace. The two signs cancel for each
2. The claim therefore holds for arbitrary logical states. The inputs to a correction must be available when it
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is performed. The pebbling schedule includes their recomputation cost. Uniformity also holds conditional on
earlier measurement outcomes. The complete classical transcript therefore reveals no logical input. After all
corrections, the resulting logical channel equals the required unitary channel. It can therefore be invoked
again on an arbitrary XOR target to erase the computed residue. This use of a fresh invocation does not
require reversing a measurement.

A recorded five-coordinate ghost is corrected by the separate scalar schedule in Appendix D.2. Given
the ten node-input words, its cost 638Cs + 776Cs includes coordinate recomputation and erasure within
the eight local words and the reserved scalar correction word. The tree schedule separately accounts for
reconstructing these inputs.

We use the explicit measurement-assisted schedule in Appendix C.1, following [10,27], with at most
8(h + 1)L moves and h + 2 vector pebbles. All residue words have the same physical width b. Each ordinary
pebble is allocated five residue words, including the terminal pebble. The circuit implements a clean XOR
oracle on an arbitrary external b-bit target as follows. It copies the computed scalar root to that target with
CNOT gates. It then reverses the local evaluation. These two steps form the fused terminal action. This
action costs twice the terminal evaluation cost. The schedule then removes all ghosts and corrects every
recorded phase. Each Hadamard-basis erasure has uniform outcomes. The transcript is therefore independent
of the logical input. The resulting channel is the desired XOR unitary. A fresh invocation erases its output.
This cleanup does not require an inverse of a measurement process. The allocation includes the external
target, local evaluation, and the scalar phase-correction word. Its size is

[5(h 4+ 2) + 10]b + Aprim (D) (49)

qubits, besides the two scalar input registers. This allocation conservatively reserves h + 2 full vector pebbles
throughout. The move cost includes the terminal computation and its reversal.

5.4 Streaming reconstruction for the residue sampler

The residue-tree oracle computes the same integer polynomial modulo successive auxiliary primes. We
reconstruct its value modulo ¢ by explicit Chinese remaindering [4], as in the residue approach of CFS [10,
Section 2.3]. The reconstruction uses a short fixed-point sum and an n-bit modular accumulator. We assume
that X € Z satisfies a certified bound |X| < B, with B > 1. For the masked sampler, X is the integer value
of ¥, in (27). We may take B = 2 from (41) or (42). We choose distinct auxiliary primes pi, ..., px, with
K > 1. None equals q. We set

K
M=]]pi>4B, M;=M/p; a;=M;" (modp;).
i=1

All residues below are canonical. Given z; = X mod p;, we define
t; = a;x; mod p;, 0<t; <p;.
Since ), t;M; = X (mod M), there is an integer 7 such that
t; X
2 RS o

The bounds | X/M| < 1/4and 0 <>, t;/p; < K imply 0 <n < K.
For the centered representative | X| < M/4, rounding recovers the integer quotient with the following
guard precision. We define

7 =log,(8K)],  Ap = i VtiJ '

iz L Di
Ay 1
_ 1 51
7 {27+2J7 (51)
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and the reconstructed residue therefore satisfies
X mod ¢ = (Z t;(M; mod ¢q) — n(M mod q)) mod q. (52)

An accumulator of
agp, =7+ [logy K] +1 (53)

bits holds the full nonnegative sum and permits addition of 27~! during rounding, both without overflow.
The quotient has at most [log, (K + 1)] bits. Both sizes are O(logy (K + 1)).
For each summand, the definition of the floor function gives

t; 27t; _
0<—-—-277 {J <277,
Di Di

The total error therefore satisfies 0 < >, ¢;/p; — 277 Ag, < K277 < 1/8. Together with (50), this yields

3 Ap 1

g~ <7
which proves (51) by rounding to the nearest integer. The reduction of X =", t;M; — nM modulo ¢ gives
(52). Each summand of Ag, is below 27. Thus Ag, + 271 < (K + 1/2)27, and the width in (53) therefore
suffices. The bound 0 < n < K gives the stated quotient length.

This reconstruction requires only pairwise coprimality of the auxiliary moduli. The condition M > 4B
separates the exact sum from the half-integer rounding boundaries and leaves room for the truncation error.
The classical computation prepares M and the required reduced constants. Section 6.1 gives their streaming
generation. The stored product M has O(log, M) bits. The prime bound in Section 6.1 gives polynomial
classical storage in n.

We next implement the fixed-point sum and quotient correction reversibly. This implementation uses only
odd auxiliary primes. The circuit maintains an n-bit accumulator Y € Z, and the ag,-bit accumulator Ag,.
Both accumulators are initially zero. For each p;, the circuit computes x; with the clean residue-tree oracle. It
forms ¢; and adds its contributions to the two accumulators. It then erases the digit and residue. The circuit
reuses the workspace for the next modulus.

We describe the fixed-point contribution without the index 7. We set yo = ¢, y; = 2y;—1 mod p in canonical
residues. We define d; = [2y;_1/p| € {0,1}. Since p is odd,

Y; = 2yj—1 — pd;, dj = y; mod 2.

Iteration of this recurrence gives

2Tt=pzdj27_j+yn 0 <y, <p,
j=1

so the weighted digit sum is exactly |27¢/p|. After the jth modular doubling, the lowest bit of y; controls
addition of 2777 to Ag,. These controls are coherent. The circuit does not measure the digits. It finally applies
the 7 inverse doublings to the residue word alone. These operations restore ¢ and retain its contribution in
Ay, The circuit needs no separate 7-bit quotient output or division history. All operations extend linearly to
superpositions and leave their local scratch clean.

For a general odd modulus, modular doubling uses a zero extension bit and an initially zero underflow
flag in addition to the adder workspace. The circuit extends the b-bit word by a zero high bit. It rotates the
b+ 1 bits left once and obtains 2¢. It subtracts p and copies the resulting high bit into a flag e. It then adds
p back controlled by e. The output is the canonical residue y = 2t mod p. Its extension bit is zero. Since
e=1—|2t/p] and y mod 2 = |2t/p], the update e &= 1 @ (y mod 2) clears the flag. The inverse map is
modular halving, explicitly y — (y + p(y mod 2)) /2 on canonical residues. For an active Mersenne modulus
p = 2¢ — 1, the rotations used in (45) replace these doublings and halvings. Their 27 rotations have zero
Toffoli cost. The controlled additions to Ag, retain their cost.
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For the other contribution, the circuit performs Y + Y + ¢;(M; mod ¢) (mod ¢). Once all moduli have
been processed, (51) permits the correction without a separate n register. The circuit temporarily adds
2771 to Ay,. Its bits at positions 7 and above then represent 7, with positions numbered from zero. The
bit at position 7 + k controls subtraction of the precomputed constant 2%(M mod ¢) mod ¢ from Y. These
subtractions implement Y <— Y — (M mod ¢) (mod g). The circuit undoes the constant addition to Ag,. By
(52), Y now holds X mod q.

The circuit clears the residue-tree workspace before performing arithmetic on Y. Its n + 1-bit constant-
adder operand therefore reuses that space. The circuit retains Ag, through the character phase. It then undoes
the quotient correction and the per-modulus updates. These steps return both accumulators to zero. When a
residue oracle uses measured erasure, each cleanup uses a fresh phase-corrected XOR invocation as in the
measured-erasure calculation in Section 5.3. Subtraction undoes the modular additions. Appendix C records
this clean interface and the tree schedule that supplies its residues.

5.5 Public masks and sampling error bounds

The window summands in (34) are structured functions of the scalar inputs and may be zero. Their child
sums therefore need not satisfy the generic addition conditions with high probability. Public masks make
the two sums in each child pair independent and uniform for every fixed input. We can therefore count
exceptional pairs to obtain a uniform arithmetic error bound. The resulting translation of F' preserves the
Fourier probabilities on Z2.

Proposition 5.2 (Two-seed masks for balanced trees). We consider any finite abelian group G of odd order.
For a complete balanced tree with L = 2" > 2 ordered leaves, we choose independent uniform U,V € G. We
replace each leaf A;(x) by A;(x) + R;, where

. L(L-1
For every fized x, the two true child sums at every internal node are independent uniform elements of G. The
true group sum at the root is F(x) + Tr. The seeds attain the minimum entropy 2log, |G| among schemes
that require an exact independent uniform root pair for every fixed input.

Proof. A subtree occupies a consecutive leaf interval. For adjacent child intervals of sizes s1, so starting at 7,
their mask sums are the image of (U, V') under

S1 s17 + 81(81 — 1)/2
M, = . . det M, = 2.
<82 52(j + 51) + 52(s5 — 1)/2 ‘ s+ )/

In a balanced tree s; = so = 2¥, so the determinant is 23%. Multiplication by this integer is invertible on an
odd-order group. The adjugate formula therefore makes M, a bijection on G?. Addition of fixed unmasked
sums preserves uniformity. The sum of the masks is Tg. An independent uniform root pair has entropy
2log, |G|. Tt is a deterministic function of the seed at fixed x. The seed entropy must therefore satisfy the
stated lower bound. Our independent uniform seeds have entropy H (U, V) = 2log, |G|, so they attain this
bound. O

For an ordered binary tree, the same argument applies when ged(exp G, $152(81 + $2)/2) = 1 at each node.
Prime order |G| > L suffices. This affine randomization [6] uses invertibility for sums over child intervals.
Appendix B treats general trees and independent leaf masks. Appendix B discusses zero-sum masks.

We write R = (U, V) for the public group seeds. In the genus-two sampler, a classical computation
prepares the masked window tables. It uses the known generator to sample U, V. A degree-two entry has
Z = 1. A lower-degree entry receives the dummy tuple (0,0,0,0,1). Every nonterminal node evaluates the
fixed compact polynomial map (36). The root evaluates ¥., = N, + vD, with an independent uniform field
seed ~y. The resulting completed character is gr (x). This integer program is defined on all tuples. Every
auxiliary ring uses the same polynomial reduced modulo its modulus. The circuit needs no quantum mask,
degree-tag, or exceptional-branch register.
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The genericity conditions are
deguM) = degu® = 2, Z1Z9R.E, # 0. (55)

These conditions ensure that the map represents group addition for every reached valid weighted representative.
Bihomogeneity makes the condition invariant under nonzero scale choices. Polynomial evaluation remains
defined when the conditions fail.

Lemma 5.3 (Frequency of an exceptional generic addition). We define e = #{D € G : degup < 2}. For
independent uniform D, E € G, the probability that their canonical degree-two representatives fail the generic

condition (55) is at most
14
min{1,3e+8q}<min{l, q+3}’ (56)
T r

Here an input of degree less than two is counted as a failure.

Proof. The two input degree failures have combined probability at most 2e/r. We fix a monic quadratic up.
At most 2¢ monic quadratics ug share a factor with it. If up splits, each of its at most two roots allows at
most ¢ choices of the other root of ug. If up is irreducible, only ugr = up is possible. For each such ug, there
are at most four valid polynomials vg, by the Mumford counting argument in Section 4.1. Thus common
support contributes at most 8¢/r, also after restricting to a subgroup. When the inputs have degree two
and coprime u-polynomials, the interpolation polynomial has degree at most three. Its cubic coefficient is
nonzero exactly when Cantor reduction produces a degree-two output. If this coefficient vanishes, the monic
quintic curve equation gives a degree-one reduced output. Thus the remaining generic denominator failure
is contained in {degupyp < 2}. The sum D + E is uniform, so this event has probability e/r. The union
bound and e < 2q + 1 give the result. O

Theorem 5.4 (Input-uniform masked arithmetic). We use e from Lemma 5.3 and define

(L - 1)(3e+8q)}.

Etree = Min {1, "

For every fixed input x, the probability over the two fresh group seeds that at least one true child pair is
exceptional is at most eyee. Consequently, for every seed-independent input distribution, its bad-input mass
eRr satisfies

ERgR < Etree- (57)

Outside the bad set, gr () = go(F(x) + Tr) for every . The randomized clean phase channel differs from
this translated ideal channel by at most min{1,2/Eqec} in half-diamond norm, even with the classical seeds
retained. The half-diamond distance between channels € and F is || — Fllo. This distance is the mazimum
output trace distance over input states with an arbitrary reference system.

Proof. We define each bad event using true group sums, even if a lower polynomial node is bad. Proposition 5.2
and Lemma 5.3 bound the probability at each node. The union bound over L — 1 nodes then gives the
pointwise bound. This argument requires no independence between the events. Outside the bad set, the
generic correctness proof applies inductively. The terminal square-factor identity then gives the claimed phase.

For a normalized input with an arbitrary reference, we write 1)) = " |2)|7,). The squared norm of the
difference of its two phase outputs is at most 4> . [In:]/?. Its seed average is at most 4&¢,ee, uniformly
in the input. The coupled isometries draw the same classical seeds. Their difference therefore has operator
norm at most 2,/ree. The standard isometry comparison and contractivity give the half-diamond bound.
Theorem B.1 details the channel construction. O

The channel bound averages fresh masks drawn independently of the input and its reference. The Legendre
sampling analysis below uses the exact uniform domain Z2.

The masks change only classical lookup constants. The canonical leaf and dummy bounds, degrees, and
arithmetic schedule remain unchanged.

To bound the success probability, we use Vi for the shift-averaged ideal lower bound in (21). For every
fixed mask, translation by T multiplies the Fourier amplitudes by unit phases and leaves their probabilities
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unchanged. We write pyse for the success probability of the masked arithmetic with exact preparation and
readout, averaged over R,~. For each mask, the translated ideal failure probability is ,u; by Theorem 3.1.
The failure projector is the complement of the outcomes u # 0, v = ku mod r, where @ = [k]P. We apply
the exact Fourier transform and then this projector to the phase-state difference in the preceding proof.
Minkowski’s inequality over the seeds then gives

V 1 _i)'use < \/E’yugw +2\/ ERER
S V 1- VG + 2\/ Etree-

This argument allows correlation between Tr and the arithmetic bad set. With at most J,.ep preparation
trials per register, the abort probability is at most 2!~/rrev by Theorem 3.3. We use e and €syn for the total
distribution error budgets for Fourier readout and rotation synthesis. We square (58) and add these losses to

obtain
Prun = Max {07 1- (\/ 1-Vg+2y 5tree)2 — 21 prer EF — €syn} . (59)

Candidate labels u # 0 yield k' = vu~! mod r. The algorithm accepts a candidate only after the classical
check [k']P = Q. Each run uses fresh independent masks and a fresh field shift. Thus for any positive lower
bound p, in (59), the expected number of runs is at most 1/p.. A sequence of N independent runs fails with
probability at most (1 — p.)V.

For r = O(¢?) and w = O(log, n), the bounds are 1 — Vg = O(¢™!) and €iree = O(L/q). The square of
(58) therefore gives 1 — pyse = O(L/q). Equation (59) yields

(58)

Prun Z 1 - O(L/Q) —EF — 5syn - 217Jprep- (60)

Appendix D.4 gives the asymptotic details. The complete width allocation and finite resource estimates are
collected in Section 6.1.

6 Detailed Estimates

Throughout this section, n = [log, ¢] is the field bit length. The quantity m, = [log, r] is the subgroup-order
bit length.

We use W for the peak logical width and Cryt for the number of ordinary three-qubit Toffoli gates. Clifford
gates, measurements, and classical feed-forward are separate resources. The symbol T below denotes the
Clifford+T" gate. It does not denote a Toffoli gate. The earlier bounds denoted by G become Toffoli bounds
only after the count includes every local primitive, control, and cleanup operation in that gate basis.

Unless stated otherwise, the estimates cover one sampling run. They include its live inputs, arithmetic,
preparation, and Fourier processing. We consider independent identically distributed runs with success
probability p > 0. Each run has a fixed Toffoli count C'ro¢. The expected count to obtain a verified logarithm
is Crof/p. A worst-case per-run count and a conditional success lower bound give the corresponding upper
bound. Serial repetitions reuse the same qubits.

6.1 Sampler bounds and finite resource estimates

Complete width. We assume the curve model and subgroup hypotheses of Section 2. We also use the
computational model of Section 3. In particular, ¢ and r are odd primes and Ny, = 2m,.. Both scalar registers
remain live during arithmetic. The preprocessing cost includes the classical lookup tables.

The construction uses a complete balanced window tree with L = 2" > 2 leaves. Its distinct odd auxiliary
primes p; < 2 differ from ¢ and satisfy M = Hfil p; > 4 - 2w The root bit bound H,, is given in (42).
The residue words have uniform width b with w — 1 < 8b. The guarded CRT construction in Section 5.4 uses
agp = 2[logy K| + 4 fixed-point bits.

With the clean primitives in (43), residue reconstruction retains both scalar inputs, the n-bit CRT output,
and the fixed-point sum. Its tree workspace is at most [5(h + 2) 4+ 11]b+ 4 by (49) and Apyim(b) < b+ 4. The
large-modulus update starts after the tree workspace has been cleared. It uses at most N, 4 2n + ag, +2b+ 20
qubits. The character width W, (n) < 6n + 12 from (32) already includes its n-bit argument. The fixed-point
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sum remains live until inverse reconstruction. Theorem 3.3 supplies the preparation and Fourier width. The
stages reuse clean workspace, so

Nin +n+agp + [5(h+2) + 11]b + 4,
Nin + 2n + ag, + 2b + 20,

Nin + ag, + 6n + 12,

3m, +5

(61)

Wsample < max

The first entry bounds the reconstruction-stage allocation Wiecon. The remaining entries cover the large-
modulus update, the completed character, and preparation/Fourier readout.

For r = O(¢?) and w = O(log, n), the table size and the integer bit bound are polynomial in n. The
auxiliary primes have bit size b = O(log, n) and also satisfy w — 1 < 8b. This choice gives ag, = O(log, n)
and a tree allocation O(log3 n) beyond the n-bit reconstructed value. The CRT update uses at most another
n + O(logy n) bits. The exact character circuit uses 6n + O(1), including that value. The input width is
Nin = 4n+ O(1), and the preparation/Fourier width is 3m, + 5 = 6n + O(1). The character stage therefore
gives the largest leading term in (61). The resulting bound is

Waample < 101 + o(n). (62)

Classical preprocessing and reversible arithmetic have polynomial cost under this window choice. The height
growth L1°8220 gives a large factor in this cost. Appendix D.4 gives the details. The finite estimates below
evaluate each stage separately.

Theorem 6.1 (Masked residue sampler). We assume the curve and subgroup hypotheses of Section 2 and use
the computational model of Section 3. The construction in Sections 4 and 5 then has the following properties.
Its weighted Mumford addition map has ordinary polynomial degree at most 48 and satisfies

HAU,V)) < 2°HU)H(V)",

where H is the tuple size defined in (38). At a generic terminal node, the polynomial ¥, = N, +~D, has degree
at most 19. At such a node, the completed character of its value equals that of ug + 7. The circuit evaluates
this phase without field inversion. Generic correctness requires the nonvanishing condition in Proposition 4.3.
Polynomial evaluation itself is defined on every tuple.

The sampler uses the exact input domain Z2, a complete balanced tree with L = 2" > 2 leaves, and
the two-seed affine masks in (54). Each run samples two fresh independent group seeds and an independent
uniform v € F,. The ideal useful-sample bound is Vi from (21). The tree exception bound is €iee from
Theorem 5.4. The preparation trial cap is Jprep per register. The distribution error budgets are €p, Esyn for
Fourier readout and rotation synthesis, respectively. The probability of a classically verified logarithm in one

run is at least )
max {O, 1-— (\/ 1-— VG + 2\/@) — 21*Jprep —€p — Esyl’l} .

The probability is averaged over the classical seeds for the exact uniform input state. Every accepted candidate
is checked by [K'|P = Q.

The masked leaf tables are computed classically using complete divisor arithmetic. Each lower-degree table
value receives a fived dummy tuple. The circuit then evaluates a fixed integer polynomial at each node. Thus
the quantum circuit needs no mask register or coherent record of exceptional branches. The stated probability
estimate justifies this choice. It counts every relevant lower-degree or singular generic addition as a bad event.

For the auxiliary moduli and fized-point allocation specified above, the complete logical width is bounded
by (61). For r = O(¢?) and window width w = O(logy n), it satisfies (62). Under this parameter choice,
the classical preprocessing and arithmetic costs are polynomial. With exact preparation and readout, the
useful-sample probability is 1 — O(L/q).

Proof. Proposition 5.2 makes the true child pairs uniform for each fixed scalar input. Theorem 5.4 therefore
bounds the error caused by exceptional additions. The full-run success follows from (59). Its asymptotic form
is (60). Exact preparation and readout remove the preparation, Fourier, and synthesis losses. The preceding
stage-allocation argument proves (61). Its asymptotic form gives (62). Appendix D.4 gives the detailed size
and prime-product estimates. O
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A 127-bit field instance. We now apply Theorem 6.1 to the Gaudry—Schost curve used by pKummer [34]. Its
parameters satisfy

g=212"_-1, #J(F,) = 167,
r = 2250 _ 0x334D69820C75294D2C27FCOF9A154FF47730B4B840C05BD. (63)

The cited construction gives the primality of r and a nonzero divisor of order r. To obtain the zero-quartic
model assumed by our formulas, we substitute X = « + a, where a = —f4/5 in the published monic model.
The resulting curve and generator are

C':y? =2° + 323 + o2’ + 1 + ¢, P = (2 + u1x + ug, v12 + vg),

with the hexadecimal constants in Table 2.

Table 2. An isomorphic zero-quartic Gaudry—Schost model. Constants are canonical residues modulo g, written in
hexadecimal with a Ox prefix.

Parameter Value

a 0x5FAD7267DA7A005DC143AD1352526C82
Co 0x3AF79604317A895BB28139B4DDD66D56
c1 0x4761178EC206F6DB2E9OB2BF4913BE47
c2 0x432B709D2D5801982F927BB531F0F535
c3 0x00D26A12F16AE9D00045BB92C5382A8E
uo 0x384CB21DBD5E1F600F3FEOE336182F14
u1 0x3CB88102BCDD5A7AAA402188B6783790
Vo 0x4F4AB1A434DFCBESFD26C203D18D54F4
V1 0x444569AF177A9C1C721736D8F288C942

This instance has n = 127 and m, = [log, r] = 250. The live input width is N;, = 500 for the exact
domain Z2. For a tree with L = 32 leaves, the masking union bound evaluates to

BUMIH3) _yogy x 1075 < 27110
;

Etree S

The corresponding 2,/€¢ce state-distance bound is less than 1.278 x 10717,

The accompanying check_gs_parameters.py verifies square-freeness, membership, P # O¢g, and [r]P =
O¢ by complete Cantor arithmetic. Lucas—Lehmer and a supplied recursive Pocklington certificate prove
primality of ¢ and r. These checks, together with exact integer Weil bounds, certify ord(P) = r and
# Jac(C")(F,) = 16r. Appendix D.3 gives the details. The identification with the published model relies on
the cited source. These certificates verify classical parameters.

For L = 32, the coarse fiber bound in Section 4 and the square of (58) give 1 — pyuse below 1.795 x 10734 <
2712 We choose Jprep = 42 and ep = €gyn = 2740, The preparation, Fourier, and synthesis losses sum to
274 +2.2740 Equation (59) therefore gives

1 — pran < 1795 x 10734 42741 4 2.2790 < 2974 x 10712 < 2738,

The measured Fourier schedule uses 292 classical precision bits. The finite estimates below include the
preparation, Fourier-readout, and character costs. Rotation synthesis is charged separately through the stated
accuracy budget.

Finite widths. We use the root bit bound Hey from (42). One explicit choice uses all odd primes at most
2 with ¢ excluded. Dusart’s unconditional estimates [16] give the following bounds, where In denotes the
natural logarithm:

2 1 0.2 1 >Hew+2 = M >4.2H
In2 (bIn 2)2 " o
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when 2° > 3594641. The number of primes satisfies

2b
K< Kpax = | ———— |
- {bln2—1.1—‘

We reserve the fixed-point space using Kmax. We set {x = [logy Kmax], T = i + 3, and ag, = 20k + 4. The
subtraction of 1 4+ n above allows removal of 2 and ¢. These estimates certify the allocation without requiring
a prime list for the numerical bound.

We substitute Apyim(b) < b+ 4 and these register sizes into (61). The resulting allocations are

w L b Kmax Gfp Wrccon

8 64 31 105,333,026 58 2,270
163227 7,619,525 50 1,923
243227 7,619,525 50 1,923
321623 565,180 44 1,618

Each reconstruction width exceeds the other stage widths. For w = 16, the four allocations are
1923,878,1324,755. For w = 32, they are 1618,864,1318,755. Window 24 has the same quantum
width as window 16, but its lookup table is larger.

Finite Toffoli count. We define
Ay = 24b% — 17b + 4, Qu = 4w2", G, = 2max{Q., 7T07A4,}.

The clean local node uses 274Cs + 262Cs. The terminal uses 130Cys + 138C'y + C. Coordinatewise ghost
correction uses 638C); + 776C's. Thus 707A; bounds each of the first two costs, and 1414 A, bounds ghost
correction. A lookup equality ladder uses at most w — 1 < 8b clean selector bits while the eight local words
are free. Its computation and erasure cost less than 4w Toffolis per entry. The selected output is copied with
CNOTs. Thus G, covers local evaluation, erasure, and ghost correction.

One reconstruction direction has the bound

GRr < Kmax[16(h+1)LG, +40b(b + 1) + 7{8b — 4 + 20(ag, + 1)} + 20b(n + 1)]
+40(ag + 1) +20(Lx + 1)(n + 1).

The terms involving the n-bit target include the large-modulus operations. Reconstruction runs once before
the character phase and once after it. For the stated preparation cap and Fourier precision, the full-run
budget is

Crot < 2Gg + Cy(n) + 4Jprep(2m, — 1) 4+ 10 - 292(2m,. — 1).

Here Cy (n) already includes the character computation and its reversal. For w = 16, the two reconstruction
directions cost at most 1,128,039,642,229,582,960 Toffolis. The character, preparation cap, and Fourier readout
contribute at most 2,331,720, 83,832, and 1,457,080, respectively. Their sum gives

Cror < 1,128,039,642,233,455,592 < 259969,
The same formula with w = 32 gives
Crrof < 1,590,840,273,492,881,652,552 < 270-431,

Both counts cover one capped run. Both runs use the same preparation and readout budgets. The smaller tree
at w = 32 reduces the masking error, so the bound pyu, > 1 — 2738 holds for both windows. Their expected
Toffoli costs per verified logarithm are at most the corresponding run bounds divided by 1 — 2738, Single-qubit
rotation synthesis is charged separately through its accuracy budget. These analytic counts do not include
classical preprocessing. The estimates use generic primitives for every auxiliary prime. Appendix E.2 gives a
refinement for a certified explicit CRT list.
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Classical storage and table preparation. The prime list and the product M depend on the field and window
parameters. They do not depend on the fresh masks. A classical preprocessing pass enumerates the primes,
forms M, and records M mod ¢. The controller needs no stored copy of each full M;. For the active prime p;,
it computes

(M mod p?
a; = _—

-1
> mod p;, M; mod ¢ = (M mod q) (p[l mod ¢) mod gq.
bi

The first division is exact because p; | M. The first inverse exists because the primes are distinct. The second
inverse exists because p; # ¢. The controller retains these reduced constants for the active modulus and
recomputes them in the reverse pass. It stores M and the prime list in O(Kb) bits. The controller computes
these constants by modular reduction of the stored product M. This procedure avoids storing K integers of
size logy M.

Each run uses fresh group seeds and therefore prepares fresh masked leaf tables. For a nonpadding leaf,
the classical computation starts at R; and repeatedly adds its fixed window base using complete Cantor
arithmetic. It stores the four canonical field coefficients for each degree-two result. It stores four zeros for
a lower-degree result, in accordance with the dummy tuple in Section 5.5. Every entry has the fixed scale
Z = 1. Thus at most 4nL2™ bits store the coefficient tables, before metadata. This construction uses O(L2")
complete classical additions, besides preparation of the window bases and masks. For w = 16, the entry
bound is 22! and the packed coefficient storage bound is 133,169,152 bytes. For w = 32, the corresponding
bounds are 236 entries and 4,363,686,772,736 bytes.

During each residue lookup, the controller reduces the stored coefficients modulo the active p; and emits
the corresponding classically controlled X/CNOT pattern. It reuses the same canonical tables across all
auxiliary moduli and through phase correction and cleanup. It needs no separate table for every modulus.
The controller can emit each lookup pattern when the schedule reaches it, so it also needs no stored list of
all elementary gates. These policies use O(nL2" + Kb) classical bits. The gate estimates include reversible
selection, but the classical preparation and generation of constants remain separate costs.

6.2 Matched comparison with earlier circuits

Chen et al. [7] report the controlled-addition allocation and modular-operation inventory
Wadd = 20n + 2[logy n] + 10, Chad = 83602 + 18n — 340.

Appendix E.1 retains their primitive table. It distinguishes their printed polynomial from the expansion of
the inventory. The appendix checks the reported inventory without changing its circuit interfaces.

A controlled addition includes one control qubit in Waqq. A sequential, unwindowed full-output schedule
retains two m,.-bit scalar registers and performs 2m,. controlled additions. Its arithmetic count is 2m,.Cyqq,
and its allocation is

Waada + 2m,. — 1 logical qubits. (64)

The subtraction shares the module’s control with one live scalar bit. The addition workspace is reused. The
peak also includes the preparation and Fourier stages.

The width in [7, Sections 5.1-5.2] describes the addition module. Its gate total multiplies that module’s
count by 2m,.. Equation (64) therefore adds the remaining live inputs. A circuit with scalar-register recycling
would require its own allocation and sampling analysis. The comparison here uses the same two live input
registers for all rows. The substitution 2m, = 4n is illustrative. It is not an identity for every genus-two
subgroup.

For the instance in Section 6.1, Chen’s reported module width is 20 - 127 4 2[log, 127] + 10 = 2,564 qubits.
Its matched allocation is 2564 + 500 — 1 = 3063 qubits. The inventory gives 6,742,895,000 Toffolis for 500
additions. The preparation and Fourier stages use at most 755 qubits and do not increase this peak. The
comparison retains the source’s reported module width and generic-addition domain. Section 2.1 gives a
clean XOR adapter for the later inversion circuit of Luo et al. [30]. Replacing Chen’s fourteen inversion calls
also requires the appropriate controlled interfaces and a new allocation of live registers. The reported Chen
row retains its original circuit; it is not an estimate for this replacement. The ps2; multiplication results in
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[25, Appendix A, Table 6] also use different interfaces, field size, and Clifford+7" objectives. Appendix E.2
gives the space and gate adapters for such a replacement. A T-count and a Toffoli count measure different
resources.

Comparison with Huang et al. (2020). Huang et al. [24] gave a reversible genus-two divisor-addition construc-
tion over prime fields before the Mersenne-field implementation of Chen et al. Section 5.1, Eq. (3), of their
paper reports the controlled divisor-addition width

WH ada = 13n + 2Llog2 nj + 10.

The logarithm is rounded down, as in the original formula. The allocation includes one control qubit, the
inversion workspace, and six additional n-bit words. Their Algorithm 1 and Figure 2 retain both scalar
registers through the addition sequence and Fourier readout. The same live-input convention used above
therefore gives the arithmetic-stage allocation

WH matched = Wa,ada +2m, — 1 =13n + 2Llog2 TLJ +2m, +9.

The subtraction of one shares the addition module’s control with one live scalar-input bit. At n = 127 and
m, = 250, |log, 127| = 6, and hence

Woada = 13-127+2-6 4 10 = 1,673, WH, matched = 1,673 +500 — 1 = 2,172.

The preparation and Fourier allocation of 755 qubits uses our common implementation. Retaining the
four-word divisor output during readout adds 508 qubits. The resulting 1,263 qubits stay below the arithmetic
peak. Our w = 16 and w = 32 allocations are thus 11.46% and 25.51% lower, respectively. Table 3 includes
this earlier comparison.

Table 3. Finite resources on the same 127-bit instance with 500 live input qubits. The earlier rows use reported
generic arithmetic allocations and operation inventories. Their gate entries cover arithmetic only. The residue rows
bound complete capped sampling runs and exclude rotation synthesis. The fourth column counts classical residue
lookup entries. The earlier circuits use fixed classical divisors. The fifth column states their published domain or the
verified-logarithm probability proved here. All widths are schedule-specific bounds.

Construction Qubits Toffoli gates Classical lookup Domain / success
entries probability

Huang et al. [24] 2172 ~ 3.055 - 10'° — Published generic
domain

Chen et al. [7] 3063 6.743 - 10° — Published generic
domain

Residue, w = 16 1923 < 259.969 < 22 >1—2738

Residue, w = 32 1618 < 270431 < 236 >1-2738

The residue widths are 37.22% and 47.18% below the Chen-derived allocation. They are 11.46% and
25.51% below the Huang-derived allocation. These percentages compare the stated live-register schedules.
The earlier arithmetic inventories do not establish an end-to-end verified-logarithm probability under the
present budgets.

The smaller residue allocations have much larger declared gate costs. For w = 16, the Toffoli upper
bound is about 1.67 - 10% times Chen’s reported arithmetic count. For w = 32, the corresponding ratio is
about 2.36 - 10''. These ratios compare analytic estimates; they are not measured running-time ratios. The
construction gives an explicit logical-space tradeoff, with large quantum and classical time costs. Appendix E.1
records the scope of each construction.
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Comparison across curve families. For bounded-cofactor genus-two groups, the generic classical discrete-
logarithm work factor is 291 For bounded-cofactor elliptic-curve groups over an ng-bit prime field, it
is 272/2+0(1)  An approximate comparison at equal generic security therefore uses ng ~ 2n. This relation
aligns the parameters. It does not certify the security of every curve or subgroup. Mersenne-specific circuits
require ¢ = 2" — 1 to be prime. Their formulas do not define implementations at arbitrary n.

6.3 Verification and scope

The accompanying exact-integer checks expand the terminal and compact polynomials. Table 4 records
their exact degrees, coefficient norms, and weighted bidegrees. The checks verify the terminal square-factor
identities as polynomial identities. The verification does not rely only on evaluations at finitely many points.
The five compact-output norms are componentwise below the conservative bounds in (37). These checks
therefore preserve the height-growth bound.

Table 4. Exact sparse-polynomial certificates. Coefficient norms are sums of absolute integer coefficients; bidegrees
use weights (2,2, 3,3,1) on each input tuple.

Polynomial Monomials Degree Coefficient norm Weighted bidegree

N. 115 19 232 (12,12)
D. 34 18 64 (12,12)
Ui 743 32 7512 (20, 20)
U} 837 31 9816 (20, 20)
v 6623 48 577524 (30, 30)
vy 7603 47 621964 (30, 30)
z 4 15 60 (10, 10)

An independent Cantor implementation compares all 1,296 and 4,356 ordered reduced input pairs on the
specified curves over 5 and Fr. It also compares 2,000 sampled pairs over each of F1; and Fy3. All generic
outputs agree, including independently scaled inputs. The shared-expression certificate records the eight-word
local workspace. It also records the separate node, terminal, and scalar-correction costs. Appendix D.3
describes the verification scope. The accompanying source archive supplies the runnable checks.

A complete small-field example. We use the curve y? = z° + 223 + 22 + 22 + 1 over F3. The Mumford pair
P = (2,7 + 1) generates a subgroup of order 11. We set Q = [2]P and use a two-bit window with four
leaves. The program check_complete_sampler.py checks all 121 inputs, 121 group-seed pairs, and three field
shifts. These choices give 43,923 phase cases. The check connects the masked tables, integer tree, streamed
CRT, clean Jacobi phase, measured cleanup, and Fourier output. The averaged useful-sample probabilities
are 256/363 for the ideal translated phase and 102544/5314683 for the polynomial implementation. The
general bound has €. = 1 and gives a zero success lower bound at this size. The example therefore checks
integration. Integer and rational checks are exact. Numerical Fourier checks use tolerance 2 x 10712,

Together, these checks validate the stated polynomial identities, local coherent interfaces, and analytic
resource counts. The complete cryptographic-size sampler still requires compilation. The arithmetic channel
bound applies to seed-independent inputs. The Legendre sampling theorem uses the exact uniform domain.
The large Toffoli bound and classical tables are the main costs of the resulting logical-space reduction.

7 Conclusion

Two public group seeds make the two children at each node independent and uniform over a finite abelian
group of odd order. This result applies to a complete balanced addition tree. It gives a bound on exceptional
arithmetic that holds uniformly over inputs. It also gives a comparison of randomized quantum channels
with the seeds retained. The determinant criterion identifies the other tree shapes for which the construction
works.

30



For the stated genus-two curve model, the reduction uses an integer lift of weighted Mumford arithmetic
and a shifted Legendre phase. The resulting useful-sample probability on the exact domain is 1 — O(L/q)
when r = O(q?). Height certificates, streaming reconstruction, shared evaluation, and clean scalar phase
correction give a complete sampler allocation of 10n 4 o(n) logical qubits. This allocation includes both scalar
inputs in the measurement and reset model.

On the 127-bit instance, a 16-bit window gives an analytic allocation of 1,923 qubits. This allocation is
11.46% below the matched Huang-derived allocation and 37.22% below the Chen-derived allocation. The
capped-run bound is below 260 Toffoli gates. A 32-bit window uses 1,618 qubits, with a Toffoli bound of
about 27043 and at most 236 table entries. Rotation synthesis is charged separately. These estimates quantify
the time and classical-storage costs of the logical-space reduction. Polynomial identities, local gate networks,
register traces, and the small-field sampler check support the construction. A complete cryptographic-size
compilation remains open.

The main ways to lower total cost are to reduce internal height growth and use cheaper lookup and phase-
correction schedules. Special-modulus arithmetic offers another local improvement. The Mersenne rotation
method of Chen et al. [7] removes the doubling/halving Toffolis on the canonical residue domain. The clean
adapter proved here makes the folding approach of [25, Appendix A] usable in our circuit model. Its benefit
must be assessed together with the actual CRT moduli and the extra live product words. This refinement
does not change the unconditional prime-product argument or the reported generic finite allocations.
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A Complete Arithmetic and Integer Identities

A fixed binary schedule for clean inversion. For completeness, we instantiate a fixed-length binary Euclidean
schedule using standard reversible inversion methods [22]. It gives O(n) workspace and O(n?) Toffoli gates.
For the canonical residue [z], € {0,...,q — 1}, we write

z+ (z mod 2)q

Hq(z) = D) )

0<z2<q.
This formula defines modular halving with a canonical output.

The circuit initializes (a, b, ¢,d) = (z,q,1,0). It then performs T' = 2n + 1 fixed steps. At each step, it
records the selected row in two bits and updates all entries simultaneously:

condition ‘ (a, b, c,d) after the update
a=0 (a,b,c,d)
a > 0 even (a/2,b,Hy(c),d)
a odd, a>b|((a—0)/2,b, H,([c — d],),d)
aodd, a <b|((b—a)/2,a, Hy([d— c]q),c).

Throughout the computation, b is positive and odd. The invariants are a = cx (mod ¢), b = dz (mod ¢), and
ged(a, b) = ged(x, ). Every active step either makes a = 0 or reduces the positive integer ab by a factor of
at least two. Since initially ab < ¢? < 22", termination occurs within T steps. For = # 0, the terminal state
has b = 1. Thus the terminal coefficient satisfies d = x=! (mod q). For = 0, every step leaves the state
unchanged and d = 0.

The retained labels make each row reversible. The last two rows recover their previous integer pair as
(2a + b,b) and (b,2a + b). Their previous coefficient pairs are, respectively, ([2¢ + d]4, d) and (d, [2¢ + d],)-
Modular halving is a permutation. After halving, the circuit recovers the original parity by testing whether
the output is at least (¢ + 1)/2. Thus additions, comparisons, and reversible shifts implement each row with
O(n) gates and reusable scratch. The four evolving words and 27 history bits occupy O(n) qubits. The
circuit XORs the terminal d into the arbitrary target z. It then reverses every row and erases each label after
restoring the preceding state. Finally, it clears the known initialization constants. These steps restore x and
all workspace. Both asymptotic bounds follow.

A coherent binary inverse for Mersenne primes. We now specialize the fixed binary schedule to ¢ = 2" — 1
prime, with n > 2. The circuit again initializes (a,b, ¢, d) = (z, ¢, 1, 0). It uses the input register itself for a and
restores that register at exit. Each of 2n — 1 rounds records two bits and performs the following operations in

order:
1. Record t = a mod 2 and h = t[a < b].

2.1t h =1, swap (a,b) and swap (¢, d).
3.Ift=1, set a<—a—band c+ [c—d.
4. a + rotrp(a), ¢+ rotry(c).

The record t refers to the parity before either swap. The value of a before step 4 is always a nonnegative even
integer. If ¢ = 0, the integer a was already even. If ¢ = 1, step 2 places the larger odd integer in a, and step 3
subtracts the smaller odd integer. Thus the first rotation is exactly integer halving. For a canonical coefficient
¢, the second rotation satisfies

¢+ (¢ mod 2)(2™ — 1)

rotr,(c) = 5 = H,(c).

Both rotations use only CNOT gates. The swap-based arrangement follows the general binary-EEA approach
of [22, Section 4.2 and Fig. 7].

The congruence and gecd invariants from the preceding construction remain valid. The new schedule also
applies H, after a becomes zero. For x # 0, the invariant a = cx (mod ¢) then gives ¢ = 0, so this extra
operation has no effect. For x = 0, every round leaves a = 0, b = ¢, and d = 0. The changing coefficient ¢
does not affect the answer. The sum of the binary lengths of a and b starts at most 2n. Each round with
a > 0 reduces this sum by at least one. Integer halving reduces the length of a positive even a by one. In an
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odd round, the half-difference has a smaller length than the larger original integer. If a stays positive for
2n — 1 rounds, the length sum is at most one, whereas two positive integers have a length sum of at least two.
The circuit therefore ends with @ = 0 and d = invg(x) for every canonical input.

The circuit XORs d into the arbitrary binary target z with CNOT gates. It then reverses all rounds. Each
inverse round first undoes the two rotations. It next undoes the two subtractions and the two swaps using
the retained bits. It finally recomputes the comparison and parity on the restored words to clear h and ¢.
The circuit clears the initialization constants after it restores (a,b,c,d) = (x,q,1,0). Thus it preserves = and
clears every workspace bit, including on inputs entangled with a reference.

One clean (n + 1)-bit operand, one target extension bit, one carry, and one flag provide n + 4 scratch
qubits. The circuit reuses them for the following three stages. To record h, it copies a into the operand,
subtracts b, toggles h with the controls ¢ and the sign bit, then undoes the subtraction and the copy. It
borrows the extension bit as the zero high bit of b during this comparison. The difference lies in (—2",2"),
so its high bit records a < b. The two ripple operations and one Toffoli cost 4n — 1. To subtract ¢tb from
the extended integer a, the circuit loads and unloads tb with 2n Toffolis. The inverse ripple operation costs
2n — 1. The extension bit returns to zero because ¢t = 1 implies a > b after the swap. The controlled canonical
subtraction on ¢ costs 16n — 5, by Appendix D.1. The two controlled word swaps cost 2n Toffolis. Recording
t and performing the two rotations require no Toffolis. Hence one round costs at most

(dn—1)4+2n+ (4n—1) + (16n —5) = 26n — 7.

The forward and reverse passes each have 2n — 1 rounds, so the complete gate bound is 2(2n — 1)(26n —7) =
104n? — 80n + 14. The four evolving words, target, retained bits, and scratch give the total width

dn4+n+(4n—-2)+(n+4) =10n+ 2.

These bounds use coherent reversible gates and do not require measurement or reset. They describe a
width—gate tradeoff. Compared with the Luo adapter in Section 2.1, this circuit has a larger leading width
coefficient and a smaller quadratic Toffoli coefficient.

Complete canonical evaluation. The Cantor formulas (5)—(6) apply to all reduced input pairs [5]. They cover
common support, inverse pairs, doubling, and the identity. We compute their Bézout coefficients from

g =eru™ + eou® = ged(u™, u?), d=c1g + ca(vM + @),

where the second extended ged makes d = ged(g, v + v(?)) monic. The coefficients (a, b, c) = (cie1, c1ea, ¢2)
then give the required relation. Both Mumford pairs are valid, so the displayed composition quotients are
exact. The composed polynomial % has degree at most four. The algorithm reduces v modulo it. If degu = 3,
then degv < 2. Thus (f — 9?)/u has degree two. If degu = 4, this quotient has degree at most two. Its
numerator is nonzero because f has odd degree. The algorithm therefore needs at most one Cantor reduction,
including when the degree drops.

The circuit uses fixed coefficient arrays, degree tags, and coherent activity flags. It pads the two Euclidean
algorithms and all divisions to their constant maximum lengths. It normalizes nonzero leading coefficients
with the clean inversion circuit in Section 2.1. Inactive branches use invo(0) = 0. The circuit copies the
canonical result and reverses every intermediate computation, including the flags [3]. This construction gives
the complete O(n)-qubit, O(n?)-Toffoli reference described in Section 2.2. Its finite constants need not match
those of the generic polynomial map.

Integer equations of the weighted chart. For the model (1), we define

Ri(a,b) = a* — 3a®b + b + c3(a® — b) — ca + ¢y,
Ro(a, b) = aSb - 2ab2 + C3U,b - Cgb + Co, Rj = ZgRj(Ul/ZQ, Uo/ZQ).

We fix integer lifts of the curve coefficients. The expressions above are then integer polynomials. For Z # 0,
the degree-two validity equations are

2V Z? — U VE = Ry, ViZ? - UgVE = Ro. (65)
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The remainder of v> modulo u has coefficients 2v;vy —u1v? and vZ —ugv?. We substitute (14) and multiply by
Z8 to obtain (65). Every term has weighted degree eight. The degree-one tag sets U; = V4 = 0 and imposes

VEZ* = co 20 — iU Z8 + coU3 Z8 — c3U3Z* — U,

The degree-zero tag represents (1,0) and may use (0,0,0,0,1). These tagged charts do not define a complete
projective model at Z = 0. We make no claim that polynomial evaluation there represents a group operation.

A denominator-clearing certificate for the terminal. Proposition 4.3 derives the generic addition and terminal
formulas by interpolation and Cantor reduction. The integer identities below give a separate check of the
smaller terminal formula. They relate it to coefficient comparison with a common interpolation denominator.
We use the quantities in (25)—(26). We set XU, = UéQ)Z% + Uél)ZQ2 and define

§=UP 236, + Z3(Z3L. + UVE),
Cy=2j, C3=2A.E, W=-2KA.R.,
A=WZi,  By=CoZt, By =C37%,
By = V"Wz, + UV 22 — C5((UV)? — UsH 22),
as = 2ByBs — A%, a4 = B2 +2B,Bs,
Ny = Ascas — B3XU,,  Dg=ALB3,
Ny = AZay — AB2(ZUy + UNUP) - $ULN,,.

On the generic branch, Bs/A and Bs/A are the two highest interpolation coefficients. Comparison of the
x5, 2% coefficients gives ué3) = Ng/Dg. We substitute these expressions and collect the factors. This gives the
following identities over Z:

Ny = QZIZ37N., Dy = (221Z3)D.. (66)

These identities hold for every integer input tuple. They need no genericity assumption. The executable sparse
certificate checks that all coefficients agree. Their interpretation as group operations requires Z71 ZoR.Ex # 0.
Under this condition, D, = (Z;Z2&,)? is a nonzero square. This remains true when the shifted phase argument
is zero.

B Sampling Reductions and Their Scope

Theorem B.1 (General masked reduction). We assume that a finite abelian group G and an ordered addition
tree have the uniform child-pair property of Proposition 5.2. The quantity J, bounds the exceptional-pair
density at node v. We also assume that a total clean diagonal implementation agrees, outside these exceptions,
with Ug a|z) = gx(F(z) + Tr)|x), where |gx| =1 and X is independent of R. The input, together with any
reference system, is independent of the fresh seeds. The implemented and ideal randomized channels then
satisfy 1[|€ — E|lo < min{1,2/>, 8.}, even when the seeds are retained.

Proof. The set Br consists of inputs with an exceptional true child pair. Uniform child pairs and the union
bound give Prr(z € Br) < ), d, for every x. For k = (R, \) of probability p,, we couple the dilations as
follows:

W) =" pal)elk)pUalv), Wi Ues U,

We write [¢) = 32 |2)|7,). The dilations then satisfy |(W — W)y||2 < 4Eg Y weny IMell? <4370, 6,. We
trace out E and retain the classical seed C. The isometry comparison proves the channel bound. A failure
projector and Minkowski’s inequality also give pr.i < min{1, (y/po + 2/, 5,)?} for ideal failure py. O

For arbitrary tree shapes, the determinant criterion in Section 5.5 gives the required masks. Independent
leaf masks always suffice. The theorem does not cover conditioning on a fixed seed. It also does not cover an
input chosen after the seed has been observed.
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Elliptic specialization. We consider a short Weierstrass curve in characteristic greater than three and an odd
prime-order subgroup of order r. Generic finite addition fails on exactly 4r — 3 ordered pairs. Of these pairs,
r start with O. Each other first input D excludes O, D, —D as the second input. The whole-tree exception
probability is therefore at most min{1, (L —1)(4r—3)/r?}. For g,(O) = 1 and g, (D) = s,(x(D)+) otherwise,
Equation (19) and the two-element x-fibres give pg < ¢~ + (1 — ¢~ 1)(2r — 1)/72. The theorem gives success
1 —0O(L/q) when r = ©(q). This result does not provide a new finite allocation for an elliptic-curve circuit.

Zero-sum masks. The masks Ry,..., Ry _1 are independent and uniform, and Ry = — EKL R;. The child
sums at every proper node are then independent and uniform. The reason is that the two disjoint child sets
have a nonempty complement. At the root, the pair is (U, F'(z) — U), where U is uniform. Independence holds
after averaging over uniform x € Z2. It generally fails for fixed x. This variant therefore lacks the pointwise
channel guarantee.

Collision bounds and the comparison with CFS. We consider d output labels, a collision matrix C, and Fourier
amplitudes w with ) w, = 0. The distinct-output condition |C.., — 1/2| < ¢ implies

Ipvie —p/2 < e([lwll} = lwl3) <e(d=1Dp,  p= w3

We obtain this bound by subtracting (I + 117)/2 and bounding each off-diagonal term in absolute value.
A four-input Fourier circuit shows why these entrywise collision bounds need not give |pnis — p/2| < ep.
The circuit prepares the uniform state on Z,4, evaluates the injective map

and applies F, ! to the input. At Fourier label 2, the amplitudes in output-label order 1,2,3,4 are w =
(1,1,—1,—1)/4. Every nonzero Fourier label has zero summed amplitude because Zi:o e~ 2mwy/4 — () for
y = 1,2,3. The circuit therefore satisfies the cancellation condition. For each binary hash h, the compressed
circuit evaluates h o f into a bit initialized to |0) and applies the same Fourier transform. We trace out the
output in both circuits when computing the input probabilities.

We select uniformly among 17 indexed binary hashes. The family contains all 16 hashes on the four output
labels and one extra copy of the hash with sign vector v = (1,1, —1, —1). Distinct-label collision probabilities
are 8/17 or 9/17, so € = 1/34. At Fourier label 2, the uncompressed and compressed probabilities are

1 1/ p 1 5 9
P= pbit17<162+2)34>68(1/2+s)p.

This example concerns the distinct-output interpretation of the collision hypothesis in Theorem 3 of the
February 2026 full version of CFS [9, Theorem 3, pp. 14, 33-34]. The printed hypothesis includes equal outputs.
Taken literally, it forces € > 1/2. Its small-e application therefore requires the distinct-output interpretation.
Under the distinct-output interpretation used with that work’s Proposition 1, the last inequality in the proof
of Theorem 3 does not follow from the entrywise collision bound. The four-input example demonstrates
this point within a Fourier-sampling circuit. The example does not determine the success of that work’s
translated-Legendre family or its ECDLP algorithm. A relative estimate independent of the number of output
labels needs a stronger condition. One sufficient condition is an operator norm bound on the collision error
restricted to the zero-sum subspace.

C Exact Reconstruction and Measured Tree Evaluation

The exact interface. An exact integer addition tree uses integer leaf tables of fixed dimension and polynomial
maps. The tables and maps are the same for every auxiliary modulus. On every valid input, the root modulo
q represents the required group sum and phase argument. The polynomials and their height bound must
include all tags, exceptional branches, and conversions. This requirement is stronger than generic correctness.
The masked tree evaluates a total integer polynomial on every input. Its result represents the group operation
on the good set in Theorem 5.4. Separate branching modulo each auxiliary prime would not preserve the
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common integer lift. In both settings, integer evaluation commutes with reduction. The guarded calculation
in Section 5.4 reconstructs the certified integer, even when that integer has no group interpretation.

We assume that the leaf coordinates are bounded by By > 1. We also assume that each output polynomial
has degree at most an integer A > 1 and coefficient norm at most A > 1. The recurrence B; = ABﬁ1 then
bounds level j. For A > 1, this recurrence gives log, By, < A"log, By + (A" —1)logy A/(A —1). For A =1,
the bound is logy By + hlog, A. The weighted and coordinatewise bounds in Section 5.2 are sharper for our
fixed maps.

Clean streaming reconstruction. The reconstruction in Section 5.4 preserves the scalar inputs. It clears each
digit and residue before advancing to the next modulus. For the final correction, the circuit temporarily
adds 277! to Ag,. Its high bits control subtraction of (M mod ¢) from Y. The circuit then undoes the
constant addition. It therefore has no separate copy of n to erase. After the character phase, the circuit
undoes the correction and processes the moduli in reverse order. It recomputes each digit and subtracts its
contributions from Y and Ag,. The odd-modulus digit procedure applies in both passes. Each call to the
measured root oracle completes its own phase corrections. A fresh clean XOR call erases the oracle output.
Both accumulators and all temporary registers therefore return to zero. The logical input retains the character
phase.

C.1 Word allocation for the measured tree schedule

We give the finite schedule for (49). We instantiate the balanced-tree measured-pebbling schedule of [10,27]
with five-word genus-two vertices, a scalar terminal, and the local phase-correction costs certified above. A
pebble holds five residue words. A ghost is a classical parity record for a measured vertex. Records for the
same vertex combine by XOR. The scalar inputs remain available throughout the schedule.

The procedure F; computes a height-j subtree root and leaves ghosts below it. The procedure Fy loads a
leaf. For j > 1, the schedule computes the left root with F;_;. It retains that root while computing the right
root. It then evaluates the parent and erases both children by Hadamard measurement. When the schedule
recomputes a vertex with an existing ghost, it applies the recorded parity to the computed vector. It clears
the record before retaining the vector. This correction cancels the old phase. The vertex therefore does not
hold a pebble and a ghost at the same time.

We count a clean vertex evaluation, a Hadamard erasure, or a complete ghost correction as one move.
The procedure F}; uses 272 — 3 moves and at most j + 2 vector pebbles for j > 1. The procedure Fy uses one
move. At the full root, the schedule runs Fj,_; on both children. It computes the scalar terminal, copies the
result to the arbitrary external XOR target, and uncomputes the scalar. We count this combined terminal
action as one move, which includes both evaluations. The schedule then erases both children. These steps use
4L — 3 moves and leave only ghosts.

The schedule clears ghosts in decreasing order of height. For a height-j ghost with j > 1, it computes
the two children with F};_;. It corrects the recorded parent phase with the scalar schedule in Appendix D.2
and erases both children. These steps use 4 - 2/ — 3 moves. They create ghosts only at smaller heights. The
schedule corrects a leaf ghost by lookup—parity—unlookup. Each correction starts and ends without vector
pebbles. Thus, even if all records require correction, the total number of moves is

h—1
(4L—3)+L+Z%(4-2j—3):(4h—2)L+3§8(h+1)L.
j=1

The peak number of vector pebbles is at most h + 2. The external target, eight local words, and one
scalar correction word account for the additional 10b in (49). Each move has gate cost at most G, =
2max{Q, 707Ap}. This bound includes the full scalar ghost cost 638Cy; + 776Cs. It also includes the
combined terminal action and the leaf correction. Hadamards, recorded parity phases, and resets use no
Toffoli gates.

The schedule eventually removes every ghost. The measured-erasure calculation in Section 5.3 gives
uniform measurement outcomes conditional on all earlier outcomes. The transcript is independent of the input.
Each correction cancels its recorded phase, including on states entangled with a reference. The complete
logical action is |z)|O) — |z)|O & R,(z)) with clean workspace. This statement covers general quantum
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inputs and is stronger than basis-state correctness. The schedule therefore gives the interface required by
both reconstruction passes.

D Implementation Certificates and Reproducibility

D.1 Modular primitives and sampling interfaces

Clean modular updates. The five-addition schedule below implements a controlled variable update modulo
p with ¢ = gz. The circuit uses a (b + 1)-bit operand, one target extension bit, one carry, and one wrap
flag. These registers require b + 4 scratch qubits. A ripple addition modulo 2°*! uses 2b — 1 Toffolis [14].
The circuit first applies ripple MAJ through the lowest b — 1 positions. It then writes the last carry into the
highest target bit with one Toffoli and reverses the carry operations with UMA. The count is 2(b — 1) + 1,
including b = 2.

Each of the three occurrences of gz requires at most 2b Toffolis for loading and unloading. The constants
p and fp require only X/CNOT gates. Thus the controlled and uncontrolled updates cost 16b — 5 and 10b — 5,
respectively. If g = x;, the identity x? = z; saves two Toffolis per occurrence. The total is then 16b — 11. For
cleanup, we define w = [z 4+ ¢ > p] and 2’ = (2 + ¢) mod p. The first tested high bit is 1 — w. The second is
[2/ < ¢] = w. The final flag flip clears the record. These identities also hold for ¢ = 0 and padded words. The
tested differences lie in [—p,p) C (—2°,2%), so their high bit gives their sign. Here A denotes the extended
target, and f = 0 initially. The five additions modulo 2! are

1A+ A+

2A«+ A—p; f@®=msb(A);

3A— A+ fp; (67)
4 A+ A—c; [®=msb(A);

5A— A+c¢ fo=1

The target satisfies A = 2’ after step 3. It satisfies A = z — wp as a signed integer after step 4. Thus the
second high bit is w, and the flag is one before the final X gate. The circuit loads and unloads every operand
before it reuses that operand’s source or changes its control. In particular, the circuit unloads fp before the
next flag update. Each adder restores its own ripple carry.

The doubling circuit rotates the extended target left and subtracts p. It then copies the high bit into
f and adds fp. The result 2/ = 2z mod p has high bit zero. Since p is odd, 2z, = [2z > p]. The update
f ®= 1@ z{ therefore clears the flag. The two additions cost 4b — 2 Toffolis. The inverse circuit performs
halving. Compensated Horner accumulation in Section 5.3 therefore uses b controlled updates and 2(b — 1)
doublings. This gives the upper bounds Cy; = 24b> — 17b + 4 and Cg = 24b? — 23b + 4. The expansion
YT =), z;(27y mod p) gives C, < b(10b — 5). All targets are distinct from the preserved sources. The
permutation identities also hold coherently by linearity.

The initial modular-halving cost. On canonical residues the inverse doubling map is

y/2, y even,
)21 -
o) {<y+p>/2, y odd.

This map divides by two modulo the odd modulus. It does not require a variable field inversion. One explicit
inverse circuit starts with A =y in b+ 1 bits and f = 0. It then performs

fe=10Ay; A+ A—fp; [ ®=msb(A);
A<+ A+p;, A<« rotrpp1(4).

The arithmetic before the rotation is modulo 2°*!. The circuit unloads fp before it changes f. If y is even,
the subtraction of p produces a negative difference. In this case, the high-bit test clears f, and the next
addition restores y. If y is odd, the first flag is zero. In this case, the two arithmetic operations leave y + p
before rotation. Both resulting integers are even and below 2p. Thus the right rotation gives H,(y) < p and
clears the extension bit. The two ripple operations cost 2(2b — 1) = 4b — 2 Toffolis. The X/CNOT gates
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and the fixed rotation require no Toffolis. The circuit reuses the same scratch for b — 1 applications. These
applications therefore cost 46> — 6b+ 2 gates and require only b+ 4 scratch qubits. Equation (43) includes this
cost. For example, at (p,b) = (13,4), the target 7 follows 7 — 10 — 5 — 9. The Horner scaling restores this
target because 2% -9 = 7 (mod 13). The initial three halvings cost at most 3 - 14 = 42 Toffolis. At p = 2> — 1,
the rotation identity used in (45) shows that the entire initial compensation requires no Toffolis.

Preparation and readout. We record the circuit allocation and error estimate for Theorem 3.3. The construction
combines cyclic-shift eigenvalue measurement [26], semiclassical feedback [20], and the modular updates
above. We use m,. = [log, ], the trial cap Jprep, and ¢ from (13).

For a classical constant 0 < ¢y < r and quantum control d, set ¢ = dcg. Apply (67) with p = r to an
m,-bit target, extended by one bit. The reusable operand word has m,. + 1 bits. Together with the target
extension, ripple carry, and wrap flag, it requires m,. + 4 scratch qubits. Constants are loaded and unloaded
with X/CNOT gates. Each of the five additions modulo 2! uses at most 2m, — 1 Toffolis [14]. The flag
and extension bit are clean at exit by the identities established above. Thus a controlled constant shift costs
at most 5(2m, — 1) Toffolis.

For each input register, apply Hadamards and measure the cleanly computed predicate x < r. Acceptance
leaves the exact uniform state on Z,. After rejection, reset the register and retry. Each trial succeeds with
probability /2™~ > 1/2. The probability that either register exhausts its trial cap is therefore at most
21=Jerer . The comparator uses a subtraction of 7, a copy of the high bit to the predicate flag, and the inverse
subtraction. These two additions cost 2(2m,. — 1) Toffolis. The expected number of trials for both registers is
less than four, and the capped number is at most 2.Jprep. This gives the stated preparation costs.

Define

r—1
Ty|x) = |z — 1 mod r), ) = r~1/2 Zwﬁﬂx)
=0

The identity T,|¢;) = wl|p;) identifies Fourier labels with eigenphases of the cyclic shift. Standard ¢-bit
phase estimation is performed with one recycled control and semiclassical feedback [26,20]. Each controlled
power is a shift by the classical constant —2" mod r, for 0 < h < t. The phase bits are retained classically.
The two scalar inputs contribute 2m, qubits, the shift workspace contributes m, + 4, and the recycled
control contributes one. Hence the total allocation is 3m, + 5. There are 2t controlled shifts, giving at most
10(2m,. — 1)t Toffolis.

For each register, the successive readout rounds use at most 0,1,...,¢t — 1 dyadic feedback rotations.
Counting each individual feedback gate gives 2 Z;;B j =1t(t — 1) rotations across both registers, including
all semiclassical feedback. The angles in each noninitial round may instead be accumulated classically and
applied as one rotation, giving at most 2(¢ — 1) rotations in total. Phase outcomes and retry counters require
only classical storage; rotation synthesis is accounted for separately.

On eigenstate ¢;, the outcome z € {0, ...,2" — 1} has probability

2t—1 2

- mia(j/r—z/2¢
pilz) = |27t 3 e2miati/r=s/2)
a=0

Decode by rounding rz/2 to the nearest integer modulo r. For positive circular distance d, = dist(2'j/r, 2),
the geometric-sum estimate gives pj(z) < 1/(4d?). An incorrect label requires d, > D := 2~ /r. The precision
in (13) ensures D > 2 + 1/ep > 2. Summing the two circular tails yields

E a?< L < &E
2(D —2) 2
a=|D]

Pr(incorrect label) <

NN

The measurement effects are diagonal in the Fourier basis. Thus, for an arbitrary joint state of the two scalar
registers, including an entangled state, decoding applies a classical noisy channel to the ideal joint Fourier
labels. Coupling each decoded label to its ideal value and taking a union bound gives total variation distance
at most ex.
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Finite Jacobi decomposition. The binary Jacobi method [37,10] gives the clean completed-character phase in
(31). The following fixed schedule and gate decomposition justify (32) and (33).

The circuit initializes (a,b,j) = (Y, ¢, 0), with a occupying the input register. For odd d > 0, we define
es(d) = [d mod 8 € {3,5}]. We also define é,ec(a,b) = [a = b =3 (mod 4)]. The circuit executes T = 2n + 1
macros. Each macro records a two-bit branch code and performs the following update. The sign correction
uses the old operands.

Condition ‘ New (a,b) ‘ jjdé
a=0 (a,b) 6=0

a > 0 even (a/2,b) 0 = e2(b)

a odd, a > b|((a —b)/2,b) § = ez(b)

a odd, a < b|((b—a)/2,a)|6 = erec(a,b) B ez(a)

The denominator b stays positive and odd. Whenever the new first operand is positive, the product ab
decreases by at least a factor two. Since initially ab < 227, the fixed schedule terminates at a = 0. Quadratic
reciprocity and the supplementary law for 2 give

a s [
(5) =0 ()
on every active branch, with (0/1) = 1. For Y > 0, the preserved gcd is one. The terminal values therefore
satisfy b =1 and (—1)7 = x,(Y). For Y = 0, all macros are stationary and j = 0.

The recorded updates have reversible extensions to all bit strings. The circuit halves an even word by
a cyclic right rotation. On the third branch, it subtracts b modulo 2™ and rotates the word. On the fourth
branch, it subtracts a from b, exchanges the words, and rotates the first word. The legal differences are
nonnegative and even. The inverse macro restores the old operands and erases its sign correction. It also
recomputes the branch code by XOR to clear the record. The circuit applies Z to j after the forward schedule.
It then reverses every macro and clears the initialization of b.

The two operands use 2n bits and the trace uses 27 = 4n + 2 bits. A sign bit, two comparison flags, a
ripple carry, a branch-enable bit, and one decomposition bit suffice for the remaining operations. Zero tests
use a dirty-ancilla multiply-controlled NOT. These tests borrow n — 2 bits from the other operand and restore
them exactly. They therefore require no additional linear workspace [1, Lemma 7.2]. Ripple comparisons and
controlled arithmetic use O(n) Toffolis per macro and constant clean scratch [14]. The allocation is 6n + 8,
which is below the stated conservative allowance. The O(n) forward and reverse macros give the gate bound.

For the finite gate decomposition, we encode the stationary, halving, subtraction, and exchange branches
by 00,01, 10,11. We define z = [a = 0] and ¢ = [a < b]. The code bits are ag and (—ag A =z) @ (ag A £). The
circuit computes these flags and copies the code. It then erases the flags before it changes the operands. The
allocation consists of 2n operand bits, 4n + 2 record bits, one sign bit, two flags, one carry, one enable, and
one decomposition bit. The total is 6n + 8. A zero test uses 4n — 8 Toffolis for n > 3. It borrows and restores
n — 2 bits of the other operand [1, Lemma 7.2]. A comparator costs 2n — 1 Toffolis. A ripple subtraction
controlled gate by gate costs at most 3(2n — 3) + (5n — 7) = 11n — 16 [14]. Hence one forward macro costs

12n — 18+ 11+ 22n—32 + 2n —1 + 6 =36n-—34
N—_—— S~~~ N—— N—— S~~~

flags code/sign  subtractions  exchange/rotation enables

For n = 2, a controlled adder costs five Toffolis. At this width, a four-Toffoli comparator stores (1 — ag)bg in
a carry. It XORs (1 — a1)by and (1 — (a3 @ by))c into its target and then erases the carry. With a one-Toffoli
zero test, the macro costs at most 10 + 11 + 19 = 40 < 36n. Missing high bits in the sign rule are zero. The
forward and reverse schedules each use 2n + 1 macros. They give C,, < 72n(2n + 1) with W, < 6n+12. The
main text uses these bounds.

D.2 Eight-word evaluation and scalar phase correction

Here (a,c,s,u, z1,b,d,t,v,22) denotes the two input tuples. The four cache names are R = R, E = &,,
L =L,, and Q = K2. These local names refer to (26). In particular, the local name for the third cache does
not denote the tree’s leaf count.
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Reproducible association rule. The quantity p(e) counts temporary words beyond an accumulation target.
The vector ¢(e) = (M, S) counts its multiplication and squaring calls. An available source has rank and cost
zero. A sum uses the maximum rank and the sum of the costs. We set €, = 0 for a source and 1 otherwise. To
accumulate a product, the circuit computes its operands that are not available sources. It then multiplies
into the target and clears those operands. Thus

plef) = min{ max(e, + eop(e),e. + ¢+ esp()));
max(ef + €rp(f), €c + €5 + €eple))},
clef) = 2e.c(e) + 2epe(f) + (1,0).

A square has rank e.(1 + p(e)) and cost 2e.c(e) + (0,1). For an integer coefficient, the circuit repeats only
the final primitive with the coefficient’s sign. It then clears the operands. These recurrences include every
reversal.

Caches and associations. The circuit computes AUy, AUy, AVy, AV4,C, in five words. Their (M, S) costs are
(2,4),(2,4),(6,8),(6,8),(2,0), respectively. Their extra ranks are 1,1,2,2,0. The circuit computes R, E, L in
the remaining three words at cost (5,1). It erases C., the two AU;, and then the two AV;. Each reversal uses
a schedule compiled for the scratch that is free at that step. The circuit then computes Q = (z122)? at cost
(2,1). Preparation costs (43,50), peaks at eight words, and leaves four caches. Direct reversal of the initial
preparation could overwrite a live cache. The stated erasure order avoids this problem.

The following terms of N, specify the order of multiplication. The ranks exclude the target and the four
caches. The costs include cleanup.

term

Q(L?)
2(23)(a(EL))
(ab)(E?)
—(21)(d(E?))
(23)(c(E?))
—2(22(23))(s(RE))
(27)((0Q)(R?))
(23)((aQ)(R?))
total

=

—_

BElo o oo NN

WIW W WhNNDNDN -

= [
N~ 3O W ww

w

We expand By = (22(22))(sR) — (232)(aL) — a(bE) — (23)(cE) and By = (22(23))(uR) — (23)(cL) — ¢(bE) as
the displayed sums. Their costs are (p, M, S) = (2,14,8) and (2, 11, 6), respectively. The displayed A, has
(2,10,14), and T, = LE — Q(R?) has (1,2,2). For any additional cached word W, the output associations are

expression pMS
(RHW 1 12
(WT,)(R?) 2 32
(R)(W(E2) |2 36
(W(R?))(E(E*)3 5 8

These rules give all stages of Proposition 5.1. The circuit first caches and clears A,, T, then N,, Ty, and
finally By and By separately. With N, cached, the T, word and two product temporaries bring the allocation
to eight local words. The circuit reads no vector output as a source. For the terminal, it accumulates NV,
directly and computes D, = Q(E?) in a fifth word. It then accumulates yD, and clears the fifth word. Cache
preparation and reversal are included in the totals. These totals are 274C)y; + 262Cs for the vector and
130Cn + 138Cs + C,, for the terminal.

Independent scalar correction. The scalar-correction circuit retains the four caches and uses one initially zero
scalar target. For each coordinate, it computes the completed value, applies the recorded binary parity, and
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reverses the computation. The forward costs are

coordinate \uuy vi Vg 7'
maximum local words| 7 7 8 8 6
M 21 56 76118 5

S 30 78136 94 0

The circuit uses the factored expression for Uj. For U}, V{, Z’, the association search expands the expressions
in the original coordinates and the four cache sources. It collects monomials and lists all nonempty bipartitions
of each monomial’s distinct variable-power factors. The search applies the recurrence above. It minimizes
rank first and total cost second. For a power, the search also lists all splits into smaller positive powers. It
includes the half-power square when the power is even. For V{, the circuit caches N,, T}, accumulates their
contribution, and clears them. It then caches By, accumulates its contribution, and clears it. This procedure
defines a finite association certificate. The accompanying code supplies the full traces. The scalar values have
no garbage when the circuit applies their parities. The sum of the costs, including reversals, is

(86, 100) + 2(276, 338) = (638, 776),

and this equality certifies the constant 707 in G, = 2max{Q., 707A}. Twice the shared vector cost would
not certify this interface.

Reproducing the complete example. The command python checks/check_complete_sampler.py runs the
example in Section 6.3. The exhaustive integer bound permits 25 auxiliary primes from 5 to 103, with
M > 4B. The fixed-point register uses 14 bits. A separate word-trace witness runs two fresh residue-XOR
calls on 121 logical inputs entangled with a two-dimensional reference. Both calls clear every ghost record.
The fresh second call restores the arbitrary XOR targets. An explicit Hadamard-basis calculation checks all
32,768 outcomes of one vector erasure. Each outcome has probability 1/32,768. The word-trace ghost phases
restore the conditional reference state within 2 x 10~'2. The example checks interfaces and modular word
traces; it does not compile the whole sampler into elementary gates.

D.3 Height, parameters, and verification scope

We reproduce the exact sparse expansions in Table 4 directly from (27) and (36). The checker represents
each polynomial by a dictionary of integer coefficients. It adds dictionaries term by term and multiplies
them by convolution. It then combines equal exponent vectors and removes zero coefficients. The checker
computes ||P|[y =), |ca| only after this combination. The logarithmic ceilings for (A1, ..., As, Ny, D,) are
(13,14,20,20,6,8,6). The checker applies the support maximum that defines Bp in Section 5.2. It starts from
(n,n,n,n,0). The following exact integer certificate results at n = 127:

L| Bn,(vi-1) Bp.(va-1) Heyw
16| 7,001,372 7,000,856 7,001,373
32| 140,020,734 140,029,216 140,029,735
64/2,800,596,976 2,800,596,456 2,800,596,977

The coefficient triangle inequality proves the coordinate bounds for all integer tuples, including tuples with zero
scales. The leaf bounds are non-strict because Z = 1 = 29. The condition 0 < v < 2™ makes the terminal bound
in (42) strict. The independent height checker also verifies the CRT prime margin. It uses rational bounds for
In2=2%,.,((2k +1)32*+1)~1 After m terms, the remainder is at most 23~(™+V /((2m + 1)(1 — 1/9)).
The choice m = 100 suffices.

Classical parameter certificates. The Gaudry—Schost parameters come from the published instance used
in pKummer [34]. The supplied certificates independently verify that ¢,r are prime, ord(P) = r, and
# Jac(C")(F,) = 167

The Lucas—Lehmer test certifies q. The supplied recursive Pocklington certificate certifies r. Exact
arithmetic verifies square-freeness, membership, P # Og, and [r]P = Og. Thus ord(P) = r. For s = |\/q] + 1,
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the genus-two Weil interval is contained in [B_, B, ], where By = ¢ + 6q + 1 4 4(q + 1)s. Exact division
gives [B_/r] = | B4+/r| = 16. The group order is divisible by r, so this identity proves the assertion. The
certificate contains 35 recursively certified primes. Its leaves are verified by trial division.

The source archive supplies 28 registered Python checks and their result files. The registered check_
review_revision.py verifies the reported rounding convention, feedback-rotation counts, and the exact field-
shift average in Example 4.1. The archive also includes the MATLAB reference example. Sparse-polynomial
propagation checks all vector, terminal, and scalar-correction identities. It also checks that the inputs remain
unchanged and the scratch returns to zero. The modular-word tests include 120 arbitrary-target cases for
each vector and terminal interface. They also include 120 recorded-phase cases. The gate-integration checker
composes the explicit X/CNOT /Toffoli networks in 24 targeted cases at (p, b) = (3,2), (9, 5). These cases cover
arbitrary targets, reversals, exceptional tuples, and scalar interfaces that physically omit four vector-output
words. Separate programs check the Jacobi circuit, finite-field arithmetic, sampling identities, pebbling, and
the exact resource ledger. We checked the MATLAB example through a Python transcription. We did not
execute MATLAB. These reproducible checks supplement the proofs. They do not compile the complete
sampler at cryptographic size or provide a fault-tolerant layout.

Toffoli counts alone do not determine Clifford+7" depth. The chosen decomposition [36] requires a separate
schedule.

The source archive also includes check_mersenne_revision.py and check_clean_fold.py, with
machine-readable results. These programs check the explicit doubling and halving flag schedules and the
canonical rotations. They check compensated Horner accumulation and its inverse on arbitrary targets. They
also check the folding boundary and its inverse, the sliced schoolbook integer product and its reversal, and
the associated cost-polynomial identities. The programs check small domains exhaustively. They sample
larger Mersenne widths, including 127 and 521, with a fixed seed. These tests operate on arithmetic words
and treat ripple additions as atomic operations. They verify the stated word-level schedules. The registered
check_folded_gate_adapter.py separately expands our complete product-and-fold accumulators into NOT,
CNOT, and Toffoli gates. It checks 4,976 multiplication and squaring cases, together with 1,300 standalone
folds. The checks cover arbitrary canonical targets, preserved sources, all scratch bits, and the inverse
interface. They also count the actual gates in every stage. At b = 27, the multiplication uses 193 qubits and
6,573 Toffolis; the square uses 166 qubits and 6,465 Toffolis. These checks certify our local adapter. They do
not compile the cited external multiplier or the complete residue sampler.

The registered check_mersenne_inverse.py builds the complete NOT/CNOT /Toffoli network from
Appendix A. It exhausts canonical inputs and all binary targets for n = 2,3,5, and samples n = 7,13. It
also checks each round’s workspace cleanup, recorded bits, and reverse action. Independent word-level checks
cover larger widths, including 127 and 521. The constructed networks reproduce the finite width and Toffoli
formulas. These checks concern this binary construction; they do not compile the Luo or Chen inverter.

D.4 Asymptotic success and space bounds

We give the asymptotic consequences in Theorem 6.1. The relations ), mq = r — e and m, < 4¢ imply

2
L Vest+ G4m0 (r=6(?).
q r r
The tree error also satisfies £iec = O(L/q). For a,b > 0, the inequality (v/a + 2v/b)? < 2a + 8b holds. We
therefore square (58) to obtain 1 — pyse = O(L/q). We then add the preparation, Fourier, and synthesis losses
as in (59).

The weighted certificate also bounds the coordinatewise certificate. We set w = (2,2,3,3,1). The five
coefficient-log ceilings (13,14, 20, 20, 6) are componentwise at most 8w. Weighted bihomogeneity therefore
gives v ; < w;t;/2 by induction. The induction starts from vy = (n,n,n,n,0). The terminal ceilings 8,6 and
bidegrees (12,12) give

Hew <14 max{8,n+6}+12t,_1 <n+10+ 12t = H.
Thus, for w = G(logyn), we have L = O(n/logyn), h = O(logyn), and H.,, = O(nL'%22%). We choose all
odd auxiliary primes up to 2°, excluding q. We take b = O(logy(H +n)+w) = O(log, n) large enough to satisfy
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the prime-product estimate in Section 6.1 and w — 1 < 8b. Then K is polynomial in n, and ag, = O(log, n).
The four stage allocations in (61) are, respectively,

5n + O(logs n), 6n + O(logy n), 10n + O(log, n), 6n + O(1).

Their maximum proves Wgample < 10n + o(n). The L2 table entries, the auxiliary-prime list, the integer
constants, and the finite evaluation schedules all have polynomial size under this choice. The polynomial
exponents need not be small. This asymptotic statement does not change the finite Toffoli estimate. Preparation,
readout, and rotation synthesis also depend on their stated accuracy budgets.

E Comparison Details and Notation

E.1 The reported Chen arithmetic inventory

For ¢ = 2" —1 prime, the following table reproduces the local primitive costs of [7, Table 1]. Here ¢,, = [log, n].
The table uses the source’s named primitives. Extra controls require separate accounting. The peak width of
sequential operations depends on which registers are live at the same time. It is not the sum of the rows.

Primitive Total qubits Ancillas Toffolis
Addition/subtraction 3n+1 n+1 6n — 4
Constant addition/subtraction — 3n+1 2n+1 6n — 4
Doubling/halving n+1 1 0
Multiplication dn+2 2n + 2 n(6n — 4)
Constant multiplication dn + 2 3n+2 n(6n — 4)
Squaring 3n+3 2n+3 n(6n —4)
Inversion m+20,+9 5n+26,+9 2n(8n—3)

Ancillas versus clean scratch. The column “Ancillas” above retains the source’s terminology. It does not
mean Apim from Section 5.3. For example, the multiplication row gives (4n + 2) — (2n + 2) = 2n, which is
the width of its two inputs. Its out-of-place interface also has an n-bit result. The squaring row similarly
gives (3n + 3) — (2n + 3) = n. Thus these entries cannot be counted as additional clean scratch if all input
and output words are also counted separately. A product output is nonzero in general at exit. Our convention
therefore excludes it from scratch. The prose definition of ancillas in [7, Section 5.1] does not by itself resolve
this interface distinction. Our multiplication allocation is 3n + (n + 4) = 4n + 4 when b = n. This allocation
excludes the target from scratch. The reported Chen total is 4n + 2. This arithmetic comparison does not
establish equivalent interfaces or an n-qubit saving. A sequential peak-width bound still requires a proof of
which registers are live at each step.

Canonical zero and controls. The end-around-carry idea in [7, Section 3.1, Fig. 2] uses 2" =1 (mod ¢). A
literal implementation adds the overflow back to the low word. It leaves the all-one word when = 4+ y = ¢
and there is no binary overflow. One example is ¢ = 7,z = 3,y = 4. Similarly, bitwise complementation
represents modular negation on nonzero residues but sends zero to the all-one word. These observations
concern the representation contract. The word g represents zero modulo ¢, but it lies outside our canonical
set {0,...,q—1}. A direct replacement must certify zero normalization, coherent cleanup, and any additional
controls. We therefore retain the source’s 6n — 4 addition entry as reported. Our Mersenne specialization uses
the independently proved canonical 10n — 5 adder. This local interface check alone gives no conclusion about
the source’s complete implementation.

Each outer transform uses (4, M, S, I) = (40,42,2,4). The middle transform uses (5, 10,4, 6). The total is
(85,94, 8,14), which gives

85(6n — 4) + 102n(6n — 4) + 28n(8n — 3) = 836n* + 18n — 340.

The nominal 4n additions give 3344n3 + 72n? — 1360n. The source prints the quadratic term with a minus
sign. Our actual-subgroup comparison instead uses 2m,. additions. This calculation corrects the expansion
of the published inventory. It does not provide a new gate synthesis. We also retain the reported width
20n + 24, + 10. The source labels its inversion quantity as total width in the table and as auxiliary space in the
allocation discussion. Any subtraction of registers requires a new proof of their live ranges. The comparison
retains the source’s generic arithmetic domain.
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The reported Huang arithmetic inventory. Table 1 of [24] gives 26 multiplications, 5 squarings, 5 inversions,
and 28 additions for one divisor addition. We apply the approximate primitive costs in its Section 5.1 to the
actual 2m,. additions. The arithmetic gate estimate is

2, [31(16712 logy 71 — 26.3n2) + 1600 log, 1 + 28(16n logy 1 — 26.9n)} .

This estimate is approximately 3.055 x 10' Toffoli gates for the same instance. It covers the reported
divisor-addition sequence. The preparation, Fourier, and rotation costs are separate.

Section 4.1 of [24] treats exceptional inputs by a random initial translation and approximate bounds on
invalid scalar pairs. Our construction uses masks at every tree level. Each true child pair is independent and
uniform for every fixed input, and Theorem 5.4 bounds the resulting arithmetic error. The table retains the
generic-addition domain and the reported primitive costs of the earlier construction.

When 2m,. = 4n, the preceding inventory expands to 2624n3 log, n — 3261.2n3 + 1792n? logy n — 3012.8n2.
The last line of [24, Eq. (2)] prints —2209.2n3 instead; our comparison uses the operation sum in the first line
of that equation.

Scope of the constructions.

Construction Established scope

Canonical group circuit Complete reversible base-field arithmetic on every divisor class.

Generic terminal Exact polynomial and local reversible costs on the stated generic domain.

Masked residue sampler Total integer program, seed-averaged channel bound, and exact-domain sampling; large
gate and table costs remain.

Exact residue interface Guarded integer reconstruction is unconditional; an everywhere-correct group polynomial

program is a stronger requirement.

Huang and Chen comparators Reported generic arithmetic allocations and operation inventories; no optimality or
verified-success claim is added.

Mersenne specialization Canonical rotations and clean folding for the active modulus; integer-product costs and
CRT selection are accounted for separately.

E.2 Mersenne folding and product-interface adapters

The optimization in the Ed25519 paper’s appendiz. The relevant Mersenne case of [25, Appendix A, pp. 17-19,
Fig. 17] is pso1 = 2°2! — 1. Its reduction computes a residue in an output word. It preserves the high and low
parts of the integer product. The same algebra applies to any p = 2° — 1. If ¢ = ¢ + 2%¢1, then ¢ = ¢o + 1
(mod p). This congruence does not assert equality of the two integers. The following construction supplies
the canonical boundary convention and cleanup required by our interfaces.

Lemma E.1 (Resource certificate for canonical folding). We assume p = 2* — 1 and b > 2. For preserved
words satisfying 0 < cop < p and 0 < c1 < p, a clean zero-target circuit computes

‘COaCIaO> — |C(),01,T'>, T =Co+cC1 7}9[00 + Zp} € {0,,]97 1}3

with Ciolq < 100 — 5 Toffolis and Asoqa < b+ 4 additional clean qubits, excluding the two input words and the
result word. The comparison includes equality.

Proof. We set s = cg + ¢1 < 2p and w = [s > p|. The circuit copies ¢y into the initially zero result word by
CNOTs. It extends this word to A with one zero high bit and initializes f = 0. The circuit then applies the
following additions modulo 2°+!:

1A+ A+eq;

2A«+ A—p; f®=msb(A);

A+ A+ fp;

4 A+ A—cy; f®=msb(A);

5A A+cy; fO=1

The first tested signed value s — p lies in [—p, p). Its high bit is therefore 1 — w. Step 3 leaves A = r. At the
second test, the target satisfies A =1 —cog = ¢; — wp € [—p,p). Its high bit is w because ¢; < p. Thus the
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flag is one before the final X gate and zero afterwards. The restored target is 7 < p < 2°, so its extension bit
is also zero. In particular, (cg,c1) = (p,0) gives the canonical zero.

The circuit uses the same (b + 1)-bit operand, extension bit, wrap flag, and carry as in (43). The circuit
loads ¢y, c; by CNOTs, p by X gates, and fp by CNOTs. It unloads fp before it changes f. The five ripple
additions cost at most 5(2b — 1) Toffolis. They restore their carry and operand. The reversible circuit includes
the initial CNOT copy. Its complete reversal therefore clears the result on the stated image. O

For a canonical product ¢ = zy with 0 < z,y < p, we split the product at bit b. The parts satisfy ¢y < p and
c1 < p because ¢ < p? < 2°p. Thus the lemma applies. The algebraic reduction needs at most one subtraction
of p. The five additions above implement the reduction and restore the scratch. The circuit preserves the
product bits until it can uncompute them from x, y. The construction does not assume irreversible compression
of an arbitrary 2b-bit word into b bits.

A fused integer-product implementation. We assume that Ui, is an independently certified clean integer-
product unitary with interface
2,9, 0%, 0% ) v— |,y wy, 0%

and complete Toffoli count T},;. The unitary preserves the sources. The scratch Ay, excludes the sources and
the 2b-bit product word C. The fused circuit retains C' and computes a temporary residue R by Lemma E.1.
It updates an arbitrary canonical z and then reverses both computations:

Uing; Fold(C,R); z <+ z+ R mod p; Fold'; U

int*
This gives the independently derived bounds

Cfold < Qﬂnt + QCfold + CA < 2T’int —+ 306 — 15,

acc

Alld < 3p + max{Aing, b+ 4}.

acc

The 3b temporary allocation consists of C' and R. It excludes z,y,z. The integer-product, folding, and
addition stages run in sequence and reuse their scratch. These formulas show the time—space tradeoff of the
appendix’s reduction strategy. For example, its gate bound improves on the rotation-based Horner bound
when T, < 8b% — 3—25b + % The extra live product words must also fit the global schedule. This comparison
concerns certified upper bounds. It does not claim that either circuit is optimal.

A fully specified schoolbook instance. A schoolbook multiplier gives an explicit instance of the fused bound. It
does not require a convolution multiplier. The circuit initializes a 2b-bit integer-product word C' = 0. For
j=0,...,b—1, the circuit loads y;x into a clean (b + 1)-bit operand. It adds this operand modulo 2°** to
the slice of C' at bit positions j,...,j + b. It then unloads the operand. Before this round, the product word
satisfies

C = z(y mod 27), 0<C<a(20 —1) <20,

Thus the higher bits of C are zero, and the slice value is below 2°. The addition of Y; T < 2" cannot overflow
the slice’s b+ 1 bits. The round therefore adds exactly 2/y;z to C and leaves the lower positions unchanged.
Induction gives C = xy, including zero inputs. The final slice ends at position 2b — 1.

Each round uses at most 2b Toffolis to load and unload the operand. The clean ripple addition uses 2b — 1
Toffolis. The operand and one carry give

Tint < 4b% —b,  Ajpg <b+2.

For a dedicated integer squaring circuit, a CNOT loads the repeated bit in x;z;. This saves two Toffolis per
round and gives Tit.s < 4b* — 3b without a source-copy word. The explicit loading construction justifies the
use of the same physical source for both inputs. An unspecified multiplication oracle does not justify this
identification. The resulting canonical folded accumulators satisfy

C]f\;ld,sb(b) < 8b% + 28b — 15,
C,g?ld,sb(b) < 8b% + 24b — 15,
Agcélcd,sb(w < 4b + 4.
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Their total widths are at most 7b + 4 for multiplication and 6b + 4 for squaring. For integer b > 4, both gate
bounds are smaller than the corresponding rotation-based Horner bounds. They require 3b more scratch. The
sampler’s stated low-space allocation retains the b + 4 scratch cap. The folded schoolbook choice therefore
requires a larger scratch term in the sampler’s peak-width formula. The residue words themselves retain the
same size.

Adapting a clean zero-target product as a black box. The product interface in [25, Fig. 7, p. 9] computes a
product into a zero result word. More generally, we assume that a clean unitary Up computes R = xy mod p
with certified cost Cp and scratch Ap. The scratch excludes z,y, R. The circuit

Up; 2+ z+ Rmodp; U},
implements the arbitrary-target interface with
Cacc S 2CVP + CAa Aacc < b+ maX{AP; AA}a

where A4 excludes the adder’s source and target. For the clean product Uj,; Fold; U;Lt, we have Cp <
2Tt + 10b — 5 and Ap < 2b 4+ max{Ain,b + 4}. The black-box adapter would therefore cost at most
4Tt + 30b — 15. The fused schedule above retains C. It saves two integer-product calls at the same stated
peak width. The constant and square variants in [25, Figs. 8-9] explicitly load a constant or make a source
copy. The allocation must include these words when it uses those variants. The two input wires cannot

automatically share the same physical source.

Propagation to the local evaluator. The rotation-based implementation preserves the b + 4 scratch cap. Its
costs therefore substitute directly into Proposition 5.1 and give

operation at active p =20 — 1 ‘ Toffoli upper bound
shared node 8576b% — 4252b
scalar terminal 4298b — 2173b
scalar ghost correction 22624b% — 11726b

These bounds use the same 274M + 2625, 130M + 1385 + C,, and 638M + 7765 ledgers. The folded
integer-product option replaces the scratch cap by A, The cap must be larger if a square or constant
variant requires more scratch. We must then recompute the stage maximum in (49). A smaller multiplication

count alone does not imply a smaller sampler allocation.

Relation to the reported resource tables. Table 6 of [25] reports multiplication results at psa;. Its separate
objectives are low T-count, low depth, and low width. We use the folding idea from its Appendix A. We do not
substitute its convolution-based numerical estimates for T}, without certifying the complete integer-product
interface, the precision and synthesis model, and cleanup. A reported T-count or circuit depth does not give
an ordinary-Toffoli count. A reported total qubit count does not give Ap or Ajys.

The main Ed25519 construction uses p = 22 — 19 and intermediate representatives modulo 2p = 22°6 — 38
[25, Section 3.1]. This case differs from the true Mersenne case in its appendix. On the full residue set modulo
2p, doubling is not injective because 2(x 4+ p) = 2z (mod 2p). A clean in-place doubling/halving interface
therefore needs a restricted encoding or extra information that distinguishes these inputs. The odd-modulus
canonical proofs above do not require that representation assumption. They apply to the actual arithmetic
modulus. A Mersenne value of g or the pso1 example does not make every auxiliary prime in the CRT schedule
a Mersenne prime.

Using special moduli in an explicit CRT list. The finite allocations and total in Section 6.1 use the generic bound
for every auxiliary prime. We retain the common word width b and the quantities Kmax, {x, T, ap, Ap, Quw
defined there. Those allocations remain valid when ¢ = 2'27 — 1. The residue tree operates modulo p;, so
the form of ¢ does not change its generic allocation. We consider an explicit list that satisfies the section’s
width, count, and product certificates. These conditions are p; < 2°, K < K.y, distinct odd p; # ¢, and
1, pi > 4- 2. We define d; = [log, p;] and set

(16d? — 5d;,0), p; =2% —1,

Aia Dz =
( ) {(Ab, 4b — 2), otherwise.
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We use G, ; = 2max{Q, 707A;} and retain the physical b-bit allocation for lookup and local words. For a
Mersenne modulus, all arithmetic primitives act on the lowest d; bits of each word. For this modulus, they
leave the high zero bits unchanged. The corresponding refinement is

K

Gr < Y [16(h+ 1)LG.; +40b(b + 1) + 7{2D; + 20(ag, + 1)} + 20b(n + 1)]
i=1
+40(agp + 1) +20(0x + 1) (n + 1).

All unchanged terms remain conservative. In particular, the n-bit CRT accumulator is not an auxiliary residue
word. This refinement can improve the bound for a certified list. It does not assume that sufficiently many
Mersenne primes exist. A replacement of the prime list by pairwise coprime composite Mersenne moduli
would require a new product-size and width certificate. The stated finite and asymptotic bounds do not use

such a replacement.

E.3 Index of principal notation

The following index records the symbols used in several sections. Each temporary circuit name is defined

where it is used.

Symbols

Meaning and defining location

q,n; G, r,my,

Nin, F

Enc, ¢

(U1,U0,V1, Vo, Z)
Sq;7> 9y

e,ma, Vg

K, Cu, R, Ex, L
N.,D., ¥,

A, Ty, Bj, A

H,t;, H, Hew

W, Sw, Lo, L, h

0 b9 A,

R, U,V,Tx

ER, Etree

pi,K, b; M, Mi,ai,ti
T, Afp, Gp, M

C}\/I, CS, CA; C’y, Aprim
O]Itger’ Og/ler’ D%{er
Cold, Atord; Tint, Aint
Qw, Ab, G*

Wi, Cx

Wrecon, Wsample
Prun

Field and subgroup sizes and bit lengths, (2)—(3).

Live scalar width and group-valued map, (3), (8).

Canonical Mumford encoding and its bit length; Section 2.2.
Weighted tuple, with recovery (14) and scaling (15).
Completed character, field seed, and shifted phase, (18), (16).

Lower-degree count, coordinate fibers, and useful-sample bound, (20) and (21).

Local scale and interpolation quantities, (26).

Terminal numerator, square denominator, and integer phase argument, (27).
Compact-node auxiliaries and map, (35)—(36).

Tuple height, level recurrence, and terminal bit bounds, Section 5.2.
Window width, number per scalar, and tree sizes, Section 5.

Window digits and group-valued leaves, (34).

Affine masks, two group seeds, and total translation, (54).

Bad-input mass and its seed-averaged tree bound, Theorem 5.4.

Auxiliary moduli, widths, and CRT data, Section 5.4.

Precision, accumulator value and width, and rounding quotient, (51)—(53).
Modular gate and scratch bounds, (43).

Canonical Mersenne primitive costs, (45).

Clean folding and certified integer-product resources, Appendix E.2.
Lookup, primitive, and local-move cost bounds, Section 6.1.
Completed-character width and gates, (32).

Reconstruction and sampler peaks, (61) in Section 6.1.

Full-run success, (59) in Section 5.5.

49



	Low-Space Quantum Discrete Logarithms on Genus-Two Jacobians


