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Abstract

Marcus, Spielman, and Srivastava [MSS15] established the existence of Kadison–Singer par-
titions. We provide polynomial-time algorithms for the Kadison–Singer problem. For Her-
mitian matrices A1, . . . , Am ∈ Cn×n of rank at most one, we give two algorithms that find
signs σ ∈ {±1}m satisfying ∥∑︁i σiAi∥ ≤ C∥∑︁i A

2
i ∥1/2. The deterministic algorithm achieves

C = 3.3443 using ˜︁O(mn2 + n4.75) arithmetic operations. The randomized algorithm achieves

C = 4.8628 using ˜︁O(mn2 + n3.58) arithmetic operations in expectation. For vectors satis-
fying

∑︁
i aia

∗
i = I and ∥ai∥2 ≤ α, the algorithms yield partitions [m] = I1 ∪ I2 satisfying

∥∑︁i∈Ij
aia

∗
i − I/2∥ ≤ (C/2)

√
α for j = 1, 2.

∗magic.linuxkde@gmail.com.
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1 Introduction

Matrix discrepancy asks how small a signed sum of matrices can be in operator norm. For Hermitian
matrices A1, . . . , Am ∈ Cn×n of rank at most one, the natural scale is ∥∑︁iA

2
i ∥1/2. The rank-one

matrix discrepancy problem seeks signs σ1, . . . , σm ∈ {±1} satisfying

∥
m∑︂
i=1

σiAi∥ ≤ C∥
m∑︂
i=1

A2
i ∥1/2 (1)

for a universal constant C independent of m and n. Here ∥ · ∥ denotes the operator norm for
matrices and the Euclidean norm for vectors. The operator norm requires the same signing to
control every quadratic form

∑︁
i σiu

∗Aiu over unit vectors u.
A central special case is the partition of an isotropic family of vectors. Let a1, . . . , am ∈ Cn

satisfy
∑︁

i aia
∗
i = I and ∥ai∥2 ≤ α. The goal is to partition [m] := {1, . . . ,m} into two sets I1, I2 so

that each matrix
∑︁

i∈Ij aia
∗
i approximates I/2. The algorithmic challenge is to find such a partition

in polynomial time with a dimension-independent O(
√
α) error. Weaver [Wea04] connected this

finite-dimensional discrepancy problem to the Kadison–Singer problem [KS59] through his KS2
formulation. A signing satisfying Eq. (1) gives such a partition: for Ai := aia

∗
i , the identity

A2
i = ∥ai∥2Ai implies

∑︁
iA

2
i ⪯ αI. The two sign classes therefore satisfy

∥
∑︂
i∈Ij

aia
∗
i − I/2∥ ≤ (C/2)

√
α, j = 1, 2. (2)

The bound depends only on the largest squared vector norm and is uniform in the ambient dimen-
sion.

Marcus, Spielman, and Srivastava [MSS15] resolved the Kadison–Singer problem by proving
Weaver’s conjecture. In the normalization above, their partition theorem gives

∥
∑︂
i∈Ij

aia
∗
i ∥ ≤ (1/

√
2 +
√
α)2, j = 1, 2.

Since the two parts sum to I, this also gives the two-sided estimate ∥∑︁i∈Ij aia
∗
i − I/2∥ ≤

√
2α+α.

Kyng, Luh, and Song [KLS20] subsequently proved the general rank-one discrepancy bound in
Eq. (1) with C = 4. Their theorem applies without an isotropy assumption and controls the
discrepancy directly by the matrix variance. Xie, Xu, and Zhu [XXZ22] improved this constant to
C = 3 under the same assumptions and matrix-variance normalization. Their proof uses interlacing
polynomials. These results establish dimension-independent existence bounds.

Anari, Oveis Gharan, Saberi, and Srivastava [AOSS18] gave an algorithm for constructing
Kadison–Singer partitions by approximating the largest roots of interlacing polynomials. Its run-
ning time is subexponential in the number of vectors for a fixed vector-norm bound. Jourdan,
Macgregor, and Sun [JMS22] studied the algorithmic problem KS2(c) for real vectors, where the
target partition error is c

√
α for a fixed constant c > 0. The algorithmic Kadison–Singer problem

asks for a polynomial-time algorithm that finds signs yielding such a partition.

1.1 Our Results

We state our result as follows.
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Theorem 1.1 (Informal version of Theorem 3.1, deterministic polynomial time algorithm). For
rational Hermitian matrices A1, . . . , Am ∈ Cn×n of rank at most one, a deterministic algorithm
finds signs σ ∈ {±1}m such that

∥
∑︂
i

σiAi∥ ≤ 3.3443∥
∑︂
i

A2
i ∥1/2,

using ˜︁O(mn2 + n4.75) arithmetic operations. If Ai = aia
∗
i ,
∑︁

iAi = I, and ∥ai∥2 ≤ α, the two sign
classes satisfy

∥
∑︂
i∈Ij

aia
∗
i − I/2∥ ≤ 1.67215

√
α, j = 1, 2.

Our constant 3.3443 is larger than the constant 3 in the existence result of Xie, Xu, and
Zhu [XXZ22]. A natural direction for future work is to achieve C = 3 with a polynomial-time
algorithm.

Our second result uses randomization to obtain a faster construction with a larger constant.

Theorem 1.2 (Informal version of Theorem 5.1, randomized polynomial time algorithm). For
rational Hermitian matrices A1, . . . , Am ∈ Cn×n of rank at most one, a zero-error randomized
algorithm finds signs σ ∈ {±1}m such that

∥
∑︂
i

σiAi∥ ≤ 4.8628∥
∑︂
i

A2
i ∥1/2,

using ˜︁O(mn2+n3.58) arithmetic operations in expectation. If Ai = aia
∗
i ,
∑︁

iAi = I, and ∥ai∥2 ≤ α,
the two sign classes satisfy

∥
∑︂
i∈Ij

aia
∗
i − I/2∥ ≤ 2.4314

√
α, j = 1, 2.

When the rank-one matrices are given in factored form, the input consists of O(mn) scalar
entries. With our current techniques, it is difficult to exploit this representation without explicitly
forming n×n matrices. A natural direction for future work is to use sketching techniques to achieve
a running time of O(mn+ nc) for a small constant c.

Organization. Section 2 gives a technical overview of the proof. Section 3 establishes the main
discrepancy bound. Section 4 gives the deterministic construction and the shared algorithmic tools.
Section 5 develops the randomized algorithm and bounds its expected running time. Section 6 gives
the shared finite-precision implementation and proves the bit-complexity bounds.

2 Technical overview

Section 2.1 introduces the potential and explains how the budgets determine the discrepancy con-
stants. Section 2.2 describes the covariance and curvature estimates that give descent, and Sec-
tion 2.3 explains the choice of exponents and polynomial factors. Sections 2.4 and 2.5 list the
required properties of the trace-corrected and fast budgets, respectively. Section 2.6 compares the
two algorithms in a common format, outlines their preprocessing and descent steps, and explains
the deterministic and randomized running-time bounds.
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2.1 The budgets and the discrepancy constants

After absorbing eigenvalue signs and applying a common scaling, the inputs are PSD rank-one ma-
trices Ā1, . . . , Ām with

∑︁
i tr[Āi] = 1. Define ζ := ∥∑︁i Ā

2
i ∥. A fractional signing y ∈ [−1, 1]m deter-

mines M(y) :=
∑︁

i yiĀi. We use a coupled semidefinite potential based on Lehner’s variational for-
mula [Leh99]. For a nonnegative budget β and a parameter ι > 0, define Ky(D) := ι

∑︁
i β(yi)ĀiDĀi.

The matrix potential P(y) minimizes b+ ρ tr[U + V ] over b ∈ R and U, V ≻ 0 subject to

U−1 +M(y) +Ky(V ) ⪯ bI,

V −1 −M(y) +Ky(U) ⪯ bI.
(3)

The two constraints control the upper and lower ends of the spectrum of M(y). When a coordinate
reaches an endpoint, its budget vanishes and its contribution to the coupling is removed. The trace
penalty gives the regularity needed to differentiate P; see Lemma 3.2.

The square-root dependence on the matrix variance in Eq. (1) suggests 1/2 as a natural starting
exponent for the scalar budget. Appendix A analyzes the corresponding pure square-root budget.
Our main theorems further tune both the exponent and a polynomial factor:

βsqrt(t) := (1− t2)1/2, Theorem A.1, (4)

βtr(t) := (1− t2)3/4ftr(|t|), Theorem 1.1, (5)

βfast(t) := (1− t2)97/200f(|t|), Theorem 5.1. (6)

Here ftr and f are explicit rational polynomials of degree 20, specified in Section 3.9 and
Section 3, respectively. Both have value 1 and derivative 0 at zero. The power determines how fast
a budget vanishes at an endpoint; the polynomial factor adjusts its curvature in the interior. All
three of our budgets preserve

β(0) = 1, β(±1) = 0, 1− t2 ≤ β(t) ≤ 1.

The trace-corrected budget also satisfies βtr(t) ≥ (1 − t2)3/4, while βfast(t) ≥
√
1− t2. Their

covariance and curvature estimates are different, as described in Section 2.2, and have exact rational
certificates.

For the trace-corrected budget, Figure 2 shows how the six scalar conditions in Section 3.9
depend on ι with the budget and helper polynomials held fixed.

Figure 3 gives the corresponding scan for the fast budget used by the randomized algorithm.
The three margins measure joint curvature, budget drift, and the domain bound used by the scalar
certificate.

To distinguish the scalar budget from its sum over coordinates, write

Btr(y) :=
∑︂
i

βtr(yi), Bfast(y) :=
∑︂
i

βfast(yi).

The matrix potential also depends on the chosen budget through Ky. For the fast budget, the
descent analysis uses F := P+γBfast. The randomized implementation smooths its matrix term as
described below. For Theorem 1.1, the budget βtr enters P through the coupling, but the corrected
drift gives strict descent of P itself at light states; an auxiliary term γBtr is not needed.

The effect of reducing ι is visible in the initial-value bound:

∥M(y)∥ ≤ P(y), P(0) ≤ 2
√︁

ιζ + 2nρ, (P + γB)(0) ≤ 2
√︁
ιζ + 2nρ+ γm.
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Figure 1: Top row: the budgets βtr(t) = (1 − t2)3/4ftr(|t|), βfast(t) = (1 − t2)97/200ffast(|t|), and
βsqrt(t) = (1− t2)1/2 on [−1, 1]. Middle row: the polynomial factors ftr and ffast on [0, 1]. Bottom
row: the power functions (1− t2)3/4 and (1 − t2)97/200 on [−1, 1]. Here ffast = f in Eq. (6). Each
family of plots uses common axis limits. Panels (a)–(c), (f), and (g) share the reference point
P = (0.8, 0.6); “inside” and “outside” mean strictly below and strictly above the corresponding
curve, respectively.

Our covariance and curvature estimates permit

ιtr :=
699

250
, 2

√
ιtr < 3.3443, ιfast :=

14779

2500
, 2

√
ιfast < 4.8628.

Small positive regularization and explicit error allowances give the stated constants. Thus Theo-
rem 1.1 uses the trace-corrected budget for the smaller constant, while Theorem 5.1 combines the
other budget with the faster randomized implementation.
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Figure 2: Scalar feasibility for the deterministic algorithm in Theorem 1.1. Define mtr
j (ι) :=

min(t,H,V )∈[0,1]3 Ej(t,H, V ; ι), where (E1, . . . , E6) := (F,B, f, u, z, p) are the six expressions in
Eq. (61). The curves estimate these minima numerically, with the budget and helper polyno-
mials fixed. The vertical axis uses a symmetric logarithmic scale. The limiting crossing of mtr

6 is
near ι = 2.79592. The blue point marks ιtr = 2.796, for which Lemma 3.7 proves strict positivity
throughout the cube.

2.2 Sharper covariance and joint curvature

Our descent analysis combines the scalar budget with a covariance estimate for the cost of matrix
inversion. At the optimizer, let W,Z ≻ 0 be the dual multipliers. For Āi = aia

∗
i , define

ui := a∗iUai, vi := a∗iV ai, wi := a∗iWai, zi := a∗iZai.

Define βi := β(yi), β
′
i := β′(yi), and β′′

i := β′′(yi). If ιβivi ≥ 1−yi, coordinate i can move to 1 while
preserving feasibility. The condition ιβiui ≥ 1+ yi similarly permits a move to −1. The remaining
case is a light state, where both inequalities are strict in the opposite direction. There define

pi := 1 + ιβ′
ivi, qi := 1− ιβ′

iui, Γi :=
1

ιβiuivi
>

ιβi
1− y2i

≥ ι.

The first two coefficients describe the response to a coordinate move; Γi measures the reciprocal of
its local coupling strength.

Let Q(r) be the nonnegative quadratic cost of matrix inversion in the first-order responses
of U, V to a direction r, with b fixed. Our weighted projection inequality, Lemma 3.3, retains
the individual Γi. For the faster algorithm, Lemma 3.4 gives a centered direction with nonzero
covariance K := E[rr⊤] satisfying

E[Q(r)] ≤
∑︂
i

ki(p
2
iuiwi + q2i vizi)Kii, (7)
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Figure 3: Scalar feasibility for the randomized algorithm in Theorem 1.2, with βfast, τ , κfast, and
ϑ∗ fixed as in Section 3. The normalized margins mfast

1 , mfast
2 , and mfast

3 measure joint curvature,
budget drift, and the domain bound, respectively. Define mfast

1 (ι) := minHcert/A over the domain
in Eq. (47), mfast

2 (ι) := 1− 20(1+ τ/2)(1+ϑ∗)/[9ι(1−ϑ3
∗)], and mfast

3 (ι) := 1− (1+ϑ∗)/(ιϑ
2
∗). The

curvature minimum is estimated numerically. The movement condition ι > 2 holds throughout
the plotted range. The limiting crossing of mfast

1 is near ι = 5.91159. The blue point marks
ιfast = 5.9116, whose scalar conditions are certified in Section 3.7.

where

ϑi :=
2√

1 + 4Γi − 1
, ki :=

1 + ϑi

1− ϑ3
i

.

As Γi increases, ki decreases towards 1. Keeping this coordinate dependence preserves the stronger
bound at weakly coupled coordinates, in particular near an endpoint.

The scalar budget is matched to these same coefficients. With β := βfast and ι := ιfast,
Lemma 3.5 proves

ι(−β′′
i −

β′2
i

τβi
) ≥ (1 + κfast)(2 + τ)kipiqi, (8)

for the fixed positive parameters τ and κfast specified in Section 3. The term −β′′
i is the concavity

available for descent; the subtraction pays for the mixed variation of the budget and the matrix
optimizer. The right-hand side is the cost after the covariance comparison. We bound kipiqi jointly
with the endpoint position, and verify the resulting scalar inequality by exact rational Bernstein
certificates. A coordinatewise drift then cancels the mismatch between the two quadratic weights.
The strict surplus in Eq. (8) gives Eq. (54), which supports the faster algorithm.

Theorem 1.1 uses a further refinement. Lemma 3.6 retains a diagonal and both off-diagonal
local traces and controls the mixed response directly:

E[Q(r)] +
∑︂
i

ΛiE[YiFi] ≤
∑︂
i

˜︁ki(p2iuiwi + q2i vizi)Kii + vcorr · ∇P.
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Here Yi,Fi are paired response components, and ˜︁ki, vcorr are denoted in that lemma by ki, ν. The
exact mixed variation is the product on the left plus an explicit gradient correction. The off-diagonal
trace has a state-dependent reference value whose deviation is also a gradient term. Retaining its
correlation with Λi makes the direct comparison possible. The other off-diagonal entry is also
an exact gradient term. This lets both row auxiliaries use both paired directions. The paired
covariance weight also retains an off-diagonal entry, controlled by a third helper while preserving
positive definiteness. All gradient corrections are canceled by the drift.

The target coefficient is chosen as

˜︁ki := ι(−β′′
i )

2(1 + κtr)piqi
, κtr := 10−6.

Lemma 3.7 verifies that the covariance construction works with this target at every light state. Thus
the full budget curvature remains available for descent. The covariance helpers j0i := j0(|yi|, Hi)
and braux,i := braux(|yi|, Hi), raux = 0, 1, are fixed polynomials, where Hi := ι2β2

i uivi/(1− y2i ) is the
normalized local product. They are evaluated pointwise; no derivatives of them are needed. The
polynomially weighted 3/4-power budget and ιtr = 699/250 give strict descent of P, as stated in
Eq. (79), and yield the constant 3.3443. The corrections also change the quantitative drift bounds:
Section 4.20 combines the trace-corrected covariance with entropy smoothing, deterministic grouped
reduction, and block response solves, giving dimension term n4.742354. The comparison response
holds both matrix constraint expressions fixed, so smoothing leaves its second variation unchanged.
This is the source of the constant–running-time tradeoff between our two theorems.

2.3 Choice of the budget exponents

The exponents 1/2, 3/4, and 97/200 are paired with different polynomial factors and covariance
estimates. Their common purpose is to permit a smaller coupling ι, since the leading discrepancy
bound is 2

√
ι. The budget must supply enough concavity to pay for the response of the matrix

optimizer. The exponent and polynomial control that concavity, while the covariance estimate
controls its cost.

The tradeoff between center and endpoint curvature. Define z := |t|. For 0 < p < 1, let
βp(t) := (1 − t2)pf(|t|), where f is a polynomial with f(0) = 1, f ′(0) = 0, and f(1) > 0. Direct
differentiation gives

−β′′
p (0) = 2p− f ′′(0), (9)

lim
z→1−

β′
p(z)

2

βp(z)(−β′′
p (z))

=
p

1− p
. (10)

Holding f fixed, increasing p increases the center curvature, but also increases the endpoint mixed
cost relative to concavity. When the mixed term is bounded by Young’s inequality with τ > 0, the
fraction of curvature remaining after this cost satisfies

lim
z→1−

−β′′
p (z)− β′

p(z)
2/(τβp(z))

−β′′
p (z)

= 1− p

τ(1− p)
. (11)

Thus τ > p/(1 − p) leaves a positive leading curvature margin, whereas τ < p/(1 − p) makes the
useful curvature negative near an endpoint. Lowering p relaxes this endpoint constraint on τ . A
smaller τ reduces the opposing factor 2 + τ in the fast joint curvature inequality, although it also
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increases the mixed cost for a fixed budget. The full inequality therefore determines the useful
balance. A regular polynomial factor adjusts the interior profile while preserving the endpoint
ratio in Eq. (10).

Why the trace-corrected budget uses 3/4. A polynomial factor finite and positive at 1 cannot
preserve a lower bound by a fixed positive multiple of

√
1− t2 when p > 1/2:

βp(z)√
1− z2

= (1− z2)p−1/2f(z) −→ 0 (z → 1−). (12)

The smaller-constant proof uses the weaker lower bound βtr(t) ≥ (1 − t2)3/4 and accounts for
it in its quantitative estimates. At p = 3/4, the endpoint mixed-cost ratio is 3, so a Young-
inequality treatment would need τ > 3 for a positive leading curvature margin. Our direct co-
variance comparison includes the mixed variation itself, and both off-diagonal trace identities are
used. This stronger comparison permits the larger exponent. The factor ftr sets the center cur-
vature to 3/2 − f ′′

tr(0) = 1.116899 and adjusts the interior profile, while the covariance helpers
j0(|t|, H), b0(|t|, H), b1(|t|, H) also retain the local product.

The construction chooses the target covariance coefficient from the full curvature and certifies
its scalar conditions with coupling ιtr = 699/250. After the stated numerical allowances, the
resulting discrepancy bound is 3.3443. This bound uses both the chosen budget and a covariance
estimate that retains the correlation between the mixed response and the local traces. The full-state
certificate in Section 3.9 verifies this choice; it does not assert that the exponent is optimal.

Why the polynomial factor is useful. For the faster construction, a positive factor with
f ′(z) ≥ 0 has logarithmic derivative

β′
p(z)

βp(z)
= − 2pz

1− z2
+

f ′(z)

f(z)
. (13)

The term f ′/f offsets the negative logarithmic derivative of the pure power, while f ′′ adjusts
the curvature profile. We choose (p, f, τ, ι) jointly to satisfy the full joint curvature inequality at
every light configuration, together with the derivative and drift conditions needed for the faster
implementation. The degree-20 factor provides this construction. The smaller-constant proof uses
the stronger direct mixed covariance and a separate degree-20 factor with nonnegative derivative.
Its certificate controls the full logarithmic derivative and curvature, together with the covariance
helpers j0, b0, b1.

Why the fast budget uses 97/200. The fast analysis combines the covariance coefficient of
Lemma 3.4 with τfast := 4902302619

5000000000 < 1. For p = 97/200, the endpoint ratio is 97/103 < τfast,
leaving a positive leading curvature margin. The degree-20 polynomial is matched to this exponent
and to ιfast = 14779/2500; Section 3.7 verifies the joint inequality on its full domain. The derivative
and zero-crossing properties needed for the faster implementation are listed in Section 2.5. For
comparison, 96/200 and 98/200 have endpoint ratios 12/13 and 49/51, respectively, both below
τfast. Thus the endpoint test permits both neighboring values; the full joint certificate determines
whether either works with specified polynomial and coupling parameters. The value 97/200 is the
one certified here, and changing it requires rechecking that certificate.
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2.4 Properties of the trace-corrected budget

The budget βtr(t) := (1 − t2)3/4ftr(|t|) satisfies the scalar conditions needed by the potential and
direct mixed covariance. Throughout this section, z := |t|, f := ftr, and β := βtr. Derivatives
below are in z. Write raux := 1− z2, p := 3/4, a := rauxf

′ − 2pzf , and d := 2p[1 + (1− 2p)z2]f +
4pzrauxf

′ − raux
2f ′′.

1. Normalization and regularity at zero. The identities β(0) = 1 and β′(0) = 0 fix the
initial potential bound and make the even budget smooth on (−1, 1). In particular it has the
regularity required by Lemma 3.2.

2. Positive, controlled growth. The budget satisfies 1− z2 ≤ β(z) ≤ 1 and

0 ≤ −β′(z)

β(z)
= − a(z)

(1− z2)f(z)
≤ 3

4(1− z)
. (14)

The certificate gives f ≥ 1, f ′ ≥ 0, and a ≤ 0. At a light state with yi = z ≥ 0, the
logarithmic derivative bound gives pi ≥ 1/4 and qi ≥ 1. The roles exchange for negative
coordinates. Also β(±1) = 0, so the coupling of a signed coordinate vanishes.

3. Uniform concavity. Direct differentiation gives

−β′′(z) =
d(z)

(1− z2)5/4
>

1

2
. (15)

This supplies a positive curvature scale for the descent estimates.

4. Controlled derivatives through order three. At endpoint distance at least δend,

|β(j)| ≤ Cδ
3/4−j
end , |β(j)|/β ≤ Cδ−j

end, 1 ≤ j ≤ 3. (16)

The fixed polynomial factor and its positive lower bound give these estimates, which control
the Taylor errors in the polynomial implementation. This branch uses strict descent of P
itself and does not require a separate drift inequality for the scalar budget sum.

5. Direct mixed covariance at every light configuration. Define ι := 699/250 and κ :=
10−6. For every z ∈ [0, 1) and every aloc, bloc > 0 satisfying ιβ(z)aloc < 1 + z and ιβ(z)bloc <
1 − z, define p := 1 + ιβ′(z)bloc, q := 1 − ιβ′(z)aloc, and Γ := 1/(ιβ(z)alocbloc). The target
coefficient is

k :=
ι(−β′′(z))

2(1 + κ)pq
. (17)

Lemma 3.7 verifies the six scalar conditions that make Lemma 3.6 hold with this target and
j0 := j0(z,H) and braux := braux(z,H), raux = 0, 1, where H := ι2β(z)2alocbloc/(1 − z2). The
proof keeps the mixed coefficient and off-diagonal trace reference correlated through the same
state variables. Evenness covers negative coordinates by exchanging aloc and bloc. Once all
gradient corrections are canceled, the surplus κ gives strict descent.

Section 3.9 specifies the ten integer coefficients of ftr and the helpers j0, b0, b1. Exact Bernstein
checks establish the budget inequalities, and an integer interval certificate with 318239 boxes proves
the covariance inequalities on the full state domain.
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2.5 Properties of the fast budget

Let ffast denote the degree-20 polynomial denoted by f in Section 3. Its role is to make βfast(t) =
(1− t2)97/200ffast(|t|) satisfy both the descent inequalities and the regularity estimates used by the
faster algorithm. Throughout this section, z := |t|, f := ffast, β := βfast, and p := 97/200. The
following conditions on a fixed rational polynomial f supply the scalar properties used in the proof.

1. Normalization and regularity at zero. Require f(0) = 1 and f ′(0) = 0. These give
β(0) = 1 and make β(t) = (1 − t2)pf(|t|) a C2 function on (−1, 1) with locally Lipschitz
second derivative. This is the regularity used in Lemma 3.2. On each side of zero the budget
is smooth; derivatives of order three and higher at zero are interpreted one-sided.

2. Positive, controlled growth. Require f(z) ≥ 1 and f ′(z) ≥ 0 on [0, 1], together with
β′(z) ≤ 0 for 0 ≤ z < 1. The derivative conditions are equivalent to

0 ≤ f ′(z)

f(z)
≤ 2pz

1− z2
=

97z

100(1− z2)
. (18)

Since p < 1/2, these conditions imply
√
1− z2 ≤ (1 − z2)p ≤ β(z) ≤ 1. The factor (1 − t2)p

gives β(±1) = 0, while f(1) remains positive. These bounds control the coupling at light
states and allow the coupling of a signed coordinate to be removed.

3. Uniform concavity. Require

−β′′(z) >
1

2
, 0 ≤ z < 1. (19)

This gives a positive scale for the budget weights in Lemma 4.4. At zero it becomes 2p −
f ′′(0) > 1/2, or equivalently f ′′(0) < 47/100. The concavity condition applies to the full
budget β.

4. Drift compatibility. Require

(−β′(z))(1 + z) ≤ β(z)(−β′′(z)), 0 ≤ z < 1. (20)

This bounds the first-derivative contribution to the budget drift by its negative second-
derivative contribution. The drift analysis in Section 3 uses this inequality to prove strict
descent of the auxiliary budget sum B(y) :=

∑︁
i β(yi). Together with matrix-potential de-

scent, it yields descent of F := P + γB for γ > 0.

5. Joint curvature at every light configuration. Define ι := 14779/2500, τ := 4902302619
5000000000 ,

and κ := 10−8. For every z ∈ [0, 1) and every aloc, bloc > 0 satisfying ιβ(z)aloc < 1 + z and
ιβ(z)bloc < 1 − z, define p := 1 + ιβ′(z)bloc, q := 1 − ιβ′(z)aloc, and Γ := 1/(ιβ(z)alocbloc).
The growth conditions ensure p, q > 0 and Γ > ι > 2. Define ϑ := 2/(

√
1 + 4Γ − 1) and

k := (1 + ϑ)/(1− ϑ3), the coefficient from Lemma 3.4. Require

ι(−β′′(z)− β′(z)2

τβ(z)
) ≥ (1 + κ)(2 + τ)kpq. (21)

Evenness covers negative coordinates by exchanging aloc and bloc. The concavity remain-
ing after the mixed-derivative cost must dominate the entire covariance cost for every light
configuration. Lemma 3.5 verifies this inequality. Its strict surplus supports the weighted gra-
dient/curvature alternative in Lemma 4.4. The same parameters ensure (1+ τ/2)k/ι < 9/20,
which supplies the strict margin in the budget drift estimate.
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6. Controlled derivatives through order four. For 0 < δend ≤ 1/2 and |t| ≤ 1 − δend, the
fixed polynomial form and positivity of f give

|β(j)(t)| ≤ Cδp−j
end , 1 ≤ j ≤ 4, (22)

|β(j)(t)|
β(t)

≤ Cδ−j
end, 1 ≤ j ≤ 4. (23)

Here C depends only on the fixed polynomial, and derivatives at zero are one-sided. With
the algorithm’s cutoff δ−1

end = O(log(2n)), these bounds and uniform concavity imply

|β(j)(t)|+ |β
(j)(t)|2
β(t)

≤ Pn(−β′′(t)), 1 ≤ j ≤ 4, (24)

where Pn is a fixed polynomial in log(2n). These estimates control the directional responses
in Lemma 4.5 and the smoothed local corrections in Lemma 4.11.

7. A nonpositive third-derivative jump at zero. Require f ′′′(0) ≤ 0. Since f ′(0) = 0, the
even budget satisfies

β′′′(0+)− β′′′(0−) = 2f ′′′(0) ≤ 0. (25)

The chosen polynomial has cubic coefficient −5706553/109, so this inequality is strict. Along
a line in the coordinate space, each zero crossing therefore contributes a nonpositive jump to
the third derivative of F . The local estimates in Section 4.13 use the appropriate one-sided
derivatives on each side of zero.

Section 3.7 gives exact rational Bernstein certificates for the scalar descent inequalities. Fixed
rational coefficients also permit evaluation of the polynomial and its derivatives at the short pre-
cision used in Section 6.4. The degree and coefficients provide one construction satisfying these
requirements; the proof uses the stated properties of the resulting budget.

2.6 Efficient implementations and running-time bounds

Algorithms 1 and 2 summarize Algorithms 3 and 5. The first gives constant 3.3443 deterministically;
the second gives constant 4.8628 with a smaller expected running time. Both use the same input
conversion and certified optimizer corrections. The randomized algorithm holds a small background
fixed and uses curved moves while many coordinates remain, then switches to endpoint and gradient
sweeps. All randomized routines use finite caps, verified tests, and deterministic fallbacks.

Both algorithms first round the input once to short PSD rank-one dyadic matrices. The grouped-
coordinate reduction in Lemma 4.2 prepares their common partial-signing framework. A balanced
binary tree stores the matrix sums of coordinate groups. Each group has one shared fractional
coefficient, and splitting it preserves the signed sum by copying this coefficient to both children.
Computing all group sums costs ˜︁O(mn2).

The shared local estimates use

ϖi := (−β′′
i )(ι(viwi + uizi) + γ), G := diag(ϖi).

Lemmas 4.10 and 4.11 give the smoothed Newton neighborhood and optimizer correction. Sec-
tions 4.8–4.11 give capped initialization and operator actions. Section 6 gives their finite-precision
implementations. The short input cache and strict discrepancy margins keep the original binary
input length additive. Section 4 accounts for input approximation, endpoint rounding, numerical
comparisons, and optimizer correction.
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The running-time analysis depends on efficient matrix computations. Related inverse-maintenance
methods for semidefinite programming were developed by Huang et al. [HJS+22]. For rectangular
matrix multiplication, we use the bounds of Alman et al. [ADW+25, Table 1] and Le Gall and
Urrutia [LU18, Table 3].

Algorithm 1 Simplified deterministic signing

1: procedure SimplifiedDeterministicSigning(A1, . . . , Am)
2: (β, ι)← (βtr, 699/250).
3: Preprocess deterministically and initialize the potential. ▷ Lemma 4.19
4: while active coordinates remain after phase updates and deferrals do
5: if a regular endpoint move is certified then
6: Fix its sign and continue the optimizer to the new face.
7: else if the large-gradient test succeeds then
8: Perform a deterministic gradient sweep and correct the optimizer.
9: else

10: Take a certified step in a deterministically selected direction. ▷ Lemma 4.20
11: end if
12: end while
13: Round deferred coordinates deterministically. ▷ Lemma 4.9
14: Recover the original-input signing σ.
15: return σ.
16: end procedure

Algorithm 2 Simplified zero-error randomized signing

1: procedure SimplifiedRandomizedSigning(A1, . . . , Am)
2: (β, ι)← (βfast, 14779/2500).
3: Preprocess by certified orientations and a smaller sketch; initialize the potential. ▷

Lemma 5.27
4: while the resident count exceeds Kc do
5: Hold near-endpoint coordinates fixed until a bulk deletion is due. ▷ Lemma 5.34
6: Mask the pending and non-light coordinates, retaining their coupling.
7: Take a certified drift-adjusted curved move using capped trials and fallback. ▷

Lemmas 5.32 and 5.40
8: end while
9: Finish using endpoint continuation, gradient sweeps, and checked spread moves. ▷

Section 5.7
10: Round deferred coordinates by verified sampling with fallback. ▷ Lemma 5.25
11: Recover the original-input signing σ.
12: return σ.
13: end procedure

Deterministic algorithm. Algorithm 1 completes a fractional signing while controlling the norm
of its matrix sum. After input conversion and variance scaling, the matrices Ci satisfy

∑︁
iC

2
i ⪯ I.

The deterministic reduction in Lemma 4.19 fixes all but at most 2n2 coefficients, with a prescribed
residual, using ˜︁O(mn2+n2ω0) arithmetic operations. Padding the matrices by zeros increases their
order by only a constant factor and restores the active-count condition. The subsequent state
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consists of an active set I, fractional coefficients yi, and a fixed contribution F , giving the modeled
sum M(y) := F +

∑︁
i∈I yiCi. The initial residual is charged once when recovering the final signing.

The algorithm uses the trace-corrected budget βtr and coupling ι = 699/250. It maintains the
primal matrices U, V and dual matrices W,Z defining the smoothed potential Ps. Lemmas 4.10
and 4.11 give the Newton-neighborhood and optimizer-correction estimates. Entropy smoothing
replaces the largest-eigenvalue objective by a log-trace-exponential, giving differentiable optimizer
equations while changing the potential by at most its reserved smoothing allowance. Eq. (120)
gives Ps(y) ≥ ∥M(y)∥, so controlling this potential controls discrepancy. In a phase starting with
K active coordinates, the descent potential is

Fs(y) := Ps(y) + λK

∑︂
i∈I

βtr(yi).

The small positive reservoir supplies curvature in the coordinate directions. Its coefficient is fixed
during the phase and renewed when the active count halves; the total potential added by these
renewals fits a fixed allowance. Each phase also uses Lemma 4.18, with the phase cutoff in Sec-
tion 4.20, to round sufficiently small-trace inputs and remove their coupling contributions in a
batch.

The local loop first tests whether a coordinate can be fixed at 1 or−1. Endpoint scores computed
from the current optimizer certify that such a move respects the potential allowance. When a test
succeeds, the algorithm records the sign and continues the optimizer to the smaller active problem
using the trace-budget application of Lemma 4.15. Otherwise it tests the weighted gradient. A large
gradient gives first-order descent. A gradient sweep then uses scalar coordinate models evaluated
at one fixed optimizer to make several updates, followed by an optimizer correction. The bounds in
Lemmas 4.16 and 4.17 specify how far the sweep can move before those models must be refreshed.

If both tests fail, the trace-corrected covariance estimate guarantees negative curvature. A
polynomial spectral filter isolates negative-curvature directions, and the conditional-expectation
construction in Lemma 4.20 fixes auxiliary signs one at a time to construct a direction r. It
controls both the largest coordinate of r and the four relative matrix responses: the changes of
U, V,W,Z measured against their current values. These bounds permit a finite step while keeping
the matrices positive and the coordinates inside the cube. The direction is oriented so its first-order
contribution is nonpositive. The finite-step bound in Eq. (202), with the step size in Eq. (203),
gives a definite potential decrease. The new optimizer is obtained by the initialization homotopy
in Section 4.16, and the decrease is checked.

Coordinates within the endpoint cutoff are handled separately from regular endpoint moves.
They are frozen at their current fractional values, whose contributions are retained in F , and their
coupling terms are removed together. Once no active coordinates remain, deterministic matrix-
exponential rounding assigns all deferred signs jointly, with the discrepancy allowance of Lemma 4.3
and the faster implementation of Lemma 4.9. This permits an endpoint cutoff whose reciprocal is
logarithmic in n, keeping the budget derivatives controlled throughout the local loop.

The operation count combines these mechanisms. During a phase with K/2 < k ≤ K, there are˜︁O(min{n, n2/K}) curvature moves. Computing all response columns at one optimizer together gives
total curvature-search work over the phases of ˜︁O(n2ω0). Gradient sweeps reuse an optimizer across
updates, and endpoint continuations are charged to their potential decreases. Adding initialization,
preprocessing, and final rounding gives ˜︁O(mn2 +n4.742354) arithmetic operations. The discrepancy
allowances preserve the constant 3.3443 in Theorem 3.1; Section 6 gives the corresponding bit
bound with additive Lin.
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Randomized algorithm. Algorithm 2 uses random sketches and sampled directions to reduce
the work of constructing a signing. After the common input conversion and variance scaling,
Lemma 5.27 leaves at most 2n2 fractional original coefficients using ˜︁O(mn2) arithmetic operations
in expectation. Its sketches are formed through actions of the original rank-one matrices. Residual
and norm tests certify the reduced instance before it is used. Constant-factor padding restores the
active-count condition, and the single preprocessing residual is reserved in the final discrepancy
allowance.

The local algorithm uses the fast budget βfast, coupling ι = 14779/2500, and the smoothed
potential with its scalar reservoir. It maintains the fractional coefficients and a corrected primal-
dual optimizer. A coordinate is resident while its matrix and coupling term remain in this model.
On reaching the endpoint cutoff, its coefficient is held fixed and marked as pending. Entering this
pending set changes neither the potential nor the optimizer. The algorithm also holds fixed the
coordinates whose endpoint scores do not certify the lightness conditions needed for a curved move.
Lemma 5.33 bounds this combined mask, leaving most resident coordinates movable.

At a state with many resident coordinates, the algorithm modifies the Hessian by subtracting
a diagonal term involving the gradient and the coordinate drift. Lemma 5.30 gives many negative
eigenvalues for this modified operator. A polynomial filter applied to a random sign vector produces
a candidate direction. Random sketches accelerate the inverse actions needed to evaluate this filter.
Lemma 5.31 checks the candidate’s negative curvature, coordinate spread, and relative primal and
dual matrix responses against the true model. These checks ensure that an accepted direction
has both sufficient descent and controlled changes in the optimizer. Each trial has an absolute
conditional success probability. Unsuccessful trials are discarded; a finite trial cap is followed by a
certified deterministic move.

The drift correction is realized by a quadratic path. For each movable coordinate, Eq. (302)
prescribes

yi(s) := yi + sri − s2dir
2
i ,

where r is the accepted direction and di is the drift coefficient computed at the base optimizer.
Masked coordinates stay fixed. The second derivative along this path equals the quadratic form
of the modified Hessian. The sign of s is chosen to make the initial linear contribution nearly
nonpositive. A first-order optimizer prediction is followed by a root correction and a true potential
comparison. Lemma 5.32 gives decrease ˜︁Ω(√k/n3/2) when the resident count is k.

Pending coordinates are deleted only after they form a prescribed inverse-polylogarithmic frac-
tion of the resident set. Their combined coupling is gradually attenuated, their fixed matrix contri-
butions are retained, and the optimizer is corrected for the resulting model. Each deletion therefore
reduces the resident count by that fraction. Lemma 5.34 charges the continuation stages to the
potential decrease of each batch, giving only ˜︁O(

√
n) stages in total. This batching shares the

optimizer-update work across many coordinates.
When k falls to Kc = nPn, where Pn is a fixed polylogarithm, the algorithm clears the pending

batch and switches to the endpoint, gradient-sweep, and verified spread-curvature moves of Sec-
tion 5.7. Finally, Lemma 5.25 rounds the deferred coordinates. Matrices above its trace cutoff
receive their nearest signs; the remaining signs are sampled with the recorded means. A norm
certificate accepts a signing only within the reserved error allowance, and capped sampling has
a deterministic fallback. Restoring the input eigenvalue signs then produces the original-input
signing.

The expected operation bound reflects both progress and evaluation. Rational matrix-function
approximations and shifted Lyapunov solves supply the required actions. The sketch sizes and
recursive solve depth adapt to the resident count; Lemma 5.40 bounds a complete trial, including
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response tests and optimizer correction. In a phase K/2 < k ≤ K, Lemma 5.34 bounds successful
curved moves by ˜︁O(n3/2/

√
K). Combining these bounds and charging the largest-count phases

to mn2 gives ˜︁O(mn2 + n3.575374) arithmetic operations in expectation; Section 5.14 includes the
continuation, finishing, and final-rounding work. The discrepancy allowances give the constant
4.8628 in Theorem 5.1. Section 6 gives the corresponding bit bound with additive Lin.

3 A polynomial time algorithm with small constant

Section 3.1 states the main discrepancy bound. Section 3.2 introduces the normalization, budget,
and matrix potential, and Section 3.3 derives the endpoint moves and variation formulas. Sec-
tions 3.4 and 3.5 prove a weighted projection inequality and use it to construct the covariance.
Sections 3.6 and 3.7 establish strict descent and verify the required scalar inequalities. Sections 3.8
and 3.9 correct the covariance using the local trace and prove the improved constant with its exact
certificate. Section 4 gives the algorithmic implementations.

3.1 Main discrepancy bound

The formal version of Theorem 1.1 combines the trace-corrected discrepancy bound with an ex-
plicit arithmetic cost. Theorem 6.21 gives the corresponding bit-complexity bound with the same
discrepancy and partition guarantees.

Theorem 3.1 (Formal version of Theorem 1.1, deterministic polynomial time algorithm). For
rational Hermitian matrices A1, . . . , Am ∈ Cn×n of rank at most one and total binary length Lin, a
deterministic algorithm finds signs σ ∈ {±1}m such that

∥
∑︂
i

σiAi∥ ≤ 3.3443∥
∑︂
i

A2
i ∥1/2.

The number of arithmetic operations satisfies

Tarith ≤ ˜︁O(mn2 + n4.742354).

If Ai = aia
∗
i ,
∑︁

iAi = I, and ∥ai∥2 ≤ α, the returned signs determine a partition [m] = I1 ∪ I2
satisfying

∥
∑︂
i∈Ij

aia
∗
i − I/2∥ ≤ 1.67215

√
α, j = 1, 2.

The partition is computed within the same arithmetic bound. Here ˜︁O suppresses logarithmic factors
in m,n,Lin.

Proof. Use the budget βtr and ιtr = 699/250 from Section 3.9. For nonzero PSD inputs, write
ζ := ∥∑︁i Ā

2
i ∥ and fix ρ > 0. The continuous matrix potential P attains a minimum on the compact

cube. Among its minimizers, choose one with the fewest active coordinates. An available endpoint
move does not increase P and removes a coordinate, contradicting this choice. Otherwise all active
coordinates are light. The active gradient vanishes and the active Hessian is PSD, contradicting
the strict generator bound in Eq. (79). Thus some minimizer is a vertex, and the scalar feasible
point in Eq. (30) gives

∥
∑︂
i

σiĀi∥ ≤ 2
√︁
ιtrζ + 2nρ.
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Let ρ tend to zero and take a vertex that occurs infinitely often. Since 4ιtr < (3.3443)2, this
proves the claimed bound. For general Hermitian rank-one inputs, apply the result to |Ai| and
absorb the eigenvalue signs; |Ai|2 = A2

i preserves the variance. The deterministic construction and
its arithmetic cost are proved in Section 4.20. Finally A2

i ⪯ αAi in the isotropic case, and each
partition error is half the signed sum.

Algorithm 3 records the deterministic construction for rational inputs. For the active set I,
it maintains the modeled sum M(y) := F +

∑︁
i∈I yiCi and the smoothed potential Fs := Ps +

λK
∑︁

i∈I βi from Eq. (194), with budget β := βtr and coupling ι := 699/250. In preprocessing,
replace the grouped reduction by Lemma 4.19, pad the retained matrices to working order N :=
2⌈log2(2n)⌉, and use N in place of n in all subsequent parameters and routines. At the current
optimizer, define βi := β(yi), ui := tr[CiU ], and vi := tr[CiV ]. The scores ιβivi − (1 − yi) and
ιβiui − (1 + yi) correspond to the endpoints 1 and −1, respectively. The parameters ρ, χ, δend, δ,
and λK , together with all precision and comparison margins, are chosen as in Section 4.20. Gradient
sweeps use the original weights κi := ι(viwi+uizi) and two separated thresholds. Curvature search
uses G+ and the matrix-response bounds in Eq. (199). Its oriented step has length given by
Eq. (203); the new optimizer is initialized by the explicit data homotopy. Compute all response
columns at one root together by Lemma 4.20. Regular endpoints use the charged continuation
of Lemma 4.15, as justified in Section 4.20. The small-input cutoff and reservoir coefficient are
renewed when the active count halves. Near-endpoint slots are removed together.

3.2 Normalization, budget, and potential

Discard zero inputs. Define L :=
∑︁

i | tr[Ai]| and Āi := sign(tr[Ai])Ai/L. Then Āi ⪰ 0 has rank
one,

∑︁
i tr[Āi] = 1, and, writing ζ := ∥∑︁i Ā

2
i ∥,

(mn)−1 ≤ ζ ≤ 1, ∥Āi∥ ≤
√︁
ζ.

A signing for the Āi transfers to one for the Ai. For clarity we first analyze nonzero PSD inputs
with a variance upper bound ζ̄. The identities also hold on a face with a fixed signed matrix
contribution. We use the variance upper bound ζ̄ := ζ for the existence proof.

Until Section 3.8, use the following budget, denoted also by βfast when both algorithms are
discussed. Let raux(z) := 1 − z2 and f := ffast, where ffast is the explicit polynomial in Eq. (70).
Define

β(y) := (1− y2)pf(|y|), −1 ≤ y ≤ 1.

Define

p :=
97

200
, ι :=

14779

2500
= 5.9116, τ :=

4902302619

5000000000
, ϑ∗ :=

101

200
.

The following properties are certified in Section 3.7:

β(0) = 1, β(±1) = 0,
√︁
1− y2 ≤ β(y) ≤ 1, (26)

f ′(z) ≥ 0, β′(z) ≤ 0, −β′′(z) > 1/2, 0 ≤ z < 1, (27)

(−β′(z))(1 + z)

β(z)(−β′′(z))
≤ 1. (28)

The even extension β is C2 and has locally Lipschitz second derivative on (−1, 1). Its third derivative
may jump at zero; no third derivative at zero is needed.
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Algorithm 3 Deterministic rank-one signing with discrepancy constant 3.3443

1: procedure TraceSigning(A1, . . . , Am) ▷ Theorem 3.1
2: (C, y, I, F,R)← Preprocess(A1, . . . , Am; 10−7, 10−6). ▷ With Lemma 4.19
3: if I = ∅ then
4: Recover and return the original-input signing using R.
5: end if
6: Pad the retained matrices to order N and use n← N below.
7: Initialize D ← ∅, K ← 2|I|, λK ← 0, and L← 1 + ⌈log2(2n2)⌉.
8: Build the common dyadic cache; initialize the smoothed optimizer. ▷ Section 4.16
9: while I ̸= ∅ do

10: if |I| ≤ K/2 then
11: Set K ← |I| and select S using cutoff χ/(4L

√
K).

12: Round S jointly and record its signs in R.
13: Preserve M , attenuate the slots of S together, and remove them from I.
14: Set the new reservoir coefficient λK . ▷ Eq. (194)
15: else if S := {i ∈ I : 1− |yi| ≤ δend} ̸= ∅ then
16: Append (i, yi) for i ∈ S to D; preserve M and attenuate these slots together.
17: Remove S from I and its reservoir contributions, correcting the optimizer.
18: else
19: Evaluate both endpoint scores for every i ∈ I to error δ.
20: if an approximate score is at least −δ then
21: Record the corresponding endpoint sign s at coordinate i.
22: Set F ← F + sCi; remove i and its coupling and reservoir terms.
23: Continue the optimizer to the new face by the charged positive homotopy.
24: else
25: Compute the certified high gradient test using κi.
26: if the high test succeeds then
27: Execute a frozen-root sweep and correct its optimizer. ▷ Section 4.20
28: else
29: Construct r by the deterministic matrix-response selection. ▷ Eq. (199)
30: Orient r by the directional gradient and choose t by Eq. (203).
31: Set y ← y+ tr, round inward, initialize its optimizer, and certify the decrease.
32: end if
33: end if
34: end if
35: end while
36: Round D jointly using Lemma 4.9 and record its signs in R.
37: Recover and return the original-input signing using R.
38: end procedure

For a fractional signing y, define M(y) :=
∑︁

i yiĀi and Ky(D) := ι
∑︁

i β(yi)ĀiDĀi. For ρ > 0
define

P(y) := min
b, U,V≻0

b+ ρ tr[U + V ] (29)

subject to U−1 +M(y) +Ky(V ) ⪯ bI,

V −1 −M(y) +Ky(U) ⪯ bI.
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Our total potential is F := P + γB, where B(y) := ∑︁
i β(yi) and γ > 0. For every feasible point

the constraints imply b > ∥M(y)∥. At y = 0, the scalar choice U := ℓI, V := ℓI, and b := ℓ−1+ ιζ̄ℓ
is feasible. Minimizing its objective over ℓ > 0 gives

∥M(y)∥ ≤ P(y), F(0) ≤ 2

√︂
ιζ̄ + 2nρ+ γm. (30)

The trace penalty makes the optimizer unique. The PSD dual multipliers W,Z are positive
definite and satisfy

tr[W + Z] = 1, W = UKy(Z)U + ρU2, Z = VKy(W )V + ρV 2, (31)

U−1 +M +Ky(V ) = bI, V −1 −M +Ky(U) = bI. (32)

The next lemma justifies differentiating the optimized potential twice within each open face of the
cube.

Lemma 3.2. On each open face of the cube, the program in Eq. (29) has a unique optimizer. Its
primal and dual variables, and P, are C2 with locally Lipschitz second derivatives. The optimizer
satisfies Eqs. (31) and (32). The value P is continuous on the closed cube.

Proof. The map Ky is positive and self-adjoint. Matrix inversion is operator convex, and U := I and
V := I with large b is strictly feasible. On any bounded objective sublevel, the constraints bound
U−1, V −1 above, and the trace penalty bounds U, V above. The sublevel is therefore compact inside
the positive definite cone, so a minimizer exists. Convex duality gives W,Z ⪰ 0. Differentiating
the Lagrangian in b, U, V gives Eq. (31). In particular W ⪰ ρU2 ≻ 0 and Z ⪰ ρV 2 ≻ 0, so
complementary slackness gives Eq. (32).

For a nonzero Hermitian A,

d2

dt2
tr[W (U + tA)−1]|t=0 = 2 tr[WU−1AU−1AU−1] > 0.

Thus the Lagrangian is strictly convex in (U, V ); it has only one minimizer, and the tight equations
determine b.

For completeness, define the self-adjoint linearization

J (A,B) := (U−1AU−1 −Ky(B), V
−1BV −1 −Ky(A)).

The positive map N (A,B) := (UKy(B)U, VKy(A)V ) satisfies N (W,Z) = (W,Z) − ρ(U2, V 2) ⪯
r0(W,Z) for some r0 < 1. Every Hermitian pair is bounded in absolute semidefinite order by a
multiple of (W,Z), so the Neumann series for I − N converges. Hence J is invertible and J −1

preserves positivity. This also proves uniqueness of the dual pair.
Let E be the positive definite Hessian of the Lagrangian in (U, V ). A vector (db,A,B,W

′, Z ′)
in the kernel of the full KKT Jacobian satisfies

J (A,B) = −db(I, I), J (W ′, Z ′) = E (A,B), tr[W ′ + Z ′] = 0.

Pairing the middle equation with (A,B) shows ⟨(A,B),E (A,B)⟩ = 0. Thus A = B = 0, then
db = 0 and W ′ = Z ′ = 0. The implicit function theorem proves the asserted regularity; the locally
Lipschitz second derivatives follow from those of β. Finally the sublevel bounds can be chosen
uniformly in y for fixed ρ > 0. A convergent sequence of optimizers gives lower semicontinuity
at every boundary point. Conversely, keeping U, V fixed and increasing b by a vanishing amount
restores feasibility after a small change in y, proving upper semicontinuity.
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3.3 Endpoint moves and variation formulas

Fix a state and let its kact active coordinates be indexed by [kact]. Write Āi = aia
∗
i and

ui := a∗iUai, vi := a∗iV ai, wi := a∗iWai, zi := a∗iZai.

If ιβivi ≥ 1− yi, rounding yi to 1 preserves feasibility with the same (b, U, V ) and decreases F by
at least γβi. Likewise ιβiui ≥ 1 + yi permits rounding to −1. Hence the remaining case is

ιβiui < 1 + yi, ιβivi < 1− yi. (33)

Define

pi := 1 + ιβ′
ivi, qi := 1− ιβ′

iui, ci :=
√︁
βipi/qi, di :=

√︁
βiqi/pi, τi :=

√︁
piqi/βi.

For yi ≥ 0, f ′ ≥ 0 gives

−β′
i/βi ≤

yi
1− y2i

, pi ≥ 1/(1 + yi) ≥ 1/2, qi ≥ 1, piqi ≤ 1− (1 + yi)β
′
i/βi.

For negative yi, exchange pi, qi and ui, vi. In particular all scales above are positive. Write

˜︁ui := ciui, ˜︁vi := divi, ˜︁wi := ciwi, ˜︁zi := dizi.

We will use cidi = βi, τici = pi, τidi = qi, and

˜︁ui˜︁vi = βiuivi <
1− y2i
ι2βi

≤ 1

ι2
. (34)

For a real direction r, hold b fixed and differentiate the two tight constraints. The resulting
feasible local path has derivatives satisfying

U−1U̇U−1 =
∑︂
i

piriĀi +Ky(V̇ ),

V −1V̇ V −1 = −
∑︂
i

qiriĀi +Ky(U̇). (35)

Define the nonnegative quadratic form

Q(r) := tr[WU−1U̇U−1U̇U−1] + tr[ZV −1V̇ V −1V̇ V −1].

Differentiating the fixed-b feasible path gives

∂iP = piwi − qizi = τi( ˜︁wi − ˜︁zi). (36)

More explicitly, its second-variation calculation gives

r⊤∇2Pr ≤ 2Q(r) + 2
√︁
Q(r)M(r)− ι

∑︂
i

(−β′′
i )(viwi + uizi)r

2
i ,

where M(r) := ι
∑︁

i(β
′2
i /βi)(viwi + uizi)r

2
i . Here is a direct derivation of the second-variation

bound. Let φr(t) := b + ρ tr[U(t) + V (t)] along the fixed-b feasible path. Then φr(t) ≥ P(y + tr)
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with equality at zero. Also J (W,Z) = ρ(I, I), so differentiating the constraints once gives φ′
r(0) =∑︁

i(piwi − qizi)ri. Differentiating twice gives

φ′′
r(0) = 2Q(r) + 2ι

∑︂
i

β′
iri(wia

∗
i V̇ ai + zia

∗
i U̇ai) + ι

∑︂
i

β′′
i (viwi + uizi)r

2
i .

By the dual equations,

Q(r) ≥ ι
∑︂
i

βi(wia
∗
i V̇ V −1V̇ ai + zia

∗
i U̇U−1U̇ai).

The inequalities |a∗i U̇ai|2 ≤ uia
∗
i U̇U−1U̇ai and its V analogue, followed by scalar Cauchy–Schwarz,

bound the absolute mixed term by 2
√︁
Q(r)M(r). This proves the stated bound because r⊤∇2Pr ≤

φ′′
r(0).
Apply 2

√
EB ≤ τE +B/τ . For any centered random r, with πi := τ2i E[r2i ], this gives

1

2
E[r⊤∇2Pr] ≤ (1 + τ/2)E[Q(r)]− ι

2

∑︂
i

(−β′′
i −

β′2
i

τβi
)(viwi + uizi)E[r2i ]. (37)

3.4 A weighted projection inequality

The covariance must retain a different coupling coefficient at each coordinate. The next lemma per-
mits these coefficients without requiring that the response projection commute with their weights.

Lemma 3.3. Let e1, . . . , ekact , f1, . . . , fkact be an orthonormal basis of R2kact. Let Π0 project onto
the span of the ei, and let Π be a rank-kact orthogonal projection. Suppose

(I −Π0)(I − T )Π = 0, ⟨ei, T ei⟩+ ⟨fi, T fi⟩ = 0, ⟨ei, T ei⟩ ≤ 0,

⟨ei, Dauxei⟩ = ⟨fi, Dauxfi⟩ = 1, Daux ⪰ T⊤ΓT,

where Γei = Γiei, Γfi = Γifi, and Γi > 2. Define 0 < ϑi < 1 and ki by

ϑi :=
2√

1 + 4Γi − 1
, ki :=

1 + ϑi

1− ϑ3
i

.

There is a PSD matrix A, positive definite on rangeΠ and zero on its orthogonal complement, such
that

tr[DauxA] ≤
∑︂
i

ki⟨ei, (I − T )A(I − T )⊤ei⟩. (38)

Moreover tr[(I − T )A(I − T )⊤] > 0.

Proof. For 0 < ϑ < 1 define

A := 1 + ϑ2 + ϑ3, we :=
1

(1 + ϑ)A
, wf :=

ϑ

(1 + ϑ)(2 + ϑ)
, haux :=

2

A
, j :=

2

2 + ϑ
.

With Γ := (1 + ϑ)/ϑ2 and k := (1 + ϑ)/(1− ϑ3), direct rational identities give

haux
we
− haux

2

4w2
e

(1/k − 1/Γ) = 1/we, (39)

j

wf
+

j2

4Γw2
f

= 1/wf , (40)
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haux
2

4Γwe
+

j2

4Γwf
= 1− we − wf . (41)

Also

haux − j =
2(1− ϑ)(1 + ϑ)2

(2 + ϑ)A
> 0.

Use these values at ϑi for each coordinate and define

D :=
∑︂
i

(we
i eie

⊤
i + wf

i fif
⊤
i ), A := E(E⊤D−1E)−1E⊤, B := D− A,

where E is an orthonormal basis matrix for rangeΠ. Since D−1/2AD−1/2 is an orthogonal projection
of rank kact,

A,B ⪰ 0, AD−1A = A, AD−1B = 0, tr[D−1A] = kact.

The energy outside A satisfies

tr[DauxA] ≤ tr[DauxD]− tr[ΓTBT⊤], tr[DauxD] =
∑︂
i

(we
i + wf

i ).

We compare this gap and the movement by completing squares in each row.
For the ei row define ti := e⊤i T and Ci := ΓiB+ kiA. This matrix is positive definite, with

C−1
i = Γ−1

i D−1 + (k−1
i − Γ−1

i )D−1AD−1.

Completing a square gives

ΓitiBt
⊤
i + ki(e

⊤
i − ti)A(ei − t⊤i ) + hauxitiei

≥ ki⟨ei,Aei⟩ − (kiAei − hauxiei/2)
⊤C−1

i (kiAei − hauxiei/2)

=
⟨ei,Aei⟩

we
i

− haux
2
i

4Γiwe
i

.

The last equality uses Eq. (39). For the fi row define si := f⊤
i T . The response condition gives

siA = f⊤
i A, so

sifi =
⟨fi,Afi⟩+ siBfi

wf
i

.

Completing a square with the PSD matrix B, which need not be invertible, and using Eq. (40), we
obtain

ΓisiBs
⊤
i + jisifi ≥

ji

wf
i

⟨fi,Afi⟩ −
j2i

4Γi(w
f
i )

2
⟨fi,Bfi⟩ =

⟨fi,Afi⟩
wf
i

− j2i

4Γiw
f
i

.

Let
q := tr[ΓTBT⊤] +

∑︂
i

ki⟨ei, (I − T )A(I − T )⊤ei⟩.

Summing the row inequalities and Eq. (41) yields

q+
∑︂
i

(hauxi⟨ei, T ei⟩+ ji⟨fi, Tfi⟩) ≥ tr[D−1A]−
∑︂
i

(1− we
i − wf

i ) = tr[DauxD].

The added sum equals
∑︁

i(hauxi − ji)⟨ei, T ei⟩ ≤ 0. Thus q ≥ tr[DauxD], proving Eq. (38).
Finally define Γmin := mini Γi > 2 and wmin := λmin(D) > 0. Taking traces in the hypothesis

gives ∥T∥2F ≤ 2kact/Γmin < kact, and A ⪰ wminΠ. Consequently

tr[(I − T )A(I − T )⊤] ≥ wminkact(1−
√︁

2/Γmin)
2 > 0. (42)

No dimension-independent lower bound on wmin is needed.
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3.5 A covariance with coordinate-dependent coefficients

We apply the weighted projection inequality to the response system to obtain a covariance for
coordinate moves.

Lemma 3.4. Under Eq. (33), define

Γi :=
1

ι˜︁ui˜︁vi = 1

ιβiuivi
, ϑi :=

2√
1 + 4Γi − 1

, ki :=
1 + ϑi

1− ϑ3
i

.

There is a centered, finitely supported direction r with nonzero covariance such that, with πi :=
τ2i E[r2i ],

E[Q(r)] ≤
∑︂
i

ki(˜︁ui ˜︁wi + ˜︁vi˜︁zi)πi. (43)

Proof. Define symmetric PSD, entrywise nonnegative matrices

Uij := ιcicj |a∗iUaj |2, Vij := ιdidj |a∗iV aj |2.

For P,Q ∈ Rkact let MP :=
∑︁

i ciPiĀi and MQ :=
∑︁

i diQiĀi. The responses U̇ := UMPU ,
V̇ := VMQV satisfy Eq. (35) precisely when

J := P − V Q = U P −Q, ri := Ji/τi. (44)

The linearized constraint map is invertible, so these are the actual responses. Define

EP := diag(˜︁ui ˜︁wi), EQ := diag(˜︁vi˜︁zi), E := diag(EP , EQ).

The energy tr[WMPUMP ]+tr[ZMQVMQ] is a PSD quadratic form with matrix Mraw and diagonal

E. Hence ˆ︁Daux := E−1/2MrawE
−1/2 has unit diagonal and zero cross-block entries. Define

ˆ︁T :=

(︄
0 E

1/2
P V E

−1/2
Q

E
1/2
Q U E

−1/2
P 0

)︄
, Γ := diag(Γ1, . . . ,Γkact ,Γ1, . . . ,Γkact).

The full coefficient at each coordinate gives

ˆ︁Daux ⪰ ˆ︁T⊤Γ ˆ︁T , Γi >
ιβi

1− y2i
≥ ι > 2. (45)

Indeed the dual equation and Cauchy–Schwarz imply, for every real P ,

tr[WMPUMP ] ≥ ι
∑︂
i

βizia
∗
iUMPUMPUai ≥

∑︂
i

˜︁zi
ι˜︁ui (U P )2i =

∑︂
i

Γi˜︁vi˜︁zi(U P )2i .

Here |a∗iUMPUai|2 ≤ uia
∗
iUMPUMPUai and (U P )i = ιcia

∗
iUMPUai. The analogous inequality

for Q, followed by diagonal normalization, proves the matrix inequality for all (P,Q). The light
bounds give ι2β2

i uivi < 1 − y2i ; also βi ≥ 1 − y2i . These prove the remaining assertions. The
argument applies to complex Hermitian input matrices.

Let
Vresp := {(P,Q) : (I −U )P + (I − V )Q = 0}.

This space has dimension kact. In fact the strict dual equations give U ˜︁z < ˜︁w and V ˜︁w < ˜︁z
coordinatewise, so ρ(U V ) < 1. A nonzero left kernel vector of [I −U I − V ] would be a common
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eigenvector with eigenvalue one, a contradiction. Let Π project onto E1/2Vresp. Writing dP,i :=
(EP )ii and dQ,i := (EQ)ii, define

ei :=

√︁
dP,ieP,i −

√︁
dQ,ieQ,i√︁

dP,i + dQ,i

, fi :=

√︁
dQ,ieP,i +

√︁
dP,ieQ,i√︁

dP,i + dQ,i

.

Let Π0 project onto the span of the ei. Eq. (44) gives (I−Π0)(I− ˆ︁T )Π = 0. The local two-coordinate

blocks of ˆ︁Daux are identity matrices, so its quadratic forms at ei, fi equal one. Directly,

⟨ei, ˆ︁Tei⟩ = −dP,iVii + dQ,iUii

dP,i + dQ,i
≤ 0, ⟨fi, ˆ︁Tfi⟩ = −⟨ei, ˆ︁Tei⟩.

The matrix Γ is scalar on each coordinate pair, so this change of basis preserves its form. Apply
Lemma 3.3. For independent uniform signs ϵ ∈ {±1}2kact define (P,Q) := E−1/2A1/2ϵ and define
J, r by Eq. (44). This pair belongs to Vresp, and

E[Q(r)] = tr[ˆ︁DauxA], ⟨ei, (I − ˆ︁T )A(I − ˆ︁T )⊤ei⟩ = (dP,i + dQ,i)E[J2
i ].

Thus Eq. (38) proves the desired comparison, and Eq. (42) implies tr[E[rr⊤]] > 0. The signs here
supply only a finite-support existence certificate.

3.6 Joint curvature and strict descent

The coupling coefficient and endpoint position must be bounded together. This replaces the use of
a single lower bound for the scalar curvature ratio.

Lemma 3.5. At every light state,

ι(−β′′
i −

β′2
i

τβi
) ≥ (1 + κfast)(2 + τ)kipiqi, κfast := 10−8. (46)

Proof. By symmetry suppose yi ≥ 0 and define z := yi. Write

qlog := −β′/β ≥ 0, u := ιβiui, v := ιβivi.

The light inequalities give 0 < u < 1 + z, 0 < v < 1− z, and

pq = (1− qlogv)(1 + qlogu), Γ =
ιβ

uv
.

Here 1 − qlogv > 0. The function k(Γ) decreases in Γ, since (1 + ϑ)/ϑ2 decreases in ϑ whereas
(1 + ϑ)/(1 − ϑ3) increases. For fixed v, the product k(Γ)(1 − qlogv)(1 + qlogu) therefore increases
with u. Define u := 1 + z for an upper bound, define vloc := v/(1− z), and define ϑ by

ϑ :=
2√︁

1 + 4ιβ/((1− z2)vloc)− 1
.

The case vloc = 0 is its continuous limit ϑ = 0. The constraint 0 ≤ vloc ≤ 1 becomes

ιf(z)ϑ2 ≤ (1 + ϑ)(1− z2)1−p. (47)

All such parameters satisfy 0 ≤ ϑ < ϑ∗, because f ≥ 1, (1 − z2)1−p ≤ 1, and ιϑ2
∗ > 1 + ϑ∗. A

cancellation retains the negative endpoint term:

kipiqi ≤ (1 + (1 + z)qlog)
1 + ϑ− ι(−β′)ϑ2/(1 + z)

1− ϑ3
. (48)
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Indeed substitute vloc = ιβϑ2/((1− z2)(1 + ϑ)) into (1− qlogv)k.
Define

raux := 1− z2, q := rauxf
′ − 2pzf, v0 := rauxq

′ + 2(1− p)zq,

d0 := rauxf − (1 + z)q, w0 := −τfv0 − q2.

Then β′ = raux
p−1q and β′′ = raux

p−2v0. After multiplying Eq. (48) by the positive denominators,
Eq. (46) follows from A ≥ raux

1−pGcert, where

A := ι[(1 + z)w0(1− ϑ3)− (1 + κfast)(2 + τ)τd0qϑ
2],

Gcert := (1 + κfast)(2 + τ)τd0(1 + z)(1 + ϑ). (49)

The scalar certificate below proves w0, d0 > 0 and q ≤ 0, so A, Gcert > 0 on [0, 1] × [0, ϑ∗]. It also
proves the full-domain implication

Hcert := A− raux
1−pGcert ≥ 0 whenever G := ιfϑ2 − raux

1−p(1 + ϑ) ≤ 0. (50)

The constraint is exactly Eq. (47). All multipliers used above are positive for z < 1, so this proves
Eq. (46).

Define C2,i := (1 + τ/2)ki and define

hi := −
C2,i

τi
(˜︁ui − ˜︁vi)πi, K := E[rr⊤].

Define L g := ∇g · h+ 1
2 tr[∇2gK]. The cancellation is coordinatewise:

(˜︁ui ˜︁wi + ˜︁vi˜︁zi)− (˜︁ui˜︁zi + ˜︁vi ˜︁wi) = (˜︁ui − ˜︁vi)( ˜︁wi − ˜︁zi).
Also

(˜︁ui˜︁zi + ˜︁vi ˜︁wi)πi = piqi(uizi + viwi)E[r2i ].

Combining Eq. (36), Eq. (37) and the two preceding lemmas gives

LP ≤
∑︂
i

[C2,ipiqi −
ι

2
(−β′′

i −
β′2
i

τβi
)](uizi + viwi)E[r2i ] ≤ 0. (51)

No derivative of ki or hi is taken: the drift and covariance are pointwise witnesses for this generator
inequality.

To bound the budget drift suppose yi ≥ 0. Since

τi(˜︁ui − ˜︁vi) = ui − vi + 2ιβ′
iuivi ≤ ui,

Eqs. (33) and (28) give

β′
ihi ≤

C2,i

ι

(−β′
i)(1 + yi)

βi
E[r2i ] ≤

C2,i

ι
(−β′′

i )E[r2i ].

Negative coordinates follow by symmetry. The exact uniform bound is

C2,i

ι
≤ (1 + τ/2)(1 + ϑ∗)

ι(1− ϑ3
∗)

=
4485593088319

10300518152100
<

9

20
. (52)
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Together with −β′′ > 1/2, this proves

LB ≤ − 1

20

∑︂
i

(−β′′
i )E[r2i ] ≤ −

1

40
tr[K] < 0. (53)

The covariance is nonzero by Eq. (42). Thus the total potential has strict local descent whenever
an endpoint move is unavailable.

The same cancellation retains the strict surplus:

LP ≤ −κfast
∑︂
i

C2,ipiqi(viwi + uizi)Kii. (54)

This additional margin will be used in the faster algorithm. The earlier budget estimate also gives
LB ≤ − 1

20

∑︁
i(−β′′

i )Kii. Minimizing F on the cube now proves the 4.8628 discrepancy bound:
an endpoint move strictly decreases F , and a light nonvertex minimum contradicts its negative
generator. Letting ρ, γ tend to zero in Eq. (30) gives 2

√
ι < 4.8628.

3.7 Exact scalar certificate

The scalar inequalities follow from finite rational coefficient tests. With raux, q, v0, d0, w0 defined
above, these tests give

f − 1 ≥ 0, f ′ ≥ 0, −q ≥ 0, −v0 − 1/2 > 0, d0 > 0, w0 > 0,

(−fv0)2 − (1 + z)2q2raux > 0

on [0, 1]. Each inequality has a rational Bernstein certificate on [0, 1/2] and [1/2, 1]; the maximum
degree is 84. The derivative identities give Eq. (27). Since p ≤ 1/2, we have raux

1−p ≤ √raux.
Taking nonnegative square roots in the last inequality therefore gives

(−β′)(1 + z)

β(−β′′)
= raux

1−p−(1 + z)q

−fv0
≤ 1.

Also f ≥ 1, monotonicity of β, and β(0) = 1 imply
√
raux ≤ raux

p ≤ β ≤ 1. The missing linear
term in f gives a C2 even extension with locally Lipschitz second derivative.

We describe the certificate for Eq. (50) without replacing a fractional power by a high-degree
polynomial. Define pcert := 1 − p = 103/200. On each dyadic rectangle in [0, 1]× [0, ϑ∗], let z0 be
the midpoint of its z interval and define r0 := 1− z20 > 0. Define u0 := k/280, where k is the least
positive integer satisfying u2000 ≥ r1030 . This is an exact integer comparison. Concavity of tpcert on
[0, 1] gives the polynomial upper bound

raux
pcert ≤ L(z) := u0(1− pcert + pcert

raux(z)

r0
).

Indeed the tangent with rpcert0 in place of u0 is an upper bound, and its multiplier 1 − pcert +
pcertraux/r0 is positive. Define two polynomials on this rectangle by

FL := A− LGcert, GL := ιfϑ2 − L(1 + ϑ).

Their common Bernstein bidegree is (43, 3). Each rectangle passes one of three tests: all coefficients
of FL are nonnegative; all coefficients of GL are strictly positive; or all coefficients of FL + λGL

are nonnegative for some rational λ ≥ 0. These tests suffice. Since Gcert > 0, the first gives
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Hcert ≥ FL ≥ 0. The second excludes every feasible point, because G ≥ GL. For the third,
feasibility gives GL ≤ G ≤ 0, and hence Hcert ≥ FL ≥ −λGL ≥ 0.

We give the coefficient rules used here and in Appendix A.3. For a polynomial P on a box∏︁d
j=1[aj , bj ], substitute xj = aj +(bj −aj)uj and expand P (x) =

∑︁
ν Aνu

ν . If nj bounds its degree
in uj , its tensor-product Bernstein coefficients are

Bµ :=
∑︂
ν≤µ

Aν

d∏︂
j=1

(︁
µj
νj

)︁(︁
nj
νj

)︁ , 0 ≤ µj ≤ nj . (55)

The corresponding basis functions are nonnegative and sum to one. Thus P lies between the
smallest and largest coefficients on the box. For midpoint subdivision in one coordinate, apply

c
(0)
i := Bi, c

(r+1)
i :=

c
(r)
i + c

(r)
i+1

2
(0 ≤ i < n− r). (56)

The left and right coefficient lists are (c
(r)
0 )nr=0 and (c

(n−i)
i )ni=0, respectively. Apply this operation

to every coefficient line parallel to the selected coordinate. All operations are rational.
For the joint inequality, use degree (43, 3) and scale ϑ by ϑ∗. Initialize coefficient arrays for the

six polynomials
A, Gcert, rauxGcert, ιfϑ2, 1 + ϑ, raux(1 + ϑ).

Keep a common positive scale through subdivision. This preserves the relative coefficients when
forming FL and GL. If their coefficient pairs are (aµ, bµ), define

λ− := max({0} ∪ {−aµ/bµ : bµ > 0}), λ+ := min{−aµ/bµ : bµ < 0}, (57)

where the minimum of the empty set is +∞. The third test succeeds exactly when aµ ≥ 0 for
every bµ = 0 and λ− ≤ λ+. In that case define λ := λ−. This specifies every multiplier from the
polynomial coefficients.

Start with [0, 1]× [0, ϑ∗] and apply the three tests in the displayed order. If none succeeds, split
in z when dz < dϑ + 3 and in ϑ otherwise, where (dz, dϑ) are the coordinate depths. Recompute L
whenever the z interval changes. Exact rational evaluation gives 1421 nodes and 711 leaves: 636
pass the first test, 7 the second, and 68 the third. The maximum depths are 14 in z and 11 in
ϑ. Each split partitions its parent, and the normalized leaf areas sum to

∑︁
2−dz−dϑ = 1. This

proves Eq. (50) on the entire feasible domain. The drift margin follows from Eq. (52); the final
error allowances are treated in Section 4.

3.8 A covariance correction from the local trace

We now retain a diagonal and both off-diagonal local traces and control the mixed variation directly.
The potential, its regularity, and endpoint moves are unchanged. In this section and the next, β, ι
denote the polynomially weighted 3/4-power budget and coupling specified below. This budget
satisfies β(y) ≥ 1− y2 and has positive response scales, as required by the response and coercivity
identities above.

Define Di := ˜︁ui ˜︁wi+˜︁vi˜︁zi and ρrati := (˜︁ui˜︁zi+˜︁vi ˜︁wi)/Di. The paired basis gives the exact identities

⟨ei, ˆ︁Tei⟩ = −ρrati/Γi, ⟨fi, ˆ︁Tfi⟩ = ρrati/Γi. (58)

Indeed, Uii = ι˜︁u2i and Vii = ι˜︁v2i . Substitution into the paired basis proves Eq. (58). Also

Di(1− ρrati) = (˜︁ui − ˜︁vi)( ˜︁wi − ˜︁zi), ∂iP = τi( ˜︁wi − ˜︁zi).
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Define

υi :=
˜︁vi√˜︁zi − ˜︁ui√ ˜︁wi√˜︁ui˜︁vi(√ ˜︁wi +

√˜︁zi) , Li := ι
√︁˜︁ui˜︁vi(˜︁ui − ˜︁vi), δi := Γ−1

i .

The additional off-diagonal identity is

⟨fi, ˆ︁Tei⟩ = Li +
δi(˜︁ui − ˜︁vi)υi

Di
( ˜︁wi − ˜︁zi). (59)

To verify it, direct substitution gives

⟨fi, ˆ︁Tei⟩ = Li
(˜︁ui + ˜︁vi)√ ˜︁wi˜︁zi

Di
,

and the factorization
(˜︁ui + ˜︁vi)√︁˜︁wi˜︁zi −Di = ( ˜︁wi − ˜︁zi)υi√︁˜︁ui˜︁vi

proves Eq. (59). Both trace deviations are explicit gradient terms, including when that gradient
coordinate is zero. The other off-diagonal entry also factors through the gradient:

⟨ei, ˆ︁Tfi⟩ = Ωi∂iP, Ωi :=
ι(˜︁ui˜︁vi)3/2( ˜︁wi + ˜︁zi)

Diτi
√ ˜︁wi˜︁zi . (60)

Indeed, substitution into the paired basis gives ι(˜︁ui˜︁vi)3/2( ˜︁w2
i − ˜︁z2i )/(Di

√ ˜︁wi˜︁zi). Factoring the dif-
ference of squares proves the identity without any division by a gradient coordinate.

Let η := 1 + κtr, with κtr specified in Section 3.9, and define the mixed coefficient and target

gi := β′
i/βi, Λi :=

gi

τi
√˜︁ui˜︁vi , ki :=

ι(−β′′
i )

2ηpiqi
.

We give the local scalar construction before stating the covariance comparison. Suppress the index,
define δ := 1/Γ and sinv := 1/k, and defineHi := ι2β2

i uivi/(1−y2i ) ∈ (0, 1). Define j0 := j0(|yi|, Hi),
b0 := b0(|yi|, Hi), and b1 := b1(|yi|, Hi) from Section 3.9. Define

j :=
Λ2δsinv

4
, ℓ := ΛLsinv,

F := j0
2 + 2j0 − j − 4jsinvb0 − 4jsinv(sinv − δ)b20,

B := 2j0 − j − δ(1 + 2j0)− 4jsinvb0 − 4jsinv
2b20,

m0 :=
1/2 + b0(sinv − δ)

1 + j0
, n0 := −

b0
1 + j0

,

f := F + 4jsinvn
2
0(F −B) + 2Fℓn0,

u := B + δF + 4jsinvm0n0(B − F )− Fℓm0,

P∗ := m0f+ (n0 + b1)u, O∗ := (1 + j0)b1,

Z∗ := 2fu− (sinv − δ)f2 + 4jsinvP2
∗ ,

N∗ := u2 + δf2 + 4jsinvP2
∗ − 2δfu+ 2ℓP∗u,

M∗ := δ(f− u)b0 + P∗(j0 + δ),

z := FZ∗ − 4jsinvO
2
∗u

2,

p := BZ∗ − FN∗ − 4jsinvO
2
∗u

2 + 8jsinvO∗M∗u+ 2ℓj0O∗u
2.
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The scalar certificate below proves

F > 0, B > 0, f > 0, u > 0, z > 0, p > 0. (61)

Define the resulting weights

a∗ := f/u, γ∗ := P∗/u, d∗ := Γj0,

b∗ := Λsinvb0, r∗ := Λsinvγ∗, o∗ := ΛsinvO∗,

z∗ := Z∗/u
2, ∆∗ := Fz∗ − δo2∗ = z/u2,

we := F/∆∗, wf := δz∗/∆∗, wef := −δo∗/∆∗.

The paired weight block is positive definite, since(︃
we wef

wef wf

)︃−1

=

(︃
z∗ o∗
o∗ F/δ

)︃
, F > 0, ∆∗ > 0. (62)

Define its row multipliers by

h∗ := 2(a∗we + b∗wef ), q∗ := 2(a∗wef + b∗wf ),

p∗ := 2(r∗we + d∗wef ), j∗ := 2(r∗wef + d∗wf ).

These helper scalars are distinct from the state variables. The extra trace information allows both
row auxiliaries to use both paired directions. The weight block also retains an off-diagonal entry;
the corresponding trace corrections are canceled by the drift.

Lemma 3.6. There is a centered normalized response ξ with covariance A, positive definite on
the response subspace and zero on its orthogonal complement, such that, with Fi := f⊤

i ξ, Yi :=

e⊤i (I − ˆ︁T )ξ, K := E[rr⊤], and πi := τ2i Kii,

E[Q(r)] +
∑︂
i

ΛiE[YiFi] ≤
∑︂
i

kiDiπi + ν · ∇P, (63)

where

νi :=
δi[h∗,i − j∗,i + p∗,iυi](˜︁ui − ˜︁vi)

Diτi
+ q∗,iΩi.

For RA := (I − ˆ︁T )A(I − ˆ︁T )⊤, there are absolute a,C > 0 such that

akact ≤ tr[RA] ≤ Ckact. (64)

Proof. Use the weights above at each coordinate and define

D :=
∑︂
i

[we
i eie

⊤
i + wf

i fif
⊤
i + wef

i (eif
⊤
i + fie

⊤
i )],

A := E(E⊤D−1E)−1E⊤, B := D− A,

where E is an orthonormal basis matrix for the response subspace. As before, A,B ⪰ 0, AD−1A = A,
AD−1B = 0, and tr[D−1A] = kact. No commutation is required.

Fix one pair and suppress its index. Define v∗ := a∗e+ b∗f , w∗ := r∗e+ d∗f , ˆ︁e := e−Λf/(2k),
te := e⊤ ˆ︁T , and tf := f⊤ ˆ︁T . For C∗ := ΓB+ kA ≻ 0, the projection identities give

C−1
∗ = δD−1 + (1/k − δ)D−1AD−1.
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Completing a square in te yields

ΓteBt
⊤
e + k(e⊤ − te)A(e− t⊤e )− Λ(e⊤ − te)Af + te(2Dv∗)

≥ 2ˆ︁e⊤Av∗ − (1/k − δ)v⊤∗ Av∗ −
Λ2

4k
f⊤Af − δv⊤∗ Dv∗.

The response condition gives tfA = f⊤A. A square with the PSD matrix B, which need not be
invertible, gives

ΓtfBt
⊤
f + tf (2Dw∗) ≥ 2f⊤Aw∗ + δw⊤

∗ Aw∗ − δw⊤
∗ Dw∗.

The two diagonal coefficients of A in these bounds are z∗ and −Λsinvb∗ − (sinv − δ)b2∗ −Λ2sinv/4 +
2d∗ + δd2∗ = F/δ. The off-diagonal coefficient is

b∗ −
Λsinva∗

2
− (sinv − δ)a∗b∗ + r∗ + δr∗d∗ = Λsinv(1 + j0)b1 = o∗.

Indeed, the definitions give b0 − a∗/2− (sinv − δ)a∗b0 + (1 + j0)γ∗ = (1 + j0)b1. Multiplication by
Λsinv proves the identity, including when Λ = 0. By Eq. (62), the summed coefficient is exactly
D−1.

For the scalar constant term, define

E := we + wf + δ(v⊤∗ Dv∗ + w⊤
∗ Dw∗) + (−h∗ + j∗)δ + p∗L.

The exact identity

1− E =
p

z
> 0 (65)

follows by substituting the three block weights. More explicitly, δΛ2sinv
2 = 4jsinv gives

∆∗(1− E) = Bz∗ − F [1 + δa2∗ + 4jsinvγ
2
∗ − 2δa∗ + 2ℓγ∗]

− 4jsinvO
2
∗ + 8jsinvO∗[δ(a∗ − 1)b0 + γ∗(j0 + δ)] + 2ℓj0O∗.

Multiplication by u2 gives p, while u2∆∗ = z, proving Eq. (65).
Sum the two row inequalities over all coordinates. Coercivity gives

tr[ˆ︁DauxA] ≤ tr[ˆ︁DauxD]− tr[Γ ˆ︁TB ˆ︁T⊤], tr[ˆ︁DauxD] =
∑︂
i

(we
i + wf

i ).

The second equality uses the identity local blocks of ˆ︁Daux, including their zero off-diagonal entries.
Using the opposite diagonal traces, the remaining correction to the weighted movement is at most∑︂

i

[(h∗,i − j∗,i)(⟨ei, ˆ︁Tei⟩+ δi) + q∗,i⟨ei, ˆ︁Tfi⟩+ p∗,i(⟨fi, ˆ︁Tei⟩ − Li)].

Here the terms Ei−1 were dropped using Eq. (65). Eqs. (58), (59), and (60) identify this correction

as ν · ∇P. Since E[Q(r)] = tr[ˆ︁DauxA] and ⟨ei, RAei⟩ = Diπi, this proves Eq. (63).
For movement, the compact scalar certificate in Lemma 3.7 bounds F, f, u, z above and away

from zero. The fixed polynomial b1 is bounded, and δo2∗ = 4jsinvO
2
∗ ≤ C. The block formula

therefore gives we ≤ C, wf ≤ Cδ, and |wef | ≤ C
√
δ. Its inverse has z∗ ≤ C, F/δ ≤ CΓ, and

|o∗| ≤ C
√
Γ. Bounding the cross term by its two diagonal terms gives

D ⪯ CI, D−1 ⪯ CΠ0 + CΓΠ1, Π1 := I −Π0.
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With C∗ := E⊤D−1E, the response condition Π1E = Π1
ˆ︁TE and coercivity imply

tr[C∗] ≤ Ckact + C∥Γ1/2Π1
ˆ︁TE∥2F ≤ Ckact + C tr[ ˆ︁T⊤Γ ˆ︁T ] ≤ Ckact.

Here the first step follows from the preceding bound on D−1, E⊤E = Ikact , and the response
condition Π1E = Π1

ˆ︁TE. The second step follows from EE⊤ = Π ⪯ I and ΓΠ1 = Π1Γ, since
orthogonal projections do not increase the Frobenius norm. The third step follows from coercivity,ˆ︁T⊤Γ ˆ︁T ⪯ ˆ︁Daux, and tr[ˆ︁Daux] = 2kact, after increasing the absolute constant C. Weighted Frobenius
Cauchy–Schwarz gives

(kact − tr[ ˆ︁TΠ])2 ≤ ∥(I − ˆ︁T )EC−1/2
∗ ∥2F ∥EC1/2

∗ ∥2F = tr[RA] tr[C∗].

Since ∥ ˆ︁T∥2F ≤ 2kact/ι and ι > 2, | tr[ ˆ︁TΠ]| ≤ kact
√︁

2/ι < kact. This proves the lower bound

independently of the smallest weight. The upper bound follows from A ⪯ CI and ∥I − ˆ︁T∥2F ≤
Ckact.

The mixed variation and its correction. Retain the exact mixed term in the derivation of
Eq. (37), before applying Cauchy–Schwarz:

1

2
r⊤∇2Pr ≤ Q(r) +

∑︂
i

mi(r)−
ι

2

∑︂
i

(−β′′
i )(viwi + uizi)r

2
i , mi(r) := ιβ′

iri(wiv̇i + ziu̇i). (66)

For the normalized response above, write Yi =
√
DiJi and Ei := e⊤i ξ. The exact identity

mi(r) = ΛiYiFi + ∂iP
gi

τ2i Di
Yi(Ei − Yi + υiFi) (67)

holds even when the gradient coordinate is zero. Indeed, the response equations give

mi(r) =
giJi
τi

[ ˜︁wiPi + ˜︁ziQi + (˜︁zi − ˜︁wi)Ji],

and the paired basis expresses the first two terms as

˜︁wiPi + ˜︁ziQi =
˜︁wi − ˜︁zi√

Di
Ei +

(˜︁ui + ˜︁vi)√ ˜︁wi˜︁zi√˜︁ui˜︁vi√Di
Fi.

The factorization used in Eq. (59) proves Eq. (67) without dividing by ˜︁wi − ˜︁zi. Define

θi :=
gi

τ2i Di
E[Yi(Ei − Yi + υiFi)].

Combining the mixed identity with Eq. (63) gives

1

2
E[r⊤∇2Pr] ≤

∑︂
i

kiDiπi + (ν + θ) · ∇P −
∑︂
i

ι(−β′′
i )

2piqi
ρratiDiπi. (68)

Thus the mixed variation is included directly in the covariance bound.
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3.9 The improved constant and its exact certificate

We use a 3/4 endpoint power and adjust the curvature by a fixed polynomial. Define

ιtr :=
699

250
, p :=

3

4
, κtr :=

1

106
, η := 1 + κtr, βtr(y) := (1− y2)pftr(|y|),

where the polynomial factor is

ftr(z) := 1 + 0.1915505z2 + 0.07716335z4 + 0.03917979z6

+ 0.04234609z8 − 0.08891557z10 + 0.40792039z12

− 0.91331458z14 + 1.30793628z16 − 1.02145746z18

+ 0.35713938z20.

(69)

For comparison, the polynomial factor of βfast is

ffast(z) := 1 + 0.0498735123z2 − 0.005706553z3 + 0.3937540726z4

− 11.0832914979z5 + 203.0443576388z6 − 2445.8186989094z7

+ 20520.6541832702z8 − 124448.8676898058z9 + 559322.9751101618z10

− 1893873.5450890157z11 + 4878891.695382722z12 − 9600597.735909414z13

+ 14402676.373907391z14 − 16328233.13094071z15 + 13740497.154438846z16

− 8313646.91225735z17 + 3417391.239657022z18 − 854236.6692651988z19

+ 97990.3280047086z20.

(70)

All decimal coefficients in these two expressions are exact. The notation ffast distinguishes the
polynomial f used in Section 3.2 from ftr. Figure 1 shows all three budgets, the polynomial factors
ftr and ffast, and the corresponding power functions.

The covariance helpers are the fixed polynomials

j0(z,H) :=
84047268− 52938705z + 133367380z2 + 49643028z3

108

+H
22863212 + 66017181z − 147568585z2

108
,

b0(z,H) :=
−41550398 + 11091757z − 14435171z2

108

+H
10275247− 10715575z + 21317210z2

108
,

b1(z,H) :=
3323951 + 40587513z − 130152459z2 + 191253811z3

108

+H
−2355589 + 49791446z − 117532304z2

108
.

Here Hi := ι2β2
i uivi/(1−y2i ) is the normalized local product. The light inequalities give 0 < Hi < 1.

For the remainder of this subsection, define ι := ιtr, β := βtr, and f := ftr. For z ∈ [0, 1), define
raux := 1− z2 and define the polynomials

a(z) := rauxf
′(z)− 2pzf(z), d(z) := 2p[1 + (1− 2p)z2]f(z) + 4pzrauxf

′(z)− raux
2f ′′(z).
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Direct differentiation gives

β′(z) = raux
p−1a(z), −β′′(z) = raux

p−2d(z), −β′(z)

β(z)
= − a(z)

rauxf(z)
.

The exact polynomial certificate gives

f ′(z)

z
> 0, −a(z)

z
> 0, d(z) >

1

2
,

1

4
< j0(z,H) < 3. (71)

The bounds hold for z,H ∈ [0, 1], with the polynomial continuations of the quotients at zero. Since
f(0) = 1, the first inequality implies f ≥ 1. Thus

β(0) = 1, β(±1) = 0, 1− y2 ≤ β(y) ≤ 1, β(y) ≥ (1− y2)3/4. (72)

The upper bound follows from β′ ≤ 0 and evenness. Also

0 ≤ −β′(z)

β(z)
=

2pz

1− z2
− f ′(z)

f(z)
≤ 3

4(1− z)
.

At a light state with yi ≥ 0, this gives pi ≥ 1/4 and qi ≥ 1, with the roles exchanged for negative
coordinates. The potential, endpoint, response, and coercivity arguments therefore apply. The
budget is smooth on (−1, 1), with β′(0) = 0. On the truncated interval its fixed polynomial factor

gives |β(j)| ≤ Cδ
3/4−j
end and |β(j)|/β ≤ Cδ−j

end for 1 ≤ j ≤ 3.
The helpers j0i := j0(|yi|, Hi) and braux,i := braux(|yi|, Hi), raux = 0, 1, are used pointwise in the

covariance construction. No derivatives of them are needed. The remaining certificate verifies that
construction on the entire light-state domain.

Lemma 3.7. At every light state, the choice

ki :=
ι(−β′′

i )

2ηpiqi
(73)

satisfies all six conditions in Eq. (61). The quantities F,B, f, u, z are uniformly bounded above and
away from zero.

Proof. By symmetry take z = yi ≥ 0 and define q0 := −β′(z)/β(z), aloc := ιβui, bloc := ιβvi, and
P := alocbloc. The light rectangle is 0 < aloc < 1 + z, 0 < bloc < 1 − z. Writing R := piqi, direct
substitution gives

R = 1 + q0(aloc − bloc)− q20P, δ =
P

ιβ
, Λ2δ =

ι(β′)2

βR , ΛL =
1 + q20P −R

R .

At fixed P ∈ [0, raux], the function aloc−P/aloc is increasing. Its two boundary values, at bloc = 1−z
and aloc = 1 + z, give the complete parametrization

P = rauxH, aloc − bloc = z(1 +H) + (1−H)(2V − 1), H, V ∈ [0, 1].

The boundary values are affine in P and agree at P = raux. Define Qy := z(1+H)+(1−H)(2V −1)
and ϱ := raux

1/4. With the budget polynomials evaluated at z and the helpers at (z,H), the scalar
data become

δ =
ϱH

ιf
, j =

ηa2

2fd
,
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sinv =
2ηϱ[rauxf

2 − afQy −Ha2]

ιdf2
, σ :=

2ηϱraux
ιd

, ℓ = σ + 4jδ − sinv.

These formulas keep the mixed coefficient and off-diagonal reference correlated. They remain finite
at both endpoints.

For an exact certificate without singular fractional powers, define

z := 1− t4, raux = t4(2− t4), ϱ = t(2− t4)1/4, 0 ≤ t ≤ 1.

The six expressions in Eq. (61) are now continuous functions on the closed cube (t,H, V ) ∈ [0, 1]3.
Their only nonpolynomial operation is the fourth root of 2− t4 ∈ [1, 2].

The first three polynomial inequalities in Eq. (71) have strictly positive Bernstein coefficients
on [0, 1]; their degrees are 18, 20, 22, respectively. Since j0 is affine in H, its bounds reduce to
H = 0, 1. Their cubic Bernstein coefficients are positive on [0, 1]. For the full-state inequalities,
use intervals with endpoints in 2−100Z. Define S := 2100 and define outward rounding by

⌊x⌋S :=
⌊Sx⌋
S

, ⌈x⌉S :=
⌈Sx⌉
S

. (74)

Enclose each rational constant by these two values. Addition and subtraction use the endpoint
formulas; multiplication takes the minimum and maximum of the four endpoint products and
rounds outwards. For 0 /∈ [a, b], inversion gives [⌊1/b⌋S , ⌈1/a⌉S ]. Integer powers use their exact
range on the interval, including zero when an even power crosses zero, followed by outward rounding.
For 0 ≤ a ≤ b with integer endpoints, the fourth root of [a/S, b/S] is enclosed by

1

S
[⌊(aS3)1/4⌋, ⌈(bS3)1/4⌉]. (75)

Both integer roots are determined by comparisons of fourth powers. Define ˆ︁f by f(z) = ˆ︁f(z2).
Evaluate ˆ︁f, ˆ︁f ′, ˆ︁f ′′ by Horner’s rule and use

f ′(z) = 2z ˆ︁f ′(z2), f ′′(z) = 2 ˆ︁f ′(z2) + 4z2 ˆ︁f ′′(z2).

Evaluate the helper polynomials by Horner’s rule in z, retaining their affine dependence on H.
Substitute into the displayed scalar formulas, preserving their factorizations. In these formulas,
evaluate squares of computed quantities as products of two copies of the same interval. Differentiate
by the product, quotient, and chain rules, using the same outward interval operations to enclose
every first derivative.

Here is the complete subdivision rule. Let G1, . . . , G6 be the expressions in Eq. (61), in that
order. Start with [0, 1]3. On a box Q with midpoint x0 and half-widths h1, h2, h3, first compute
interval enclosures Ii(Q) of Gi(Q). Accept Q if every lower endpoint is positive. Otherwise compute
Ii(x0) and derivative enclosures Dij(Q), and define

ci := inf Ii(x0), eij := ⌈hj sup{|u| : u ∈ Dij(Q)}⌉S , (76)

Li := max{inf Ii(Q), ci −
3∑︂

j=1

eij}. (77)

The mean-value theorem gives Gi(x) ≥ Li throughout Q. Accept Q when all six Li are positive. If
some remain nonpositive, bisect the coordinate maximizing

max
i:Li≤0

eij
max{S−1, ci}

, (78)
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breaking ties in the order t,H, V . If an interval denominator contains zero, bisect in t before
continuing.

Exact evaluation of these rules gives 636477 nodes and 318239 accepted leaves, with maximum
coordinate depths (15, 19, 6). Every accepted lower bound exceeds 3·10−9. Each bisection partitions
its parent, so the leaves cover the cube and have disjoint interiors; their exact volumes sum to one.
This verifies the inequalities on the full closed cube, including all light-state limits. Compactness
gives the stated uniform bounds and proves the lemma.

Define the drift

hi := −
ki
τi
(˜︁ui − ˜︁vi)πi − νi − θi.

The last two terms cancel the gradient corrections in Eq. (68). The first changes kiDiπi into
kiρratiDiπi. Since ρratiDiπi = piqi(viwi + uizi)Kii, Eq. (73) gives

LP ≤ −κtr
∑︂
i

kiρratiDiπi < 0. (79)

The weights are positive and Eq. (64) ensures nonzero movement. No derivative of the covariance
or drift is used. This proves the local assertion in Theorem 3.1. Its polynomial implementation is
given in Section 4.20.

4 Deterministic construction and shared algorithmic tools

Sections 4.2 and 4.3 round and rescale the inputs and reduce the number of active coordinates.
Sections 4.4 and 4.5 give the maintained model, deferred rounding, and conditioning estimates. Sec-
tion 4.6 establishes the shared descent and directional estimates. Sections 4.8–4.11 provide capped
initialization, operator actions, regular endpoint bounds, and arithmetic costs. Sections 4.12–4.19
establish fast rounding, smoothed geometry, corrected optimizer evaluation, and shared endpoint
and gradient-sweep proofs. Section 4.20 combines these tools with the trace-corrected covariance to
prove the deterministic algorithm and running time in Theorem 3.1. The randomized construction
and the square-root budget also use the shared tools in this section.

4.1 Multiplication parameters

For the operation bounds below, define

ω0 := 2.371177, ωrect0 := 2.042777, χ := 3.250036, p0 := 2(ω0−ωrect0) = 0.6568. (80)

Square multiplication has exponent ω0 by Dupont et al. [DEK+26]. The rectangular bounds
ω(1, 1/2, 1) ≤ 2.042776 < ωrect0 and ω(1, 2, 1) ≤ 3.250035 < χ follow from Alman et al. [ADW+25,
Table 1]. The strict slack permits fixed recursive algorithms at the stated exponents.

The shared fast-budget estimates use βfast, ι = 14779/2500, and its parameter τ from Section 3.
Section 4.20 states the specialization to the trace-corrected budget. Constants C, a > 0 are absolute,
respectively sufficiently large and small. The covariance and drift prove that a descent direction
exists; the constructions compute directions from the gradient and Hessian.
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4.2 One-time rounding before partial signing

We first approximate the inputs by PSD rank-one matrices on a common dyadic grid and reserve
part of the strict slack in the final discrepancy constant for transferring the resulting signing back
to the original inputs.

Absorb the eigenvalue sign of each nonzero rank-one Hermitian input into the final output sign,
writing Bi := sign(tr[Ai])Ai ⪰ 0. The sign can be read from any nonzero diagonal entry. If all
inputs are zero, stop. Let a∗ be the largest diagonal entry among all Bi and choose a normalization
factor Daux with a∗ ≤ Daux < 2a∗. In the arithmetic construction take Daux := a∗, using only
comparisons and divisions. Work with Āi := Bi/Daux. Then

∥Āi∥ = tr[Āi] ≤ n, ζ0 := ∥
∑︂
i

Ā2
i ∥ ≥ 1/4.

The second assertion follows from an input with diagonal entry a∗/Daux > 1/2 and
∑︁

i Ā
2
i ⪰ Ā2

j .

Define ξ := 10−8 and δ := ξ/(mn). Construct dyadic PSD rank-one matrices ˜︁Ai with

∥˜︁Ai − Āi∥F ≤ δ.

All their entries can use one common denominator 23p, where p = O(log(2mn)).
For a nonzero normalized input, choose a largest diagonal entry a := (Āi)jj of each input.

Since Āi is PSD and rank one, Āi = aww∗ with w := Āiej/a and |wl| ≤ 1. Choose a common
dyadic mesh haux := 2−p with haux ≤ δ2/(106n4). Approximate a and the selected column with
absolute error at most haux in each complex entry. If the approximation ˆ︁a ≤ δ/(4n), replace the
input by zero: a ≤ δ/(2n), so ∥Āi∥F ≤ na ≤ δ/2. Otherwise a ≥ δ/(8n) and ˆ︁a > 0. Divide the
approximate column by ˆ︁a, round its real and imaginary parts to the mesh haux, and call the resultˆ︁w. Conservative rounding gives

|ˆ︁a− a| ≤ haux, ∥ ˆ︁w − w∥2 ≤ 32n3/2haux/δ.

Define ˜︁Ai := ˆ︁a ˆ︁w ˆ︁w∗. Store the two factors without expanding their outer product. It is PSD of
rank at most one, and

∥˜︁Ai − Āi∥F ≤ 200n2haux/δ ≤ δ.

Products of the three dyadic factors have common denominator 23p. Choose the least p satisfying
the mesh inequality, so p = O(log(2mn)). The scalar roundings use bisection on bounded intervals,
with O(p) additions and comparisons per entry. Selecting the diagonals and forming the normalized
columns uses O(mn) arithmetic operations.

Constructing and storing the compact factors therefore takes ˜︁O(mn) arithmetic operations.
Expanding their outer products costs ˜︁O(mn2).

Run the algorithm on the ˜︁Ai and charge the partial-signing residual after variance scaling. For

the input-transfer estimate, set C∗ := 4.86276 and ˜︁ζ := ∥∑︁i
˜︁A2

i ∥. Then

|˜︁ζ − ζ0| ≤
∑︂
i

δ(2n+ δ) ≤ 3ξ,

√︂˜︁ζ ≤ (1 + 6ξ)
√︁
ζ0.

Here ζ0 ≥ 1/4 and
√
1 + 12ξ ≤ 1 + 6ξ. For any signing satisfying ∥∑︁i σi

˜︁Ai∥ ≤ C∗

√︂˜︁ζ, we have

∥
∑︂
i

σiĀi∥ ≤ C∗

√︂˜︁ζ +mδ ≤ [C∗(1 + 6ξ) + 2ξ]
√︁

ζ0 < 4.8628
√︁

ζ0.
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Multiplying by Daux and undoing the eigenvalue signs proves the claimed guarantee for the original
inputs. Thus the rounding does not change the stated constant. For the rest of the algorithmic
proof the inputs are the dyadic matrices just constructed.

4.3 Variance scaling and the maintained instance

Reduce general rank-one Hermitian matrices to PSD matrices by absorbing the sign of their nonzero
eigenvalue into the output sign. Normalize the dyadic inputs so that

∑︁
i tr[Āi] = 1, and assign

arbitrary signs to inputs with trace below εdiscard/(m
2n). With εscale := 10−8 and εdiscard := 10−6,

choose rational q satisfying ζ ≤ q2 ≤ (1 + εscale)ζ and define Ci := Āi/q. Then∑︂
i

C2
i ⪯ I, ρ := εscale/n.

The removed inputs have total norm at most εdiscard/(mn) ≤ εdiscard
√
ζ. Partial signing leaves

k ≤ n2 fractional coordinates. Use Lemma 4.2, with normalized residual allowance ηps := 10−7 and

arithmetic cost ˜︁O(mn2 + n5.055). If k = 0, output the signs directly; their residual is at most ηps.
The two exact alternatives below give comparison bounds.

To compute the variance scale, first form M2 =
∑︁

i Ā
2
i . Rank one gives Ā2

i = tr[Āi]Āi, so
forming this matrix costs O(mn2) operations. Its norm has an inverse-polynomial lower bound,
since tr[M2] =

∑︁
i tr[Āi]

2 ≥ 1/m. Choose ℓpow as the least power of two at least Cε−1
scale log(2n).

The trace power satisfies

∥M2∥ ≤ tr[M
ℓpow
2 ]1/ℓpow ≤ n1/ℓpow∥M2∥.

Choose C so that n1/ℓpow ≤ 1 + εscale/4. Compute tr[M
ℓpow
2 ] by exact repeated squaring. Since

1/(mn) ≤ ∥M2∥ ≤ 1, bisection of q2ℓpow = tr[M
ℓpow
2 ] on [0, 2] returns a rational upper endpoint q

within εscale/(16mn) of the root using O(log(2mn)) steps. Each comparison uses exact repeated
squaring. The displayed trace-power bound and this scalar accuracy imply ∥M2∥ ≤ q2 ≤ (1 +
εscale)∥M2∥. The cost is ˜︁O(mn2 + n3) on the short dyadic inputs. A common scalar normalization
does not change linear dependencies among the vectorized inputs.

We reduce the number of fractional coordinates while allowing a controlled residual. The
arithmetic construction uses approximate nullspace directions.

Lemma 4.1 (Partial signing with bounded residual). Let b1, . . . , bm ∈ Rdvec have rational entries
and satisfy ∥bi∥2 ≤ 2, and let 0 < η < 1. Define χ := 211/400. There is a deterministic algorithm
returning y ∈ [−1, 1]m with at most dvec fractional coordinates and

∥
∑︂
i

yibi∥2 ≤ η.

Its arithmetic cost is ˜︁O(md1+χ
vec + d5/2vec ),

where the suppressed logarithmic factors also include log(1/η). In particular, for dvec = n2, the
arithmetic cost is ˜︁O(mn3.055 + n5).

Proof. We count scalar additions, subtractions, multiplications, divisions, and comparisons at unit
cost. The ridge matrices and their batched updates are maintained exactly in this model; the
dyadic rounding below is part of the algorithm.
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All unprocessed coefficients start at zero. Retain the fractional columns in a matrix A, insert
the next input with coefficient zero, and, whenever there are dvec + 1 retained columns, perform
the following approximate nullspace move. Choose a positive dyadic δ with

1

2
(

η

100mdvec
)2 ≤ δ ≤ (

η

100mdvec
)2, G := δI +AA⊤, Πrid := I −A⊤G−1A.

The matrix Πrid is PSD and has trace at least one. Choose a largest diagonal entry, say Πridjj , and
define r := Πridej . Then

rj ≥
1

dvec + 1
, ∥Ar∥2 ≤

√
δ

2
.

The latter inequality follows by applying singular value decomposition to AΠrid = δ(δI+AA⊤)−1A:
its singular values are δs/(δ+ s2) ≤

√
δ/2. Singular value decomposition is used only in this proof,

not by the algorithm.
Define τ := η/(104md2vec) and choose a dyadic mesh u with τ/8 < u ≤ τ/4. Round the exact

diagonal entries to this grid, choose a largest rounded diagonal, and round the corresponding exact
column to the same grid, obtaining ˜︁r. The estimates below require only that each entrywise error
is at most τ . In particular,

∥˜︁r∥∞ ≥ 1

dvec + 1
− 3τ ≥ 1

2(dvec + 1)
.

Move in its positive direction until the first coefficient reaches a boundary. The step length is at
most 4(dvec+1). The boundary ratios are formed and compared exactly. Set each hitting coefficient
exactly to its boundary value, round the other coefficients toward zero to the grid of mesh u, and
remove every coefficient at a boundary. Each move removes at least one retained column. Since
∥A∥ ≤ 2

√
dvec + 1, the change in the signed sum has norm at most

4(dvec + 1)(

√
δ

2
+ 2(dvec + 1)τ) + 2(dvec + 1)u.

With u ≤ τ , the sum of these bounds over at most m moves is less than η. Insertions do not
change the signed sum. This proves the output guarantee. We now implement the exact matrix
evaluations and dyadic rounding within the claimed arithmetic cost.

We use two levels of batching. An epoch ends after dvec column insertions or deletions. At
its start let C contain all currently retained columns and the next at most dvec input columns.
There are at most dvec + 1 retained columns, so C has at most 2dvec + 1 columns. Keep this same
C throughout the epoch, including columns subsequently deleted from the active set. Form the
current G and G := C⊤G−1C exactly from scratch. To invert G ≻ 0, recursively invert a leading
principal block of half the order and its Schur complement; both are positive definite. The block
inverse formula uses a fixed number of matrix products at each recursion node. After padding with
an identity block to an order that is a power of two, square multiplication with exponent 5/2 gives

Tinv(d) ≤ 2Tinv(d/2) +O(d5/2), Tinv(1) = O(1).

Thus exact inversion costs O(d
5/2
vec ) arithmetic operations. Forming G and C⊤G−1C has the same

bound. During the epoch, inserting or deleting column Ci changes G by εupdCiC
⊤
i , with εupd ∈

{1,−1}, and hence changes G by

Gnew = G− εupd
1 + εupdGii

G:,iGi,:. (81)
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The insertion denominator is at least one. For deletion, write G = G− + CiC
⊤
i , where G− ⪰ δI.

Then

1− Gii = (1 + C⊤
i G−1

− Ci)
−1 ≥ δ

δ + 4
> 0.

Consequently every update is defined in exact arithmetic.
Define bbatch := ⌈dvecχ⌉. Keep these updates as a list of at most bbatch outer products. Re-

covering a requested column costs O(dvecbbatch); updating all diagonal entries costs O(dvec). The
restriction of I−G to the retained columns supplies Πrid. Before the next update would exceed this
limit, collect the pending terms as A diag(αaux)A

⊤, add this product to the explicit base matrix G,
and clear the list. Here A has O(dvec) rows and at most bbatch columns. The rectangular multipli-
cation bound ω(1, χ, 1) < 2.055 of Alman et al. [ADW+25, Table 1] gives cost O(dvec

1+2χ) for this
operation. This writes the sum of pending updates explicitly; it does not recompute an inverse. At
an epoch boundary discard the list and recompute from the actual retained columns. No product
is needed merely to clear the final incomplete list. If several coordinates hit boundaries, an epoch
may end between their deletions; the new epoch includes every column still retained.

Since 0 ⪯ Πrid ⪯ I, its entries lie in [−1, 1]. Binary search on the dyadic grid rounds each
requested entry using O(log(1/u)) arithmetic operations and comparisons. The same bound applies
to rounding each coefficient in [−1, 1]. Each candidate boundary ratio for a nonzero direction
entry is formed and compared in O(1) operations. Choosing δ and u by repeated halving costs
O(log(2mdvec/η)) operations. The batch size is the least integer b with b400 ≥ d211vec , so binary search
computes it in O(log(2dvec)) operations. Thus all scalar choices, rounding, and input inspections
together cost ˜︁O(mdvec).

There are at most 2m insertions and deletions, at most m nullspace moves, and O(m/bbatch)
products that write pending updates explicitly. The total cost is therefore˜︁O((m/dvec + 1)dvec

5/2 + (m/bbatch)dvec
1+2χ +mdvecbbatch) = ˜︁O(mdvec

1+χ + dvec
5/2),

because χ > 1/2.

Grouping before applying a small reduction also appears in the Carathéodory construction of
Maalouf, Jubran, and Feldman [MJF20]. Here a balanced tree of groups combines cube constraints,
inherited coefficients, and controlled numerical error.

Lemma 4.2 (Partial signing by grouped coordinates). Let b1, . . . , bm ∈ Rdvec have rational entries
and norm at most two, and let 0 < η < 1. A deterministic algorithm returns y ∈ [−1, 1]m with at
most dvec fractional coordinates and

∥
∑︂
i

yibi∥2 ≤ η

using ˜︁O(mdvec + d2.5275vec ) arithmetic operations. The suppressed factors include log(1/η).

Proof. Write D := dvec and use the arithmetic model of Lemma 4.1. We first give a small rounding
procedure. Let A have raux ≤ 2D columns of norm at most two and let yaux ∈ [−1, 1]raux be any
dyadic coefficient vector. For 0 < ε < 1, we can leave at most D fractional coordinates while
changing Ayaux by norm at most ε, at cost ˜︁O(D2.5275) arithmetic operations. Coordinates already
at a boundary are fixed and removed before this procedure.

For each remaining active matrix define G := δI + AA⊤ and Πrid := I − A⊤G−1A, with a
positive dyadic δ satisfying

1
2(ε/(100D

2))2 ≤ δ ≤ (ε/(100D2))2.
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When raux > D, tr[Πrid] ≥ raux − D ≥ 1, so some diagonal entry is at least 1/(2D). As in
Lemma 4.1, the corresponding column r satisfies ∥Ar∥2 ≤

√
δ/2. Set τ := ε/(104D3) and choose a

dyadic mesh u with τ/8 < u ≤ τ/4. Round the exact diagonal entries to this grid, choose a largest
rounded diagonal, and round the corresponding exact column to the same grid. The estimates
below require only that the entrywise errors are at most τ . The resulting direction has maximum
absolute entry at least 1/(2D) − 3τ ≥ 1/(4D). From any yaux in the cube, the positive boundary
step therefore has length at most 8D. Form and compare the boundary ratios exactly, set all hitting
coordinates exactly to their endpoints, and round the other coordinates toward zero to the grid of
mesh u. Remove every boundary coordinate. At most D moves are needed. Their total change in
Ayaux has norm at most

D(8D(
√
δ/2 + 4Dτ) + 4Du) < ε.

Here the rounding error is at most the sum of the column norms times the coefficient errors. The
argument does not require yaux = 0.

We implement the small procedure by batching its deletion updates. Keep its original matrix
C, which has at most 2D columns, including columns subsequently removed from the active set.
Define a := 211/400 and bbatch := ⌈Da⌉. Initially form G := C⊤G−1C exactly in O(D5/2) arithmetic
operations, using square multiplication and the recursive positive-definite inversion in the proof of
Lemma 4.1. Represent subsequent changes to G by an explicit base matrix and a list of at most
bbatch rank-one terms. Keep its diagonal separately, and perform all matrix updates exactly. A
requested column is the corresponding base column plus the pending terms, and costs O(Dbbatch)
to recover.

For a deletion at position j, recover the full column z = G:,j . Eq. (81) adds zz⊤/(1 − Gjj)
to G. Append this term to the list and update every diagonal entry in O(D) operations. The
deletion-denominator bound in the proof of Lemma 4.1 gives 1 − Gjj ≥ δ/(δ + 4) > 0, so every
update is defined. The grid searches and scalar parameter choices in that proof apply here as well.
Rounding each entry costs O(log(1/u)) arithmetic operations and comparisons, with log(1/u) =
O(log(2D/ε)). Consequently choosing a direction, taking a boundary step, rounding coefficients,
and processing a deletion cost ˜︁O(Dbbatch) in total per deleted coordinate. The inherited vector yaux
changes only the boundary ratios; it does not enter G or its update formula. Process simultaneous
boundary hits as consecutive deletions before the next rounding move. There are at most 2D
deletions, and no inserted columns in this small procedure.

After every bbatch deletions, add the pending sum U diag(αaux)U
⊤ to the explicit base and clear

the list. Here U has O(D) rows and at most bbatch columns. The bound ω(1, a, 1) ≤ 2.054999 <
1 + 2a from Alman et al. [ADW+25, Table 1] gives cost O(D1+2a) per such product. A final
incomplete list need not be written to the base after the stopping condition is met. Therefore the
total arithmetic cost of the small procedure is

˜︁O(D5/2 +D2bbatch + (D/bbatch)D
1+2a +D2) = ˜︁O(D2+a), 2 + a = 2.5275.

We now organize the full input into a balanced binary tree whose leaves are the indices 1, . . . ,m.
Each internal node splits its leaves into two sets with sizes differing by at most one. Precompute
the vector WJ :=

∑︁
i∈J bi at every node J by additions. There are fewer than 2m nodes, so this

costs O(mD) operations. Initially the root is the only active group and its coefficient is zero. A
group coefficient is shared by all leaves of that group. A group at coefficient 1 or −1 is frozen
permanently.

Let Ltree := max{1, ⌈log2m⌉} and choose a power of two Mgrp with m ≤Mgrp < 2m. At each of
at most Ltree rounds, replace each active nonsingleton group by its two children, with both children
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inheriting the parent coefficient; retain active singletons. Since

yauxJWJ = yauxJWJ1 + yauxJWJ2 ,

splitting makes no change to the signed sum. There are at most 2D groups after splitting, provided
there were at most D before it. Apply the small procedure to the columns WJ /Mgrp, whose norms
are at most two, with ε := η/(MgrpLtree) and the inherited coefficients. Freeze every group that
reaches a boundary. At most D active groups remain, and the change in the original signed sum is
at most Mgrpε = η/Ltree. If there are already at most D groups, this rounding step is empty.

The root satisfies the required group count. After Ltree rounds every remaining active group
is a singleton, because its size is at most ⌈m/2Ltree⌉ = 1. Hence at most D original coordinates
are fractional. Starting from zero and summing the residual allowances over the rounds gives the
asserted bound η. Store each coefficient only at its current tree node; a final tree traversal assigns
coefficients to all leaves in O(m) operations. No update scans the leaves of an active group. The
total cost is ˜︁O(mD + LtreeD

2.5275) = ˜︁O(mD +D2.5275).

The power-of-two scale and the tree depth are found by doubling, within the same bound. This
proves the arithmetic cost.

For the matrix inputs, use an orthonormal real basis of the Hermitian matrices and approximate
the coordinate vector of each Ci to Euclidean error at most ηps/(4m) on a common dyadic grid.
Since ∥Ci∥F ≤ 1, these approximations have norm at most two and a common dyadic denominator
of polynomial size inmn. Rank one and the variance computation above give total cost ˜︁O(mn2+n3)
for scaling and vectorization. Apply Lemma 4.2 with η := ηps/2 and dvec := n2. Because every
output coefficient has absolute value at most one, the resulting coefficients for the true matrices
satisfy

e0 :=
∑︂
i

yiCi, ∥e0∥F ≤ ηps.

The mathematical model below uses the true retained matrices. Only this single initial residual is
charged to the approximate procedure; its error does not recur in the nonlinear phase. For exact
partial signing, define e0 := 0.

4.4 The maintained model and deferred rounding

Define

γ := 10−6/k, εround := 10−6.

Use the budget β(y) = (1−y2)97/200f(|y|) from Section 3; f ≥ 1, 0 ≤ β ≤ 1, and ι = 14779/2500.
At endpoint distance at least δend/2,

|β(j)(y)| ≤ Cδ
97/200−j
end (1 ≤ j ≤ 3), |β′(y)| ≤ Cδ−1

endβ(y). (82)

The relative derivative bound follows directly from the logarithmic derivative of (1− y2)97/200

and boundedness of f ′/f . Third derivatives at zero are interpreted one-sided; β is C2 and its second
derivative is Lipschitz on every truncated interval.

There are two deliberately separated objects: the exact mathematical model, and rounded
numerical data used to evaluate it. All discrepancy and descent inequalities refer to the exact
model.
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Let y0 be the fractional coefficients from the chosen partial signing. Round them to a common
fine dyadic grid, obtaining ˜︁y0 ∈ [−1, 1]k with each error at most δ0, where δ0

√
k ≤ εround/2.

Initialize the model with

F := −
k∑︂

i=1

˜︁y0iCi, M(y) := F +
∑︂
i∈I

yiCi.

Thus M(˜︁y0) = 0. The actual previously frozen sum is e0−
∑︁

i y
0
iCi, so this initialization creates

a fixed final discrepancy error of norm at most ηps + εround/2. For exact partial signing e0 = 0 and
the ηps term is omitted. Indeed

∥
∑︂
i

riCi∥ ≤ ∥
∑︂
i

riCi∥F ≤ ∥r∥2. (83)

For rank-one inputs, the adjoint inequality is
∑︁

i tr[CiDaux]
2 ≤ tr[Daux

2∑︁
iC

2
i ] ≤ ∥Daux∥2F .

Define Llog := ⌈log2(4n)⌉ and choose a dyadic cutoff

εround
2

8192Llog
< δend ≤

εround
2

4096Llog
. (84)

When a coordinate ti has endpoint distance at most δend, update F ← F +tiCi, remove its coupling
slot, and record ti. Its output sign is chosen jointly with the other recorded coordinates at the end.
This removal preserves the modeled sum and cannot increase the potential. Process these removals
before testing regular endpoint moves. The continuation paths below remove the coupling while
keeping the modeled sum fixed. A regular endpoint move fixes its sign immediately.

For the fast-budget estimates, the potential is F := P + γB, with B(y) :=∑︁i∈I β(yi) and

P(y) := min{b+ ρ tr[U + V ] : U−1 +M(y) +Ky(V ) ⪯ bI, V −1 −M(y) +Ky(U) ⪯ bI},

Ky(D) := ι
∑︂
i∈I

β(yi)CiDCi.

We work in the original coordinates y. Write A ≲ B when A ≤ PnB for a fixed positive polyno-
mial Pn in log(2n), enlarged when needed. Since δ−1

end = O(log(2n)), the explicit budget satisfies,
throughout endpoint distance at least δend/2,

−β′′ > 1/2, |β(j)| ≲ −β′′,
|β(j)|2
β

≲ −β′′ (1 ≤ j ≤ 4). (85)

At zero, the derivatives of orders three and four are interpreted one-sided. Derivatives through
order two are continuous.

Coordinates close to an endpoint can be rounded together within the reserved discrepancy
allowance, completing the partial signing.

Lemma 4.3 (Deferred rounding). Suppose Ci ⪰ 0 have rank at most one, satisfy
∑︁

iC
2
i ⪯ I, and

have coefficients ti ∈ [−1, 1] with |ti| ≥ 1 − δend, where Eq. (84) holds. All the coefficients can be
rounded deterministically to signs with

∥
∑︂
i

(σi − ti)Ci∥ < εround/2.

For at most k input matrices, the cost is ˜︁O(kn3) arithmetic operations.
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Proof. If there are no inputs, return the empty signing. Otherwise choose a positive dyadic u with
εround/(256k) < u ≤ εround/(128k). We first construct rational PSD matrices of rank at most
one ˆ︁Ci with ∥ ˆ︁Ci − Ci∥F ≤ u using arithmetic operations. Let qi be a largest diagonal entry of
Ci. If qi ≤ u/(2n), set ˆ︁Ci = 0; then ∥Ci∥F = tr[Ci] ≤ nqi ≤ u/2. Otherwise, for a maximizing
index j, define ci := Ciej/qi, so Ci = qicic

∗
i and each entry of ci has absolute value at most one.

Also qi ≤ 1. Round qi and the real and imaginary parts of ci to a dyadic mesh of size between
u/(200n) and u/(100n), obtaining ˆ︁qi > 0 and ˆ︁ci, with (ˆ︁ci)j = 1. Set ˆ︁Ci := ˆ︁qiˆ︁ciˆ︁c∗i . The outer-

product perturbation bound gives ∥ ˆ︁Ci − Ci∥F ≤ u, and every nonzero tr[ ˆ︁Ci] is at least u/(4n).
Binary search on bounded intervals performs these scalar roundings in O(log(2n/u)) arithmetic
operations per entry. Constructing all expanded matrices costs ˜︁O(kn2) arithmetic operations. The
approximations satisfy∑︂

i

ˆ︁C2
i ⪯ (1 + 2ku+ ku2)I ⪯ 2I, 2ku ≤ εround/64.

Define

θ := 8Llog/εround, τ :=
1

4θ
=

εround
32Llog

.

For every matrix with ˆ︁νi := tr[ ˆ︁Ci] > τ , choose the nearest sign. Rank one gives ˆ︁C2
i = ˆ︁νi ˆ︁Ci, so the

norm of the total error from these matrices is at most

δend∥
∑︂
ˆ︁νi>τ

ˆ︁Ci∥ ≤ 2δend/τ ≤ εround/64. (86)

For ˆ︁νi ≤ τ , temporarily let ϵi ∈ {−1, 1} have mean ti, and define Ei := (ϵi − ti) ˆ︁Ci. Then

E[Ei] = 0, E[E2
i ] = (1− t2i )

ˆ︁C2
i ⪯ 2δend ˆ︁C2

i , ∥θEi∥ ≤ 1/2.

For |y| ≤ 1, ey ≤ 1 + y + y2. Spectral calculus and scalar Jensen therefore give, for either sign,

0 ⪯ G±
i := logE[e±θEi ] ⪯ 2δendθ

2 ˆ︁C2
i , ∥

∑︂
i

G±
i ∥ ≤ 4δendθ

2 ≤ Llog/16. (87)

For a chosen prefix with error sum E, define the estimator

Ernd(E) := tr[exp(θE +
∑︂

remaining

G+
i )] + tr[exp(−θE +

∑︂
remaining

G−
i )]. (88)

Lieb’s concavity theorem, in the form E[tr[eH+U ]] ≤ tr[eH+logE[eU ]], implies that the weighted
average of the two next estimators is at most the current one [Tro12, Corollary 3.3]. Thus one of
the two signs does not increase it. Initially Ernd0 ≤ 2neLlog/16. Choose the smaller estimator with
additive evaluation error at most 1/(8max{1, k}). The total increase is at most 1/4, hence the final
estimator is at most 2Ernd0. At the end, the remaining sums vanish and

eθ∥E∥ ≤ tr[eθE ] + tr[e−θE ] ≤ 4neLlog/16.

Consequently

∥E∥ ≤ log(4n) + Llog/16

θ
≤ 17εround

128
. (89)

Combining Eqs. (86) and (89) with the matrix approximation error gives

∥
∑︂
i

(σi − ti)Ci∥ ≤
εround
64

+
17εround
128

+
εround
64

=
21εround
128

< εround/2.
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It remains to justify the evaluation cost. Rank one gives the explicit expression

G±
i =

logm±
iˆ︁νi ˆ︁Ci, m±

i :=
1 + ti
2

e±θ(1−ti)ˆ︁νi + 1− ti
2

e∓θ(1+ti)ˆ︁νi ,
with zero matrices omitted. Store the signed prefix and the two remaining sums, updating each by
one matrix addition at a decision. By Eq. (87), the remaining sums are PSD. The estimator bound
therefore bounds ∥θE∥ by log(4n)+Llog/16 at each accepted prefix. Either candidate changes this
by at most 1/2. Hence M := 4Llog+4 = O(log(2n)) bounds both Hermitian exponential arguments
with more than one unit of spare margin.

For ∥H∥ ≤M , the degree-J Taylor polynomial for eH has operator error at most eMMJ+1/(J+
1)!. Taking J = O(M + log(2kn)) makes the trace error smaller than 1/(32k). Its factorial
recurrence uses J ordinary matrix multiplications. The scalar exponential arguments in m±

i have
absolute value at most 1/2, and 1 ≤ m±

i ≤ e1/2. Taylor series for the exponential and the convergent
series logm = 2

∑︁
j≥0 z

2j+1/(2j+1), where z := (m−1)/(m+1), therefore give the required scalar
accuracies with logarithmically many arithmetic operations. The lower bound ˆ︁νi ≥ u/(4n) controls
the division in G±

i .
Choose each computed G±

i to have operator error at most 1/(64k2n3M+1). Exact additions of
these approximations give error at most 1/(64kn3M+1) in each remaining sum. On arguments of
norm at most M +1, the trace exponential is neM+1-Lipschitz in operator norm. Thus these scalar
approximations and the matrix Taylor tail together keep each candidate evaluation error below
1/(8k), as required. There are at most k decisions, each costing ˜︁O(n3) arithmetic operations, and
the matrix additions cost O(kn2) in total. This proves the claimed arithmetic bound.

4.5 KKT conditioning and weighted norms

Matrix spaces carry Frobenius norms and pairs carry product norms. Order inequalities for pairs
are componentwise. Write P := (U, V ), Q := (W,Z), and E := (I, I) for the primal and dual pairs
at the unique optimizer. The dual and tight-constraint identities give

tr[W + Z] = 1, W ⪰ ρU2, Z ⪰ ρV 2, U, V ⪰ κ0I, ∥U−1∥, ∥V −1∥ ≤ C,

ρ tr[U2 + V 2] ≤ 1.

Let

J (A1,A2) := (U−1A1U
−1 −Ky(A2), V

−1A2V
−1 −Ky(A1)).

It is self-adjoint and J −1 preserves the PSD order by Lemma 3.2. Also JQ = ρE and
∥J −1∥ ≤ ρ−1: for ∥B∥F ≤ 1, positivity gives −Q/ρ ⪯J −1B ⪯ Q/ρ, whose Frobenius norm is at
most tr[W + Z]/ρ = ρ−1. Let E be the block diagonal Hessian of the Lagrangian in P; its U block
is

EU (A) := U−1AU−1WU−1 + U−1WU−1AU−1.

In particular aρ2I ⪯ E ⪯ CI and ∥J ∥ ≤ C. For the lower bound, W ⪰ ρU2 implies

tr[WU−1AU−1AU−1] ≥ ρ tr[AU−1A] ≥ ρ3/2∥A∥2F .

The V block is identical, and ρ < 1 gives the stated weaker bound. The full KKT Jacobian satisfies
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∥R−1∥ ≤ Cρ−2 = Cn2. (90)

For completeness, consider the full KKT inverse, including the scalar normalization. Write
E := (I, I). Its linear system has the form

JA+ dbE = F1, JB− EA = F2, ⟨E,B⟩ = f3.

Define f := J −1E, g0 := J −1F1, and D0 := ⟨f,E f⟩. Elimination gives

db =
⟨f,E g0⟩+ ⟨f, F2⟩ − f3

D0
, A = g0 − fdb, B = J −1(EA+ F2).

Use the following projection bounds before estimating these expressions:

∥I − ff∗E /D0∥ ≤
√︁
∥E ∥/λmin(E ) = O(ρ−1),

0 ⪯ E − E ff∗E /D0 ⪯ E ,

∥f∥2/D0 = O(ρ−2), ∥E f∥∥f∥/D0 = O(ρ−1), ∥f∥ ≥ ∥E∥/∥J ∥ ≥ a
√
n.

Applying these separately to the F1, F2, f3 terms gives

∥A∥+ ∥B∥+ |db| ≤ Cρ−2(∥F1∥+ ∥F2∥+ |f3|).

For a Hermitian pair D := (DU , DV ), writeˆ︁DU := U−1/2DUU
−1/2, TU := U−1/2WU−1/2,

and use the analogous notation for the V block. Define

e(D)2 := ⟨D,ED⟩ = 2 tr[TU
ˆ︁D2
U ] + 2 tr[TV

ˆ︁D2
V ].

Sums over the two blocks below are denoted by
∑︁

A=U,V . We have
∑︁

A tr[TA] ≤ C, TU ⪰ κ0ρI,

and E ⪰ 2ρ3/2I. Consequently

∥D∥F ≤ Cn3/4e(D), max
A
∥ ˆ︁DA∥ ≤ C

√
ne(D), e(D) ≤ C∥D∥F . (91)

The second inequality follows by bounding tr[ ˆ︁D2
A] using TA ⪰ κ0ρI. We also have ∥ ˆ︁DA∥ ≤ C∥DA∥F .

For a Hermitian pair B, define the weighted order bound

q(B) := inf{⟨Q, A⟩ : A ⪰ 0, −A ⪯ B ⪯ A}.

It is subadditive and homogeneous. Positivity and self-adjointness of J −1 give

∥J −1B∥F ≤ ρ−1q(B), e(J −1B) ≤ Cnq(B). (92)

Indeed, for any admissible A, define C0 := J −1A ⪰ 0. Then −C0 ⪯ J −1B ⪯ C0, and the sum
of the nuclear norms of the two blocks is at most ⟨E,C0⟩ = ρ−1⟨Q, A⟩. For this nuclear-norm
inequality, pair the two spectral projections of J −1B with its upper and lower bounds. Taking
the infimum proves the first assertion; E ⪯ CI proves the second.

Define A(DU , DV ) := (Ky(DV ),Ky(DU )). For the weighted maps below, A(j)
t denotes a deriva-

tive along any path whose coupling coefficients have bounded relative derivatives. Along a reset
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path this bound is absolute; along a local y segment it is at most Pn. In the following display,
replace C by Pn in the latter case.

Two useful consequences are

q(A(j)
t D) ≤ Ce(D), q(ED) ≤ Ce(D). (93)

For the first, define D#
U := U1/2| ˆ︁DU |U1/2, and similarly for V . Then ±A(j)

t D ⪯ CAt(D
#). The

dual equation implies AtQ ⪯ S, where S := (U−1WU−1, V −1ZV −1). Hence its weighted cost is at
most

C⟨S, D#⟩ = C
∑︂
A

tr[TA| ˆ︁DA|] ≤ C

√︄∑︂
A

tr[TA]

√︄∑︂
A

tr[TA
ˆ︁D2
A] ≤ Ce(D).

For the second, the normalized U block of ED is ˆ︁DUTU + TU
ˆ︁DU . For any a > 0, its positive and

negative are bounded by a ˆ︁D2
U+a−1T 2

U . The total weighted cost is at most ae(D)2/2+a−1
∑︁

A tr[T 3
A].

Optimizing a and using
∑︁

A tr[T 3
A] ≤ C proves the claim. This argument does not require the

matrices to commute.
There is also an exact description of the order norm:

q(B) =
∑︂

A=U,V

∥Q1/2
A BAQ

1/2
A ∥∗. (94)

Congruence reduces its defining minimization to the trace of a positive majorant of a Hermitian
matrix and its negative, whose minimum is the nuclear norm. For an inverse-derivative block

U−1/2DU−1/2 this equals ∥T 1/2
U DT

1/2
U ∥∗, by polar decomposition. This also justifies the noncom-

muting products below. Define f := J −1E = Q/ρ and D0 := e(f)2. Then

∥f∥F ≤ Cn, D0 = 2ρ−2
∑︂

A=U,V

tr[T 3
A] ≥

√︁
2/εscale. (95)

Indeed TU ⪰ ρU implies tr[T 2
U ] ≥ ρ tr[TUU ] = ρ tr[W ]. Summing both blocks and applying the

power-mean inequality on 2n eigenvalues gives
∑︁

A tr[T 3
A] ≥ ρ3/2/

√
2n.

On a fixed-radius neighborhood in the optimizer variables, the KKT map EKKT(y, s) has
∥EKKTss∥ ≤ C: inverse matrices, W,Z, and the coupling have bounded operator norms. Hence
the inverse bound in Eq. (90) gives a Newton radius rm := κmn−2. Inside this radius,

∥sj+1 − s∗∥ ≤ Cn2∥sj − s∗∥2. (96)

Inexact evaluation adds a polynomially controlled error floor.
Write

C(y,P) := (U−1 +M +Ky(V ), V −1 −M +Ky(U)), L := b+ ρ⟨E,P⟩+ ⟨Q, C − bE⟩.

The optimizer satisfies C = bE, JQ = ρE, and tr[W + Z] = 1. The symbol s := (b,P,Q) denotes
all optimizer variables. The matrix E is the Hessian of L in P.

Write Ci = aia
∗
i and

ui := a∗iUai, vi := a∗iV ai, wi := a∗iWai, zi := a∗iZai, ti := viwi + uizi.

There is no numerical choice of phases for these vectors: the expressions can all be computed as
matrix traces. Define

ϖi := (−β′′
i )(ιti + γ), G := diag(ϖi). (97)
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At a light state, ui, vi ≤ 2/(ιβi) and wi + zi ≤ tr[Ci] ≤ 1. Consequently

γ/4 ≤ ϖi ≤ Pn. (98)

For a Euclidean unit direction r, define

Ar := ι
∑︂
i

(−β′′
i )tir

2
i , θ := r⊤Gr = Ar + γ

∑︂
i

(−β′′
i )r

2
i . (99)

In particular θ ≥ γ/4 ≥ a/n2, where a > 0 is absolute.

4.6 A budget-weighted gradient/curvature dichotomy

The following dichotomy selects the next type of local move using thresholds scaled by the coordi-
nate budgets.

Lemma 4.4. At every light state, either some coordinate has

|Fi| ≥ P−1
n

√︁
ϖi/n, (100)

or there is a Euclidean unit direction r with

r⊤∇2Fr ≤ −P−1
n r⊤Gr. (101)

Both alternatives admit fixed-factor separated numerical thresholds with inverse-polynomial evalu-
ation margins.

Proof. Use the pointwise drift hi = −C2,iMiKii, where Mi := ui − vi + 2ιβ′
iuivi and C2,i = (1 +

τ/2)ki. Lemma 3.5, the strict surplus in Eq. (54), and the budget descent estimate give

LP ≤ −a
∑︂
i

piqitiKii, LB ≤ − 1

20

∑︂
i

(−β′′
i )Kii.

Here a > 0 is absolute, although small. Since piqi ≥ 1/2 and −β′′ ≤ Pn,

LF ≤ −P−1
n tr[GK]. (102)

On the other hand lightness implies |Mi| ≲ ui + vi. Define νi := tr[Ci]. Rank-one Cauchy–Schwarz
and the dual lower bounds give

wi ≥ ρu2i /νi, zi ≥ ρv2i /νi, ui, vi ≥ κ0νi.

Therefore ti ≥ κ0ρ(u
2
i + v2i ), and hence

(C2,iMi)
2 ≲ nϖi. (103)

If every |Fi| is smaller than a sufficiently small inverse-polylogarithmic multiple of
√︁
ϖi/n, equa-

tions (102)–(103) imply
tr[∇2FK] ≤ −P−1

n tr[GK].

The covariance is nonzero. Conjugating by G−1/2 proves the second alternative. Otherwise the
first holds.

To quantify the evaluation margins, define gi := Fi/
√︁
ϖi/n and A := G−1/2∇2FG−1/2. The

exact argument provides an inverse-polylogarithmic δ∗ > 0 such that maxi |gi| < δ∗ implies
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λmin(A) ≤ −δ∗. Suppose ˆ︁g and a symmetric ˆ︁A satisfy ∥ˆ︁g − g∥∞ ≤ δ∗/8 and ∥ ˆ︁A − A∥ ≤ δ∗/8. If
some |ˆ︁gi| ≥ 3δ∗/4, then |gi| ≥ 5δ∗/8. Otherwise maxi |gi| < 7δ∗/8 < δ∗, so λmin( ˆ︁A) ≤ −7δ∗/8.
There is then a unit vector h with h⊤ ˆ︁Ah ≤ −3δ∗/4, and it satisfies h⊤Ah ≤ −5δ∗/8. For
r := G−1/2h/∥G−1/2h∥2, this yields

r⊤∇2Fr ≤ −(5δ∗/8)r⊤Gr.

Enlarge Pn by a fixed factor to obtain the stated thresholds. By Eq. (98), the diagonal scalings,
their inverses, and the normalization are polynomially bounded. The KKT inverse and derivative
bounds make ∥A∥ polynomially bounded as well. Thus inverse-polynomial errors in the unscaled
quantities suffice for these tolerances. Reserving a further fixed fraction of each margin permits
approximate diagonal scaling and a direct check of the final generalized Rayleigh quotient.

4.7 Directional estimates retaining the size of the budget

Derivatives in this section are along the straight original-coordinate line y + tr. Work at endpoint
distance at least δend/2. Define A := P′, B := Q′, and F2 := A′Q.

The next estimates retain the directional budget scale, which controls the optimizer response
and the length of a local step.

Lemma 4.5. For 1 ≤ j ≤ 4,

q(A(j)D) ≲
√︁
Are(D), |⟨F2, D⟩| ≲

√︁
Are(D). (104)

For j ≥ 2, q(Ctj ) ≲ Ar. The second-order envelope identity is

P ′′ = −Ar + e(A)2 + 2⟨F2,A⟩. (105)

Consequently, in a region where P ′′ ≤ Cθ0 and θ ≍ θ0, one has

e(A) ≲
√︁

θ0, ∥A∥F ≲ n3/4
√︁
θ0, ∥B∥F ≲ n

√︁
θ0. (106)

Proof. For one coupling block, use

|a∗iDV ai|2 ≤ via
∗
iDV V

−1DV ai.

Weighted scalar Cauchy–Schwarz bounds its majorant cost by the product of

(ι
∑︂
i

|β(j)
i |2
βi
|ri|2jviwi)

1/2 and (ι
∑︂
i

βiwi
|a∗iDV ai|2

vi
)1/2.

The first squared factor is at most PnAr. The second is at most tr[DV V
−1DVK(W )] ≤ e(DV )

2/2,
by the dual equation. Combine both blocks. This proves (104). For direct partial derivatives use
M (j) = 0 for j ≥ 2 and (85); their majorant costs are at most PnAr. Differentiating the stationary
Lagrangian gives (105) because ⟨Q, Ctt⟩ = −Ar. It gives P ′′ ≥ e(A)2 − Pn

√
Are(A) − Ar, proving

the energy estimate. The remaining estimates follow from Eqs. (91)–(93), B = J −1(EA+F2), and
the dual energy bound for F2.
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4.8 Capped semidefinite initialization

The following short-step barrier method initializes the optimizer cache for the square-root budget.
The bounds in this subsection are per initialization; each application counts its own calls.

The face has a bounded modeled M and a PSD coupling K. The bounds

∥M∥ ≤ 20, K(I) ⪯ 32I (107)

hold for the true model and for its sufficiently accurate short PSD cache. Define

a = 1/1000, Rc = 2⌈ρ−1/2⌉, Tc = 200.

For a = (b, U, V ) impose the two affine LMIs

Dsl+(a) =

(︃
bI −M −K(V ) I

I U

)︃
⪰ 0, Dsl−(a) =

(︃
bI +M −K(U) I

I V

)︃
⪰ 0, (108)

plus aI ⪯ U, V ⪯ RcI and 0 ≤ b ≤ Tc. Minimize

⟨cobj, a⟩ = b+ ρ tr[U + V ].

The independent real variable dimension is O(n2).
The added caps provide a bounded domain and a strictly feasible starting point for barrier

initialization while preserving the optimum.

Lemma 4.6. These caps do not change the potential optimum. The point

a0 = (100, I, I) (109)

is strictly feasible, with every slack matrix bounded below by I/2. The domain has diameter O(n).

Proof. At a0, the top-left block of each LMI is at least 48I. Subtracting I/2 from the complete
block matrix and using its Schur complement proves Dsl±(a0) ⪰ I/2. The other slacks have the
same lower bound.

The scalar feasible point gives objective at most 100+2εscale < 101. The unconstrained optimizer
therefore has b∗ < 101. Its tight constraints give U−1

∗ , V −1
∗ ⪯ 121I, so U∗, V∗ ⪰ I/121 ≻ aI. The

dual equations give ρ tr[U2
∗ + V 2

∗ ] ≤ 1, hence U∗, V∗ ⪯ ρ−1/2I ≺ RcI. Adding the two tight
constraints gives b∗ ≥ √ρ > 0. Thus all added caps have slack at the optimizer. The diameter
follows from Rc = O(

√
n) and Frobenius dimension n in each matrix block.

Barrier and local norm. Let Dsl1, . . . , Dsl8 be the two LMIs in Eq. (108), the four matrix cap
slacks, and the two scalar slacks b, Tc − b. Use

f(a) = −
8∑︂

j=1

log detDslj(a), νb = 8n+ 2. (110)

Scalars count as order-one matrices. Realification is unnecessary analytically: Hermitian log-
determinant derivatives obey the same inequalities. A rational real/imaginary basis has only a
constant-factor change in norm.

For Cj = Dslj(a)
−1/2(DDslj [∆])Dslj(a)

−1/2,

D2f [∆,∆] =
∑︂
j

tr[C2
j ], D3f [∆,∆,∆] = −2

∑︂
j

tr[C3
j ],
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so |D3f [∆3]| ≤ 2(D2f [∆2])3/2 and |Df [∆]| ≤ √νb(D2f [∆2])1/2. Thus f is a self-concordant barrier
of parameter at most νb. The cap terms also give the global lower bound

∇2f(a) ⪰ h0I, h0 = (Tc +Rc)
−2, (111)

in the product Frobenius norm. For example the U − aI term is at least R−2
c ∥DU∥2F, and − log b

gives at least T−2
c (nb)2.

For the Newton contraction and minimizer-distance estimates we use [dKV15, Theorems 2.7–
2.8]. We give the conditioning and precision estimates for this program below.

Initialization without assuming an analytic center For f(a) + ⟨bobj, a⟩, denote the Newton
decrement by

δbobj(a) = ∥∇f(a) + bobj∥a,∗, ∥r∥2a,∗ = ⟨raux,∇2f(a)−1raux⟩.
Compute a short rational bobj0 approximating −∇f(a0) so that δbobj0(a0) ≤ 1/64. The global
Hessian bound makes this an inverse-polynomial absolute tolerance.

First track the objectives f + µ⟨bobj0, a⟩ from µ = 1 down to a positive rational µmin satisfying

µmin ≤
√
h0

128(1 + ∥bobj0∥)
,

within a factor two of the displayed quantity. Next switch, with a constant number of corrections,
to f + αIPM⟨cobj, a⟩, starting at positive rational

αIPM0 ≤
√
h0

128(1 + ∥cobj∥)
within a factor two, and increase to αIPMmax ≥ 4νb/εobj. Norms in these choices can be replaced
by explicit rational upper bounds. Here εobj is any specified inverse-polynomial objective accuracy.

In either phase use parameter changes of relative magnitude at most

γ0 =
1

16⌈√νb⌉
and at least γ0/2, except for the last truncated change. Take one full Newton correction per change.
If δ ≤ 1/8, the exact corrected decrement is at most

(
δ

1− δ
)2 ≤ 1/49.

Reserve additive error 1/256 in decrement for rounding and the linear solve. Define q0 = 1/49 +
1/256. Since

∥bobj∥a,∗ ≤
√
νb + δbobj(a), q0 +

1 + q0
16

=
17729

200704
<

1

8
,

the invariant closes with slack. At the phase switch the omitted linear term and the new linear
term each have dual local norm at most 1/128, by Eq. (111); this also fits the invariant after a
constant number of corrections. All parameter endpoints have polynomial magnitude and inverse
magnitude. Hence the stage count is

O(
√
n log

2nk

εobj
) = ˜︁O(

√
n). (112)

Store µ and αIPM on sufficiently fine common dyadic grids. Relative changes between γ0/2 and
γ0 are available because the smallest parameter and smallest increment are inverse-polynomial.
Form the linear objective from its current short scalar and fixed short coefficient vector, not by
accumulating rounded objective updates.
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Polynomial bounds on inverse slacks. To bound the required precision, we bound each inverse
slack and the condition number of the Newton system.

For any objective vector bobj on the two paths, let ābobj be the exact minimizer of f + ⟨bobj, ·⟩.
It exists in the interior because the capped domain is bounded and the barrier diverges at its
boundary. Central stationarity and affinity imply the exact identity

8∑︂
j=1

tr[Dslj(ābobj)
−1Dslj(a0)] = νb + ⟨bobj, a0 − ābobj⟩. (113)

IndeedDDslj [a0−ābobj ] = Dslj(a0)−Dslj(ābobj); pair this with each inverse slack and use∇f(ābobj) =
−bobj.

Every summand on the left is nonnegative. Since Dslj(a0) ⪰ I/2, Lemma 4.6 gives∑︂
j

tr[Dslj(ābobj)
−1] ≤ 2(νb + ∥bobj∥ diamD). (114)

The right side is polynomial in n, k, εobj
−1. Thus each slack inverse has polynomial operator norm.

A bound on the product of slack eigenvalues would not suffice here.
The self-concordant minimizer-distance bound, at decrement at most 1/8, gives

∥a− ābobj∥a ≤ δ +
3δ2

(1− δ)3
≤ 1

8
+

24

343
<

1

4
.

Therefore each slack at an iterate is within constant Loewner factors of its slack at the exact center.
Eq. (114) applies to iterates with changed constants. Upper slack norms are polynomial from the
caps and bounded affine coefficient maps.

These inverse-slack bounds and Eq. (111) give polynomial conditioning of the Newton systems.

Objective accuracy and KKT recovery At an exact center for bobj = αIPMcobj, and any
capped feasible a∗,

αIPM⟨cobj, ā− a∗⟩ = νb −
∑︂
j

tr[Dslj(ā)
−1Dslj(a∗)] ≤ νb.

An iterate of decrement at most 1/8 is within a fixed local distance of this center. Since

∥αIPMcobj∥ā,∗ ≤
√
νb,

its additional objective gap is less than νb/αIPM after enlarging an absolute constant. Thus
αIPMmax ≥ 4νb/εobj leaves a margin for a true objective gap at most εobj, including the chosen
rounding and data errors.

We next recover the primal-dual optimizer from a feasible point of small objective gap. The
optimal multipliers satisfy W∗, Z∗ ⪰ ρI/1212. On the cap, U−1, V −1 ⪰ R−1

c I, so the Lagrangian
Hessian in P is at least 2ρ/(1212R3

c) times the identity. This is at least a fixed positive multiple of
ρ5/2. Let L∗ be the original Lagrangian with the optimal multipliers fixed. Its b coefficient vanishes
because tr[W∗ + Z∗] = 1, and its gradient in P vanishes at P∗. For any capped feasible ˜︁a,

⟨cobj,˜︁a⟩ − ⟨cobj, a∗⟩ ≥ L∗(˜︁P)− L∗(P∗) ≥ a′′ρ5/2∥˜︁P− P∗∥2F .
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The last inequality follows by integrating the Lagrangian Hessian along the segment in the matrix
caps. A feasible point of gap εobj therefore satisfies

∥˜︁P− P∗∥F ≤ Cρ−5/4√εobj. (115)

Recover ˜︁Q from J˜︁P˜︁Q = ρE. Near P∗, the inverse bound and a Neumann perturbation give

∥(˜︁b, ˜︁P, ˜︁Q)− s∗∥ ≤ Cn9/4√εobj, (116)

plus controlled coefficient and solve errors. The scalar error follows as well from the objective and
Eq. (115). For example εobj = a′(2nk)−40, with sufficiently small fixed a′ > 0, reaches a fixed
fraction of the κmn−2 KKT Newton radius. A final KKT correction restores its standard cache
floor.

Coefficient errors. The solver uses the short PSD rank-one cache and nonnegative dyadic budget
coefficients. These preserve the SDP’s convexity and strict scalar point. On the capped domain,
coefficient errors perturb each Schur-complement constraint by at most a fixed polynomial times the
cache tolerance. Increasing b by that amount repairs true feasibility; b < Tc has ample slack near the
optimum. The same repair in the opposite direction compares the two optima. Choose cache error
so both repairs and objective perturbations are much smaller than εobj. Then Eq. (116) produces
an approximation to the true optimizer. The fixed contribution is still a symbolic combination of
the initial k matrices with bounded coefficients, so its error is bounded afresh, independently of
how many resets or local steps occurred.

Each call therefore uses ˜︁O(
√
n) barrier stages.

4.9 Rank-one operator actions

The rank-one representation reduces coupling evaluations and their directional derivatives to rect-
angular matrix products.

Lemma 4.7. For a fixed number of Hermitian arguments, the coupling and its fixed-order di-
rectional derivatives can be applied in ˜︁O(nχ) arithmetic operations, to any prescribed inverse-
polynomial accuracy. The same bound computes all endpoint scores, gradient coordinates, and
weights ϖi at a given optimizer.

Proof. For each nonzero input, choose a largest diagonal entry γi := (Ci)jj > 0 and set bi :=
Ciej/γi. Then Ci = γibib

∗
i and ∥bi∥∞ ≤ 1 by the PSD minor inequality. These factors require

O(nk) arithmetic operations; omit zero inputs. Put all k ≤ n2 columns in C and pad to an n-by-n2

matrix. For an argument Daux, compute DauxC, and then its column inner products with C. This
gives every b∗iDauxbi. A coupling with scalar weights κi is

C diag(κiγ
2
i (b

∗
iDauxbi))C

∗.

The two products have shapes (n, n, n2) and (n, n2, n). Permutation symmetry of the matrix mul-
tiplication tensor gives cost ˜︁O(nχ) for each. The column inner products and diagonal scalings cost
O(nk) ≤ O(n3). The same products compute all quadratic forms defining ui, vi, wi, zi in the poten-

tial notation. Directional differentiation changes the weights to ιβ
(j)
i rji , so a fixed derivative order

has the same cost. These products also form signed sums
∑︁

i κiCi. Every fixed-order differenti-
ated KKT right-hand side is a fixed sum of these expressions and matrix products, so its assembly
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has the same bound. The primal inverse-congruence and Lagrangian-Hessian maps require a fixed
number of order-n products, whose cost is smaller.

The fixed-order scalar budget derivatives are evaluated by bisection and convergent series on the
maintained truncated domain. Their magnitudes and accuracy reciprocals are polynomial in k, n,
so this adds only logarithmic factors. Exact matrix arithmetic and these scalar approximations
therefore attain the prescribed accuracy within the stated arithmetic bound.

4.10 Regular endpoint moves

The next lemma bounds regular endpoint moves.

Lemma 4.8. There are ˜︁O(n) regular endpoint moves.

Proof. Process near-endpoint coordinates first. For a regular move to 1, define Ci = aia
∗
i , νi :=

tr[Ci] ≤ 1, and d := 1 − yi ≥ δend. At an exact trigger, ιβivi ≥ d. After changing M by dCi and
deleting this coupling slot, the two slacks at the old optimizer are (ιβivi − d)Ci and (ιβiui + d)Ci.
Define a0 := ιβiui + d and replace V by

V+ := (V −1 + a0Ci)
−1.

Keep b, U fixed. The second constraint becomes tight, and the first remains feasible because V+ ⪯ V
and the remaining coupling preserves PSD order. Sherman–Morrison and Cauchy–Schwarz give

Pold − Pnew ≥ ρ tr[V − V+] = ρ
a0a

∗
iV

2ai
1 + a0vi

≥ ρ
a0v

2
i

νi(1 + a0vi)
. (117)

The last fraction increases with a0, vi and decreases with νi.
For an approximate trigger of absolute error at most δ, the exact score is at least −2δ. Take

δ ≤ δend/4. Then vi ≥ δend/(2ι), since βi ≤ 1. The feasibility repair increases b by at most 2δνi.
Using a0 ≥ δend and δend ≤ 1, the gain in Eq. (117), before that repair, is at least

ρδ3end
4ι2 + 2ι

.

Choose δ smaller than a fixed fraction of this quantity. The repaired move decreases P by aρδ3end.
The move to −1 is identical with U, V interchanged. The reservoir also decreases. Since the
nonnegative potential starts at an absolute constant, and δ−1

end = O(log(2n)), there are ˜︁O(ρ−1) =˜︁O(n) such moves. All additional comparison margins are inverse polynomial.

4.11 Arithmetic cost per stage

We give the matrix algorithms and count their arithmetic operations to the inverse-polynomial
accuracies required above.

Inversion by Newton–Schulz iteration. Here is an explicit substitute for rational elimination
with growing intermediate denominators. Suppose a real square matrixA has polynomially bounded
∥A∥ and ∥A−1∥. This applies to the KKT Jacobian throughout its Newton neighborhood by
Eq. (90) and the Newton-neighborhood bound above. Choose a polynomial upper bound L ≥ ∥A∥,
and initialize
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Z0 := A⊤/L2, Zraux+1 := Zraux(2I −AZraux).

With Eraux := I −AZraux , exact arithmetic gives Eraux+1 = E2
raux and

∥E0∥ ≤ 1− 1

L2∥A−1∥2 .

Thus an inverse-polynomial residual is reached in O(log(2kn)) matrix multiplications. This
works for nonsymmetric and indefinite matrices; it does not rely on positive eigenvalues of A.

For order dsys = O(n2), these products and multiplication by the right-hand sides cost ˜︁O(n2ω0)
arithmetic operations. The same construction handles the order-n primal inverses.

Fast products and assembly. Here assembly also reduces to these products. In real coordinates
on the Hermitian matrices, let B have columns vec(Ci). The coupling operator is represented by
ιB diag(βi)B

∗, a product padded to order O(n2). The inverse-congruence and Lagrangian-Hessian
blocks are sums of a fixed number of Kronecker products; their O(n4) entries can be assembled
directly after order-n products. Rank one makes each column of the derivative right-hand sides
a scalar multiple of Ci in each block; the scalar coefficients require O(kn2) work in total. Let
qenv(y, s) be the vector of envelope first derivatives, so that ∇F(y) = qenv(y, s(y)). The same
observation applies to the k-by-O(n2) matrix qenvs, and qenvy is diagonal. Consequently forming
qenvy − qenvsR

−1EKKTy uses a fixed number of products padded to order O(n2), together with

O(n4) work. Assembly, Newton–Schulz inversion, and all Hessian entries therefore cost ˜︁O(n2ω0)
per curvature event, in the arithmetic model.

For a barrier stage, let Aj be the linear part of a ↦→ Dslj(a). Its Hessian is

∇2f(a) =
∑︂
j

A∗
jTcongDslj(a)

−1Aj , TcongE(D) = EDE.

After real Hermitian vectorization all maps have order O(n2). Their coefficient matrices and Kro-
necker blocks have O(n4) entries. Fast multiplication forms the initial Hessian and its Newton
inverse in ˜︁O(n2ω0) per face. The ordinary implementation recomputes this inverse at each stage.
There are a constant number of blocks. A rational real/imaginary basis has bounded diagonal
Gram weights (one or two), so no exact irrational basis or growing-denominator orthogonalization
is needed.

A curvature witness by normalized matrix squaring. This construction avoids a cubic-time
Jacobi sweep and requires no separation between adjacent eigenvalues. Let A approximate the
symmetric scaled Hessian G−1/2∇2FG−1/2. Choose a known polynomial bound L ≥ max{1, ∥A∥},
and let δ be a sufficiently small inverse-polylogarithmic threshold. If the gradient test fails, the
existing error margins ensure λmin(A) ≤ −2δ. Define

T0 := I −A/(2L), Dpow0 := T0/∥T0∥F , Dpowj+1 := Dpow
2
j/∥Dpow

2
j∥F .

In exact arithmetic Dpowraux
= Tq

0/∥Tq
0∥F , where q := 2raux . Choose q as the least power of two

satisfying
q ≥ (4L/δ) log(8kL/δ), raux = O(log(2kn)).

An eigenvalue of A at most −2δ gives an eigenvalue of T0 at least 1+ δ/L. For eigenvalues of A at
least −δ, the corresponding ratio is at most

1 + δ/(2L)

1 + δ/L
≤ 1− δ

4L
.
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The total squared Frobenius weight of these latter eigenvectors in Dpowraux
is therefore at most

k exp(−qδ/(2L)) ≤ δ/(8L).

It follows that
tr[Dpowraux

ADpowraux
] ≤ −3δ/4, ∥Dpowraux

∥F = 1.

Writing this trace as the sum of the column quadratic forms shows that a column has negative
Rayleigh quotient. More quantitatively, discard columns of squared norm less than δ/(16kL); their
total contribution in absolute value is at most δ/16. Some retained column has Rayleigh quotient
at most −δ/2. Compute all column quadratic forms using one product ADpowraux

, then scan them.

This costs ˜︁O(kω0) ≤ ˜︁O(n2ω0).
The scalar normalizations can be evaluated to inverse-polynomial accuracy within the same

arithmetic cost. To bound their errors, define Ns(X) := Xs/∥Xs∥F for nonzero symmetric X.
Differentiating the power and its normalization gives

∥DNs(X)[E]∥F ≤
s

∥X∥∥E∥F ≤
s
√
k

∥X∥F
∥E∥F .

Thus Ns is 2s
√
k-Lipschitz on a segment within Frobenius distance 1/2 of a unit-Frobenius-norm

symmetric matrix. Symmetrize each computed iterate. If its initial and local errors are at most
η < 1/2, propagating them through the remaining exact powers q, q/2, . . . , 2 gives

∥ ˆ︁Draux −Dpowraux
∥F ≤ 8q

√
kη.

Choose 0 < ϵ ≤ δ/(100L) and η := ϵ/(8q
√
k). Every normalization is polynomially conditioned,

since a computed iterate of Frobenius norm at least 1 − η has squared matrix of Frobenius norm
at least (1 − η)2/

√
k ≥ 1/(4

√
k). The final quadratic trace changes by at most L(2 + ϵ)ϵ. The

retained-column argument therefore still gives a Rayleigh quotient at most −δ/4 with conserva-
tive comparison margins. Checking the selected quotient directly certifies the witness, and the
Hessian approximation margin transfers it to the true potential. Each scalar evaluation uses only
polylogarithmically many arithmetic operations, so the arithmetic bound remains ˜︁O(n2ω0).

4.12 Fast deferred rounding

The rounding rule of Lemma 4.3 admits a faster implementation of its trace-exponential compar-
isons.

Lemma 4.9 (Fast evaluation in deferred rounding). Under the hypotheses of Lemma 4.3, the
deterministic rounding rule and discrepancy allowance can be obtained using ˜︁O(knω0) arithmetic
operations.

Proof. Retain the heavy/small split, scalar coefficients G±
i , and conditional trace-exponential es-

timator in that lemma. Its proof gives known bounds O(log(2n)) for both Hermitian exponential
arguments at every accepted prefix and either next candidate. For example, ∥θE∥ ≤ log(4n)+ ℓ/16
follows from positivity of the remaining G±

i and the estimator bound. A candidate changes this by
at most 1/2. A conservative integer M = 4ℓ + 4 therefore bounds all argument norms, including
the stipulated evaluation errors.

For ∥A∥ ≤M , evaluate eA by the factorial Taylor recurrence

T0 = I, Tj = Tj−1A/j, EJ =

J∑︂
j=0

Tj .
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Its operator tail is at most eMMJ+1/(J + 1)!. Since e < 3 and (J + 1)! ≥ ((J + 1)/e)J+1, taking,
for example,

J = ⌈16M + 2 log2(512max{1, k}n)⌉
makes the trace tail smaller than 1/(256max{1, k}). This uses J = O(log(2kn)) order-n multiplica-
tions. A recurrence error inserted at order i is propagated by a product bounded byM j−ii!/j! ≤ eM ;
summing all errors adds only a polynomial factor in n, k. The exact term and partial-sum norms
are at most eM , also polynomial. Exact arithmetic products and inverse-polynomial scalar approx-
imations therefore enclose each candidate estimator to the original additive tolerance. The number
of products is logarithmic.

The rank-one formula for G±
i uses only scalar exponentials and logarithms, evaluated once per

coefficient. For small traces use the equivalent divided series from the source. Maintain the two
remaining matrix sums and the signed prefix by rank-one additions, costing O(kn2) altogether;
their cumulative errors over at most k updates are bounded by k times the prescribed unit error.
Choosing that unit smaller by this known polynomial keeps the estimator enclosure valid. There
is no full reconstruction for every candidate and no multiplying of conditioning factors over the
sequence.

A constant number of candidate trace evaluations per coordinate now costs ˜︁O(nω0) instead of˜︁O(n3). The scalar work and rank-one updates are smaller. Choose the smaller candidate using the
same conservative error allowance as in Lemma 4.3. Its conditional expectation argument and all
errors then remain unchanged, including

∥
∑︂
i

(σi − ti)Ci∥ ≤ 21εround/128 < εround/2.

The matrix algebra uses complex Hermitian inputs directly; real bilinear products compute their
real and imaginary parts at constant factor overhead. This proves the arithmetic bound.

4.13 Smoothed potential and retained geometry

We analyze a retained instance of order n with k ≤ n2 active coordinates. The same estimates
apply after constant-factor padding whenever the retained count is at most the square of the padded
order. The retained matrices are PSD and rank one, and satisfy∑︂

i

V 2
i ⪯ I, ∥

∑︂
i

aiVi∥F ≤ ∥a∥2.

The single preprocessing residual has operator norm at most ηps = 10−7. The deterministic grouped
routine in Lemma 4.2 is available for fallback. To see the compatibility with the new potential, let
y0 be the partial signing and e0 =

∑︁
i y

0
iCi. Keep the true retained matrices Vi = Ci and subtract

e0 from the frozen contribution. Then the modeled sum starts at zero, and its difference from
the true signed sum remains exactly e0. The residual is charged once at the end. The grouped
procedure changes coefficients only; it preserves rank one, positivity, and the variance bound on the
retained inputs. The Frobenius bound above follows by considering the nonnegative Gram matrix
Jij = tr[ViVj ]: with νi = tr[Vi] > 0, Jν ≤ ν follows from

∑︁
i V

2
i ⪯ I, so ∥J∥ ≤ 1. The same

common-grid construction preserves the residual allowance. Stop directly if k = 0. Fix

ι = 14779/2500, εscale = 10−8, ρ = εscale/n, γ = 10−6/k, εround = εdiscard = 10−6.

Use the degree-20 budget βfast from Section 3, β(y) = (1−y2)97/200f(|y|). These reference estimates
take γ fixed. The final implementation uses the phase values in Eq. (131), keeping γ fixed within
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every move and attenuation path. Their additional logarithmic factors are absorbed in Pn. Define
Llog = ⌈log2(4n)⌉ and retain a dyadic δend with

εround
2

8192Llog
< δend ≤

εround
2

4096Llog
, τs = 10−8/Llog.

The smoothing temperature τs is unrelated to the budget parameter τ in the scalar certificate. At
endpoint distance at least δend/2,

−β′′ > 1/2, |β(j)| ≤ Pn(−β′′), |β(j)|2/β ≤ Pn(−β′′) (1 ≤ j ≤ 3). (118)

Second derivatives are continuous at zero; higher derivatives below are one-sided there.
On a face, let M(y) = F +

∑︁
i yiVi and Ky(D) = ι

∑︁
i β(yi)ViDVi. With P = (U, V ), E = (I, I),

define
C(P, y) = (U−1 +M +Ky(V ), V −1 −M +Ky(U)).

Pairs are identified with block-diagonal matrices, and traces and Frobenius inner products sum
over the two blocks. Define

fτs(C) = τs log tr[exp(C/τs)],

Ps(y) = min
U,V≻0

{ρ tr[U + V ] + fτs(C(P, y))},

Fs(y) = Ps(y) + γ
∑︂
i

β(yi).

(119)

For the original potential P,

P ≤ Ps ≤ P + τs log(2n) ≤ P + 10−8, Ps ≥ ∥M∥. (120)

Indeed these are the eigenvalue/log-sum-exp inequalities before taking the infimum over P.
The objective is convex: inversion is operator convex, and fτs is convex and PSD-order increas-

ing. Bounded sublevels are compact inside the positive cone, so a minimizer exists. Its Gibbs
state

Q = (W,Z) = exp(C/τs)/ tr[exp(C/τs)]
satisfies

tr[Q] = 1, JQ = ρE, W = UK(Z)U + ρU2, Z = VK(W )V + ρV 2, (121)

where
J (DU , DV ) = (U−1DUU

−1 −K(DV ), V −1DV V
−1 −K(DU )).

The positive-map argument preceding Eq. (35) makes J invertible with positive inverse. It uses
the strict dual identities, not hard tight constraints. The objective Hessian in P is positive definite,
as shown below; thus the optimizer is unique and is C2 on every open face, including coordinate
zeros.

Uniformly at roots on bounded-model sublevels, scalar feasible matrices and Eq. (121) give

U, V ⪰ a0I, ∥U−1∥, ∥V −1∥, ∥K(U)∥, ∥K(V )∥ ≤ C,

W ⪰ ρU2, Z ⪰ ρV 2, ρ tr[U2 + V 2] ≤ 1, W,Z ⪰ a20ρI.
(122)

Here and below zero inputs may be omitted. The same argument applies when the modeled sum
and coupling are scaled by a common factor in [0, 1].
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Let E be the Hessian in P of ⟨Q, C⟩ with Q fixed. Define

ˆ︁DU = U−1/2DUU
−1/2, TU = U−1/2WU−1/2, e(D)2 = ⟨D,ED⟩ = 2

∑︂
A=U,V

tr[TA
ˆ︁D2
A].

The dual identities and the bounds above give

E ⪰ an−3/2I, E ⪯ CI, ∥D∥F ≤ Cn3/4e(D),

∥ ˆ︁DA∥ ≤ C
√
ne(D), a/n ≤ λmin(TA),

∑︂
A

tr[TA] ≤ C. (123)

The weighted order norm is

q(B) = inf{⟨Q, A⟩ : A ⪰ 0, −A ⪯ B ⪯ A} =
∑︂
A

∥Q1/2
A BAQ

1/2
A ∥∗.

The equality follows by congruence and minimizing the trace of a PSD majorant. In particular
q(CPP[D,D]) = e(D)2.

Entropy metric and an inexpensive root inverse On the trace-zero space T = {B : tr[B] =
0} define

BQ = τsΠT D logQ |T , E(B)2 = ⟨B, BQB⟩.
Its inverse is the Gibbs covariance operator

QQ(B) =
1

τs
(

∫︂ 1

0
QtBQ1−tdt− tr[QB]Q). (124)

Adding a scalar multiple of E to its argument has no effect. In a basis diagonalizing Q, the integral
has logarithmic-mean coefficients L(zi, zj) ≤ (zi + zj)/2. Hence

⟨B,QQB⟩ ≤ τ−1
s tr[QB2], |⟨B,B⟩| ≤ τ−1/2

s

√︁
tr[QB2]E(B). (125)

The inverse relation also follows by differentiating the normalized matrix exponential. At roots,
BQ has eigenvalues between τs and Pnn.

The following stronger relative bound will be used repeatedly:

∥Q−1/2BQ−1/2∥ ≤ (τsλmin(Q))
−1/2E(B) ≤ Pn

√
nE(B). (126)

Indeed, if B = Q1/2ˆ︁BQ1/2, the energy coefficient of |ˆ︁Bij |2 is τszizj/L(zi, zj), which is at least
τsmin(zi, zj).

For completeness the root preconditioner has a dimension-free bound apart from τ−1
s . Complete

positivity applied to (DV V −1DV DV
DV V

) ⪰ 0 gives K(DV )
2 ⪯ ∥K(V )∥K(DV V

−1DV ). Pair with W and

use K(W ) ⪯ V −1ZV −1. Together with U−2 ⪯ ∥U−1∥U−1 and (A−B)2 ⪯ 2A2 + 2B2, this proves

tr[Q(JD)2] ≤ Ke(D)2, K = max{∥U−1∥+ ∥K(U)∥, ∥V −1∥+ ∥K(V )∥} ≤ C. (127)

Consequently the primal Schur complement obeys

E ⪯ Js := E + JQQJ ⪯ (1 +K/τs)E . (128)

This also proves the strict convexity and regularity asserted earlier.
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To apply E −1, its U equation becomes the Lyapunov equationˆ︁DUTU + TU
ˆ︁DU = U1/2FUU

1/2.

Diagonalize the order-n TU and divide entry (i, j) by ti+tj ; all denominators are inverse-polynomial.
The V block is identical. A gap-free approximate Hermitian diagonalization, with residual and
orthogonality bounds, costs ˜︁O(n3). It requires no accurate choice of individual eigenvectors at a
repeated eigenvalue. Evaluating QQ uses the same kind of decomposition and scalar logarithmic
means. For nearby eigenvalues use the divided exponential series, not cancellation of nearly equal
logarithms.

The rectangular products of Lemma 4.7, or square products on groups of at most n factors,
give cost

F (n, k) := ˜︁O(min{nχ, n3 + (k + n)nω0−1}). (129)

This covers coupling actions, signed sums and complete scalar score scans. In particular, an n-
by-n2 factor matrix reduces these actions and their adjoints to products of shapes (n, n, n2) and
(n, n2, n). Tensor permutation preserves the exponent χ and the fixed recursive error bounds. The˜︁O(n3) spectral work is smaller than ˜︁O(nχ). It applies to a rational representation Vi = ciaia

∗
i

without extracting exact square roots. By Eq. (128), a Chebyshev solve for Js uses only poly-
logarithmically many E −1-preconditioned actions. Similarity to its symmetric normalization has
polynomial condition number by Eq. (123). Second-kind Chebyshev bounds control accumulated
application errors: an error inserted at step i is multiplied at step J by a scalar ratio at most
one and a second-kind polynomial of norm at most a polynomial similarity factor times J − i+ 1.
Taking the local action tolerance below the target divided by this polynomial attains the required
arithmetic accuracy.

Covariance and endpoint moves A regular move to +1 changes the two C blocks, at fixed P,
by

(1− yi − ιβivi)Vi, (−(1− yi)− ιβiui)Vi.

Both are PSD-nonpositive when the endpoint test holds. Order monotonicity of fτs proves nonin-
crease. The other sign is symmetric. A deferred removal preserves M and removes a PSD coupling
term. Conservative score errors are repaired by a uniform eE, whose cost is exactly e because
fτs(C + eE) = fτs(C) + e. The same reservoir margin therefore pays for the endpoint-score errors.

We do not impose C = bE on the new root. Instead the inverse function theorem for J
supplies a local comparison path with C(P(t), y + tr) = C(P(0), y) fixed. Its first-order response
satisfies Eq. (35). Along it fτs is constant and ρ tr[P(t)] + fτs(C(P(0), y)) majorizes Ps with first-
order equality. Its second variation is exactly the inversion-energy and mixed-coupling expression
preceding Eq. (37). Lemma 3.4 uses that response equation, the dual identities, rank one and
lightness, all valid here. The unchanged exact scalar certificate therefore yields the same strict
generator surplus.

Define ui := tr[UVi], vi := tr[V Vi], wi := tr[WVi], zi := tr[ZVi], and ti := viwi + uizi. Thus
pi = 1 + ιβ′

ivi and qi = 1− ιβ′
iui are the two response coefficients. Define

ϖi = (−β′′
i )(ιti + γ), G = diag(ϖi), Ar = ι

∑︂
i

(−β′′
i )tir

2
i , θ = r⊤Gr.

At a light state γ/4 ≤ ϖi ≤ Pn and θ ≥ 1/(Pnk). The drift estimate in Lemma 4.4 (C2,iMi)
2 ≤

Pnnϖi follows from wi ≥ ρu2i / tr(Vi) and its partner, so remains valid. Dividing the strict generator
estimate by its nonzero covariance proves the numerically separated alternative

|(Fs)i| ≥ P−1
n

√︁
ϖi/n for some i, or r⊤∇2Fsr ≤ −P−1

n θ. (130)
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This is the proof of Lemma 4.4 applied to the fixed-constraint comparison path for Ps.

Reservoir phases without a new discrepancy allowance. Let k0 be the initial retained
count, Λ = 10−6, and L0 = 1+ ⌈log2max{2, k0}⌉. At the start of a phase record the current active
count K and set

γ =
Λ

L0K
. (131)

Keep this value fixed until the active count is at most K/2, then start the next phase at the new
count. Stop if it is zero. Thus at each light state in a phase, K/2 < k ≤ K. There are at most L0

phases, and γ ≥ Λ/(L0k0) throughout.
A phase change modifies only the scalar reservoir, not Ps, its optimizer, the signed sum, or any

coupling coefficient. Since 0 ≤ β ≤ 1, each increase in the potential is at most γnewk ≤ Λ/L0. The
initial reservoir is also at most Λ/L0. Therefore

initial reservoir + all positive phase jumps ≤ Λ. (132)

This replaces, rather than adds to, the original initial reservoir allowance 10−6. All other moves
decrease their current phase potential. Their total certified decrease is bounded by the same
constant as before, with Eq. (132) accounting for all jumps. Phase counters and updates cost only
linear scalar work.

4.14 Joint-energy Newton continuation

We use the joint primal and entropy metrics to control a Newton correction, and keep the inverse
at the base root fixed during each short continuation step.

Work with tr[Q] = 1 and residual

EKKTy(P,Q) = (ρE −JPQ, ΠT (τs logQ− C(P, y))). (133)

Its derivative on matrix pairs A and trace-zero pairs B is

A =

(︃
E −J |T

ΠT J BQ

)︃
. (134)

The cross terms are skew-adjoint. At a root let D = diag(E , BQ) and ∥(A,B)∥2D = e(A)2 + E(B)2.
Then

A+ A∗ = 2D, ∥D1/2A−1D1/2∥ ≤ 1. (135)

The second assertion follows by pairing Ayaux = bloc with yaux and Cauchy–Schwarz. Norms of
D1/2 and its inverse are polynomial.

A uniform Newton neighborhood ensures that approximate optimizers can be corrected during
continuation.

Write s = (P,Q) for the optimization variables.

Lemma 4.10 (Joint-energy Newton ball). At every bounded-model root there is a Newton ball

∥s− s∗∥D∗ ≤ a/(Pn

√
n)

inside the positive cones and the trace-one affine space. On a smaller such ball, exact Newton
iteration satisfies

∥snew − s∗∥D∗ ≤ Pn

√
n∥s− s∗∥2D∗ . (136)
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Moreover
∥D−1/2

∗ (A(s)− A(s∗))D
−1/2
∗ ∥ ≤ Pn

√
n∥s− s∗∥D∗ . (137)

All comparisons and the Newton radius are uniform in the face and in real or complex Hermitian
inputs.

Proof. The primal relative bound in Eq. (123) and the dual one in Eq. (126) keep U, V,Q within fixed
Loewner factors of their root values in the stated ball. In particular Q ⪰ a/n, and W ⪰ (a/n)U ,
Z ⪰ (a/n)V , throughout it: these last inequalities follow by comparing W,U separately to their
root values. Hence the bounds TA ⪰ a/n and

∑︁
tr[TA] ≤ C remain valid there.

We detail the differential estimates giving metric comparison, rather than assuming it. For fixed
test D, variation in P gives ⟨Q, CPPP[∆P, D,D]⟩. Its three normalized inverse words are bounded
by

C
√
ne(∆P)e(D)2.

For an exterior ˆ︃∆P use weighted Cauchy–Schwarz and tr[T ˆ︁D4] ≤ ∥ ˆ︁D∥2 tr[T ˆ︁D2]. For the mid-
dle word use ˆ︁DT ˆ︁D ⪰ 0. Variation in Q contributes ⟨∆Q, CPP[D,D]⟩, of absolute value at most
∥Q−1/2∆QQ−1/2∥e(D)2. Thus |dE [D,D]| ≤ Pn

√
n∥(∆P,∆Q)∥De(D)2.

For the entropy block, define Rq = (Q+ qI)−1. The resolvent formula gives

⟨B, D logQ[B]⟩ =
∫︂ ∞

0
tr[RqBRqB]dq,

and differentiation in ∆Q bounds the derivative of this form by

2∥Q−1/2∆QQ−1/2∥⟨B, D logQ[B]⟩. (138)

Indeed the differentiated integrand is minus twice the real trace of (R
1/2
q ∆QR

1/2
q )(R

1/2
q BR

1/2
q )2.

The first factor has operator norm at most the displayed relative norm, and the squared factor is
PSD. No commutation is used.

Finally, the derivative of the cross block J in ∆P pairs with B as ⟨B, CPP[∆P, D]⟩. Its q-
majorant is at most Ce(∆P)e(D), by the matrix Young inequality. Eq. (126) bounds the pairing
by Pn

√
nE(B)e(∆P)e(D). These prove the normalized differential bound for A, and the relative

derivative bounds for both diagonal metric blocks.
A first-exit argument along the straight segment from s∗ keeps Ds within constant factors of D∗

in the stated ball: until exit, integrate the preceding differential bounds, and choose a small. The
direct Loewner comparisons already ensure positivity and the TA bounds needed along the segment.
Integrating the cross estimates now gives Eq. (137). By Eq. (135) and a Neumann perturbation,
the inverse Jacobian in the fixed root metric has norm at most two. The integral Taylor remainder
for EKKTy proves Eq. (136). These arguments use only two derivatives of C in P and the smooth
log map; coordinate zeros do not enter this fixed-parameter Newton argument.

Let A = P′ and B = Q′ on a path of exact roots. Differentiating the two root equations gives

JA+ τsD logQ[B] + dnormE = F1, JB− EA = F2, tr[B] = 0, F1 = Ct, F2 = A′Q.

Pairing the equations gives
e(A)2 + E(B)2 = ⟨F1,B⟩ − ⟨F2,A⟩. (139)

The scalar dnorm is only the log-normalization derivative and need not be stored as an unknown.
Controlling metric and Jacobian variation allows correction systems along a short root path to

reuse a fixed approximate inverse.
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Lemma 4.11 (Anchored transport and executable correction). Along a unit-direction local root
path, write a(t) = e(A) + E(B). The metric and joint Jacobian satisfy

∥D−1/2D′D−1/2∥, ∥D−1/2A′D−1/2∥ ≤ Pn

√
n(a(t) +

√︁
θ(t)). (140)

For a logarithmic data homotopy Mt = etM0, Kt = etK0, replace
√
θ by 1. If the integral of the

right side over a path is sufficiently small, its base root is a valid Newton start at the end. A fixed
approximate inverse at that base solves every correction system along the path in ˜︁O(F (n, k)) work.
It is an implicitly applied inverse, not a stored dense matrix.

Proof. The metric derivatives and the optimizer-dependent part of A′ are bounded in Lemma 4.10.
The additional explicit coupling term in J ′ pairs with B0 ∈ T and D as ⟨B0,A′D⟩. Lemma 4.5,
specifically Eq. (104), gives q(A′D) ≤ Pn

√
θe(D); use Eq. (126) on B0. This proves Eq. (140). On

the homotopy, the relative coupling bound and the dual identities instead give q(A′D) ≤ Ce(D).
If aint is the accumulated bound, integration gives e−aintD0 ⪯ Dt ⪯ eaintD0 and

∥D−1/2
0 (At − A0)D

−1/2
0 ∥ ≤ eaintaint.

Use Eq. (135) to get constant contraction for refinement with A−1
0 . A sufficiently short energy arc,

measured in the successive root metrics, also bounds the endpoint distance in its root metric. Take
it below the radius in Lemma 4.10. That lemma adds a small perturbation for each off-root Newton
iterate, so the same base inverse still gives contraction at most, say, 1/2.

At the base, solving A0(A,B) = (raux, t) reduces to

Js,0A = raux + J0Q0t, B = Q0(t−J0A). (141)

Eq. (128) and the explicit Lyapunov inverse implement this in ˜︁O(F (n, k)). Build it from a suffi-

ciently accurate base cache. For a current Jacobian ˜︁A, use yauxj+1 = yauxj + ˜︃Ainv0(bloc − ˜︁Ayauxj),
where ˜︃Ainv0 means applying Eq. (141) to its prescribed accuracy. The exact base inverse has
contraction bounded away from one; polynomially small root, coefficient, and application errors
preserve it. All changes of norm have polynomial condition. The error recurrence in the base norm
is at most one half the preceding error plus a polynomial multiple of the additive evaluation toler-
ance. Polylogarithmically many refinements therefore attain the required precision. In particular
we do not assume that the off-root current Lyapunov preconditioner satisfies Eq. (128) merely from
constant Loewner proximity. The use of the base inverse and the joint transport estimate avoids
that inference.

4.15 Local moves, curvature tubes, and zeros

The proof of Eq. (104) uses only Eq. (121) and therefore still gives, on a unit direction,

q(A(j)D) ≤ Pn

√︁
Are(D), |⟨F2, D⟩| ≤ Pn

√︁
Are(D), q(Ctj ) ≤ PnAr (j ≥ 2). (142)

Only j ≤ 3 is needed. The last bound uses M (j) = 0 for j ≥ 2. The second-order envelope identity
now reads

P ′′
s = −Ar + e(A)2 + 2⟨F2,A⟩+ E(B)2. (143)

The entropy term is positive, not an uncontrolled remainder.
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Coordinates For r = ei, F1 = (piVi,−qiVi). On expanded light bounds, |pi|, |qi| ≤ Pn and

tr[QF 2
1 ] = νi(p

2
iwi + q2i zi) ≤ Pnνi(wi + zi) ≤ Pnti ≤ Pnϖi, νi = tr[Vi].

Here ui, vi ≥ a0νi. Apply Eq. (125), Eq. (142), and Eq. (139); then use Eq. (143):

e(A) + E(B) ≤ Pn
√
ϖi, |∂2

i Fs| ≤ Pnϖi. (144)

Relative variation satisfies |u′i|/ui, |v′i|/vi ≤ C
√
ne(A). For the dual scalars Eq. (125) and wi ≥ a20ρνi

give |w′
i|/wi, |z′i|/zi ≤ Pn

√
nE(B). Thus

|ϖ′
i| ≤ Pn(1 +

√
nϖi,0)ϖi

until a fixed-factor exit. A first-exit argument, also for the expanded light bounds and endpoint
distance, yields the tube

|t| ≤ anmin{δend, (nϖi,0)
−1/2}, ϖi(t) ≍ ϖi,0. (145)

At zero the second derivatives are continuous, so this argument integrates through it. A zero input
needs only the scalar reservoir and can also be rounded directly.

Curvature directions Consider a certified base with F ′′
s (0) ≤ −P−1

n θ0. In a temporary region
P ′′
s ≤ Dauxθ0 and θ ≍ θ0, completing the square in Eq. (143) gives

e(A) + E(B) ≤ Pn

√︁
θ0. (146)

The needed third derivative is proved from the stationary saddle ρ tr[P] + ⟨Q, C⟩ − τs tr[Q logQ] on
tr[Q] = 1. Let

B2 = Ctt + 2A′A+ CPP[A,A], B3 = Cttt + 3A′′A+ CPPP[A,A,A].

The envelope identity is

P ′′′
s = ⟨Q, B3⟩+ 3⟨B, B2⟩ − τsD

3 tr[Q logQ][B,B,B]. (147)

Terms containing second optimizer derivatives cancel by stationarity. Eq. (142) and normalized

inverse words give q(B2) ≤ Pnθ0 and |⟨Q, B3⟩| ≤ Pn(θ0 +
√
nθ

3/2
0 ). Eq. (126) bounds |⟨B, B2⟩| by

Pn
√
nθ

3/2
0 . The resolvent estimate Eq. (138), with ∆Q = B, bounds the last term in Eq. (147) by

the same quantity. Finally differentiating Ar = −⟨Q, Ctt⟩ and using Eq. (142) proves

|P ′′′
s |, |F ′′′

s |, |θ′| ≤ Pn(θ0 +
√
nθ

3/2
0 ). (148)

These are one-sided inequalities at zeros.
At the base, P ′′

s ≤ θ0. A simultaneous first-exit argument using Eq. (148) proves Eq. (146) and
weight comparison throughout

|t| ≤ anmin{δend, (nθ0)−1/2}. (149)

This length is at most δend/4 after fixing its prefactor. It also keeps the model in a bounded-sum
neighborhood. Coordinate-zero crossings cause no problem: P ′′

s and θ are continuous, and their
one-sided derivatives have the asserted absolute bound. We use a third-order remainder, not a
fourth derivative or a Taylor jet crossing a jump.
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The better of the two signs of Eq. (149) has decrease

∆c ≥ P−1
n min{δend2θ0, n−1}. (150)

Indeed, in the symmetric average the linear terms cancel and the absolute third-order remainder is
at most a small fraction of P−1

n θ0t
2. Since θ0 ≥ a/k, the accepted count is

Ic ≤ ˜︁O(k + n). (151)

Eq. (146) and Eq. (149) give an energy arc small enough for Lemma 4.11 over each whole candidate.
The same base root starts both branches; each needs only a constant number of corrected stages,
including final grid rounding. No ˜︁O(n) tracking mesh remains.

For later use, Eq. (143) also gives a global lower bound ∇2Fs ⪰ −PnG at a light state, by
completing the square in e(A) and retaining E(B)2. Eq. (144) gives bounded diagonal entries of the
scaled Hessian. Therefore

A := G−1/2∇2FsG
−1/2 ⪰ −PnI, |Aii| ≤ Pn, ∥A∥ ≤ Pnk. (152)

The last implication uses positivity and the trace bound of A+ PnI.

4.16 Explicit initialization

For a face with modeled M0 and coupling K0, use

Mrhom = rhomM0, Krhom = rhomK0, 0 ≤ rhom ≤ 1,

in the smoothed problem, with the same ρ, τs. This is only an optimizer-evaluation homotopy; it
never changes the signing or its potential comparisons. At rhom = 0 the exact root is

U0 = V0 = (2nρ)−1/2I, W0 = Z0 = I/(2n). (153)

The constraints are scalar and the normalized exponential uniform; substitution in Eq. (121) proves
stationarity and thus optimality. Scalar root evaluation approximates this to any prescribed preci-
sion.

The true and cached data satisfy ∥M0∥ ≤ 20, K0(I) ⪯ 32I. Taking U = V = I bounds the
objective uniformly along the homotopy. Thus Eq. (122) holds throughout it. In particular the
Euclidean inverse of Eq. (134) is polynomially bounded, by Eq. (135); a conservative bound on s′rhom
is Pnn

2. The rhom-forcing has Frobenius norm O(
√
n) and the inverse has norm O(n3/2+ τ−1

s ). An
initial positive dyadic rhom∗ ≍ ann

−5 therefore makes Eq. (153) a valid Newton start at rhom∗. To
apply the anchored solve across this first step, one may also bound the explicit-data cross variation

by Pnndrhom: ∥A0D∥F ≤ C∥D∥F, Eq. (123), and ∥B∥F ≤ τ
−1/2
s E(B) are more than sufficient. The

stated rhom∗ absorbs this bound.
For rhom ≥ rhom∗ parameterize by t = log rhom. Then M ′

t = Mt, K′
t = Kt. At a root,

F1 = (Mrhom +Krhom(V ),−Mrhom +Krhom(U)) has operator norm bounded by a constant. Eq. (125)
gives |⟨F1,B⟩| ≤ PnE(B). The dual identities give |⟨ArhomQ, D⟩| ≤ Ce(D) by weighted Cauchy–
Schwarz. The energy identity Eq. (139) proves

e(P′
t) + E(Q′

t) ≤ Pn. (154)

The explicit-data bound for transport is q(ArhomD) ≤ Ce(D). Choose logarithmic parameter
increments between fixed fractions of a/(Pn

√
n). Lemma 4.11 supplies one corrected stage per

increment, at cost Eq. (129). The whole face requires

O(Pn

√
n log(1/rhom∗)) = ˜︁O(

√
n) (155)
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stages. This supplies the first root.
Store rhom on a common dyadic grid, with mesh smaller than a fixed inverse-polynomial fraction

of rhom∗/(Pn
√
n). Round multiplicative increments so their logarithms stay between the chosen

fractions, except for the final truncated increment. No exact product of all previous rational
increments is retained. The parameter error is below the same root-transport margin. The initial
face starts from Eq. (153). Later face changes use the separately proved continuation paths.

4.17 Arithmetic evaluation of smoothed states

The preceding continuation estimates require matrix actions and value comparisons at inverse-
polynomial accuracy. The following construction supplies them and preserves the corrected-root
invariant.

Lemma 4.12 (Matrix functions and corrected states in arithmetic operations). Assume the geo-
metric bounds of Section 4.13 and a corrected optimizer in the joint-energy ball of Lemma 4.10. The
required order-n matrix logarithms, square roots and their inverses, Lyapunov solves, and entropy
covariance actions can be evaluated to inverse-polynomial error using residual-certified spectral de-
compositions. Each decomposition costs ˜︁O(n3) arithmetic operations. Together with the anchored
inverse of Lemma 4.11, these actions preserve the corrected-root invariant and provide the required
value, endpoint, and residual enclosures.

Proof. Here is a constructive spectral subroutine for the order-n operations. A complex Hermitian
Jacobi rotation annihilates a largest off-diagonal entry and reduces squared off-diagonal Frobenius
norm by twice its squared modulus. Thus each rotation reduces this measure by a factor at most
1−2/(n(n−1)). After O(n2 log(Maux/η)) rotations it is at most η2, for a known norm bound Maux

and requested residual η. A max-heap for pivot magnitudes and the two changed rows/columns
give ˜︁O(n) work per rotation; accumulating the rotations costs the same. Only a pivot above the
stopping threshold is divided by when finding its complex phase. Rotations have norm one, so
rounded similarity and orthogonality errors sum polynomially over the rotation count, while the
off-diagonal recurrence has its usual additive-error floor. For η = (2kn)−C this remains ˜︁O(n3)
arithmetic work with inverse-polynomial local errors. Direct residual and orthogonality checks
supply certified bounds. No small adjacent eigenvalue gap is used.

For a logarithm, the integral resolvent formula bounds perturbations of D logQ by Cλmin(Q)
−2

times the matrix perturbation. For Lyapunov solves the residual is converted to solution error by
2λmin(TU ). Square-root and inverse-square-root perturbations have polynomial bounds on the same
spectral ranges. These facts turn the residual-based decompositions into matrix-function actions
without requiring individual eigenvectors to be accurately determined. Project approximate entropy
actions to trace zero on both sides and symmetrize; on this space their exact smallest eigenvalue is
inverse-polynomial, so the selected accuracy preserves positivity.

Scalar powers with either fixed rational exponent 97/200 or 3/4 use certified bisection or series.
Matrix logarithms, Lyapunov inverses, and QQ use gap-free order-n spectral decompositions with
inverse-polynomial spectral lower bounds; the requested higher accuracy adds only polylogarithmic
factors. Direct log-trace-exponential value evaluation uses a common spectral shift. On the bounded
model its eigenvalue magnitudes divided by τs are O(log n) with fixed constants. No underflow
assertion or unit cost for an unbounded exponential is used. There is also a direct residual-based
value evaluation: put h = tr[C − τs logQ]/(2n). Since tr[Q] = 1, fτs(τs logQ + hE) = h, so the
absolute difference between fτs(C) and h is at most ∥ΠT (C − τs logQ)∥. This supplies an additional
value error enclosure from the joint residual itself. The fixed rational real/imaginary Hermitian
basis has polynomial condition and constant diagonal Gram factors for the full pair space; projection
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to trace zero adds only a polynomial factor. All analytical square roots of metrics used for error
bounds need not be computed.

At a corrected Newton stage, approximate the root-anchor inverse and current actions below a
fixed fraction of the contraction margin. The refinement error recurrence is a contraction plus ad-
ditive error; Newton then restores the cache floor. This recurrence does not multiply per-stage con-
dition numbers over the signing trajectory. Root perturbation, coordinate-grid, value-comparison,
and endpoint-score tolerances are chosen below fixed fractions of the proved energy radii and true
potential decreases. All minima of weights, endpoint distances, and spectral values appearing in
them have polynomial or inverse- polylogarithmic bounds. Final Rayleigh and solve residuals in-
clude true-versus-cached errors. At every accepted state, certify the optimizer cache inside its
joint-energy ball and correct it to the prescribed floor. Use that base inverse for the next candidate
or homotopy increment. The residual uses logarithms of the current positive Q. Traceless updates
keep tr[Q] = 1 exactly, using the rational projection B ↦→ B− tr[B]E/(2n). Positivity follows from
the joint ball and errors below a fixed fraction of its radius. The local inverse bound converts
residual enclosures to root-error enclosures.

4.18 Charging face changes to potential decrease

The explicit homotopy above is used initially and after regular endpoint moves. Deferred removals
are instead followed to their new face. We give a quantitative bound for these paths because merely
accelerating the curvature search would leave the old initialization cost unchanged.

Lemma 4.13 (Regular endpoints and charged attenuation). There are ˜︁O(n) regular endpoint
moves. All deferred removals, including final corrections, use ˜︁O(k+

√
nk) corrected stages. All face

work, including explicit initializations, therefore uses ˜︁O(k+
√
nk+n3/2) stages of cost ˜︁O(nχ) arith-

metic operations. These bounds hold for every sequence of certified local moves and for Hermitian
inputs.

Proof. For a regular move to 1, put di = 1− yi ≥ δend, νi = tr[Vi] ≤ 1, and hi = ιβiui + di. After
changing M by diVi and deleting the coupling slot, test the new problem at the old U and

V + = (V −1 + hiVi)
−1.

The new minus block of C equals its old value. At an exact trigger the plus block does not increase:
ιβivi ≥ di, V + ⪯ V , and the remaining coupling is positive. Order monotonicity of fτs and
Sherman–Morrison give

Ps,old − Ps,new ≥ ρ tr[V − V +] ≥ ρ
hiv

2
i

νi(1 + hivi)
. (156)

Thus the rank-one adjustment in Lemma 4.8 also applies to the smoothed maximum; it does not
require hard tight constraints. More explicitly, at a conservative trigger of absolute score error δe,
the exact score is at least −2δe. For δe ≤ δend/4, we have vi ≥ δend/(2ι), since βi ≤ 1. A uniform
2δeνiE repairs the comparison, at cost exactly 2δeνi. Before repair the last fraction in Eq. (156)
is at least ρδend

3/(4ι2 + 2ι). Taking the tolerance smaller than a fixed fraction of this and of the
original reservoir allowance leaves decrease aρδend

3. The other endpoint exchanges U, V . All other
accepted moves decrease the same nonnegative, initially bounded potential, so the regular count is˜︁O(n). Explicit initialization thus costs ˜︁O(n3/2) stages in total.

For a deferred coordinate, absorb its unchanged fractional coefficient into F , preserving M .
Write its old slot as Ki(D) = ιβiViDVi. Hold the other slots fixed and track

Ks = Krest + rKi, r = e−s, 0 ≤ s ≤ L∗.
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The reservoir is constant during this evaluation path and is removed at its end. All bounded-model
root estimates hold, because the coupling only decreases. Define the positive map on pairs

Ks(DU , DV ) = (rKi(DV ), rKi(DU )), v(s) = ⟨Q,KsP⟩ ≥ 0.

The envelope gives P ′
s(s) = −v(s), and v(s) ≤ C. The forcing is F1 = −KsP, F2 = −KsQ. The

pair KsP is a PSD subpair of the full coupling. Hence the entropy variance bound and weighted
Cauchy–Schwarz give

tr[QF 2
1 ] ≤ Cv, |⟨F2, D⟩| ≤ C

√
ve(D), q(KsD) ≤ C

√
ve(D).

For the last two inequalities, apply the proof of Eq. (142) to the single nonnegative coefficient rιβi:
the first squared factor is rιβi(viwi + uizi) = v, and the second is bounded by the full dual energy
since this slot is included in Ks. Eq. (139) now yields

e(P′) + E(Q′) ≤ Pn

√
v. (157)

The proof of Lemma 4.11, with the displayed q(KsD) bound as its explicit-data term, gives normal-
ized metric and Jacobian variation rate at most Pn

√
nv. Lightness is not needed on this auxiliary

path.
There is a relative scalar bound as well. Since K ′

s = −Ks,

v′ = −v + ⟨Q′,KsP⟩+ ⟨KsQ,P
′⟩.

The two pairings are at most Pn
√
vE(Q′) and C

√
ve(P′) in absolute value. Consequently

|v′| ≤ Pnv. (158)

A zero slot can be omitted directly. At a corrected root compute an upper approximation v ≤ v̄ ≤
C(v + 1/n), using absolute error at most a/n, and take a dyadic increment within fixed factors of

h =
a

Pn(1 +
√
nv̄)

,

except for the final truncation. All other calculations still use the finer root cache floor. Eq. (158)
keeps v comparable over the increment. Its joint energy arc is at most a/(Pn

√
n) and its normalized

variation is small. Thus Lemmas 4.10 and 4.11 justify one corrected stage, with positive matrices
and trace exactly one.

Choose r∗ = e−L∗ below the root-cache floor divided by a fixed polynomial in n, k. With
the prescribed inverse-polynomial root accuracy, r∗ is inverse polynomial and L∗ = O(log(2kn)).
At r∗ drop the remaining slot exactly and correct once. The direct derivative with respect to r is
uniformly polynomially bounded even at zero: the fixed slot has bounded Frobenius operator norm,
∥P∥F ≤ C

√
n, and the joint inverse and metric changes have polynomial norm bounds. Extra fixed

guard powers in the choice of r∗ put this last jump inside the joint Newton ball and the required
error floor. The endpoint is precisely the optimizer of the new face, not a presumed continuation
across a large face change.

For ∆i =
∫︁ L∗
0 v(s)ds, the step count is at most

Pn

∫︂ L∗

0
(1 +

√︁
nv(s))ds+ 1 ≤ Pn(L∗ +

√︁
nL∗∆i) + 1.

67



This follows by integrating over each interval, where v is comparable to its starting value. The
nonnegative ∆i sum to at most the initial potential, since all other moves decrease it and each
removal also drops its reservoir term. Summing over at most k removals gives ˜︁O(k +

√
nk) stages.

Evaluate r = e−s from the current path parameter. The smallest step and r∗ are inverse
polynomial, and the horizon is O(log(2kn)). Scalar Taylor evaluation and the preceding corrected
solves attain errors below the displayed margins with logarithmic overhead in arithmetic operations.
The numerical slot stays nonnegative; the true matrices and symbolic signed contribution are
unchanged. Process simultaneous deferred hits successively, charging each coordinate once. This
introduces no extra rounding or discrepancy allowance.

4.19 Shared endpoint continuation and gradient sweeps

We work at matrix order N , with initial retained count k0 ≤ N2, ρ = εscale/N , and the cutoff
and smoothing temperature specified in Section 4.13. The reservoir phases in Eq. (131) give γ ≥
Λ/(L0k0) and total positive injections at most Λ. Write PN for a known fixed polynomial in
log(2N), enlarged finitely many times. Its coefficients follow from the coefficient sums, truncated
budget bounds, and root estimates already proved. The nonzero input scale retains its established
polynomial lower bound.

Positive auxiliary penalties and offsets. We enlarge the class of auxiliary evaluation prob-
lems, not the signing potential. Let K be a positive self-adjoint coupling of the retained rank-one
form, let M be Hermitian, and let the matrix pairs Ω ⪰ ρE and D ⪰ 0 be fixed. Define

RΩ,D = min
P=(U,V )≻0

{⟨Ω,P⟩+ fτs(C(P) +D)}, fτs(C) = τs log tr[e
C/τs ], (159)

where C denotes the block diagonal matrix associated to its pair and C(P) = (U−1 + M +
K(V ), V −1−M+K(U)). All instances below have bounded ∥M∥, ∥D∥, ∥Ω∥ and a uniform constant
upper bound on their optimum.

Lemma 4.14 (Uniform root machinery with positive additions). The bounded-model root, joint-
energy ball, and inexpensive anchored correction statements hold for Eq. (159), with the same
logarithmic losses. A corrected stage costs ˜︁O(Nχ). The residual is

(Ω−JPQ, ΠT (τs logQ− C(P)−D)), tr[Q] = 1.

The joint Jacobian and metric are precisely A and D in Eq. (134) and Eq. (135). If only Ω, D vary,
the Jacobian has no additional explicit-data derivative.

Proof. Convexity and attainment follow by the same operator-convex inverse and positive trace-
penalty argument as for Ps. At a minimizer the Gibbs multipliers satisfy

W = U(ΩU +K(Z))U, Z = V (ΩV +K(W ))V, tr[W + Z] = 1.

They are positive definite. In particular W ⪰ ρU2, Z ⪰ ρV 2, and ρ tr[U2 + V 2] ≤ 1. The value
upper bound, D ⪰ 0, and bounded M bound the primal inverses and K(U),K(V ) above. Thus
U, V ⪰ a0I, Q ⪰ a/N , and all the weighted bounds used in Lemma 4.10 hold. Strict convexity of
the weighted inverse terms proves uniqueness.

The additional trace penalty is linear in P and the offset is constant in P. They therefore
leave the joint Jacobian unchanged. Its coercivity identity is algebraic on the trace-zero space
and does not require Ω = ρE. The inverse-word and resolvent proofs of the joint-energy ball
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apply without change. For the inexpensive root inverse, the complete-positive Schwarz proof uses
K(W ) ⪯ V −1ZV −1 and its other-block counterpart; these still follow from the displayed dual
identities. Consequently E ⪯ Js = E + JQQJ ⪯ (1 + C/τs)E remains valid. The explicit
Lyapunov inverse and rank-one actions implement the same anchored correction and its residual
certification. Positive additions have only a fixed number of rank-one terms in the application
below.

Charging regular endpoints to their true decrease. We first treat an exact trigger to +1.
At the old root put d = 1 − yi ≥ δend, β = β(yi), a = tr[UVi], b = tr[V Vi], p = tr[WVi], and
q = tr[ZVi]. Let Ki(Maux) = ιβViMauxVi and let the target face have M+ = M+dVi, K+ = K−Ki.
Define pairs

A = (Ki(Z),Ki(W )), Ei = ((ιβb− d)Vi, (ιβa+ d)Vi), v0 = ⟨A,P⟩ = ιβ(bp+ aq). (160)

An exact trigger makes Ei ⪰ 0. Both A and Ei have bounded operator norm. Also v0 ≤ C, because
Ki(P) is a positive subpair of the full coupling at a bounded-model root.

Lemma 4.15 (A charged positive homotopy for a regular endpoint). Let ∆ = Ps,old−Ps,new for a
regular endpoint, with the conservative score tolerance tightened as below. Then ∆ ≥ aρδend

3 and
there is an executable continuation from the old root to the new one with at most

˜︁O(1 +
√
N∆) (161)

corrected stages. All regular endpoint continuations together use ˜︁O(N) stages, including their initial
and final corrections. No cold initializer is invoked after these endpoints.

Proof. We use a quantitative consequence of Golden–Thompson [Tro12]. If 0 ⪯ E′ ⪯ MauxI,
Maux ≥ 1, 0 < τ ≤ 1, and QC = eC/τ/ tr[eC/τ ], then

fτ (C)− fτ (C − E′) ≥ τ(1− e−Maux/τ )

Maux
tr[QCE

′] ≥ τ

2Maux
tr[QCE

′]. (162)

Indeed e−E′/τ ⪯ I − (1 − e−Maux/τ )E′/Maux by scalar convexity on [0,Maux]. Golden–Thompson
gives tr[e(C−E′)/τ ] ≤ tr[eC/τe−E′/τ ]; then use − log(1 − r) ≥ r for 0 ≤ r < 1. This proof applies
directly to the block diagonal pairs and to complex Hermitian matrices.

At the old P, the new constraint pair is Cold − Ei. Testing this P in the new minimization and
using Eq. (162) yields

∆ ≥ τs
2Maux

⟨Q, Ei⟩.

The self-slot in the old dual equation gives q ≥ ιβb2p. Since ιβb ≥ d ≥ δend and β ≤ 1, b ≥ δend/ι,
whence

v0 = ιβbp+ ιβaq ≤ (1 + ι/δend
2)⟨Q, Ei⟩ ≤ PN∆. (163)

The separate Sherman–Morrison estimate in Lemma 4.13 gives ∆ ≥ aρδend
3. We retain this

estimate for counting endpoint events; Eq. (163) supplies the additional path charge.
For r = e−s consider the auxiliary values

F (s) = min
P
{ρ tr[P] + r⟨A,P⟩+ fτs(Cnew(P) + rEi)}, (164)

where Cnew denotes the full constraint pair for the target face. At r = 1 the old root is an exact
root of this problem: its constraint pair equals the old one, and J+Q = JoldQ+(Ki(Z),Ki(W )) =
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ρE+A. The initial value is Ps,old+v0; the limiting value at r = 0 is Ps,new. Both positive additions
decrease with s, so

F ′(s) = −v(s), v(s) = r⟨A,P(s)⟩+ r⟨Q(s), Ei⟩ ≥ 0,

∫︂ ∞

0
v(s)ds = ∆+ v0 ≤ PN∆.

All these problems have the uniform bounds in Lemma 4.14.
The derivative forcing is F1 = −rEi and F2 = −rA in the convention of Eq. (139). The entropy

variance bound gives |⟨F1,B⟩| ≤ PN
√
vE(B), since ∥rEi∥ ≤ C and tr[Q(rEi)

2] ≤ Cr⟨Q, Ei⟩. For
the other forcing use rA ⪯ Ω = ρE+ rA ⪯ (U−1WU−1, V −1ZV −1). For example, after congruence
by U1/2, write JU = U1/2rAUU

1/2 ⪯ TU . Then

| tr[rAUDU ]| ≤
√︁

tr[JU ]

√︂
tr[JU ˆ︁D2

U ].

Summing both blocks proves |⟨rA, D⟩| ≤
√︁

v/2e(D). The joint energy identity therefore gives

e(P′) + E(Q′) ≤ PN

√
v, |v′| ≤ PNv. (165)

For the second inequality differentiate v; its two nontrivial pairings are bounded by the same two
estimates. The normalized metric and Jacobian variation rate is at most PN

√
Nv: there is no

explicit coupling derivative on this path.
As in the charged attenuation proof, compute an upper approximation v ≤ v̄ ≤ C(v + 1/N)

and take increments within fixed factors of a/[PN (1 +
√
Nv̄)]. Each increment stays in the joint

Newton and anchor-transport neighborhood. Over a polylogarithmic horizon L∗ its count is at most

PN (L∗+
√︂

NL∗
∫︁
v)+1. Choose the final r∗ below the root cache floor divided by a fixed polynomial

in N, k0; then set r = 0 and correct once. Direct sensitivity in r, including at zero, is polynomial
because its two fixed forcing matrices are bounded and the joint inverse has a polynomial norm
bound. This proves Eq. (161).

We detail conservative triggers and numerical coefficients. A trigger may have ιβb− d ≥ −2δe.
Replace this coefficient by its nonnegative part, and round the coefficients of A, Ei to nonneg-
ative dyadics, at a smaller prescribed accuracy. The resulting positive pairs ˆ︁A, ˆ︁Ei differ from
the exact pairs by PNδe in norm. With b ≥ δend/(2ι), the same self-slot argument gives v0 ≤
(1 + 2ι/δend

2)⟨Q, E+
i ⟩. The uniform repair and Eq. (162) yield v0 ≤ PN (∆+ δe). Tighten δe below

both the preceding aρδend
3 margin and a sufficiently small fixed inverse-polynomial fraction of every

root radius. Then the original regular decrease remains positive and v0 ≤ PN∆ still holds.
At the old root, the residual for the rounded initial auxiliary problem is PNδe. The initial

inverse can be built there using J+, the old E , and the old entropy operator: the inequalities
K+(W ) ⪯ K(W ) and K+(Z) ⪯ K(Z) prove the same root Schur preconditioning bound directly.
Thus it is not assumed to follow from an unproved off-root rule. The joint ball, small initial residual
and the usual inverse perturbation argument supply a constant number of initial corrections. Their
value changes are PNδe. For the exact rounded auxiliary path its total drop is at most PN∆, after
further tightening that accuracy. This makes the path executable without knowing any exact old
multiplier.

There are ˜︁O(N) regular events. Their true matrix drops sum to at most a constant: their
reservoir removals are nonnegative, all other signing moves decrease their phase potential, and
the total positive phase injections are at most Λ. Cauchy–Schwarz in Eq. (161) gives ˜︁O(Ireg +√︁
NIreg

∑︁
∆) = ˜︁O(N) stages. The negative endpoint exchanges the two blocks.
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A weighted parameter neighborhood of one light root. The coordinate counts can be
improved without changing the scalar budget. At a light base state y0 with corrected root z0 =
(P0,Q0), fix the current reservoir coefficient and put

κ0i = ι(v0iw
0
i + u0i z

0
i ) + γ, φi(t) = (w0

i − z0i )t+ κ0iβ(t). (166)

Each φi is concave on the truncated interval. Its derivative is the true gradient coordinate evaluated
at the frozen root, with only its scalar coordinate argument changed.

Lemma 4.16 (Frozen-root weighted neighborhood). There is a known PN with the following prop-
erty. For y, y0 in the cube truncated at endpoint distance δend/2, let

d0(y, y
0) =

∑︂
i

√︂
κ0i |yi − y0i |.

If d0 ≤ a/(P 2
N

√
N), then the optimizer at y is obtainable from z0 in ˜︁O(Nχ) work, using the same

base inverse. Its root distance and gradient error satisfy

∥z(y)− z0∥D0 ≤ PNd0,

|gi(y)− φ′
i(yi)| ≤ P 2

N

√︂
κ0i d0,

1
2κ

0
i ≤ ιti(y) + γ ≤ 2κ0i .

(167)

It is not required that the whole coordinate segment stay light. All constants are uniform in the
number of coordinates moved and in real or complex Hermitian inputs.

Proof. At the light base, u0i , v
0
i ≤ PN . On the entire truncated scalar interval, β, β′ and 1/βi(y

0
i )

have polylogarithmic bounds. These facts, rather than a unit bound on a coordinate displacement,
suffice below.

For a fixed test scalar t the first forcing is F1,i = ((1 + ιβ′(t)vi)Vi, (−1 + ιβ′(t)ui)Vi). At the
base, and throughout a sufficiently small joint-energy ball,

tr[QF 2
1,i] ≤ PNνi(wi + zi) ≤ PN (viwi + uizi) ≤ PNκ0i .

Use ui, vi ≥ a0νi and constant-factor Loewner comparisons with the base matrices. The entropy

variance inequality bounds its dual energy norm by PN

√︂
κ0i . For F2,i = ιβ′(t)(ziVi, wiVi), the

weighted coupling proof at the base gives dual energy norm at most PN

√︂
κ0i : replace its coefficient

ratio by |β′(t)|2/β(y0i ) ≤ PN . At nearby positive P,Q the scalars wi, zi remain within fixed factors of
their base values and the metric remains comparable. The same estimate follows by absolute values
of the two block pairings. This argument does not assert an order comparison of noncommuting
products from separate Loewner bounds.

Integration at the fixed z0 therefore gives

∥EKKT,y(z0)∥D−1
0
≤ PNd0.

The optimizer-dependent Jacobian variation is that of Lemma 4.10. Its explicit coupling change is
bounded by PN

√
Nd0 in the normalized joint norm: use the just stated single-coordinate weighted

coupling estimate, pair its value with a trace-zero dual test through the relative entropy bound,
and sum the absolute coordinate displacements. In a joint-energy ball this yields

∥D−1/2
0 (E ′KKT,y(z)− A0)D

−1/2
0 ∥ ≤ PN

√
N(∥z − z0∥D0 + d0).
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The square of PN in the allowed radius pays for both the residual constant and the Jacobian
Lipschitz constant. Choose a sufficiently small. The chord map z ↦→ z − A−1

0 EKKT,y(z) is a
contraction on a ball of radius 2PNd0 about z0, maps the ball to itself, and keeps it in the positive
cones and trace-one affine space. This proves root existence there and the first bound in Eq. (167).
The convex minimization has a unique root, so this is its optimizer. The inexpensive approximate
base inverse and additive-error chord iteration give the executable correction with the preceding
short precision. This proof also establishes boundedness of the model; no large signed-sum change
is presumed harmless from its Euclidean coordinate length alone.

The derivative in root variables of gi(z, t) is ⟨F2,i,∆P⟩+⟨F1,i,∆Q⟩. The two dual energy bounds
just proved hold along the straight segment inside the base ball. Integrating gives the gradient error
in Eq. (167). Positive scalar trace comparisons give the stated bounds on ιti + γ. The proof uses
only continuous first and second derivatives at coordinate zero.

Two separated gradient thresholds. Write κi = ιti + γ, so ϖi = (−β′′
i )κi ≥ κi/2. Fix a

positive rational inverse-polylogarithmic hN . The high test uses

|gi| ≤ hN
√︁

κi/N for every i. (168)

The application chooses hN small enough for its failed-gradient condition; the sweep proof below
applies to any such threshold. Put lN = hN/64. A separated numerical high test either certifies
some |gi| ≥ (hN/2)

√︁
κi/N or certifies Eq. (168). For instance compare an approximation with error

at most (hN/8)
√︁

κi/N against (3hN/4)
√︁

κi/N , with constant slack for square-root evaluation.

Lemma 4.17 (A gradient sweep using one root). A successful high test at a light root can be
handled by a deterministic gradient sweep. It ends either saturated, with true potential decrease at
least 1/(PNN), or unsaturated, with all its remaining nondeferred coordinates satisfying

|gi|/
√
ιti + γ ≤ hN/(8

√
N). (169)

The sweep uses one final optimizer correction and a single initial scan, of total cost ˜︁O(Nχ), plus
O(N2) work for each coordinate update. Over the whole signing trajectory the number of these
coordinate updates is at most k0 plus the number of saturated sweeps. Every sweep has a positive
inverse-polynomial decrease.

Proof. At its base store Eq. (166) and dyadic weights
√︂
κ0i ≤ ri ≤ 2

√︂
κ0i . Use an arc budget A∗, a

positive dyadic within fixed factors of
lN

CP 2
N

√
N

, (170)

where the fixed C is sufficiently large for Lemma 4.16 and the margins below. Track Z =∑︁
i ri|yi−y0i |. The low test selects coordinates with frozen derivative magnitude at least 2lN

√︂
κ0i /N ,

evaluated with error at most (lN/4)
√︂

κ0i /N . Absence of this test bounds every such magnitude by

(9lN/4)
√︂

κ0i /N .

On selecting i, move monotonically downhill for φi toward the endpoint target ±(1 − δend/2),
stopping early only when the arc budget is exhausted. Concavity ensures that the frozen derivative
keeps the same sign and its magnitude does not decrease along this move. The gradient error in

Eq. (167) is less than (lN/8)
√︂
κ0i /N , by Eq. (170). Thus the true potential decreases throughout,

with

Fs(y
0)−Fs(y) ≥

lN

2
√
N

∑︂
i

√︂
κ0i |yi − y0i | ≥

lNZ

4
√
N

. (171)
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Coordinates that reach their target are marked, but their coupling slots and reservoir are kept until
the end of the sweep. They remain inside the same open face at endpoint distance δend/2. No
optimizer is computed during these coordinate updates. Frozen functions of untouched coordinates
do not change, so one initial eligible list suffices.

All coordinates lie on one common sufficiently fine dyadic grid. Take the largest grid dis-
placement in the chosen direction not exceeding the endpoint or arc limit. If a last grid step
cannot use the entire arc, declare saturation only after Z ≥ A∗/2; a mesh smaller than a fixed
inverse-polynomial fraction of A∗/(k0max ri) ensures this. Unchanged coordinates need no re-
peated rounding. Eq. (171) then gives the asserted saturated decrease. In the unsaturated case
the eligible list is empty and the same error bound, followed by κi(y) ≥ κ0i /2, gives Eq. (169), with
ample slack.

A selected coordinate is processed just once unless it is the final partial coordinate of a satu-
rated sweep. Every complete coordinate update reaches a near-endpoint target and is permanently
removed at the next deferred batch. Consequently there are at most k0 complete updates and one
partial update per saturated sweep. Each has only a constant number of scalar budget evaluations
and a rank-one modeled sum update; charging ˜︁O(N2) per update is sufficient. Alternatively keep
only the exact coefficient list inside a sweep and reconstruct its modeled sum at the corrected
endpoint by the retained rank-one action. This avoids accumulation in the numerical sum and is
already included in the stated scan cost. The value and gradient comparisons at the end use the root
correction from Lemma 4.16. A nonempty unsaturated sweep has a complete coordinate displace-
ment of at least δend/2, since its base has no near-endpoint coordinates. Its decrease is therefore at
least lNδend

√
γ/(4
√
N) up to the fixed evaluation slack. This and the saturated bound are inverse

polynomial. The preceding finer common cache floor certifies the final value decrease.

4.20 A polynomial algorithm for the smaller constant

We prove the algorithmic assertion of Theorem 3.1. Use βtr, ιtr from Section 3.9, abbreviated by β, ι
here, and the direct mixed covariance of Lemma 3.6. The two gradient corrections in Eq. (68) are
not proportional to the covariance diagonal. We first give a direct implementation using the strict
descent of P. Entropy smoothing then improves its running time without changing the covariance
certificate or constant.

Preprocessing and the maintained model. Apply the same one-time input rounding and
variance scaling. Use grouped partial signing with its prescribed residual allowance. The input-
rounding transfer will use the internal constant Ctr,∗ := 3.34427 verified below. At most k ≤ n2

coordinates remain fractional and
∑︁

iC
2
i ⪯ I. Keep εscale := 10−8, ρ := εscale/n, and εround =

εdiscard = χ = eend := 10−6. Round the initial coefficients with Euclidean error at most εround/2 and
initialize the modeled sum at zero as before. Small-input rounding is applied in phases, as specified
below. It preserves the modeled sum and uses the same total allowance χ. Write ti := tr[Ci];
throughout, ti ≤ 1. Choose δend by Eq. (84). At endpoint distance at most δend, record the
fractional coefficient, preserve the current modeled contribution in F , and remove the coupling
slot. At the end, apply Lemma 4.3 jointly to all recorded coefficients. This lemma uses only
the variance bound and endpoint distances, so it applies to the present budget and pure matrix
potential. It is deterministic and costs less than εround/2 in discrepancy. Together with initial
rounding, the allowance remains εround. Now δ−1

end = O(log(2n)); in particular, δend ≥ a/n. The
initial matrix potential is at most 2

√
ι+ 2εscale.

Algorithm 4 collects the common preprocessing for Algorithm 3 and the square-root construc-
tion. Its accuracy inputs are ηps and εround; the signing algorithms use 10−7 and 10−6, respectively.
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Fix ξ := 10−8, εscale := 10−8, and εdiscard := 10−6 as in Sections 4.2 and 4.3. The output C is
the active matrix list. The record R stores original indices, eigenvalue signs, common scales, and
assigned signs; callers add each subsequently fixed sign to this record. The returned state satisfies
|I| ≤ n2,

∑︁
i∈I C

2
i ⪯ I, and F +

∑︁
i∈I yiCi = 0. Centering contributes a single error of at most

ηps + εround/2 from Section 4.4. When I = ∅, R already determines a complete signing.

Algorithm 4 Shared preprocessing for deterministic signing

1: procedure Preprocess(A1, . . . , Am; ηps, εround)
2: Initialize R and assign sign 1 to each zero input; set J ← {i : Ai ̸= 0}.
3: if J = ∅ then
4: return (∅,∅,∅, 0,R).
5: end if
6: For i ∈ J , record si ← sign(tr[Ai]) and set Bi ← siAi.
7: Apply the common power-of-two scaling and PSD dyadic rounding to Bi. ▷ Section 4.2
8: Normalize the rounded matrices to obtain Āi with

∑︁
i∈J tr[Āi] = 1; record the scales.

9: Set ζ ← ∥∑︁i∈J Ā
2
i ∥ and compute rational q > 0 with ζ ≤ q2 ≤ (1 + εscale)ζ. ▷ Section 4.3

10: Record arbitrary signs and discard indices with tr[Āi] < εdiscard/(m
2n) from J .

11: Set Ci ← Āi/q for i ∈ J .
12: Form common-grid Hermitian coordinates bi to Euclidean error ηps/(4m). ▷ Section 4.3
13: Apply grouped partial signing to (bi)i∈J with tolerance ηps/2, obtaining y0. ▷ Lemma 4.2
14: Set I ← {i ∈ J : |y0i | < 1} and k ← |I|; record y0i for every i ∈ J \ I.
15: if k = 0 then
16: return (∅,∅,∅, 0,R).
17: end if
18: Round y0I inward to a common dyadic grid of mesh δ0 ≤ εround/(2

√
k), obtaining y.

19: Set F ← −∑︁i∈I yiCi. ▷ Section 4.4
20: return ((Ci)i∈I , y, I, F,R).
21: end procedure

Lemma 4.18. Let k ≤ n2, let Ci ⪰ 0 have rank at most one, and let yi ∈ [−1, 1] be the initial
dyadic coefficients. Choose a common dyadic PSD rank-one cache with ∥ ˆ︁Ci − Ci∥F ≤ u, where
u ≤ χ/(64n2), and define

τsmall :=
χ

4n
, S := {i : tr[ ˆ︁Ci] ≤ τsmall}.

There is a deterministic choice of signs on S such that

∥
∑︂
i∈S

(σi − yi)Ci∥ < χ/2.

Every remaining matrix satisfies tr[Ci] ≥ χ/(8n). Given the cached matrices and coefficients, the
rounding costs O(kn2) arithmetic operations.

Proof. For independent signs with mean yi, centering and rank one give

E[∥
∑︂
i∈S

(σi − yi) ˆ︁Ci∥2F ] =
∑︂
i∈S

(1− y2i )∥ ˆ︁Ci∥2F ≤ kτ2small.

Derandomize this identity by conditional expectation. Starting with E = 0, at each coordinate
choose the sign minimizing ∥E + (σi − yi) ˆ︁Ci∥2F , and add its contribution to E. The two possible
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conditional expectations have weighted average equal to the current value, so choosing the smaller
cannot increase it. The final cache error is at most

√
kτsmall ≤ χ/4 in Frobenius norm. Consequently

∥
∑︂
i∈S

(σi − yi)Ci∥ ≤ χ/4 + 2ku ≤ 9χ/32 < χ/2.

If i /∈ S, then tr[Ci] > τsmall − nu ≥ 15χ/(64n) > χ/(8n). The difference between the squared
norms for signs 1 and −1 is 4(tr[E ˆ︁Ci] − yi tr[ ˆ︁Ci]

2). Each comparison and update therefore costs
O(n2) operations. Form the inner products, compare the two candidates, and update E in exact
arithmetic. At most k comparisons and updates give the stated cost.

Phases for small-input rounding. Set L := 1 + ⌈log2(2n2)⌉. At the start of a phase let K be
the current number of active coordinates. Apply Lemma 4.18 with cutoff

τK :=
χ

4L
√
K

, u ≤ χ

64Ln2
.

The cutoff can be rounded downward by a factor of at most two. Use one common cache of
this accuracy throughout the algorithm. The same conditional-expectation calculation gives a
discrepancy error of at most χ/(4L)+2Ku < χ/(2L) in this phase. Every retained trace is at least
χ/(16L

√
K): indeed the trace error is at most nu ≤ χ/(64Ln) and K ≤ n2. Keep the removed

fractional contributions in F , so this operation preserves the modeled matrix and only deletes
nonnegative coupling terms.

Start another phase whenever the active count becomes at most K/2. If small-input rounding
itself causes this, repeat before taking a local step. There are at most L phases, so the total
discrepancy error is less than χ/2, as before. During local steps of a phase, K/2 < k ≤ K and
consequently

ti ≥
a

L
√
k
, ϖi ≥

a

L2nk
. (172)

The second bound follows from ui, vi ≥ ati, wi, zi ≥ ati/n, and −β′′
i ≥ a. In particular the earlier

lower bound becomes ϖi ≥ aP−1
n n−3, which suffices below. Each phase costs O(Kn2) operations.

The starting counts decrease geometrically, so all such rounding uses ˜︁O(n4) arithmetic operations.
The signs are chosen by exact dyadic comparisons; these phases introduce no random bits.

Quantitative drift witnesses. In this paragraph, X ≲ Y means X ≤ PnY for a fixed positive
polynomial in log(2n); X ≳ Y has the reverse meaning. Choose a single sufficiently large polynomial
Pn to cover all such bounds below, enlarging it when finitely many factors are combined. On a
bounded-potential region, the same KKT estimates give

aI ⪯ U, V ⪯ C
√
nI, an−1I ⪯W,Z ⪯ I.

Together with the trace cutoff, the budget bounds, and lightness, these imply

ati ≤ ui, vi ≤ C
√
nti, an−1ti ≤ wi, zi ≤ ti,

βi ≳ 1, a ≤ pi, qi ≲ 1, a ≤ piqi ≲ 1,

c2i , d
2
i ≳ 1, c2i , d

2
i ≲ 1, a ≤ τ2i ≲ 1.

Indeed, δ−1
end = O(log(2n)) and piqi ≤ C/(1 − |yi|), while pi, qi ≥ 1/4. Lightness also gives the

stronger upper bound

ui, vi ≤
2

ιβi
≲ 1.
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The movement estimate in Eq. (64) gives

akact ≤ tr[RA] ≤ Ckact, RA := (I − ˆ︁T )A(I − ˆ︁T )⊤.
Rank-one Cauchy–Schwarz and W ⪰ ρU2, Z ⪰ ρV 2 give

wi ≥ ρu2i /ti, zi ≥ ρv2i /ti.

Consequently, writing ∆i := Diτ
2
i ,

∆i = p2iuiwi + q2i vizi ≥
a(u3i + v3i )

nti
≥ an−1t2i ≥ aP−1

n n−3. (173)

The budget bounds also give

a ≤ ki =
ι(−β′′

i )

2ηpiqi
≤ Cδ

−5/4
end ≲ 1.

Define the diagonal metric and the strict descent by

ϖi := ι(−β′′
i )(viwi + uizi), G := diag(ϖi), (174)

Dtr := κtr
∑︂
i

kiρratiDiπi =
κtr
2η

tr[GK]. (175)

The identity preceding Eq. (79) gives ϖi/∆i = 2ηkiρrati. At every light state, aP−1
n n−3 ≤ ϖi ≤ Pn.

Suppose that
|∂iP| < κ1P

−1
n n−1/2√ϖi for every active i. (176)

We first show that ˜︁wi/˜︁zi ∈ [1/2, 2]. The dual lower bounds and ui, vi ≥ ati give

ϖi

( ˜︁wi + ˜︁zi)2 ≲
ui + vi
wi + zi

≲ nti
ui + vi
u2i + v2i

≲ n.

Since ∂iP = τi( ˜︁wi − ˜︁zi) and τi ≥ a, Eq. (176) bounds | ˜︁wi − ˜︁zi|/( ˜︁wi + ˜︁zi) by 1/3, after enlarging Pn

and choosing κ1 sufficiently small. Consequently

1

2
≤ ρrati =

˜︁ui˜︁zi + ˜︁vi ˜︁wi˜︁ui ˜︁wi + ˜︁vi˜︁zi ≤ 2, ϖi ≍ ∆i

up to the polylogarithmic factors. The movement bound and Diπi = (RA)ei,ei/τ
2
i imply Dtr ≳ kact.

We bound the drift in the same metric. For its ordinary part, the terms containing β′
i cancel:

τi(˜︁ui + ˜︁vi) = piui + qivi = ui + vi. Thus |h(0)i | ≲ (ui + vi)Kii. The lower bounds on wi, zi imply

ϖi ≳
uivi(ui + vi)

nti
,

(ui + vi)
2

ϖi
≲ nti(1/ui + 1/vi) ≲ n.

It follows that
∑︁

i |h
(0)
i |
√
ϖi ≲

√
n tr[GK].

For the trace correction, the compact certificate and block weights give

|a∗,i|+ |we
i | ≤ C, |wef

i | ≤ C
√︁
δi, 0 < wf

i ≤ Cδi,

δi(b
2
∗,i + r2∗,i) ≤ C, |δid∗,i| = |j0i| ≤ C.
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Hence h∗,i, j∗,i, q∗,i, δip∗,i are bounded. Set si := min{ui, vi} and ri := max{ui, vi}/si ≥ 1 within
this paragraph. Then si ≥ ati, max{ui, vi} ≲ 1, and |υi| ≲

√
ri. For r ≥ 1,

(1 + r)2(1 +
√
r)2

1 + r3
≤ 16,

r(1 +
√
r)2

1 + r3
≤ 2.

Since δi = ιβiuivi, Eq. (173) gives

(ui + vi)(1 + |υi|)√
∆i

≲
√︁
nti/si ≲

√
n, (177)

δi(1 + |υi|)2
∆i

≲
nti
si

ri(1 +
√
ri)

2

1 + r3i
≲ n. (178)

The diagonal and lower off-diagonal correction is

ν
(0)
i =

δi[h∗,i − j∗,i + p∗,iυi]τi(˜︁ui − ˜︁vi)
∆i

.

Since |τi(˜︁ui − ˜︁vi)| ≤ ui + vi and ϖi ≲ ∆i, Eq. (177) gives
√
ϖi|ν(0)i | ≲

√
n. The upper correction is

ν
(1)
i := q∗,iΩi. The balance ˜︁wi/˜︁zi ∈ [1/2, 2] and Eq. (60) give |Ωi| ≲ (uivi)

3/2/∆i. Since |q∗,i| ≲ 1
and ϖi ≍ ∆i,

√
ϖi|ν(1)i | ≲

(uivi)
3/2

√
∆i

≲
√
nti

(uivi)
3/2√︂

u3i + v3i

≲
√
n.

The last inequality uses lightness, ui, vi ≲ 1, and ti ≤ 1. Thus the weighted sum for ν(1) is at most
Pn
√
nkact. All helper functions are fixed polynomials in |yi| and Hi := ι2β2

i uivi/(1 − y2i ) ∈ [0, 1].
No derivatives of these helpers enter the descent argument.

For the mixed correction, retain the coefficient Γi in the coercivity inequality. The response
condition gives Ei−Yi = e⊤i

ˆ︁Tξ and Fi = f⊤
i
ˆ︁Tξ. Since Γ is scalar on each paired plane and A ⪯ CI,

Eq. (45) gives ∑︂
i

ΓiE[(Ei − Yi)
2 + F2i ] = tr[ ˆ︁T⊤Γ ˆ︁TA] ≤ C tr[ˆ︁Daux] = 2Ckact. (179)

Set Zi := Ei − Yi + υiFi. Eq. (178) and δi = 1/Γi imply∑︂
i

E[Z2
i ]

∆i
≤
∑︂
i

(1 + |υi|)2
∆i

E[(Ei − Yi)
2 + F2i ] ≲ nkact.

The definition of θi, |gi| ≲ 1, and ϖi ≍ ∆i now give, by Cauchy–Schwarz,∑︂
i

|θi|
√
ϖi ≲

∑︂
i

|E[YiZi]|√
∆i

≤
√︄∑︂

i

E[Y2
i ]

√︄∑︂
i

E[Z2
i ]

∆i
≲
√
nkact.

Here
∑︁

i E[Y2
i ] = tr[RA] ≤ Ckact. Combining the contributions proves, under Eq. (176),

Dtr ≳ kact, LP ≤ −Dtr,
∑︂
i

|hi|
√
ϖi ≤ Pn

√
nDtr. (180)

Thus, for a sufficiently small absolute κ1 > 0,

max
i

|∂iP|√
ϖi
≥ κ1P

−1
n n−1/2 or λmin(G

−1/2∇2PG−1/2) ≤ −κ1. (181)

Indeed, failure of the first inequality makes the drift term smaller than Dtr/4 in absolute value. If
the second also fails, then Eq. (175) gives tr[K∇2P]/2 > −Dtr/4 after decreasing κ1. Their sum
cannot be at most −Dtr. The algorithm uses this alternative without computing the covariance,
drift, or helper coefficients.
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Multiplicity of negative curvature. The same covariance construction can be restricted to a
prescribed subspace of physical directions. Let its codimension be q ≤ k/8. The response graph
is bijective, so the restricted response space has dimension ℓ := k − q. In Lemma 3.6, use an
orthonormal basis E of this space and set

A := E(E⊤D−1E)−1E⊤, B := D−A.

All row completions and trace identities remain unchanged. The only rank-dependent equality is
now tr[D−1A] = k − q. Thus the right side of Eq. (63) acquires exactly the additive term q.

The movement lower bound remains proportional to k. To check this without using the smallest
weight, the block bounds in that lemma give A ⪯ CI and D−1 ⪯ CΠ0+CΓΠ1. The response identity
and energy dominance imply

tr[E⊤D−1E] ≤ Ck, ∥ ˆ︁T∥2F ≤ 2k/ι.

Writing Π := EE⊤, we have

tr[(I − ˆ︁T )Π] ≥ ℓ−
√︁
2kℓ/ι ≥ k/16.

For the last inequality, the expression increases for ℓ ≥ 7k/8, and (13/16)2 > 7/(4ι) for ι = 699/250.
Weighted Frobenius Cauchy–Schwarz, with CE := E⊤D−1E, gives

(tr[(I − ˆ︁T )Π])2 ≤ tr[(I − ˆ︁T )A(I − ˆ︁T )⊤] tr[CE ].

Hence ak ≤ tr[(I − ˆ︁T )A(I − ˆ︁T )⊤] ≤ Ck. The upper bound follows from A ⪯ CI and energy
dominance.

All the preceding drift estimates hold for this restricted covariance: they used precisely these
movement bounds, A ⪯ CI, and Eq. (179), which still follows from ˆ︁T⊤Γ ˆ︁T ⪯ ˆ︁Daux. Thus, at a
failed gradient test, its physical covariance Kq satisfies

Dq ≥ aP−1
n k, Dq =

κtr
2η

tr[GKq], ∇P · hq +
1

2
tr[Kq∇2P] ≤ −Dq + q, (182)

and
∑︁

i |(hq)i|
√
ϖi ≤ Pn

√
nDq. Choose the common gradient threshold small enough that its drift

term has magnitude at most Dq/4, uniformly over the restricted spaces.
There are a fixed γ > 0 and an inverse-polylogarithmic πn > 0 such that

#{λj(G
−1/2∇2PG−1/2) ≤ −8γ} ≥ πnk. (183)

Indeed, suppose the number on the left is q < πnk, and restrict to the inverse image of its orthogonal
complement. Choose πn ≤ 1/8 and πnk ≤ Dq/4 using the uniform lower bound in Eq. (182). On
this complement,

1

2
tr[Kq∇2P] ≥ −4γ tr[GKq] ≥ −Dq/4

if γ ≤ κtr/(32η). The left side of Eq. (182) is then at least −Dq/2, whereas its right side is at most
−3Dq/4, a contradiction. This also covers πnk < 1, since q is an integer. These covariances are
proof witnesses and are not computed.
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Deterministic selection of a spread direction. We give the selection procedure explicitly.
Suppose a real symmetric k × k matrix H has norm at most a polynomial in n, and at least πnk
eigenvalues at most −4γ. Set B := H + 2γI and define the bounded filter

F∗ :=
1

2
(I −B(B2 + ϵ2I)−1/2).

Choose a positive inverse-polynomial ϵ sufficiently small. The scalar formula shows that 0 ⪯ F∗ ⪯
I, tr[F 2

∗ ] ≥ πnk/2, and ∥ΠbadF∗∥ ≤ ϵ2/(4γ2), where Πbad is the spectral projection of H onto
eigenvalues larger than −γ. Compute a symmetric dyadic approximation F such that

∥F∥ ≤ 2, tr[F 2] ≥ πnk/2, ∥ΠbadF∥ ≤ ηf , η2f ≤
γπn

16(∥H∥+ γ)
. (184)

There is slack for the trace guard: taking ϵ ≤ γ/2 makes F∗ ≥ 3/4 on the specified negative
eigenspace, and decreasing ϵ further makes this eigenvalue arbitrarily close to one. No spectral
projection is needed in the computation.

The inverse square root can be evaluated to inverse-polynomial accuracy in ˜︁O(kω0) arithmetic
operations. Define A := B2+ϵ2I, and choose known bounds a0I ⪯ A ⪯ b0I, with a−1

0 , b0 polynomial
in n. For a prescribed inverse-polynomial error ηs, use

A−1/2 =
2

π

∫︂ ∞

0
(A+ t2I)−1dt.

Choose an integer J = O(logn) so that 2−J(a−1
0 + 1) ≤ ηs/8. Truncating the integral to [2−J , 2J ]

has operator error at most ηs/8 before the factor 2/π. Split this interval into [a, 2a] with a = 2j .
Define Ra := (A/a2 + (5/2)I)−1, so ∥Ra∥ ≤ 2/5. On each interval the geometric expansion gives∫︂ 2a

a
(A+ t2I)−1dt = a−1

s−1∑︂
ℓ=0

cℓR
ℓ+1
a + Ea, cℓ :=

∫︂ 2

1
(5/2− u2)ℓdu.

Since |5/2−u2| ≤ 3/2, the remainder summed over all intervals has norm at most (3/5)sπ/(2
√
a0).

Choose s = O(log n) to make this at most ηs/8. The coefficients are explicit:

cℓ =

ℓ∑︂
v=0

(−1)v
(︃
ℓ

v

)︃
(5/2)ℓ−v 2

2v+1 − 1

2v + 1
.

The sum of the absolute values of these terms is at most 2(13/2)ℓ, which is polynomial for ℓ ≤ s.
Evaluate these rational coefficients in exact arithmetic. Form each positive-definite shifted inverse
by recursive block inversion, as in Lemma 4.1, using O(kω0) arithmetic operations. Evaluate the
finite matrix sums exactly, and approximate the scalar constant 2/π by a convergent series to
sufficiently small inverse-polynomial error. All matrix and coefficient magnitudes are polynomial,
so the truncation bounds and this scalar error give total error at most ηs. There are O(log n)
intervals and O(log n) products per interval. Thus the total arithmetic cost is ˜︁O(kω0). Choose ηs
below a fixed fraction of the filter guards divided by 1 + ∥B∥, symmetrize the output, and use the
trace slack above to obtain Eq. (184).

To obtain a flat vector, consider independent signs ξj only as a device for conditional expectation,
and put

Φ(ξ) := ∥Fξ∥2 − λf

∑︂
i

cosh((Fξ)i), λf := πn/100.
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Each row has squared norm at most four. Since
∏︁

j cosh(Fij) ≤ exp(
∑︁

j F
2
ij/2) < 8, Eq. (184)

gives E[Φ] ≥ πnk/2− 8λfk > 2πnk/5. Fix the signs one at a time, choosing the larger conditional
expectation, to additive error at most πn/100 per decision. Then z := Fξ satisfies

Φ(ξ) ≥ πnk/4, ∥z∥2 ≥ πnk/4, ∥z∥∞ ≤ log(800k/πn).

For the last inequality use ∥z∥2 ≤ 4k and λf cosh(zi) ≤ ∥z∥2. Also Eq. (184) gives

z⊤Hz ≤ −γ∥z∥2 + (∥H∥+ γ)η2fk ≤ −3γ∥z∥2/4.

Maintain the prefix sum, the remaining squared column norms, and the row products in the
conditional estimator. Each choice costs ˜︁O(k) arithmetic operations, hence the total is ˜︁O(k2). At an
accepted prefix the positive conditional estimator and the quadratic bound 4k give cosh(vi) ≤ 4k/λf

for the prefix sum v. A trial changes an argument by at most two, and each remaining product
is between one and eight. Taylor series therefore evaluate these scalar candidates to the required
absolute tolerance in polylogarithmically many arithmetic operations per term.

Apply this procedure to a symmetric approximation of ˆ︁G−1/2∇2P ˆ︁G−1/2 with operator error
at most γ/4. Eq. (183) and ˆ︁G ⪯ G ⪯ 2 ˆ︁G supply the required multiplicity with slack. Undo the
diagonal scaling and normalize, r := ˆ︁G−1/2z/∥ ˆ︁G−1/2z∥. The computed direction, after sufficiently
accurate dyadic rounding and normalization, has certified bounds

r⊤∇2Pr ≤ −ar⊤Gr, ∥r∥2∞ ≤ Pnn(r
⊤Gr). (185)

The curvature margin follows from the preceding quotient and the operator error. For the second
bound, before the harmless rounding,

∥r∥2∞
r⊤Gr

≤ maxi(z
2
i /ˆ︁ϖi)

∥z∥2 ≤ Pn

kmini ˆ︁ϖi
≤ Pnn

by Eq. (172). All quantities have polynomial reciprocals where needed, so the rounding and the final
quotient and spread checks require only inverse-polynomial accuracy. The procedure is deterministic
and its guarantees hold at repeated eigenvalues of H.

Final constant. Short-precision partial signing costs at most ηps; initial rounding and near-
endpoint removals cost at most εround; small-input removals cost at most χ; endpoint repairs cost
at most eend. Restoring variance scaling and the earlier discarded inputs, the internal coefficient is
at most

(2
√︁

699/250 + 2εscale + εround + χ+ eend + ηps)
√
1 + εscale + εdiscard < Ctr,∗ = 3.34427.

To check the strict inequality, define ϵ := 10−8 and b∗ := 3.34427− 10−6 − (3 · 10−6 + 10−7)(1 + ϵ).
Exact rational arithmetic gives

b∗ =
3344265899999969

1015
> 0, b2∗ − 4(699/250 + 2ϵ)(1 + ϵ) > 10−4. (186)

Taking positive square roots and using
√
1 + ϵ ≤ 1 + ϵ proves the strict inequality. The one-time

input approximation, with ξ = 10−8 as above, changes the coefficient to at most Ctr,∗(1+6ξ)+2ξ <
3.3443. These allowances give the stated discrepancy constant.
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Entropy smoothing for the smaller constant. We now reduce the dimension exponent by
smoothing the matrix maximum. The budget, coupling, preprocessing, and rounding allowances
remain unchanged. Set

Llog := ⌈log2(4n)⌉, τs := 10−8/Llog,

and define, on matrix pairs,

C(P, y) := (U−1 +M(y) +Ky(V ), V −1 −M(y) +Ky(U)), P := (U, V ).

Use the smoothed potential without a scalar reservoir:

Ps(y) := min
U,V≻0

{ρ tr[U + V ] + τs log tr[exp(C(P, y)/τs)]}. (187)

The trace and exponential in this formula act on the block-diagonal matrix associated with the
pair. The log-sum-exp inequalities give

∥M(y)∥ ≤ P(y) ≤ Ps(y) ≤ P(y) + τs log(2n) ≤ P(y) + 10−8. (188)

Let Q := (W,Z) be its Gibbs state. Stationarity in U, V gives

tr[Q] = 1, JQ = ρE, W = UKy(Z)U + ρU2, Z = VKy(W )V + ρV 2.

The bounded-sublevel, positive-inverse, and unique-root arguments in Section 4.13 use these iden-
tities and nonnegative coupling coefficients. They therefore apply to βtr and ι = 699/250. In
particular all the primal and dual bounds used above remain valid. The budget inequalities needed
there follow from the fixed even polynomial and its 3/4 endpoint power on the truncated interval.
No reservoir is used in these root estimates.

Transfer of the trace-corrected covariance. It is essential to distinguish the comparison
response from the derivative of the smoothed optimizer. At a smoothed root and for a direction r,
the inverse function theorem supplies a local comparison path Pc(t) satisfying

C(Pc(t), y + tr) = C(P, y), Pc(0) = P.

Indeed the derivative with respect to P is −J , which is invertible by the strict dual identities. Its
first derivative satisfies Eq. (35). The comparison value

φr(t) := ρ tr[Pc(t)] + τs log tr[exp(C(P, y)/τs)]
majorizes Ps(y + tr) and agrees with it at zero. The second term is constant along this path.
Pairing the first and second differentiated constraint equations with Q gives

∂iPs = piwi − qizi, (189)

1

2
r⊤∇2Psr ≤ Q(r) +

∑︂
i

mi(r)−
1

2
r⊤Gr. (190)

Here G = diag(ϖi) is exactly Eq. (174), evaluated at the smoothed root; Q(r) and mi(r) use the
comparison derivatives U̇c, V̇c, as in Eq. (66). There is no entropy remainder in Eq. (190).

The response graph, energy dominance, and local trace identities of Lemma 3.6 require the
response equation, the strict dual identities, rank one, and lightness. They do not require C = bE.
Thus that lemma, the exact mixed correction, and its scalar certificate apply verbatim to the
comparison response, with ∇Ps in place of ∇P. The covariance restriction proof also applies.
In particular the drift estimate in Eq. (180), the separated gradient test, and the multiplicity in
Eq. (183) hold for Ps. The deterministic filter consequently supplies

r⊤∇2Psr ≤ −ar⊤Gr, ∥r∥2∞ ≤ Pnn(r
⊤Gr), ∥r∥2 = 1. (191)

The phase trace floor in Eq. (172) is unchanged.
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Local steps and optimizer correction. We now use derivatives of the actual smoothed opti-
mizer. On the trace-zero dual space define the entropy energy

E(B)2 := τs⟨B,D logQ[B]⟩.
For a local line let A := P′, B := Q′, F2 := A′Q, and θ := r⊤Gr. The exact envelope identity and
the coupling bound are

P ′′
s = −θ + e(A)2 + 2⟨F2, A⟩+ E(B)2, |⟨F2, D⟩| ≤ Pn

√
θe(D). (192)

The Gibbs variance and relative-dual estimates in Eqs. (125) and (126) apply here. Together with
the forced energy identity they show, on a coordinate line with θ0 = ϖi(y),

e(A) + E(B) ≤ Pn

√︁
θ0, |P ′′

s | ≤ Pnθ0, |ϖ′
i| ≤ Pn(1 +

√︁
nθ0)ϖi

in its comparison tube. To check the forcing without a reservoir, write νi := tr[Ci]. Its signed-matrix
term obeys

tr[QF 2
1 ] = νi(p

2
iwi + q2i zi) ≤ Pnνi(wi + zi) ≤ Pn(viwi + uizi) ≤ Pnϖi,

using ui, vi ≥ aνi and the expanded light bounds. This is the coordinate estimate of Section 4.15
with the reservoir set to zero; its use does not require a floor of order 1/k.

Face changes for the smoothed implementation. We retain the phase cutoff and determin-
istic small-input rounding. At a regular endpoint, choose the score accuracy to satisfy

δ ≤ min{eend/(16n2), δend/8, ρδ
3
end/(16(4ι

2 + 2ι))}.
For a move to 1, write di := 1− yi ≥ δend, νi := tr[Ci] ≤ 1, and hi := ιβiui + di. Test the new face
at the old U and V + := (V −1 + hiCi)

−1. Its minus constraint block is unchanged; its plus block is
at most the old block plus 2δCi. Order monotonicity and translation by a scalar identity give

Ps,old − Ps,new ≥ ρ
hiv

2
i

νi(1 + hivi)
− 2δνi ≥ aρδ3end.

For the second bound, the conservative trigger implies vi ≥ δend/(2ι), while hi ≥ δend. The fraction
is increasing in hi, vi and decreasing in νi. The move to −1 exchanges the two blocks. Thus only˜︁O(n) regular endpoints occur. Their charged continuation is verified below using Lemma 4.15.

For a deferred or small-input removal, preserve M and attenuate its coupling slot before deleting
it. The argument in Lemma 4.13 also applies with no reservoir. Explicitly, write the slot as e−sKi,
let Ks be its pair map, and put v(s) := ⟨Q,KsP⟩ ≥ 0. The envelope and root forcing give

P ′
s(s) = −v(s), e(P′) + E(Q′) ≤ Pn

√︁
v(s), |v′(s)| ≤ Pnv(s).

These estimates only use positivity and inclusion of the slot in the full coupling. In particular
they apply to small-input removals, not only coordinates close to an endpoint. A step of order
1/(Pn(1+

√︁
nv(s))) admits an anchored correction. Track to a positive slot weight below the root-

cache floor divided by a fixed polynomial in n, k, then delete its remainder and correct once. Its
negative logarithm is polylogarithmic. The root inverse has a uniform polynomial bound also at
zero slot weight, so this last jump fits the Newton ball. The arithmetic continuation in Lemma 4.13
supplies the required corrections and residual tests.

For a removal with potential drop ∆i, integration and Cauchy–Schwarz bound its corrected
stages by ˜︁O(1 +

√
n∆i). We apply this bound to positive-slot batches below. The partial-signing

residual, small-input signs, and final deferred rounding have exactly their previous discrepancy
allowances.
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Hessian assembly. For completeness the smoothed Hessian is explicitly constructible. Let Lr :=
Cy[r], let Tr := A′

y[r]Q, and let QQ denote the Gibbs covariance in Eq. (124). Then

Js := E + JQQJ , B := T −JQQL,

and the ordinary Hessian of the optimized value is

∇2Ps = −G+ L⊤QQL−B⊤J−1
s B. (193)

This follows by differentiating the primal objective twice and taking the Schur complement in
its minimizing variables. In real Hermitian coordinates all maps have order O(n2) and k ≤ n2.
The maps L, T have explicit rank-one columns, while QQ has logarithmic-mean coefficients in a
basis diagonalizing W,Z. Forming their coordinate matrices costs ˜︁O(n4). Their products, the
coupling blocks, and the inverse of Js cost ˜︁O(n2ω0), including short-precision inversion. Indeed
E ⪯ Js ⪯ PnE and E ⪰ an−3/2I, so all inverse norms are polynomial. Symmetrize and compute
sufficiently accurate entries to enclose the true scaled Hessian in operator norm. The deterministic
filter already proved above has the same ˜︁O(n2ω0) cost.

All root, metric, score, and filter enclosures have polynomial condition and are evaluated to
inverse-polynomial accuracy. The explicit anchored corrections and scalar logarithmic-mean eval-
uation from Section 4.17 apply unchanged; comparisons reserve fixed fractions of the certified
decreases below. Finally, smoothing adds at most 10−8 to the initial potential. The conservative
endpoint comparison and numerical tolerances use less than eend/2 in total, and 10−8 < eend/2.
Their sum therefore fits the same eend = 10−6 allowance in the final-constant calculation above.
Its exact rational margin and input-rounding transfer still give 3.3443, and hence partition con-
stant 1.67215. All sign choices, root solves, and curvature searches in this implementation are
deterministic.

A small reservoir and two diagonal metrics. We control the matrix response of a curvature
direction as well as its coordinates. The coupling and scalar certificate remain unchanged. In a
phase starting with K coordinates, choose a positive dyadic λK within fixed factors of a/(Pnn

√
K)

and set
Fs := Ps + λK

∑︂
i∈I

βi, G+ := G+ λK diag(−β′′
i ). (194)

Here and below a is a sufficiently small fixed constant and Pn is a sufficiently large fixed polylog-
arithm. Fix these choices once, including the finite number of inequalities below. The optimizer
does not depend on λK . The total positive reservoir injection, including initialization and all phase
changes, is at most ∑︂

phases

λKK ≤ Ca

Pnn

∑︂
phases

√
K ≤ Ca/Pn.

Choose it below eend/4. Reservoir removals are nonnegative. Thus the sum of all accepted potential
decreases is still bounded by an absolute constant.

Gradient tests use G, not G+. By Eq. (172) and the truncated budget bounds, we can choose
λK so that

|λKβ′
i| ≤ aP−1

n

√︁
ϖi/n

with any prescribed fixed slack. A failed separated gradient test for Fs therefore implies the
hypothesis of Eq. (182) for Ps. For every restricted covariance Kq, adding the reservoir gives

1

2
tr[Kq∇2Fs] ≤ −

3

4
Dq + q − λK

2
tr[Kq diag(−β′′

i )].
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Here the drift is paired with ∇Ps, whose magnitude is at most Dq/4. Since Dq is a fixed positive
multiple of tr[GKq], the same restriction argument proves Eq. (183) with G+ and ∇2Fs, after
decreasing its fixed constants. Moreover, during this phase,

G+ ⪰
a

Pnn
√
k
I, K/2 < k ≤ K. (195)

Deterministic control of the matrix responses. Let V denote the bounded symmetric filter

constructed above, now for H := G
−1/2
+ ∇2FsG

−1/2
+ . Its guards give ∥V∥ ≤ 2 and tr[V2] ≥ πnk/2.

Its leakage outside the negative spectral subspace can be made any prescribed inverse polynomial.
For a physical direction r, let A(r), B(r) be the derivatives of the actual smoothed primal and dual
optimizers. Introduce the four real-linear Hermitian-valued maps

T1r := U−1/2AU (r)U
−1/2, T2r := V −1/2AV (r)V

−1/2,

T3r := W−1/2BW (r)W−1/2, T4r := Z−1/2BZ(r)Z
−1/2.

For r = G
−1/2
+ Vx, completing the square in Eq. (192), with the reservoir included, gives

e(A(r)) + E(B(r)) ≤ Pn∥x∥2, ∥TℓG−1/2
+ V∥2→F ≤ Pn

√
n. (196)

Indeed, the direct term is −r⊤G+r, and the coupling term is bounded by Pn

√
r⊤Gre(A). On the

negative subspace the Hessian quadratic form is nonpositive; the leakage contributes at most ∥x∥2
after tightening its error. The primal relative Frobenius bound follows from

U−1/2WU−1/2 ⪰ aI/n, V −1/2ZV −1/2 ⪰ aI/n.

For the dual bound, let qi be the eigenvalues of Q. The entropy energy of B has coefficient

τsqiqj/L(qi, qj) ≥ aτs/n

on the entries of Q−1/2BQ−1/2, where L is the logarithmic mean and L(qi, qj) ≤ max(qi, qj). This
proves Eq. (196) for complex Hermitian matrices as well.

Put Dℓj := TℓG−1/2
+ Vej . For each ℓ,

∥
∑︂
j

D2
ℓj∥ ≤ Pnn

2. (197)

To see this, fix a unit vector v. The real-linear map D ↦→ Dv from Hermitian matrices with
Frobenius norm has norm at most one and rank at most 2n. Its composition with the map in
Eq. (196) therefore has squared Frobenius norm at most 2n(Pn

√
n)2. This is precisely

∑︁
j ∥Dℓjv∥2;

enlarging Pn proves the claim.
We now choose signs ξj deterministically. The following conditional-expectation calculation uses

independent uniform signs only as a proof device. Choose s := 1/(Pnn) so that s2∥∑︁j D
2
ℓj∥ ≤ 1.

Consider

∥Vξ∥2 − πn
100

∑︂
i

cosh((Vξ)i)−
πnk

1000n

4∑︂
ℓ=1

∑︂
ε=±1

tr[exp(εs
∑︂
j

ξjDℓj)]. (198)

Use the exact conditional expectation for the first two terms. For a partial assignment with re-
maining set J , replace a matrix penalty by

tr[exp(εsSℓ + (s2/2)
∑︂
j∈J

D2
ℓj)], Sℓ :=

∑︂
j /∈J

ξjDℓj .
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This is a pessimistic estimator: its two children have average at most its current value. Apply the
trace-exponential concavity inequality [Tro12, Corollary 3.3] and then log cosh(sD) ⪯ s2D2/2. No
commutativity of the different Dℓj is used. Initially each matrix penalty is at most ne1/2, whereas
each scalar penalty has expectation at most e2, because every row of V has squared norm at most
four. The initial lower estimator is consequently at least πnk/3. At each assignment choose the
child with the larger lower estimator. Errors below πn/100 per comparison leave a final value at
least πnk/4.

Writing z := Vξ, positivity of all penalties and ∥z∥2 ≤ 4k give

∥z∥2 ≥ πnk/4, ∥z∥∞ ≤ Pn, ∥
∑︂
j

ξjDℓj∥ ≤ Pnn.

Both signs in the exponential penalty are needed for the last operator-norm bound. Normalize

r := G
−1/2
+ z/∥G−1/2

+ z∥2 and put θ := r⊤G+r. The filter leakage, chosen smaller than a fixed
inverse-polynomial multiple of πn, gives

r⊤∇2Fsr ≤ −aθ, R := ∥r∥∞ +max
ℓ
∥Tℓr∥ ≤ Pndk

√
θ, dk := min{√n, n/

√
k}. (199)

For the matrix term, combine the last display with Eq. (196). For the coordinate term, Eq. (195)
gives ∥r∥2∞/θ ≤ Pnn/

√
k. This is at most Pnd

2
k because 1 ≤ k ≤ n2.

The sequential sign choices cost ˜︁O(k2 + kn3) once the response columns are available. Scalar
conditional expectations are maintained as in the earlier flat-vector construction. For the matrix
terms maintain Sℓ and the sum of the remaining squares, and evaluate the eight trace exponen-
tials at each child by symmetric matrix-function evaluation. This costs ˜︁O(n3) per choice. Every
retained lower estimator is positive, so its matrix penalties are bounded by O(n/πn). Their vari-
ance terms are PSD and bounded in norm. Including both signs then bounds all their exponent
matrices in norm by O(log(2n/πn)). A trial child changes this norm by a polynomially bounded
amount, in fact s∥Dℓj∥ ≤ Pn/

√
n. Thus the scalar and matrix functions, response columns, and

all conditional comparisons can be enclosed at logarithmic working precision with any prescribed
inverse-polynomial error. Choose Pn in s also to bound s∥Dℓj∥ by one. The selection has no
randomized fallback.

A finite-step estimate from linear primal and dual paths. Matrix response control at one
root does not by itself control the actual optimizer along a longer step. We instead use linear
comparison paths and bound their entropy residual. Write A := A(r), B := B(r), and, for this
paragraph only, define

Pt := P+ tA, Qt := Q+ tB, yt := y + tr.

For |t|R ≤ a/Pn, these matrices remain positive and comparable to their base values, tr[Qt] = 1,
and all coordinates remain at endpoint distance at least δend/2. Define

S(t) := ρ tr[Pt] + ⟨Qt, C(Pt, yt)⟩ − τs tr[Qt logQt] + λK

∑︂
i

β(yi + tri).

Stationarity and its first derivative imply

S(0) = Fs(y), S′(0) = F ′
s[r], S′′(0) = F ′′

s [r, r].

Let c0, c1 be the scalar multipliers in the Gibbs equation and its derivative. The Hermitian residual

E(t) := C(Pt, yt)− τs logQt − (c0 + c1t)I
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satisfies E(0) = E′(0) = 0. We claim that, on this linear comparison interval, there is a PSD pair
J(t) with

−J(t) ⪯ E(t) ⪯ J(t), ∥J(t)∥ ≤ PnR
2t2, ⟨Qt, J(t)⟩ ≤ Pnθt

2, |S′′′(t)| ≤ PnRθ. (200)

Here the bounds use e(A)2+E(B)2 ≤ Pnθ, which follows from the envelope identity for the selected
negative direction, and not from the norm of its sign seed.

We give the majorants explicitly enough to verify both different bounds in Eq. (200). Along the
linear path, the second derivative of each constraint block is a sum of an inverse quadratic, a term
Kyy[r, r]Pt, and 2K′

y[r]A. An inverse quadratic is PSD, has operator norm at most Pnmaxℓ ∥Tℓr∥2,
and weighted trace at most Pne(A)

2. The direct coupling term has a PSD absolute majorant with
norm at most Pn∥r∥2∞ and weighted trace at most Pnr

⊤Gr. Use |β′′|/β ≤ Pn and the bounded
operator norms of Ky(U),Ky(V ).

For the mixed term, rank one and scalar Young’s inequality majorize each absolute coefficient,
up to a fixed factor, by

(−β′′
i )r

2
iCiPCi +

(β′
i)
2

−β′′
i

CiAPP
−1APCi,

where P is the relevant primal block. This uses | tr[CiAP ]|2 ≤ tr[CiP ] tr[CiAPP
−1AP ]. The

operator norm of the sum is at most Pn(∥r∥2∞ + ∥P−1/2APP
−1/2∥2). Its weighted trace is at

most Pn(θ + e(A)2): pair the second sum with the dual block, use (β′
i)
2/[(−β′′

i )βi] ≤ Pn, and
then Ky(Z) ⪯ U−1WU−1 and its exchanged identity. All these bounds remain valid on the linear
paths by fixed-factor Loewner comparisons and scalar budget comparisons; no order comparison of
noncommuting products is required.

Finally, −D2 logQ[B,B] is PSD, has norm at most 2∥Q−1/2BQ−1/2∥2, and satisfies

− tr[QD2 logQ[B,B]] = tr[BD logQ[B]].

For the norm assertion use the resolvent representation of log: if T := Q−1/2BQ−1/2 and Ru :=
(Q + uI)−1, then BRuB ⪯ ∥T∥2Q, so 2

∫︁∞
0 RuBRuBRudu ⪯ 2∥T∥2I. The trace identity follows

by differentiating tr[QD logQ[B]] = tr[B] along Q + tB. Multiplication by τs gives weighted trace
E(B)2. Entropy energies along comparable linear matrices are comparable by the same resolvent
formula. Integrate these PSD absolute majorants for E′′ twice. This proves the first three assertions
of Eq. (200).

For the last assertion, differentiate S three times. Inverse cubic words cost at most PnRe(A)2;
differentiating the direct coupling or its scalar budget costs at most PnRθ. The terms containing
B paired with the second constraint derivative cost at most its PSD weighted majorant times
Pnmaxℓ ∥Tℓr∥, because −RQt ⪯ B ⪯ RQt up to a fixed factor. The entropy cubic costs at most
PnRE(B)2, by the preceding positive resolvent majorant. The scalar reservoir cubic is bounded by
Pn∥r∥∞λK

∑︁
i(−β′′

i )r
2
i . These are all terms, since both matrix paths are linear, and prove the last

assertion.
For completeness, the entropy residual converts this comparison into an upper bound on the

optimized value. If Q ≻ 0 has trace one and ∥E∥ ≤ τ/2, Golden–Thompson and ex ≤ 1 + x + x2

for |x| ≤ 1/2 give
τ log tr[exp(logQ+ E/τ)]− tr[QE] ≤ τ−1 tr[QE2]. (201)

Indeed the exponential trace is at most tr[QeE/τ ]; apply the scalar inequality spectrally and then
log(1 + x) ≤ x. If −J ⪯ E ⪯ J , factor E = J1/2TJ1/2 with ∥T∥ ≤ 1. It follows that E2 ⪯ ∥J∥J .
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Apply this to Eq. (200) and use τ−1
s ≤ Pn. Evaluating the primal objective at Pt, rather than its

minimizer, yields the rigorous finite-step bound

Fs(yt) ≤ Fs(y) + tF ′
s[r] +

t2

2
F ′′
s [r, r] + PnRθ|t|3 + PnR

2θt4. (202)

The smallness ∥E(t)∥ ≤ τs/2 is ensured by the same choice of Pn and step below. This argument
uses no transport assumption about the optimizer between the two endpoints.

Orient r so that its directional gradient is nonpositive, allowing error at most aθt in this com-
parison, and take a dyadic step within fixed factors of

t :=
a

P 2
ndk
√
θ
. (203)

Eqs. (199) and (202) give a true decrease at least a/(Pnd
2
k), after enlarging Pn. The chosen branch

and the comparison value are bounded throughout the segment. We evaluate only this oriented
trial. Its new optimizer is initialized by the explicit data homotopy in Section 4.16, at cost ˜︁O(

√
n)

corrected stages; a single warm correction over the long step is not assumed. Inward rounding and
certified value comparison reserve a fixed fraction of the decrease. All required thresholds have
polynomial reciprocals by Eq. (195).

Gradient sweeps and batched removals for the trace budget. To avoid paying for a
root after every short coordinate move, use the deterministic frozen-root sweeps of Lemmas 4.16
and 4.17. The necessary adaptation is to keep the original, smaller weight in the gradient test. At
a light base put

κ0i := ι(v0iw
0
i + u0i z

0
i ), φi(t) := (w0

i − z0i )t+ (κ0i + λK)β(t), d0 :=
∑︂
i

√︂
κ0i |yi − y0i |.

The proof of Lemma 4.16 bounds both coordinate forcings by Pn

√︂
κ0i even without a reservoir.

The scalar reservoir has zero derivative in root variables, so it cancels exactly from the gradient
approximation error. Consequently, for d0 ≤ a/(P 2

n

√
n), that proof gives

∥z(y)− z0∥Met0 ≤ Pnd0, |∂iFs(y)− φ′
i(yi)| ≤ P 2

n

√︂
κ0i d0, κi(y) ≍ κ0i .

Here z = (P,Q) and Met0 is the joint energy metric. These claims require only a small weighted
parameter neighborhood, not lightness at every intermediate point. Choose high and low thresholds
as in Lemma 4.17, with normalization

√︁
κi/n. Make the high threshold small enough for the failed-

gradient condition proved above. Concavity of every φi then gives a saturated sweep decrease at
least 1/(Pnn), or an unsaturated exit with every remaining normalized gradient below hn/(8

√
n).

The same proof gives at most k0 complete coordinate updates and one partial update per saturated
sweep. Its positive-decrease floor now uses κi ≥ a/(Pnnk) from the phase cutoff in place of the
reservoir floor; it is still inverse polynomial.

All marked coordinates are removed in one attenuation batch, preserving the modeled signed
sum. Small-input removals are likewise batched once per phase. The positive-submap calculation
for face changes applies to the sum of any such slots: positivity, rather than its rank, was the
only property used. If its matrix-potential drop is ∆, its joint energy arc is at most Pn

√
∆ and it

costs ˜︁O(1+
√
n∆) corrected stages. Hold λK fixed during the batch and remove its scalar reservoir

contributions at the end.
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For clarity the charging argument also transfers with these smaller weights. Along a batch,
no remaining coefficient changes. For ˜︁gi := ∂iFs/

√
κi, the forcing bounds and relative scalar

comparisons give

|˜︁g′i| ≤ Pna(s) + Pn

√
n|˜︁gi|a(s), a(s) := e(P′) + E(Q′).

Until |˜︁gi| = hn/(2
√
n), the right side is at most Pna(s). Thus a batch with drop below 1/(P ′

nn), for
a sufficiently large fixed polylogarithm P ′

n, cannot turn the low exit into a successful high test. It
also keeps the metric comparable by the same first-exit argument. The tiny-slot final correction is
chosen below this separation margin. Larger batch drops can occur only ˜︁O(n) times. A subsequent
sweep must otherwise be preceded by a curvature move, a regular endpoint, or a phase change.

There are ˜︁O(n) curvature moves by Eq. (203), ˜︁O(n) regular endpoints by their unchanged
matrix-potential decrease, and O(log n) phases. It follows that there are ˜︁O(n) sweeps and batches,
all deterministically. Summing the stage bounds by Cauchy–Schwarz gives ˜︁O(n) batch stages.
Regular endpoints and the long curvature trials use at most ˜︁O(n3/2) initialization stages in total.
Coordinate updates cost ˜︁O(n4). The trace cutoff, recorded coefficients, and final deterministic
rounding have the same discrepancy allowances as before.

Root, Hessian, filter, matrix-exponential, and sign comparisons all have polynomial condition
bounds and inverse-polynomial slack. Use the anchored enclosures of Section 4.17, with sufficiently
fine common grids for the new comparisons and finite-step decrease. The additional response
congruences have polynomial inverse norms by the primal and dual lower bounds. The extra
reservoir injection is below eend/4, smoothing costs at most 10−8, and all numerical and endpoint
errors can still be kept below eend/2. Their sum is below the original eend = 10−6 allowance. The
discrepancy constant remains 3.3443, with partition constant 1.67215.

A deterministic grouped reduction with dimensional slack. The preceding construction
can be accelerated without changing its budget, discrepancy allowances, or curvature step. We first
remove the preprocessing bottleneck. The notation D in the next lemma denotes a real vector-space
dimension.

Lemma 4.19 (Deterministic reduction with a factor-two slack). Under the hypotheses of Lemma 4.2
with dvec = D, a deterministic algorithm returns x ∈ [−1, 1]m with at most 2D fractional coordi-
nates and ∥∑︁i xibi∥2 ≤ η using ˜︁O(mD +Dω0) arithmetic operations.

Proof. Use the balanced tree and exact node sums of Lemma 4.2, maintaining at most 2D active
groups. A split gives at most 4D groups. We first give a deterministic small reduction for a matrix
C with r0 ≤ 4D columns of norm at most two and inherited dyadic coefficients y. Given 0 < ε < 1,
it leaves at most 2D fractional coordinates and changes Cy by norm less than ε/128. If at most
2D coordinates are fractional, return y.

Choose a dyadic σr with ε/(211r0) < σr ≤ ε/(210r0). Define ℓ := ⌈log2(64r0)⌉, H := 4ℓ,
Lend := ⌈log2(2/σr)⌉, T∗ := 128H2Lend + 1, and ν := ε/(214T∗r0). Choose a dyadic ridge ν2/2 <
δ ≤ ν2. If uin is the inherited coefficient mesh, let u be the largest dyadic number not exceeding
min{σr/(216H2), ν, uin}. All initial coefficients lie on this grid. At every iteration, freeze coordinates
at endpoint distance at most σr by setting them to their nearest endpoint. Stop when at most 2D
coordinates remain active.

For the active matrix A and current active coefficients x, define si := 1 − |xi|, S := diag(si),
B := AS, Jδ := δI + BB⊤, and Πδ := I − B⊤J−1

δ B. For 2D < r ≤ r0, the singular-value formulas
give

0 ≺ Πδ ⪯ I, tr[Π2
δ ] ≥ r −D, ∥BΠδ∥ ≤

√
δ/2.
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Indeed the nontrivial eigenvalues are δ/(δ + σj(B)
2), and at least r − D eigenvalues equal one.

The residual singular values are δσj/(δ + σ2
j ) ≤

√
δ/2. Form the ridge inverse in exact arithmetic

by positive-definite block inversion, as in Lemma 4.1. With multiplication exponent ω0 > 2, its
recursive cost is ˜︁O(Dω0). Round the entries of the symmetric Πδ on the largest dyadic mesh not
exceeding ν/(8r2), using the same rounding for transposed entries. This gives V with ∥V −Πδ∥ ≤
ν/
√
r. The rounding uses O(r2 log(2r/ν)) arithmetic operations.
For independent uniform signs ξ, consider the scalar estimator

Ψ(ξ) := ∥V ξ∥22 −
1

100

r∑︂
i=1

cosh((V ξ)i). (204)

Since ν ≤ 1/64, we have ∥V ∥ ≤ 65/64 and tr[V ⊤V ] ≥ r −D − r/16. Each row of V has squared
norm at most (65/64)2. The elementary inequality cosh t ≤ et

2/2 therefore gives

E[Ψ] ≥ r −D − r/16− r/50 >
3

4
(r −D).

Here r < 2(r −D), and e(65/64)
2/2 < 2. Fix the signs successively by conditional expectation. If u

is the current prefix sum, the two conditional expectations of its quadratic term are

∥u± Vj∥22 +
∑︂
h>j

∥Vh∥22,

and the conditional expectation of row i’s hyperbolic cosine is

cosh(ui ± Vij)
∏︂
h>j

cosh(Vih).

Maintain the prefix, the remaining squared norm, and these row products. At any accepted prefix
the conditional quadratic term is at most 2r, while the conditional estimator remains positive.
Hence each conditional hyperbolic cosine is at most 200r. A trial changes an argument by at
most 65/64, and each remaining product is at most e(65/64)

2/2 < 2. The arguments are therefore
O(log(2r)) and the evaluated quantities have polynomial magnitude. Taylor series with inverse-
polynomial error, propagated through the at most r scalar factors, evaluate each candidate using˜︁O(r) arithmetic operations. Evaluate a candidate to absolute error at most 1/(1000r) and choose
the larger approximation. The total comparison loss is at most 1/500, so the resulting signs satisfy
Ψ(ξ) ≥ (r −D)/2.

Put ˜︁v := V ξ, computed exactly on its dyadic grid. Then ∥˜︁v∥22 ≥ (r − D)/2 and ∥˜︁v∥22 ≤ 2r.
Positivity of Ψ implies cosh(˜︁vi) ≤ 200r, whence

∥˜︁v∥∞ ≤ log(400r) < log2(64r) ≤ ℓ, ∥˜︁v −Πδξ∥2 ≤ ν.

For the strict logarithmic inequality, use log 400 < 6 and log r ≤ log2 r. In particular the direction
has squared norm at least (r −D)/4 and maximum entry at most ℓ.

Set h := S˜︁v/H, so |hi| ≤ si/4. For analysis define Φ(x) :=
∑︁

i− log(1 − x2i ) over active
coordinates. Its directional derivative is

g := ∇Φ(x)⊤h =
∑︂
i

2xi˜︁vi
H(1 + |xi|)

.

In exact arithmetic form this sum and choose τ ∈ {−1, 1} with τg ≥ 0. The estimates also permit
a computed sign with τg ≥ −r/(512H2). Round x + τh toward zero to the grid of mesh u, then
freeze all newly triggered coordinates.
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Along the unrounded segment, the distance to the endpoint nearest xi is at most 5si/4. Since
ϕ′′(z) = (1− z)−2 + (1 + z)−2 for ϕ(z) := − log(1− z2), Taylor’s theorem gives

Φ(x+ τh)− Φ(x) ≥ τg +
8

25H2
∥˜︁v∥22 ≥ (

2

25
− 1

256
)
r −D

H2
.

Here r < 2(r−D). Every endpoint distance before inward rounding is at least 3σr/4. On the inward
segment |ϕ′| ≤ 4/σr, so rounding loses at most 4ru/σr ≤ (r−D)/(8192H2). The net increase exceeds
(r −D)/(16H2) > D/(16H2). Assign a frozen coordinate the finite value Qend := log(2/σr) in the
bookkeeping potential. A newly frozen coordinate had endpoint distance at least 3σr/4, so this
assignment cannot reduce that potential. Starting after the initial freezes, it stays between zero and
r0Qend ≤ 4DLend. Thus fewer than T∗ steps are possible before at most 2D coordinates remain.

Each unrounded step has residual

∥Ah∥2 ≤
√
r

H
(
√
δ/2 + 2ν) ≤ 5r0ν/8.

Rounding contributes at most 2r0u per step. All endpoint freezes together contribute at most
2r0σr, since each coordinate is frozen once. Hence the total residual is at most

2r0σr + T∗(5r0ν/8 + 2r0u) ≤ ε(
2

210
+

5/8 + 2

214
) < ε/128.

All updates preserve the cube. There are polylogarithmically many steps, each using ˜︁O(Dω0)
arithmetic operations; scalar conditional choices cost ˜︁O(D2) per step. The derivative sum uses
O(r) exact operations, and grid rounding uses binary search on bounded intervals.

For the full tree, let Rtree := max{1, ⌈log2m⌉} and use the power of two m ≤Mgrp < 2m from
Lemma 4.2. Normalize each node sum by Mgrp and use ε := η/(MgrpRtree) at every level. The root
coefficient is zero, on mesh one. Each split inherits its parent’s coefficients; each small reduction
leaves at most 2D active groups. All meshes chosen from the displayed bounds have logarithms
O(log(2mD/η)): taking the largest admissible dyadic mesh refines an inherited grid only when a
parameter bound requires it. All scalar parameter and grid searches have logarithmic cost as well.
After Rtree levels, all active groups are singletons. Their unnormalized residual allowances sum to
at most η. Exact node-sum preparation costs O(mD), and the final tree traversal costs O(m). The
logarithmically many small reductions therefore give total arithmetic cost ˜︁O(mD +Dω0).

For the matrix problem apply this lemma with D = n2 after the same input conversion. It leaves
at most 2n2 fractional slots. Pad all retained matrices by zeros to order N := 2⌈log2(2n)⌉ < 4n,
and run the matrix algorithm with this working order. Then k ≤ 2n2 ≤ N2. All variances,
operator norms, residual allowances, and returned signs are preserved. In particular use ρ =
10−8/N , so Nρ = 10−8 is unchanged. The initial potential bound and every discrepancy allowance
therefore remain the same. This deterministic replacement of the grouped step in Algorithm 4 costs˜︁O(mn2 + n2ω0). Below we again write n for the working order; the original and working orders
differ by less than a factor four.

Solving all response columns at one root. The primal and dual responses of all coordinate
directions share their optimizer and their linear operator. We compute them together.

Lemma 4.20 (Block response construction). At a corrected root with k ≤ n2 active coordinates,
the scaled Hessian and all four response maps in Eq. (196), composed with the deterministic filter,
can be computed to any prescribed inverse-polynomial accuracy in˜︁O(n3 + knω0 + n2kω0−1 + kω0) (205)
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arithmetic operations. The same bound includes the matrix conditional selection producing Eq. (199).

Proof. Write Hermitian matrices in real orthonormal coordinates and let Φ have columns vec(Ci).
Its row dimension is O(n2). Rank one gives CiXCi = tr[CiX]Ci, so the coupling in these coordinates
is

Φ diag(ιβi)Φ
⊤.

An application to k right-hand sides consists of products of shapes (k,O(n2), k) and (O(n2), k, k).
Dividing the long dimension into blocks of k gives cost ˜︁O(n2kω0−1). Explicitly forming Φ and all
rank-one derivative columns costs O(n2k), already covered by this bound.

Prepare approximate spectral decompositions for the two Lyapunov operators and the Gibbs
covariance. For the U block, set TU := U−1/2WU−1/2. Applying E −1 to FU amounts to solving

ˆ︁DUTU + TU
ˆ︁DU = U1/2FUU

1/2.

In an eigenbasis of TU , divide each entry by the corresponding ti+ tj . The V block is identical. The
primal and dual lower bounds make these denominators inverse polynomial. In an eigenbasis of the
block-diagonal Q = (W,Z), its Gibbs covariance multiplies entry (i, j) by τ−1

s L(qi, qj) and subtracts
τ−1
s tr[QF ]Q on an argument F , where L is the logarithmic mean. Use the divided exponential series
for nearby eigenvalues and the quotient formula otherwise.

These decompositions cost ˜︁O(n3) arithmetic operations. Indeed, a Hermitian Jacobi rotation
at a largest off-diagonal entry reduces squared off-diagonal Frobenius norm by a factor at most
1−2/(n(n−1)). There are O(n2 log(2n/ϵ)) rotations to residual ϵ, for the polynomial norm bounds
here. Maintain pivot magnitudes in a heap; updating two rows and columns and the accumulated
basis costs ˜︁O(n) per rotation. Scalar square roots are approximated by bisection. Orthogonal
rotations accumulate inverse-polynomial approximation errors by a polynomial factor. Residual
and orthogonality checks therefore give the required spectral accuracy without an eigenvalue-gap
assumption. The case n = 1 uses scalar evaluation only. For each of the k right-hand sides, the
basis changes, left and right products, entrywise divisions, and trace centering cost ˜︁O(nω0). Reuse
these decompositions for every column and iteration at this root.

The Gibbs covariance obeys ⟨F,QQF ⟩ ≤ τ−1
s tr[QF 2], since L(qi, qj) ≤ (qi + qj)/2 and its

centering term is nonnegative. Complete positivity of Ky, paired with the dual identities, gives
tr[Q(JD)2] ≤ C⟨D,ED⟩: use Ky(DV )

2 ⪯ ∥Ky(V )∥Ky(DV V
−1DV ) and the exchanged inequality,

together with (A−B)2 ⪯ 2A2 + 2B2. Thus

E ⪯ Js := E + JQQJ ⪯ (1 + C/τs)E .

The E -preconditioned Chebyshev inverse consequently has polylogarithmic degree for the required
inverse-polynomial error. The polynomial bounds on E and E −1 control its similarity to a symmet-
ric positive operator. Second-kind Chebyshev bounds give only polynomial amplification of action
errors through this finite recurrence. Choosing smaller inverse-polynomial action tolerances there-
fore attains the target operator error in the same arithmetic cost. Apply this one fixed polynomial
simultaneously to the columns of B = T −JQQL in Eq. (193). Each iteration has the preceding
block cost. Recover the dual response columns from QQ and these primal responses. The products
L⊤QQL and B⊤J−1

s B have the same ˜︁O(n2kω0−1) bound. Diagonal scaling then gives the required
Hessian, including its reservoir term. The filter costs ˜︁O(kω0). Composing each response map with
this filter again costs ˜︁O(n2kω0−1), and all relative congruences cost ˜︁O(knω0).

Finally form all variance matrices
∑︁

j D
2
ℓj in ˜︁O(knω0) work. The matrix conditional estimator

used above has order-n Hermitian arguments of norm O(log n) at every accepted prefix and either
next candidate. Indeed its positive summands bound both signed exponentials, its remaining
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variance has norm at most O(logn), and a single signed increment has bounded norm by Eq. (197).
Use the factorial Taylor evaluation in Lemma 4.3, with order-n multiplication at exponent ω0, with
its error target tightened by the polynomial weights in the estimator. Each of the k sign choices
costs ˜︁O(nω0). Scalar conditional quadratic and hyperbolic-cosine terms take ˜︁O(k2) additional work.
All comparisons retain the existing slack, proving the arithmetic bound in Eq. (205).

Endpoint continuations and the total cost. At a regular endpoint, use the charged continu-
ation of Lemma 4.15. We verify its applicability to the present trace budget. At a positive trigger
put d = 1− yi, β = βtr(yi) and use a, b, p, q for the four traces in Eq. (160). Its two additions are

A = (Ki(Z),Ki(W )), Ei = ((ιβb− d)Ci, (ιβa+ d)Ci).

They are positive and bounded at the old root. Here Ki(X) = ιβCiXCi and 0 ≤ β ≤ 1. The
self-slot inequality q ≥ ιβb2p gives exactly

v0 := ⟨A,P⟩ ≤ (1 + ι/δ2end)⟨Q, Ei⟩ ≤ Pn∆,

where ∆ is the true matrix-potential drop. The last inequality is Eq. (162). In particular this
charge does not use the fast budget’s scalar certificate or any random choice.

The positive auxiliary path in Eq. (164) therefore has initial value Ps,old+ v0 and limiting value
Ps,new. Its forcing energy, root bounds, and anchored corrections use only the positive coupling
and the same lower bound ρI in the primal equation. Thus Eq. (165) and its continuation proof
apply with ι = 699/250 and β = βtr. For conservative triggers, clip and round the two additions as
in that lemma, tightening the score tolerance below both the regular decrease and the root radius.
This takes only logarithmic extra precision. The reservoir is independent of the optimizer and its
removal is nonnegative. Since all other moves decrease their phase potential and the total positive
phase injections are bounded,

∑︁
∆ = O(1). There are ˜︁O(n) regular endpoints. Consequently all

regular continuations cost ˜︁O(n) corrected stages. Small and deferred removals still use the charged
batches proved above. The gradient sweeps are unchanged.

For a phase with K/2 < k ≤ K, retain the curvature count IK ≤ ˜︁O(min{n, n2/K}) from
Eq. (203). Applying Lemma 4.20 gives the following bounds for its total curvature-search work:{︄˜︁O(n4 + n2+ω0), K ≤ n,˜︁O(n5/K + n2+ω0 + n4Kω0−2 + n2Kω0−1), n < K ≤ n2.

(206)

Both are at most ˜︁O(n2ω0) for the fixed ω0 = 2.371177. There are only logarithmically many phases.
Curvature endpoints continue to use the explicit cold initializer; no one-correction claim for

those endpoints is needed. Each costs ˜︁O(
√
nF (n, k)), with F from Eq. (129). For K ≤ n this

contributes at most ˜︁O(n3/2n3) = ˜︁O(n9/2) per phase. For K > n it contributes at most

˜︁O(
n5/2

K
(n3 + (K + n)nω0−1)) ≤ ˜︁O(n9/2 + nω0+3/2).

The first initialization is smaller. Regular endpoints, charged batches, and gradient sweeps together
use ˜︁O(n) corrected stages, costing ˜︁O(n1+χ), and all coordinate updates cost ˜︁O(n4). Use Lemma 4.9
also for the small-input and final rounding; together they cost ˜︁O(n2+ω0).

Adding the deterministic preprocessing gives

Tarith ≤ ˜︁O(mn2 + n4.742354). (207)
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Indeed 2ω0 = 4.742354 exceeds 9/2, 1 + χ = 4.250036, and 2 + ω0 = 4.371177. All replacements
are deterministic. They preserve the input residual, small-input and deferred-rounding allowances,
and the finite-step proof in Eq. (202). The more accurate comparisons fit the same numerical
allowances. Hence the discrepancy and partition constants remain 3.3443 and 1.67215, respectively.
This establishes the arithmetic cost in Theorem 3.1.

5 A fast randomized polynomial time algorithm and explicit run-
ning time

The construction uses the smoothed geometry, optimizer corrections, rounding, and endpoint and
gradient-sweep proofs established in Section 4. Section 5.1 states the randomized running-time
bound. Sections 5.2–5.5 construct and certify spread directions for curvature moves. Sections 5.6
and 5.8 give the grouped reductions, using Lemma 4.9 for final rounding. Section 5.7 counts the
shared sweeps and endpoint continuations in the small-count finishing routine. Section 5.9 sharpens
preprocessing. Sections 5.10–5.13 give masked curved moves, resident batches, and count-sensitive
inverse costs. Section 5.14 proves the total expected arithmetic cost. All operation counts in this
section are arithmetic operation counts.

5.1 Randomized running-time bound

Entropy smoothing permits each local trial to be evaluated with a constant number of Newton
corrections. A verified randomized curved move gives progress depending on the resident count.
Delayed deletion and count-sensitive matrix products give the expected bound below.

Theorem 5.1 (Formal version of Theorem 1.2, zero-error randomized polynomial time algorithm).
Given rational Hermitian matrices A1, . . . , Am ∈ Cn×n of rank at most one and total binary length
Lin, a zero-error randomized algorithm finds signs σ ∈ {±1}m such that

∥
∑︂
i

σiAi∥ ≤ 4.8628∥
∑︂
i

A2
i ∥1/2.

It terminates for every random-bit sequence. Its expected number of arithmetic operations satisfies

E[Tarith] ≤ ˜︁O(mn2 + n3.575374).

For Ai = aia
∗
i ,
∑︁

iAi = I, and ∥ai∥2 ≤ α, the two sign classes satisfy

∥
∑︂
i∈Ij

aia
∗
i − I/2∥ ≤ 2.4314

√
α, j = 1, 2.

The partition is computed within the same expected arithmetic bound. Here ˜︁O suppresses logarithmic
factors in m,n,Lin.

Proof. Lemma 5.27 gives grouped preprocessing in expected ˜︁O(mn2) operations after input con-
version. It leaves at most 2n2 original fractional coordinates; constant-factor padding restores
the active-count hypothesis. The single operator-norm residual uses the existing preprocessing al-
lowance. Lemmas 5.32 and 5.33 give curved moves with decrease ˜︁Ω(√k/n3/2) in the large-count
regime. Lemma 5.34 bounds bulk continuation, and Lemma 5.40 gives the count-sensitive cost of
a complete trial. Section 5.7 supplies the small-count finish. Section 5.14 combines these bounds
with final rounding and proves the sharper exponent E = 1058611/296084 < 3.575374. Finite caps
and deterministic fallbacks give correct termination on every random-bit sequence. The unchanged
discrepancy allowances and Eq. (2) give the signing and partition constants.
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Algorithm 5 uses the smoothed potential Fs and reservoir phases below. A corrected state
includes its primal-dual optimizer. Resident coordinates still contribute to the coupling; D records
pending near-endpoint coordinates, whereas D records coordinates removed for final rounding.

Algorithm 5 Zero-error randomized signing with discrepancy constant 4.8628

1: procedure RandomizedFastSigning(A1, . . . , Am) ▷ Theorem 5.1
2: Convert and scale the input once; apply Lemma 5.27 if m > 2n2.
3: Retain assigned signs, center the single residual, and pad to N < 4n with k0 ≤ N2.
4: Initialize the corrected root and reservoir phase; clear the initial near-endpoint batch.
5: Set D := ∅ and count all remaining coordinates as resident.
6: while the resident count k > Kc do
7: Put newly near-endpoint coordinates in D, retaining their coefficients and coupling.
8: if |D| ≥ ⌈ζNk⌉ then
9: Attenuate their combined coupling, delete them into D, and correct the root. ▷

Lemma 5.34
10: Update the count phase after deletion, set D := ∅, and continue.
11: end if
12: Mask D and the conservatively marked non-light coordinates. ▷ Lemma 5.33
13: Run capped drift-response trials with the count-sensitive sketch schedule. ▷

Lemma 5.40
14: if a direction passes all true curvature, spread, and response tests then
15: Choose the downhill sign of the quadratic path, predict, and correct its optimizer. ▷

Lemma 5.32
16: else
17: Clear D and make one certified old endpoint, gradient, or dense-curvature move.
18: Update the count phase after any deletion and resume.
19: end if
20: end while
21: Clear the remaining pending batch and keep the current reservoir allocation.
22: while active coordinates remain do
23: Process deferred attenuation and count-phase updates.
24: if no active coordinate remains then
25: Break.
26: end if
27: if a regular endpoint is certified then
28: Fix its sign and continue the optimizer by Lemma 4.15.
29: else if the high gradient test passes then
30: Perform the frozen-root sweep in Lemma 4.17 and correct once.
31: else
32: Take a checked spread-curvature move, using the finite deterministic fallback on

exhaustion. ▷ Lemmas 5.13 and 5.14
33: end if
34: end while
35: Round D by verified sampling with deterministic fallback. ▷ Lemma 5.25
36: Restore input eigenvalue signs and return the full signing σ.
37: end procedure

The primal matrices are U, V and the dual matrices are W,Z. Define their pairs by P :=
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(U, V ) and Q := (W,Z). All scalar products and traces on pairs sum over both blocks. Fix the
multiplication parameters in Eq. (80). The notation Pn denotes a fixed polynomial in log(2n),
enlarged a finite number of times; constants depend only on the fixed budget and regularization
parameters. All numerical tolerances below are specified by these uniform bounds.

5.2 Gibbs-feature preconditioning of curvature search

The random component still returns only directly verified directions. The new sketch is not obtained
by applying the Hessian to random vectors. Instead it samples a positive Gram matrix which is
comparable to a positive shift of that Hessian. Its features have rank-two matrix representations
and admit batched construction and implicit application.

At a failed gradient test, work first at the exact root and put A = G−1/2∇2FsG
−1/2. Later we

freeze a sufficiently accurate structured symmetric surrogate. With fixed slack in the tests, choose
rational bounds

λmin(A) ≤ −2δ, −RI ⪯ A ⪯MauxI, 1 ≤ R ≤ Pn, δ−1 ≤ Pn, 0 < δ ≤ R/4, Maux ≤ Pnk,
(208)

where Maux ≥ R. All bounds may be replaced by rational upper bounds obtained from the fixed
budget coefficient sums, the cutoff, and the stated spectral intervals; no norm-estimation oracle is
used to choose them. The current face dimension is denoted by k inside a filter; it never exceeds
the initial k used in total counts.

A comparable Gram matrix. Retain the exact symmetric Schur formula

∇2Fs = −G+ F ∗
1QQF1 − (JQQF1 − F2)

∗J−1
s (JQQF1 − F2). (209)

One action costs F (n, k) ≤ ˜︁O(nχ), including the root solves, matrix functions, and adjoints. This
identity follows by substituting the differentiated root equations into the second-order envelope, so
involves the same root and the same potential throughout.

Lemma 5.2 (Gibbs Gram comparison). Set D = G−1/2F ∗
1QQF1G

−1/2. There are known rational
bounds T0 ≤ Pnk, ℓ0, b0 ≤ Pn such that

D ⪰ 0, tr[D] ≤ T0, adomD − (1 + 2b0)I ⪯ A ⪯ D − I, adom = (1 + 2ℓ0)
−1.

In particular enlarge R so R ≥ 1 + 2b0, and put B = A+ 2RI. Then

adom
2 (D + 2RI) ⪯ B ⪯ D + 2RI. (210)

All these bounds survive a sufficiently small inverse-polynomial root/coefficient perturbation, with
fixed slack in adom, R,T0.

Proof. The following square roots are for analysis, not computation:

A = Q
1/2
Q F1G

−1/2, B = Q
1/2
Q J E −1/2, T = E −1/2F2G

−1/2.

Eq. (128) gives ∥B∥2 ≤ K/τs ≤ ℓ0. The weighted coupling estimate gives ∥T∥2 ≤ b0. Coordinate
forcing and the Gibbs variance bound give Dii ≤ Pn, hence the trace bound, without computing
the trace. The Schur formula becomes

A = −I + A∗A− (B∗A− T )∗(I + B∗B)−1(B∗A− T ).
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For any y, its quadratic form plus ∥y∥2 is

min
yaux
{∥Ay − Byaux∥2 + ∥yaux∥2 + 2⟨Ty, yaux⟩}.

Use ∥yaux∥2 + 2⟨Ty, yaux⟩ ≥ 1
2∥yaux∥2 − 2b0∥y∥2. The remaining minimum equals

⟨Ay, (I + 2BB∗)−1Ay⟩ ≥ adom∥Ay∥2.

The upper bound follows by dropping the nonnegative Schur term. This proves all order compar-
isons. At a root all relevant smallest eigenvalues are inverse-polynomial; polynomial perturbation
bounds therefore preserve the displayed estimates with their slack. In the numerical construction
keep the exact algebraic Schur form, as specified below, rather than adding an unrelated Hessian
approximation.

Features whose covariance is D. For the fixed-depth precursor, first fix an integer hsk ≥ 2
independently of the input dimension. Section 5.4 separately proves the uniform bounds needed to
use a growing depth; it does not substitute a variable depth into a fixed-depth estimate. The features
are real coordinate vectors even when the input is complex. For one sample choose t uniformly
in [0, 1]. Independently for each block Qb of Q choose standard circular complex Gaussian vectors
gb, hb (each real and imaginary part has variance 1/2), and put

rb = Q
t/2
b gb, vb = Q

(1−t)/2
b hb, Tb = (rbv

∗
b + vbr

∗
b )/
√
2, ˜︁T = T − tr[T ]Q, z = τs

−1/2G−1/2F ∗
1
˜︁T .

(211)
These definitions refer to a single fixed root; samples are independent.

Lemma 5.3 (Feature identity and a ridge covariance sample). The feature has mean zero and
E[zz⊤] = D. Let 1 ≤ q ≤ 2n2, µ = 2R + T0/q, and let ℓQ be an integer upper bound for
1 + log(λmax(Q)/λmin(Q)). Thus ℓQ = O(log(2n)) with constants depending only on the fixed
regularization. Put

p = ⌈128 log2(2knℓQ(hsk + 1))⌉, s = ⌈220qℓQp3⌉, V = [z1 · · · zs], W = µI + s−1V V ⊤.

With probability at least 0.98 for ideal samples,

3
4(D + µI) ⪯W ⪯ 5

4(D + µI). (212)

There is a bounded finite-random-bit construction for which the comparisons with factors 1/2 and
2 hold with probability at least 9/10. Its matrix V is defined by its stored rank-two factors and the
displayed centering; it is not perturbed by an arbitrary final full-rank rounding.

Proof. For Hermitian test pairs B,C, the conditional covariance of the uncentered T is the self-
adjoint operator

Tt(C) = 1
2(Q

tCQ1−t + Q1−tCQt).

For one block this follows from tr[BT ] =
√
2Re(v∗Br) and independence of the two circular Gaus-

sians; cross-block covariances are zero. Integrating in t gives T (C) =
∫︁ 1
0 QtCQ1−tdt. For every t,

Tt(E) = Q and tr[Q] = 1. Centering thus has covariance T − Q ⊗ Q = τsQQ, proving the feature
identity.

In a basis diagonalizing Q, the coefficient of Tt is no larger than (zi + zj)/2. The logarithmic-
mean coefficient of T obeys

(zi + zj)/2

(zi − zj)/(log zi − log zj)
=
| log(zi/zj)|

2
coth(

| log(zi/zj)|
2

) ≤ 1 + | log(zi/zj)| ≤ ℓQ.
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Use the continuous value at equality; y coth y ≤ 1+y follows from e2y−1 ≥ 2y. Therefore Tt ⪯ ℓQT
as quadratic forms. Apply the same centering congruence and coordinate map on both sides to
obtain

E[zz⊤ | t] ⪯ ℓQD. (213)

Here is an elementary concentration proof, including the unbounded Gaussian tail. Define
w = (D+ µI)−1/2z only for analysis. Its mean covariance is J = (D+ µI)−1/2D(D+ µI)−1/2 ⪯ I,
with tr[J ] ≤ T0/µ ≤ q. Conditional on t, every real coordinate of w is a bilinear form in two
independent real Gaussian vectors (realify the circular pairs). For such a scalar form U , conditioning
and Minkowski’s inequality give

E[|U |2p] ≤ ((2p− 1)!!)2(E[U2])p.

Indeed condition on the second vector, apply the scalar Gaussian moment, and diagonalize the
nonnegative covariance of its conditional variance; Minkowski bounds the p-norm of that weighted
sum of squared Gaussians. Apply Minkowski once more to the sum of coordinate squares, and use
Eq. (213). This proves

E[∥w∥2p] ≤ (4p2ℓQq)
p. (214)

Let L∗ = 16p2ℓQq and truncate, only in the proof, U = ww⊤1{∥w∥2≤L∗}. The failure probability is
at most 4−p and

∥J − E[U ]∥ ≤ L∗4
−p, ∥U − E[U ]∥ ≤ L∗, E[(U − E[U ])2] ⪯ L∗I.

For clarity, the scalar-variance matrix Bernstein bound needed here has a short proof. If a centered
Hermitian B satisfies ∥B∥ ≤ L∗ and E[B2] ⪯ L∗I, its exponential series and j! ≥ 23j−2 give

E[eθB] ⪯ exp(
θ2L∗

2(1− θL∗/3)
)I (0 ≤ θL∗ < 3).

The Golden–Thompson inequality [Gol65, Tho65] and independence apply this scalar matrix bound
successively inside an expected trace exponential. Markov’s inequality for the largest eigenvalue
and then for its negative, with the optimizing scalar θ, yield

Pr[∥s−1
∑︂
j

(Uj − E[Uj ])∥ > 1/8] ≤ 2k exp(−s/(256L∗)).

This uses a scalar variance bound, not a product of matrix-valued moment bounds; it is the standard
trace-exponential argument, cf. [Tro12].

Here s/(256L∗) ≥ 256p. Moreover s4−p and L∗4
−p are below 1/100 and 1/100, respectively,

with ample slack. Use q ≤ 2n2 and the defining lower bound on p. Also p5 ≤ 2p/2 for every p ≥ 64.
The last inequality follows at 64 and then by monotonicity of p/2−5 log2 p. A union bound ensures
that no sample was truncated, except with the stated small probability. The total deviation is less
than 1/4, proving Eq. (212). No truncation test is required by the algorithm.

For the finite sampler, use midpoints of dyadic intervals for t and the two Box–Muller uniforms
for each real Gaussian, and pair independent real Gaussians for a circular complex Gaussian. Couple
the finite and ideal uniforms by their common intervals. Except on an event of probability at most
1/100, all radial uniforms exceed (100ns)−4 and all Gaussian magnitudes are O(

√︁
log(2ns)). On

this event the sampling maps have polynomially bounded derivatives. The spectral bounds for
Q also give polynomial divided-difference and parameter-derivative bounds for Qt/2, uniformly in
t ∈ [0, 1].
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Choose the scalar grid and evaluation errors inverse polynomially small, and evaluate the powers
using the spectral construction above. Scalar logarithms, square roots, and trigonometric functions
in the sampler are approximated by convergent series and bisection to the same accuracy. Store
the resulting dyadic vectors and define each feature by its rank-two factors and the exact centering
formula. Since all factors have polynomial magnitude, their errors can be chosen so that the
covariance perturbation is at most µ/16. This changes the ideal factors 3/4, 5/4 to the stated
1/2, 2 with probability at least 9/10. A fixed number O(log(2kn(hsk+1))) of uniform bits per scalar
suffices. Every radial midpoint is positive; on every sample the Gaussian output has magnitude
O(
√︁

log(2kn(hsk + 1))). All sampling and evaluation loops consequently have finite caps.

Entry bounds and a uniform ridge sampler. The trace bound in Lemma 5.2 may be enlarged
to T0 = kd0, where 1 ≤ d0 ≤ Pn is a known rational upper bound on every diagonal entry of D.
This choice is used below. The sample matrix is never formed in its entirety.

Lemma 5.4 (Bounded entries without materialization). For the finite features in Lemma 5.3, with
1 ≤ q ≤ 2n2 and the enlarged p specified there, the covariance comparison with factors 1/2, 2 and
the entry bound

|Vij |2 ≤Je := 64p2ℓQd0 for all i, j (215)

hold simultaneously with probability at least 4/5. This is an analytical event, not a test requiring
all entries of V .

Proof. The scalar bilinear Gaussian moment calculation in the feature lemma, now applied to
coordinate i before whitening, gives E[|zi|2p] ≤ (4p2ℓQDii)

p. Thus the probability that an ideal
feature entry exceeds 16p2ℓQd0 in squared magnitude is at most 4−p. Union over ks entries. The
proof of the covariance lemma and its truncation bounds is unchanged for q ≤ 2n2: its polynomial
factors are dominated by 4−p with the enlarged p. For example p5 ≤ 2p/2 for p ≥ 64, and the
definition of p bounds k, n, ℓQ, hsk+1 by fixed small powers of 2p. The same coupling of dyadic Box–
Muller samples to ideal uniforms can make every entry error at most

√︁
Je/4, as well as keeping

the covariance perturbation below µ/16. All required errors are inverse polynomial. Unioning
these failure events leaves probability greater than 4/5, with the stated slack. Every finite sample,
including the excluded event, still has the polynomial magnitude bound in that lemma.

Lemma 5.5 (Uniform ridge sampling). Let F ∈ Rd×e satisfy |Fij |2 ≤ Je, let ι > 0, γ ≥ 1, and
put Eγ = γId+ ιFF⊤. Sample r column indices independently and uniformly with replacement, and
let J be their list. For

L = max{1, ιedJe/γ}, r ≥ 216L log(200d/ζ),

one has, with probability at least 1− ζ,

3
4Eγ ⪯ ˆ︁Eγ := γId + ι(e/r)F:,JF

⊤
:,J ⪯ 5

4Eγ . (216)

The statement holds conditionally on any previous choices that fix F . Sampling with replacement,
including repeated or zero columns, is allowed.

Proof. Write fi for a column and define only for analysis U = eιE
−1/2
γ fif

⊤
i E

−1/2
γ for a uniform i.

Then 0 ⪯ U ⪯ LI and Γ = E[U ] = E
−1/2
γ (Eγ − γI)E

−1/2
γ ⪯ I. For B = U − Γ, ∥B∥ ≤ L and

E[B2] ⪯ LI. The exponential-series and Golden–Thompson argument in Lemma 5.3 gives

Pr[∥r−1∑︁
j Bj∥ > 1/4] ≤ 2d exp[−r/(256L)] ≤ ζ.
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Congruence by E
1/2
γ proves the result. The sampling decisions need no leverage scores, eigende-

composition, or access to all entries.

Fixed-depth alternating sketches. Fix h = hsk ≥ 2 and rational exponents

2 ≥ a1 ≥ a2 ≥ · · · ≥ ah ≥ 1, ah−1 ≤ 3
2ah, qj = ⌈naj⌉. (217)

The depth and all these exponents are fixed independently of n,m. Use q = q1 in the Gibbs feature
lemma and µ = 2R + kd0/q1. Pad the coordinate rows of V by zeros to k̄ = 2⌈log2 k⌉. For k = 1
this means k̄ = 1. Define the positive system in feature space

K0 = Is + (sµ)−1V ⊤V. (218)

This is an operator, not a materialized Gram matrix. The exact identity

W−1 = µ−1I − (sµ2)−1V K−1
0 V ⊤ (219)

will be evaluated by solving K0 accurately; a constant-factor inverse approximation is not substi-
tuted into this subtractive formula.

Choose each dj to be the least power of two at least 232qjℓQp
3. First sample d1 coordinate

indices from the padded k̄ rows, obtaining a list I1, and set

Φ1 = VI1,: ∈ Rd1×s, e1 = s, ι1 =
k̄

d1sµ
, K1 = Id1 + ι1Φ1Φ

⊤
1 . (220)

Only the indices and the feature factors are stored. Lemma 5.5 applied to V ⊤ shows that

W0 = Is + ι1Φ
⊤
1 Φ1,

3
4K0 ⪯W0 ⪯ 5

4K0, W−1
0 = Is − ι1Φ

⊤
1 K

−1
1 Φ1 (221)

on its sampling event.
For j = 1, . . . , h − 1, suppose Φj ∈ Rdj×ej and Kj = I + ιjΦjΦ

⊤
j have been defined. Put

λj = qj/qj+1 ≥ 1. Select independently a list Jj+1 of dj+1 columns from the ej columns, and define

Φj+1 = (Φj,:,Jj+1)
⊤,

ej+1 = dj ,

ιj+1 =
ιjej

dj+1λj
,

Kj+1 = Idj+1
+ ιj+1Φj+1Φ

⊤
j+1.

(222)

Here Φj,:,J means the indicated column submatrix of Φj . The associated preconditioner and its
exact inverse are

Wj = λj(Idj + ιj+1Φ
⊤
j+1Φj+1),

W−1
j = λ−1

j (Idj − ιj+1Φ
⊤
j+1K

−1
j+1Φj+1).

(223)

Thus each inverse is reduced to the next, smaller system. At the last level form Kh and compute
a residual-certified short inverse. No other feature Gram matrix is formed.

An index population of non-power-of-two size is padded by zero columns to the next power of
two before sampling, and its padded size is used in the scale ej/dj+1. Such padding multiplies
the coefficient invariants below by at most two per level. Alternatively use a fixed cap of dyadic
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rejection proposals for exact uniform indices from the unpadded population; reject the whole trial on
exhaustion. To avoid these factors, use the latter convention for the first feature-column population
s; every later population is a power of two. A cap of ⌈log2(106(h+ 1)

∑︁
j dj)⌉ proposals per draw

fails with probability at most 10−6 by a union bound. All conditional accepted indices are exactly
uniform, and all samplers terminate after their caps.

Lemma 5.6 (Recursive comparisons and invariants). Conditionally on the entry event, with prob-
ability at least 99/100 all the uniform sampling comparisons above and below hold. For every j the
exact coefficient invariant is

ιjdjej =
k̄

µ

qj
q1
≤ 2qj

d0
. (224)

Moreover
3
4Kj ⪯Wj ⪯ 5

4λjKj (1 ≤ j < h). (225)

All finite-sample Kj and Wj are positive definite, even on failure of the comparisons, and have
polynomially bounded norms and inverse norms for fixed h.

Proof. The invariant follows at j = 1 from Eq. (220) and is preserved by Eq. (222). Its inequality
uses µ ≥ kd0/q1 and k̄ ≤ 2k. Every Φj is a submatrix of V or V ⊤, with possible repetitions. Hence
its entries still obey Lemma 5.4 and Eq. (215). The sampling lemma at level j has

L ≤ max{1, 2qj+1Je/d0} ≤ 129p2ℓQqj+1.

The initial sample has the same bound with q1. The chosen dj therefore makes each conditional
failure probability at most 1/(1000(h + 1)). To check the scalar constants, all dimensions are at
most 240(n + 1)2(ℓQ + 1)(p + 1)4(h + 1), whose logarithm is at most 4p; the exponential bound
in the preceding proof has ample margin. Union the finitely many conditional failures and the
finite-sampling cap failure. No independence between different levels is asserted or needed.

The sampling comparison is with λjI+ιjΦjΦ
⊤
j . This matrix lies between Kj and λjKj , proving

Eq. (225). The identity for W−1
j is Woodbury, with no rank or independence requirement on the

selected columns. It holds for signed feature entries and repeated columns. Every Kj ⪰ I and every
Wj ⪰ λjI. The finite feature bounds, prescribed sample counts, and explicit positive rational scales
bound their norms by a fixed polynomial, also off the good event. This proves the last assertion
without a random conditioning assumption.

Applying submatrices, not materializing them. Define the piecewise affine multiplication
upper bound

ϑ(a) =

⎧⎪⎨⎪⎩
ω0 + 2(a− 1)(ξ0 − ω0), 1 ≤ a ≤ 3/2,

ξ0 + 4(a− 3/2)(ξ1 − ξ0), 3/2 ≤ a ≤ 7/4,

ξ1 + 4(a− 7/4)(χ− ξ1), 7/4 ≤ a ≤ 2,

(226)

where ξ0 = 2.794634 and ξ1 = 3.021592. The three pieces follow by tensor interpolation and
permutation from the strict square bound, the bounds for shapes (1, 3/2, 1) and (1, 2, 1) in Table 1
of [ADW+25], and ω(1, 7/4, 1) ≤ 3.021591 < ξ1 in Table 3 of [LU18]. The additional shape gives a
smaller upper bound between 3/2 and 2. These are upper bounds, not assertions about the exact
multiplication exponent.

Lemma 5.7 (Implicit restricted feature actions). A submatrix of V , or its transpose, having at
most ˜︁O(na) selected coordinate rows and selected feature columns can be applied, together with its
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adjoint, in ˜︁O(nϑ(a)) arithmetic operations. The lists may contain repetitions. At one fixed root all
initial sample vectors cost ˜︁O(n3 + nϑ(a1)) to prepare. For the final factor Φh, the factor itself, its
Gram matrix, and its inverse approximation cost

˜︁O(ng(ah−1,ah) + nahω0), g(r, v) = 2(ξ0 − ω0)r + (3ω0 − 2ξ0)v. (227)

Proof. For selected sample columns, a weighted feature sum is first represented as a pair of weighted
rank-two outer-product sums, with the single centering correction in Eq. (211). Compute it with
products of shapes (n, na, n), and evaluate only the selected original input quadratic forms with
shapes (n, n, na). Response coefficients and diagonal G−1/2 are applied before or after these maps
as appropriate. For the adjoint, form the forcing pair from the selected original coordinates and
test it against only the selected samples. The same products suffice. Repeated indices are treated
as repeated factor columns, or their coefficients can be summed; neither method requires materi-
alizing the feature entries. Padded coordinate indices denote zero functionals and are skipped; no
nonexistent weight is inverted. All these maps are real coordinate maps even for complex Hermitian
data. There is no new spectral decomposition per action.

The two order-n root spectral decompositions are performed once. To form the initial s sample
vectors, apply the eigenvector matrices to the arrays of diagonally scaled Gaussians by the same
rectangular products. Scalar powers, sampling, diagonal scalings and lists cost ˜︁O(n1+a1), which
is smaller. Thus the preparation cost is as asserted, rather than square blocking at exponent
ω0 + a1 − 1.

Let r = ah−1 and v = ah. The final factor has dimensions ˜︁O(nv) × ˜︁O(nr); its entries are
computed by a fixed number of products of shape (nv, n, nr) and entrywise operations. Since
v ≥ 1, these fit the cost for the terminal Gram, whose shape is (nv, nr, nv). For v ≤ r ≤ 3v/2,
tensor interpolation of the square and 3/2 shapes gives g(r, v). The terminal system has smallest
eigenvalue at least one. The existing normwise-stable Newton–Schulz construction forms its inverse
with ˜︁O(nvω0) work, including residual certification.

The represented factors are fixed by their dyadic rank-two data. A materialized terminal factor
and its implicit actions approximate the same matrix. Compute the products in exact arithmetic
and use Newton–Schulz iteration until its residual, together with the known inverse bound, gives
the requested error. The polynomial spectral bounds require only logarithmically many iterations.
Real and imaginary coordinate formulas preserve the adjoint identities at constant cost.

Executable nested inverse solves. Use W0 to solve K0 on a fixed interval [1/2, 2], and Wj to
solve Kj on

[1/(4λj), 4] (1 ≤ j < h). (228)

The good-event comparisons leave fixed slack in these intervals. For any of these systems Kv = b
and preconditioner W , define M := W−1K, ι := (α+ β)/2, t := (β − α)/2, D := (ιI −M)/t, and
ϱ := ι/t. With b′ := W−1b, use

a1 := 1/ϱ, aj+1 := (2ϱ− aj)
−1,

v0 := 0, v1 := b′/ι,

vj+1 := 2aj+1Dvj − ajaj+1vj−1 + 2aj+1b
′/t.

Its exact error identity is
v∗ − vj = Tj(D)v∗/Tj(ϱ). (229)
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All exact ratios lie in [0, 1]; clip computed ratios to this interval. No exponentially large recurrence
numerator is stored. Thus K0 needs polylogarithmically many iterations; Kj needs ˜︁O(

√︁
λj) itera-

tions. Apply W−1
j using Eq. (223) and a recursive solve of Kj+1. Use the residual corrections of

Lemma 5.8 at each level, requesting the same inverse-polynomial relative-to-right-hand-side accu-
racy from every child. At the leaf use the stored short inverse. All recursion depths and iteration
lengths are prescribed before the trial. This is an iterative inverse application, not an exact inverse
oracle.

For the outer shifted system B = A + 2RI, apply W−1 by Eq. (219). The feature comparison
gives the slack interval

adomR

4µ
≤ γ(W−1B) ≤ 4,

so one accurate B solve uses ˜︁O(
√︁
1 + k/q1) applications. Use a bounded outer polynomial. Define

T := RB−1, so 0 ⪯ T ⪯ I, and define

t− := R/(2R− δ), t+ := R/(2R− 2δ), t0 := (t− + t+)/2, ∆ := (t+ − t−)/2.

Here ∆ ≥ δ/(8R). Choose a positive dyadic ϵf with ϵf ≤ 1/4 and ϵ2f ≤ δ/(64k(Maux + δ)). Choose

an integer df ≥ max{2/∆, 8∆−2 log(2/ϵf )} and define j∗ := ⌈df t0⌉. Since R/δ is polylogarithmic,
so is df . The filter is

pf (t) :=

df∑︂
j=j∗

(︃
df
j

)︃
tj(1− t)df−j , yaux := pf (T )ξ, (230)

where ξ ∈ {±1}k is independent of the sketches. The Bernoulli logarithmic moment bound, whose
second derivative is at most 1/4, gives 0 ≤ pf ≤ 1 on [0, 1], pf ≤ ϵf on [0, t−], and pf ≥ 1 − ϵf

on [t+, 1]. Evaluate the polynomial by de Casteljau’s recurrence, starting with v
(0)
j := 1{j≥j∗}ξ

and setting v
(r)
j := (I − T )v

(r−1)
j + Tv

(r−1)
j+1 . The O(d2f ) inverse actions change only logarithmic

factors in the arithmetic cost. In an eigenbasis of T , each update is a convex combination. Jensen’s
inequality summed over the array proves contraction in its concatenated Euclidean norm. If each
vector update has error at most η, summing the errors over df levels gives final error at most
df
√︁
df + 1η. Thus inverse-polynomial action errors attain the prescribed filter accuracy.

5.3 Certified states and discrepancy

No hidden oracle at the Newton stages. At every face or accepted state an optimizer cache
has been certified inside its joint-energy ball and then corrected to its specified floor. Use that base
inverse for the next candidate or homotopy increment, as in Lemma 4.11. The current residual uses
logarithms of positive Q, not a Gibbs state presumed known in advance. Traceless updates keep
tr[Q] = 1 exactly; rational projection subtracts tr[B]E/(2n). Positive definiteness at intermediate
points follows from the proved ball and errors smaller than a fixed fraction of its radius. Residual
enclosures translate to root-error enclosures by the local inverse bound. No analytic-center, SDP,
or exact spectral oracle is invoked.

The preceding matrix-function constructions and residual inverse bounds maintain this invariant
with inverse-polynomial action errors. The endpoint and discrepancy allowances are as follows.

Endpoints and error allowances. The endpoint-score tolerance is still smaller than a fixed
fraction of γδend

97/200. Its uniform PSD repair therefore costs less than the available reservoir
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decrease. Deferred removals preserve the modeled sum. Multiple hits are removed together and
count toward at most k removals; zero matrices may be eliminated directly. No smoothing penalty
is paid at each face: Ps is one fixed potential for the maintained model, and Eq. (120) is used once
at initialization.

Initial-coordinate rounding and deferred rounding cost at most εround; partial signing costs ηps.
Restoring variance scaling and discarded inputs yields the internal coefficient

(2
√
ι+ 2εscale + 10−6 + εround + ηps + 10−8)

√
1 + εscale + εdiscard < 4.86276. (231)

An exact check is obtained by putting r = 121569/25000 and b = r − εdiscard − (10−6 + εround +
ηps + 10−8)(1 + εscale). Then b > 0 and

b2 − 4(ι+ 2εscale)(1 + εscale) = 425477826609165924200044521/1032 > 0.

The one-time input transfer gives 4.86276(1+6 ·10−8)+2 ·10−8 = 4.8627603117656 < 4.8628. This
proves correctness for every sequence of accepted moves, including every random-bit sequence in
the capped randomized algorithm.

5.4 An endpoint bound with dimension-dependent sketch depth

We use a dimension-dependent sketch depth O(log log(2n)). The following uniform accuracy and
arithmetic bounds give a complete verified curvature search in ˜︁O(nχ) operations.

We may pad the matrices with zero rows and columns to order N = 2⌈log2 max{2,n}⌉, where
N ≤ 2max{2, n}. Run the same normalized algorithm at that order, including its regularization
ρ = εscale/N . Padding preserves the matrix variance, rank one and the output discrepancy. Its
input work remains ˜︁O(mn2) arithmetic operations. In the remainder of this subsection, dimension-
dependent bounds refer to N . Put

r = log2N, J = r + 1.

All logarithmic bounds are in J because k ≤ N2 in the nonlinear phase. Original long input
coefficients are read and converted only in the unchanged preprocessing.

A uniform rectangular action bound. We will use a deliberately weaker slope than the
interpolation bound in Eq. (226). Set σmm = 5/6. For every power of two q with N4/3 ≤ q ≤ N2,
restricted feature actions, their adjoints, and the corresponding factor products have uniform cost˜︁O(Nχ(q/N2)5/6). (232)

Here the constants and logarithmic degree are independent of q; this is important when the shapes
are chosen from the input dimension. Indeed χ − ω0 = 0.878859 > 5/6. Fix once and for all a
common power-of-two base large enough to implement the square and (1, 2, 1) bilinear algorithms
at strict exponents below ω0 and χ. Choose their slack small enough that the difference of those
exponents still exceeds 5/6. Tensoring t − r square levels and r rectangular levels gives shape
(bt, bt, bt+r), with cost at most a constant times

(bt)χ(bt+r/b2t)5/6.

Rounding the two dimensions up to adjacent base powers changes them by fixed factors. Tensor
permutation supplies both orientations used in Lemma 5.7. Thus one finite collection of fixed
bilinear algorithms implements all the required shapes. Their depth is logarithmic; fixed coefficients
give polynomial normwise error amplification uniformly in the mix of levels. Lists enlarged by
polynomial factors in J can be split into that many blocks, contributing only a fixed logarithmic
factor. No new or input-dependent matrix multiplication exponent is used.
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Avoiding exponentially large recurrence numerators. Consider one of the positive systems
Kv = b with the stated preconditioner W , on a slack interval [α, β]. Retain M = W−1K, ι =
(α+ β)/2, t = (β −α)/2, D = (ιI −M)/t, and ϱ = ι/t > 1. Instead of storing the numerators and
Tj(ϱ) in Eq. (229), store

aj = Tj−1(ϱ)/Tj(ϱ).

Use the normalized recurrence

a1 = 1/ϱ, aj+1 = (2ϱ− aj)
−1,

v0 = 0, v1 = b′/ι, b′ = W−1b,

vj+1 = 2aj+1Dvj − ajaj+1vj−1 + 2aj+1b
′/t.

(233)

It has exactly the same error polynomial:

v∗ − vj = Tj(D)v∗/Tj(ϱ). (234)

In exact arithmetic 0 < aj ≤ 1. The update of aj is Lipschitz with constant at most one on [0, 1],
since 2ϱ−aj ≥ 1. The computed ratio can be clipped to [0, 1]; clipping cannot increase its distance
from the exact ratio. Divisions and the clipping test are short rational operations.

Lemma 5.8 (Uniform arithmetic bounds for nested normalized solves). Let 2 ≤ h ≤ J 2 and
let N4/3 ≤ qh ≤ · · · ≤ q1 ≤ N2 be powers of two. Use the feature and index sample counts in
Lemmas 5.3 and 5.6, with this h. The entry/covariance and all conditional sampling events have
the same constant joint success lower bound as before. On their intersection, all completed recursive
solves attain ∥v − K−1b∥ ≤ N−B0∥b∥ for a fixed B0 independent of h,N and the qj. The shifted
solves and outer curvature filter attain their prescribed inverse-polynomial errors. There is a fixed
integer D ≥ 1, independent of these parameters, such that the full capped arithmetic cost of one
trial is at most

J 4D(N3 +Maux(N, q1) + qω0
h ) + J 4D

√︁
1 + k/q1N

χ

+
h−1∑︂
j=1

J D(j+4)
√︂

(k + q1)/qj+1Maux(N, qj−1)

+ J D(h+4)
√︁
(k + q1)/qhq

2
h,

(235)

where q0 = q1 andMaux(N, q) = Nχ(q/N2)5/6. The setup term presumes qh−1 = qh; a fixed factor
in their ratio would give the same conclusion. Each returned direction is verified against the true
model. All samples, including failed sampling events, have the displayed deterministic cost cap.

Proof. Freeze the root data, feature factors, and index lists during a trial. The exact invariant in
Eq. (224) gives 1 ≤ λmin(Kj) and ∥Kj∥ ≤ 1+2qj maxa,b |Vab|2/d0. The finite sample magnitudes are
polynomial uniformly for h ≤J 2. Hence all system, inverse, Woodbury, and similarity bounds are
NO(1) with exponents independent of depth. The moment order is O(J ). Assigning conditional
index failure at most 1/(1000(h+1)) preserves the preceding joint probability after a union bound,
including the finite sampling caps.

For a normalized Chebyshev solve on the good event, a vector update error ei contributes at step
J a term [Ti(ϱ)/TJ(ϱ)]UJ−i(D0)ei. The scalar ratio is at most one, and the second-kind polynomial
has norm at most a fixed polynomial similarity factor times J − i+1. Thus the accumulated error
is at most NC(J + 1)2maxi ∥ei∥, for a fixed C. All prescribed iteration counts are polynomial in
N .

104



Set η := N−B0 . At every level construct a coarse solver Sj using O(
√︁
β/α logN) normalized

Chebyshev steps and completed child solves with error at most η times their right-hand-side norm.
Normalize each right-hand side within its own call; a zero right-hand side returns zero. The
preceding error bound makes the effect of child errors at most NC′

η∥b∥, with C ′ independent of
depth. Choose B0 sufficiently large and local action tolerances inverse polynomially smaller. The
exact truncation error and these action errors then give

∥Sj(b)−K−1
j b∥ ≤ 1

4∥K−1
j b∥.

Compute fresh residuals and corrections vℓ+1 := vℓ + Sj(b − Kjvℓ) from v0 := 0. With exact
residuals the solution error contracts by 1/4. Inverse-polynomial residual-action errors add a fixed
polynomial multiple of their local tolerance. Choosing that tolerance smaller than ηN−C′′

and
using O(logN) corrections attains the same η output guarantee at every level. A direct residual
check, using Kj ⪰ I, certifies it. The terminal inverse starts the induction; the shifted system is
treated in the same way.

The bounded outer array requires only inverse-polynomial action accuracy by the contraction
estimate above. Choose B0 also for its normalization and quotient margins. Prescribe all iteration
lengths and a polynomial magnitude cap before the trial, and reject on a failed residual, magnitude,
or final witness test. On the good event these caps and tolerances preserve the successful sign event.
They bound every other trial as well.

Choose a fixed D large enough to absorb all fixed constants, sample oversampling, matrix-
product and spectral overhead, and the accuracy factor in a Chebyshev length into J D at a
single level. This D does not depend on the depth. One recursive level therefore has cost at
most J D

√︁
qj/qj+1 times the sum of its restricted action cost and one child solve. K0 costs only

another J D factor, and the shifted solve costs J D
√︁

1 + k/q1 such applications. Expanding this
recurrence gives Eq. (235), with conservative extra factors J 4D. At the leaf, qh−1 = qh allows the

factor, its Gram, and its inverse to be formed by square products of order ˜︁O(qh), costing J Dqω0
h ;

its inverse action costs J Dq2h. Preparing all sampled vectors costs J D(N3+Maux(N, q1)). Index
lists and every random bit are smaller. This proves the arithmetic cost without suppressing a
depth-dependent logarithmic power.

A sketch schedule absorbing the nesting overhead. Fix the integer D from Lemma 5.8,
then fix

C∗ = 1000(D + 1), bmax = ⌊2r/3⌋, b0 = min{bmax, ⌈C∗ log2 J ⌉}.
The first ceiling is computed as the least integer b for which 2b ≥ J C∗ ; its exponent is a fixed
integer. If b0 = bmax, use the two deficits (b0, b0). Otherwise form

bt+1 = min{bmax, ⌈3bt/2⌉} (236)

until bT = bmax and use the list

(ℓ1, . . . , ℓh) = (b0, b1, b1, b2, b2, . . . , bT , bT ), qj = 22r−ℓj , ℓ0 = ℓ1. (237)

This is a completely integer schedule. The sample sizes are nonincreasing, and

N4/3 ≤ qh = qh−1 < 2N4/3, 2b0 ≤ 2J C∗ , h = O(logJ ).

More explicitly, h ≤ 6 + 4 log2 J , apart from the two-level capped case; our large fixed C∗ makes
h ≤J 2 in every case. Neither the matrix algorithms nor their coefficients depend on these variable
exponents; Eq. (232) was uniform in the sizes.
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Lemma 5.9 (Summing all recursive work). For the schedule in Eq. (237), the full capped cost in
Eq. (235) is ˜︁O(Nχ), with a fixed logarithmic degree independent of N . In particular the factor
J Dh is not silently treated as a polylogarithm.

Proof. The full top-level action term is bounded by

J 4D
√︁

1 + k/q1N
χ ≤ 2J 4D+C∗/2Nχ.

Setup costs at most a fixed logarithmic factor times N3 +Nχ +N4ω0/3, and 4ω0/3 < χ.
Suppose first b0 < bmax. In the jth summand in Eq. (235), k + q1 ≤ 2N2 gives, up to a fixed

factor,
NχJ D(j+4)2−5ℓj−1/6+ℓj+1/2 ≤ 2NχJ D(j+4)2−ℓj−1/12. (238)

The schedule satisfies ℓj+1 ≤ 3ℓj−1/2+ 1. Writing t = ⌊(j − 1)/2⌋, the deficit ℓj−1 = bt has not yet
been capped, so

ℓj−1 ≥ (3/2)tb0 ≥ C∗(3/2)
t log2 J .

For every integer j ≥ 1, j +4 ≤ 8(3/2)t and j ≤ 4(3/2)t; induction on the pairs (j = 2t+1, 2t+2)
proves both inequalities. Our choice of C∗ thus gives

D(j + 4)− C∗(3/2)
t/12 ≤ −2j.

Summing Eq. (238) costs at most 2Nχ
∑︁

j≥1 J −2j = O(Nχ).
The remaining leaf inverse-action term is at most a fixed factor times

J D(h+4)N3,

since qh < 2N4/3. This term requires its own bound. Before the final truncation, each increase in
bt is at least b0/2. It follows that h+ 4 ≤ 12bmax/b0. Therefore

D(h+ 4) log2 J ≤ (12D/C∗)bmax ≤ (8D/C∗)r < r/100.

The term is at most a constant times N3.01, smaller than Nχ. This establishes the bound without
invoking an unquantified subpolynomial-overhead argument.

If b0 = bmax, the depth is exactly two. The logarithmic factors are already fixed powers. The
single restricted-action exponent has factor 2−b0/3 ≤ 1, and the leaf action is O(N3) up to its
fixed logarithmic factor. The top term obeys the same bound because 2b0 ≤ 2J C∗ . All cases are
covered.

5.5 A negative spectral subspace and larger curvature moves

Lemmas 5.8 and 5.9 make a complete verified curvature search cost ˜︁O(nχ). We retain the dimension
of the negative spectral subspace to bound the number of moves. A bounded spectral filter, rather
than a filter concentrating only on the most negative eigenvector, produces a direction with a useful
coordinate spread. A logarithmic number of reservoir reallocations and simultaneous attenuation
of deferred coordinates complete the implementation.

We retain the input conversion, variance scaling, batched grouped partial signing, smoothed
potential, root equations, and numerical root machinery of the preceding subsections. In particular∑︁

i V
2
i ⪯ I, ι = 14779/2500 > 5, ρ = 10−8/n, τs = 10−8/⌈log2(4n)⌉, and the cutoff δend is

unchanged. The initial retained count is k0 ≤ n2; below k means the current count. As in the
endpoint implementation, zero padding to a power-of-two matrix order costs only constant factors.
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All bounds may be read at that padded order. This does not pad the active coordinate space in
the spectral arguments below.

The symbol Pn continues to denote a fixed positive polynomial in log(2n), enlarged finitely
many times. All additional constants below can be replaced by rational upper or lower bounds
obtained from the fixed budget, its derivatives on the truncated interval, and the root bounds
already proved. None requires estimating an unknown spectrum. The reservoir coefficient will
vary between phases; it always satisfies γ ≥ 10−6/(L0k0), where L0 = 1 + ⌈log2max{2, k0}⌉. Root
geometry is independent of γ. All weight and numerical bounds used previously remain valid after
this logarithmic change of the lower bound.

A rank-defect version of the covariance construction. We first record the linear algebra
that supplies multiplicity, not merely one negative eigenvalue. The normalized response matrices in
Lemma 3.4 act on a real coefficient space of dimension 2k. In this paragraph call them T,Maux,Γ,
to avoid confusion with the current scaled Hessian. In the paired orthonormal basis ei, fi they
satisfy

Maux ⪰ T ∗ΓT, Maux ⪰ 0, ⟨ei,Mauxei⟩ = ⟨fi,Mauxfi⟩ = 1, Γei = Γiei, Γfi = Γifi,

with Γi ≥ ι > 5, and
⟨ei, T ei⟩+ ⟨fi, T fi⟩ = 0, ⟨ei, T ei⟩ ≤ 0.

Let Π0 project onto the span of the ei.

Lemma 5.10 (Projection with a rank defect). Let Π have rank k−r and satisfy (I−Π0)(I−T )Π =
0. With

θi =
2√

1 + 4Γi − 1
, κi =

1 + θi
1− θ3i

,

there is a PSD matrix A, supported on Π, such that

tr[MauxA] ≤
∑︂
i

κi⟨ei, (I − T )A(I − T )∗ei⟩+ r. (239)

If 0 ≤ r ≤ k/4, the same matrix satisfies

tr[(I − T )A(I − T )∗] ≥ k/175. (240)

These estimates do not depend on the smallest covariance weight.

Proof. Write ui = 1 + θ2i + θ3i and put

ϖe
i =

1

(1 + θi)ui
, ϖf

i =
θi

(1 + θi)(2 + θi)
, hi =

2

ui
, ji =

2

2 + θi
.

Define D∗ =
∑︁

i(ϖ
e
i eie

∗
i +ϖf

i fif
∗
i ). For an orthonormal basis matrix E∗ of rangeΠ, set

C∗ = E∗
∗D

−1
∗ E∗, A = E∗C

−1
∗ E∗

∗ , B = D∗ − A.

Both A,B are PSD and AD−1
∗ A = A, AD−1

∗ B = 0, and tr[D−1
∗ A] = k − r.

For completeness, the row completions in Lemma 3.3 apply to this rank without alteration. For
rows ti = e∗iT and si = f∗

i T , they give

ΓitiBt
∗
i + κi(e

∗
i − ti)A(ei − t∗i ) + hitiei ≥

⟨ei,Aei⟩
ϖe

i

− h2i
4Γiϖe

i

,
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ΓisiBs
∗
i + jisifi ≥

⟨fi,Afi⟩
ϖf

i

− j2i

4Γiϖ
f
i

.

The first is completion with ΓiB+ κiA, whose inverse is

Γ−1
i D−1

∗ + (κ−1
i − Γ−1

i )D−1
∗ AD−1

∗ .

The second uses siA = f∗
i A and a PSD square with B; its invertibility is not needed. The scalar

identity
h2i

4Γiϖe
i

+
j2i

4Γiϖ
f
i

= 1−ϖe
i −ϖf

i

and hi > ji show, on summing, that

tr[ΓTBT ∗] +
∑︂
i

κi⟨ei, (I − T )A(I − T )∗ei⟩ ≥ tr[MauxD∗]− r.

Here the sum of the added diagonal terms is nonpositive. Since Maux ⪰ T ∗ΓT , tr[MauxA] ≤
tr[MauxD∗] − tr[ΓTBT ∗]; this proves Eq. (239). The loss is exactly the rank defect r, not an
unquantified dimension factor.

For movement, 0 < θi ≤ 101/200 implies (ϖe
i )

−1 ≤ 3 and (ϖf
i )

−1 ≤ 2Γi. Thus D−1
∗ ⪯

3Π0 + 2ΓΠ1, where Π1 = I − Π0. The response identity gives Π1E∗ = Π1TE∗. Since Γ commutes
with Π1,

tr[C∗] ≤ 3(k − r) + 2∥Γ1/2Π1TE∗∥2F ≤ 3k + 2 tr[Maux] ≤ 7k.

Also ∥T∥2F ≤ 2k/ι. Write ℓ = k − r ≥ 3k/4. Then

tr[(I − T )Π] ≥ ℓ−
√︁

2kℓ/ι ≥ k/5.

The last inequality follows from ι > 5: the expression increases on ℓ ≥ 3k/4, and (3/4 − 1/5)2 =
121/400 > 3/10. Weighted Frobenius Cauchy–Schwarz now gives

(tr[(I − T )Π])2 ≤ ∥(I − T )E∗C
−1/2
∗ ∥2F ∥E∗C

1/2
∗ ∥2F = tr[(I − T )A(I − T )∗] tr[C∗].

This proves Eq. (240).

We spell out how the rank defect transfers to physical directions. Retain ui, vi, wi, zi, ti, pi, qi
from the smoothed section and define

zmov
i = p2iuiwi + q2i vizi > 0, Mauxi = piui − qivi.

In the response construction put ιi = (βipi/qi)
1/2, di = (βiqi/pi)

1/2, and τi = (piqi/βi)
1/2. The two

response-coordinate energy diagonals are EW,i = ι2iuiwi and EZ,i = d2i vizi; thus τ
2
i (EW,i + EZ,i) =

zmov
i . The response graph in Eq. (44) maps bijectively to physical h ∈ Rk. Indeed the two equations
p − Bq = J and Ap − q = J have a unique solution for every J , since I − BA is invertible by the
strict dual inequalities; hi = Ji/τi. Consequently imposing any r independent linear conditions on
h reduces its normalized response subspace dimension from k to k − r. All other hypotheses of
Lemma 5.10 are unchanged.

Corollary 5.11 (Covariance on a prescribed subspace). For every subspace E ⊆ Rk of codimension
r ≤ k/4 at a light state, there is a finitely supported centered h ∈ E , with covariance Σ, such that

E[Z(h)] ≤
∑︂
i

κiz
mov
i Σii + r,

∑︂
i

zmov
i Σii ≥ k/175. (241)

Here Z(h) is the fixed-constraint inversion energy used in the source covariance proof, not the
entropy covariance operator QQ.

108



Proof. Use the restricted response projection in Lemma 5.10. The normalized energy matrix has
trace 2k and the same unit diagonal. The physical covariance is obtained by applying the fixed
response map to A1/2ξ, where ξ consists of independent signs. The movement matrix is supported
on the ei coordinates and its ith diagonal is zmov

i Σii. The two conclusions therefore follow directly.
This distribution is only an existence certificate in the proof; the algorithm never forms the response
projection, its covariance, or its square root.

Many negative eigenvalues after a failed gradient test. For any covariance in Corol-
lary 5.11, use the preceding drift µi = −C2,iMauxiΣii, with C2,i = (1 + τ/2)κi. The same exact
cancellation and scalar certificate as in Eq. (54) now yield

DFs ≤ −υn
∑︂
i

ϖiΣii + Cτr, Cτ = 1 + τ/2, (242)

where υ−1
n ≤ Pn is a known rational bound. For example, if bn ≥ max(−β′′) on the truncated

interval, take
υn = min{1/40, κfast/(4ιbn)}.

In fact the matrix term is at most −κfast
∑︁

iC2,ipiqitiΣii + Cτr, and the reservoir term is at most
−γ∑︁i(−β′′

i )Σii/20. Here C2,i ≥ 1 and piqi ≥ 1/2. This verifies Eq. (242) with the stated choice.
The fixed-constraint majorization for Ps is exactly the one already proved in Section 4.13; it does
not assume hard tight equations for the smoothed root.

Choose a known mn ≤ Pn, enlarged so that

|C2,iMauxi| ≤ mn
√
nϖi, |Mauxi|, |β′

i|, piqi ≤ mn.

Use separated gradient tests so that failure implies

|(Fs)i| ≤
υn
8mn

√︁
ϖi/n for all i. (243)

A successful test certifies a lower bound half this size, which changes only the logarithmic factors
of the retained coordinate-step analysis. At such a failed state there is a known zn ≤ Pn with

zmov
i ≤ znϖi. (244)

Indeed the exact identity is

zmov
i = piqiti +Mauxi((Fs)i − γβ′

i).

Since ϖi ≥ (ιti + γ)/2, the right side is bounded by (2mn/ι + 1 + 2m2
n)ϖi using Eq. (243). This

value may be used for zn.

Lemma 5.12 (Negative spectral multiplicity). Put

δn = υn/16, πn = min{1/8, υn/(1024Cτ zn)}.

At a light state satisfying Eq. (243), the matrix A = G−1/2∇2FsG
−1/2 has at least πnk eigenval-

ues smaller than −4δn. In particular π−1
n , δ−1

n ≤ Pn. No covariance computation is part of the
algorithmic assertion.
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Proof. Let r count eigenvalues below −4δn. If r > k/4 the result is immediate. Otherwise take E
to be the preimage, under G1/2, of their orthogonal complement, and apply Corollary 5.11. Write
PΣ =

∑︁
iϖiΣii. Then PΣ ≥ k/(175zn) and

1
2 tr[∇2FsΣ] ≥ −2δnPΣ = −υnPΣ/8.

On the other hand |∇Fs · µ| ≤ υnPΣ/8, so Eq. (242) implies

1
2 tr[∇2FsΣ] ≤ −7υnPΣ/8 + Cτr.

It follows that r ≥ 3υnk/(700Cτ zn) ≥ πnk. The argument also covers small k: the positive lower
bound and integrality force at least one such eigenvalue.

A bounded spectral filter with a spread guarantee. At a failed gradient test, freeze the
numerical root and the exact symmetric Schur surrogate as before. Choose its accuracy so the
scaled surrogate is within δn/100 of the true scaled Hessian. Denote this surrogate by A and write
δ = δn, π = πn. By Lemma 5.12 and Weyl’s inequality it has at least πk eigenvalues at most −3δ.
Enlarge the known rational spectral bounds to

−RI ⪯ A ⪯MauxI, Maux ≤ Pnk, 1 ≤ R ≤ Pn, 0 < δ ≤ R/8.

The PSD shift is B = A+ 2RI ⪰ RI. The endpoint construction of Section 5.4 supplies accurate
applications ofB−1 with complete cost ˜︁O(nχ) per invocation, including sketch preparation, provided
the number of outer applications and their accuracy and magnitude lengths are O(log(2kn)). We
change only its outer polynomial.

Lemma 5.13 (A checked flat-filter direction). Given the preceding spectral bounds, a finite random-
sign filter, using polylogarithmically many applications of B−1, has constant probability of producing
a true generalized-curvature witness r with ∥r∥2 = 1 and

r⊤∇2Fsr ≤ −1
2δr

⊤Gr, ∥r∥2∞ ≤ snr
⊤Gr, sn ≤ Pn. (245)

Both inequalities are verified with enclosures. Combined with the finite recursive feature and in-
dex sampler, a capped trial succeeds with conditional probability at least 1/64 and costs ˜︁O(nχ) in
arithmetic operations, including unsuccessful trials.

Proof. Set T = RB−1, so 0 ⪯ T ⪯ I, and define

t− =
R

2R− δ
, t+ =

R

2R− 3δ
, t0 = (t− + t+)/2, ∆ = (t+ − t−)/2.

Here ∆ ≥ δ/(8R). Choose a positive dyadic εf with

εf ≤ 1/16, ε2f ≤
δπ

128(Maux + δ)
,

and an integer df ≥ max{2/∆, 8∆−2 log(2/εf )}. All these quantities have polynomial or polyloga-
rithmic magnitude; df is polylogarithmic. For j∗ = ⌈df t0⌉ use the Bernstein polynomial

pf (t) =

df∑︂
j=j∗

(︃
df
j

)︃
tj(1− t)df−j . (246)
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It lies in [0, 1] on [0, 1]. For completeness, the logarithmic moment function of a centered Bernoulli
variable has value and derivative zero at zero and second derivative at most 1/4. Twice integrating
gives E[exp(t(U − E[U ]))] ≤ exp(t2/8). Independence and optimization of the exponential Markov
bound therefore give Pr[|Bin(df , t)/df − t| ≥ a] ≤ 2e−2dfa

2
; each one-sided tail has the same bound

without the factor two. It follows that

pf (t) ≤ εf (t ≤ t−), pf (t) ≥ 1− εf (t ≥ t+).

For the latter bound, rounding df t0 costs at most 1/df ≤ ∆/2; the two binomial tail bounds are
at most exp(−df∆2/2). Thus F = pf (T ) obeys 0 ⪯ F ⪯ I, is at least 1 − εf on eigenvalues of A
at most −3δ, and is at most εf on eigenvalues of A at least −δ.

Draw independent real signs ξ ∈ {±1}k and let yaux = Fξ. Writing Mf = tr[F 2], we have

Mf ≥ πk/2, E[∥yaux∥2] = Mf , E[∥yaux∥4] ≤ 3M2
f .

The fourth-moment inequality follows by expanding the quadratic form ξ⊤F 2ξ; its second moment
is at most (tr[F 2])2 + 2 tr[F 4] ≤ 3M2

f . Consequently Pr[∥yaux∥2 ≥Mf/2] ≥ 1/12. Each coordinate

of Fξ has the sign moment-generating-function bound E[etyauxi ] ≤ et
2/2, since its coefficient row

has Euclidean norm at most one. A union bound yields

Pr[∥yaux∥2∞ > 2 log(384k)] ≤ 1/192.

With probability greater than 1/16 both estimates hold, so

∥yaux∥2 ≥ πk/4, ∥yaux∥2∞ ≤ 2 log(384k). (247)

The squared mass on eigenvalues at least −δ is at most ε2fk. On this event

yaux
⊤Ayaux
∥yaux∥2

≤ −δ +
4(Maux + δ)ε2f

π
≤ −7δ/8.

Unscale by the diagonal budget and normalize: r = G−1/2yaux/∥G−1/2yaux∥. In exact arith-
metic,

∥r∥2∞
r⊤Gr

=
maxi yaux

2
i /ϖi

∥yaux∥2
.

The weight lower bound, Eq. (131), and k > K/2 show that Eq. (247) makes this at most a fixed
multiple of L0 log(384(k0 + 1))/(Λπ). For example one may take the known rational upper bound

sn ≥
210L0 log(384(k0 + 1))

Λπ
.

The slack also covers numerical weights within a fixed small relative factor of the true weights.
This proves the ideal spread and negative quotient with more margin than Eq. (245) requires.

Here is an explicit evaluation and precision argument. Set v
(0)
j = 1{j≥j∗}ξ for 0 ≤ j ≤ df and

use
v
(r)
j = (I − T )v

(r−1)
j + Tv

(r−1)
j+1 , 1 ≤ r ≤ df , 0 ≤ j ≤ df − r. (248)

Its final vector is Fξ. This requires O(d2f ) inverse actions, which is still a fixed polylogarithm. In
an eigenbasis of T , each update is a convex combination. Jensen’s inequality, summed over the
shortened array, shows contraction in its concatenated Euclidean norm. If each vector update has

111



error at most η, the final error is at most df
√︁

df + 1η. Choose inverse-polynomial action errors
smaller than the normalization and quotient margins divided by this factor, using the completed
solves of Lemma 5.8.

Require a lower norm enclosure at least
√︁

πk/8 and verify both true inequalities in Eq. (245)
before acceptance. The estimates in Eq. (247) and the quotient bound have slack for these errors,
including the root and weight errors. The feature and conditional-index events have probability
at least (4/5)(99/100), and the independent sign event has probability greater than 1/16. Their
product, with the reserved numerical slack, is greater than 1/64. Prescribed residual, iteration,
and magnitude caps bound every unsuccessful trial. Lemmas 5.8 and 5.9 give the stated arithmetic
cost.

A curvature tube retaining the maximum coordinate. The previous proof bounded every
|ri| by one. Keeping its actual maximum makes the spread certificate useful.

Lemma 5.14 (Spread-sensitive curvature tube). Let r be a certified Euclidean unit curvature
direction at a failed gradient state, put θ0 = r⊤Gr and b = ∥r∥∞. A sufficiently small fixed inverse-
polylogarithmic an > 0 makes

|s| ≤ anmin{δend/b, (nθ0)−1/2} (249)

a valid two-sided trial tube. Both candidates can be evaluated from the base optimizer with a constant
number of corrected stages. The better sign decreases the true current phase potential by at least

P−1
n min{δend2θ0/b2, n−1}. (250)

If Eq. (245) holds, this is at least 1/(Pnn). The conclusion is valid across every coordinate-zero
crossing.

Proof. Keep the directional maximum in the weighted coupling estimates. For 1 ≤ j ≤ 3 and j ≥ 2,
respectively, they become

q(A(j)D) ≤ Pnb
j−1
√︁

Are(D), q(Csj ) ≤ Pnb
j−2Ar.

Indeed |ri|2j ≤ b2j−2r2i in weighted Cauchy–Schwarz, and |ri|j ≤ bj−2r2i in the direct term. The
bound for F2 = A′Q is unchanged. In the temporary small-energy region of the curvature proof,
completing the square in the second-order identity still gives e(P′)+E(Q′) ≤ Pn

√
θ0. The third-order

saddle identity now yields

|P ′′′
s |, |F ′′′

s |, |θ′| ≤ Pn(bθ0 +
√
nθ

3/2
0 ). (251)

In detail the direct cubic and differentiated-coupling terms acquire bθ0; the inverse words, transfer

of the dual derivative, and entropy cubic have the unchanged
√
nθ

3/2
0 bound. The reservoir cubic

is at most Pnbθ0. Thus no term without its required directional factor has been suppressed.
Use a simultaneous first-exit argument for weight comparability, P ′′

s ≤ Maux0θ0, expanded
light bounds, and a bounded potential sublevel. The coordinate displacement in Eq. (249) is at
most δend/4, after fixing an, so endpoint distance remains at least δend/2. Relative variations of
ui, vi, wi, zi have rate at most Pn

√
nθ0; scalar budget relative variations have rate at most Pnb.

The same estimates used in Section 4.15, now integrated over Eq. (249), therefore close these
comparisons and Eq. (251).
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One additional point is needed because the Euclidean step can exceed one: boundedness of the
modeled matrix must not be inferred merely from its Lipschitz bound times s. At the base the
failed gradient test gives

|F ′
s(0)| ≤ P−1

n

√︁
kθ0/n.

While the temporary estimates hold, |F ′′
s | ≤ Pnθ0. For |s| ≤ an/

√
nθ0 this implies

|Fs(y + sr)−Fs(y)| ≤ P−1
n an

√
k/n+ Pna

2
n/n < 1/2,

using k ≤ n2 and a small enough prefactor. Hence the potential cannot exit a fixed larger bounded
sublevel; ∥M∥ ≤ Ps ≤ Fs then supplies the bounded-model root estimates. This closes the otherwise
missing part of the first-exit argument.

In the symmetric average the linear terms cancel. The cubic remainder from Eq. (251) is at
most a fixed small fraction of the negative quadratic term, because Pn|s|(b+

√
nθ0) is small relative

to the certified curvature threshold. This proves Eq. (250). If b2 ≤ snθ0, its first entry is at least
δend

2/sn, an inverse-polylogarithm, so the minimum is at least 1/(Pnn).
The joint root energy arc is at most Pn

√
θ0|s| and its explicit-data transport integral at most

Pn

√
nθ0|s|. Shrinking the same prefactor makes both meet Lemmas 4.10 and 4.11 over each whole

candidate. These are the existing executable anchored corrections, not exact optimizer calls. P ′′
s

and θ are continuous at zeros; one-sided bounds in Eq. (251) integrate across any number of them.
No third derivative at a zero or higher Taylor jet is used. Final common-grid rounding is taken
below fixed fractions of the true decrease, energy radius, and curvature and spread margins. The
longest possible step is polynomial since θ0 ≥ Λ/(4L0k0), so this remains a polylogarithmic precision
requirement.

Batched deferred attenuation. At a corrected state, collect all coordinates satisfying the near-
endpoint test into one set J . Absorb their unchanged fractional signed contribution into F , pre-
serving M , and attenuate their entire positive coupling

Ks = Krest + e−sKJ , KJ(D) = ι
∑︂
i∈J

βiViDVi.

Use one path to the required tiny residual coefficient, then delete all its remaining slots exactly and
correct once. Hold their reservoir contribution fixed until that deletion. The proof of Lemma 4.13
applies to this positive submap verbatim: with Ks the corresponding pair map and v = ⟨Q,KsP⟩,

P ′
s = −v, e(P′) + E(Q′) ≤ Pn

√
v, |v′| ≤ Pnv, q(KsD) ≤ C

√
ve(D).

The last inequality is the weighted Cauchy–Schwarz proof summed over J , whose second factor is
bounded by the full coupling dual energy; no factor |J | is lost. Likewise KsP is a PSD subpair of
the full coupling, so tr[Q(KsP)

2] ≤ Cv.
If there are bdef nonempty batches and their total matrix potential drop is ∆def , their complete

correction cost in stages is

˜︁O(bdef +
√︁

nbdef∆def) = ˜︁O(bdef +
√︁
nbdef). (252)

The last equality uses the initial bound and the total phase injections in Eq. (132). All final
tiny-slot deletions, grid and scalar-exponential evaluations, positivity and residual enclosures are
included, as in the parent attenuation proof. Computing or applying KJ uses the same rank-one
action bound as a full coupling, so a batch stage still costs ˜︁O(nχ).
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Attenuation changes no remaining coefficient, so it cannot create a new near-endpoint coordi-
nate. A regular endpoint changes only the removed coefficient, and phase changes alter no coor-
dinate. No charge proportional to k0 separate optimizer corrections is inserted for simultaneous
removals. Recording their coefficients and updating active index lists costs O(k0) over the whole
run.

Finite fallback and curvature counts. Lemma 5.14 gives Iflat ≤ ˜︁O(n) for all accepted spread
directions, regardless of intervening fallback moves. Regular endpoints still have Ireg ≤ ˜︁O(n): their

rank-one feasibility adjustment and net decrease ˜︁Ω(1/n) are unchanged.
At each failed gradient test, try at most

rtryaux = ⌈64{log(2Imax) + 20 log(2n)}⌉

independent finite feature/index/sign trials. A successful trial must pass both the true quotient
and spread tests. If all fail, form the full symmetric Hessian and use the existing deterministic
witness routine. This fallback need not provide a spread direction: use the old length in Eq. (149)
and its certified decrease. A fallback costs ˜︁O(n2ω0), including assembly and precision. It always
succeeds and terminates.

Since γ ≥ Λ/(L0k0), every curvature move, including a fallback, has decrease at least 1/(Pn(k0+
n)). Together with the bounded initial potential and phase injections this gives the determinis-
tic invocation cap Imax = Pn(k0 + n), after rounding up its known bounds. At any invocation
conditional on its entire previous history, the fallback probability is at most

(63/64)rtryaux ≤ [2Imax(2n)
20]−1.

Thus
E[Ifb] ≤ 1

2(2n)
−20. (253)

This analysis does not assume independence between different invocations. There are no unbounded
sampling or precision loops on an adverse random-bit sequence.

The number of successful flat-filter invocations is ˜︁O(n); each complete capped invocation, in-
cluding rejected trials and all implicit inverse setup, costs ˜︁O(nχ). The fallback contribution is
charged in Lemma 5.18.

Phase changes and discrepancy accounting. The root equations and their numerical residual
do not contain γ. Thus phase changes require no optimizer solve; only scalar weights, gradient reser-
voir terms and the scaled Hessian definition change. Known lower bounds use Λ/(L0k0) uniformly.
Phase coefficients are exact short rationals, and positive phase jumps are charged analytically by
Eq. (132), not hidden in value-comparison error.

Choose the root and comparison accuracies below fixed fractions of the uniform weight lower
bound and the margins in Eq. (245). The accepted directions then satisfy the true tests through
every phase change, with the same fallback and input-conversion allowances.

Finally, Eq. (132) accounts for the initial reservoir and every later reallocation within the same
10−6 allowance. The smoothing penalty is paid only once, and all other allowances are unchanged.
Consequently the internal coefficient and transfer are still

(2
√
ι+ 2εscale + 10−6 + εround + ηps + 10−8)

√
1 + εscale + εdiscard < 4.86276,

4.86276(1 + 6 · 10−8) + 2 · 10−8 = 4.8627603117656 < 4.8628.

Thus spread moves and batched attenuation preserve the discrepancy allowance.
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5.6 Slack-scaled grouped reduction and fast final rounding

We use the spread construction of Section 5.5 and replace the small reduction inside the prepro-
cessing group tree. It now leaves at most twice the vector-space dimension fractional coordinates.
Constant-factor zero padding restores the active-count hypothesis of the subsequent matrix algo-
rithm. We also accelerate the last deferred-rounding step; otherwise its n5 term would remain in
the total.

A small reduction with dimensional slack. In the next lemmas D is the real vector-space
dimension, not a matrix order. The columns need not be rank one or positive; the application to
matrix inputs is given afterward. Fix the same admissible square multiplication exponent ω0 =
2.371177 as in Eq. (80). A fixed bilinear recursion at a strict exponent below ω0 gives polynomial
normwise rounding amplification. No new multiplication bound is used.

Lemma 5.15 (Slack-scaled approximate null directions). Let A ∈ RD×r have column norms at
most two, 2D < r ≤ r0 ≤ 4D, and let x ∈ (−1, 1)r. Put

si = 1− |xi|, S = diag(si), B = AS,

and, for δ > 0, define
Jδ = δID + BB⊤, Πδ = Ir − B⊤J−1

δ B. (254)

Then 0 ≺ Πδ ⪯ I, tr[Π2
δ ] ≥ r − D, and ∥BΠδ∥ ≤

√
δ/2. Let ℓ = ⌈log2(64r0)⌉, and let ξ have

independent uniform real signs. If a dyadic vector ˜︁v satisfies

∥˜︁v −Πδξ∥2 ≤ ν ≤ 1/64,

then, with probability at least 1/16, it passes both exact tests

∥˜︁v∥∞ ≤ ℓ, ∥˜︁v∥22 ≥ (r −D)/4. (255)

For any vector passing the tests, hi = si˜︁vi/H with H = 4ℓ satisfies |hi| ≤ si/4.

Proof. The singular-value formula for Πδ gives eigenvalues δ/(δ+σj(B)
2) and at least r−D eigen-

values equal to one. Its corresponding residual singular values are δσj/(δ + σ2
j ) ≤

√
δ/2. This

calculation is only a proof; the implementation uses a ridge inverse, not a singular-value oracle.
Write V = Πδξ and a = tr[Π2

δ ]. Independent signs give

E[∥V ∥2] = a, E[∥V ∥4] ≤ 3a2.

For the latter, expand the square of ξ⊤Π2
δξ; its variance is at most 2 tr[Π4

δ ] ≤ 2a2. Cauchy–Schwarz
on the event ∥V ∥2 ≥ a/2 gives its probability at least 1/12. Each row of Πδ has Euclidean norm
at most one. The elementary estimate cosh t ≤ et

2/2 and exponential Markov inequality therefore
imply

Pr[∥V ∥∞ > ℓ/2] ≤ 2r0e
−ℓ2/8 ≤ 2ℓ−5e−ℓ2/8 < 1/192.

Here r0 ≥ 3 and ℓ ≥ 8; the last expression decreases for ℓ ≥ 8, and its value at eight is 8e−8 < 1/192.
On the intersection of these two events, the perturbation by at most ν preserves the infinity test.
Also ∥V ∥ ≤ √r, so

|∥˜︁v∥2 − ∥V ∥2| ≤ 2
√
rν + ν2 ≤ (r −D)/4

for r > 2D ≥ 2. This gives the second test. The intersection has probability at least 1/12−1/192 >
1/16. The last assertion follows from H = 4ℓ.
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Lemma 5.16 (A capped small cube reduction). Let C ∈ QD×r0 have r0 ≤ 4D columns of norm
at most two, and let y ∈ [−1, 1]r0 be a dyadic vector. Given 0 < ε < 1 and 0 < ζf < 1/2, a finite
randomized procedure returns x ∈ [−1, 1]r0 with at most 2D fractional coordinates and

∥C(x− y)∥2 ≤ ε. (256)

Every random-bit sequence terminates with this guarantee. Its fast attempt costs ˜︁O(Dω0) operations,
and it calls a ˜︁O(D3) deterministic fallback with probability at most ζf . Thus its expected cost is˜︁O(Dω0 + ζfD

3) arithmetic operations. The suppressed factors include logarithms of the inverse
error and failure budgets.

Proof. If there are already at most 2D fractional coordinates, return y. Otherwise r0 ≥ 3. Choose
a dyadic σr satisfying

ε

211r0
< σr ≤

ε

210r0
.

Set the following parameters once for the entire small call:

ℓ = ⌈log2(64r0)⌉, H = 4ℓ, Lδend = ⌈log2(2/σr)⌉,
T∗ = 128H2Lδend + 1, ν =

ε

214T∗r0
, ν2/2 < δ ≤ ν2.

(257)

The ridge δ is dyadic. Use a dyadic coefficient grid of mesh u no larger than

min{ σr
216H2

,
ε

214T∗r0
}, (258)

within a factor two of this minimum. Keep the inherited coefficients exact until the first move.
Each inward rounding changes a coordinate by at most u, whether or not its preceding value lies
on the grid.

Keep the original y for a possible fallback. Freeze every current coordinate at distance at
most σr from an endpoint by setting it to that nearest endpoint. This includes the initial scan.
Each coordinate is frozen at most once. If at most 2D remain, stop. Otherwise form Eq. (254)
for the current active columns and current slacks. Draw signs and compute ˜︁v to the accuracy in
Lemma 5.15. Reject a direction failing Eq. (255). For a passing vector put h = S˜︁v/H. Both x+ h
and x− h are strictly inside the active cube. For the barrier

Φ(x) :=
∑︂

i active

ϕ(xi), ϕ(t) := − log(1− t2), (259)

use the directional derivative

g := ∇Φ(x)⊤h =
∑︂
i

2xihi
1− x2i

=
∑︂
i

2xi˜︁vi
H(1 + |xi|)

. (260)

Compute ˆ︁g with |ˆ︁g − g| ≤ r/(512H2) and choose τ := 1 if ˆ︁g ≥ 0, and τ := −1 otherwise. In
the arithmetic model take ˆ︁g = g by evaluating the displayed rational sum exactly. Round x + τh
inward, toward zero, to the coefficient grid, freeze all newly triggered coordinates, and repeat.

Progress with finite endpoints. Put si := 1− |xi|. Since r > 2D, we have r ≤ 2(r −D). The
derivative sign rule gives

τg ≥ −|ˆ︁g − g| ≥ − r −D

256H2
,
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even when the two signs cannot be distinguished at the prescribed accuracy. For 0 ≤ t ≤ 1, the
distance from xi+ tτhi to the endpoint nearest xi is at most si+ |hi| ≤ 5si/4. One of the two terms
in

ϕ′′(z) =
1

(1− z)2
+

1

(1 + z)2
(261)

is therefore at least 16/(25s2i ) throughout this segment. Taylor’s theorem and Eq. (255) imply

Φ(x+ τh)− Φ(x) ≥ τg +
8

25

∑︂
i

h2i
s2i
≥ (

2

25
− 1

256
)
r −D

H2
.

Before inward rounding, every active endpoint distance is at least 3σr/4. On the inward segment
|ϕ′| ≤ 4/σr, so Eq. (258) bounds its loss by

4ru

σr
≤ r −D

8192H2
.

Since 2/25− 1/256− 1/8192 = 15559/204800 > 1/16, the net increase is at least

r −D

16H2
>

D

16H2
. (262)

For analysis, assign every frozen coordinate the finite value Qδend = log(2/σr) and leave active
values equal to ϕ(xi). This defines a capped bookkeeping potential V. After a move, a newly frozen
coordinate was still at distance at least 3σr/4; replacing its barrier value by Qδend cannot decrease
V. Initial freezes cause no problem: start the bookkeeping after that scan. Always

0 ≤ V ≤ r0Qδend ≤ 4DLδend .

Consequently fewer than 64H2Lδend + 1 < T∗ successful steps are possible while r > 2D. This is a
deterministic bound for every sequence of accepted directions, not a drift-only stopping argument.
The active scalar barrier is never evaluated at an exact endpoint.

The residual is a separate budget. Lemma 5.15 gives at a successful step

∥Ah∥2 ≤
√
r

H
(

√
δ

2
+ 2ν) ≤ 5r0ν

8
,

where H ≥ 4 and
√
r ≤ r0. Coefficient rounding adds at most 2r0u. All initial and subsequent

endpoint freezes together add at most 2r0σr. Thus any fast output obeys

∥C(x− y)∥2 ≤ 2r0σr + T∗(5r0ν/8 + 2r0u)

≤ ε(
2

210
+

5/8 + 2

214
) < ε/128.

(263)

No error term is charged per original leaf at every group update. All columns in this small call
have norm at most two, so this bound also covers repeated, zero, or linearly dependent columns.
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A finite rational direction oracle. At a current state, δI ⪯ Jδ ⪯ (δ + 4r0)I. Form B and Jδ
exactly. Starting from R0 = Jδ/U

2, with a rational U ≥ ∥Jδ∥, apply Rj+1 = 2Rj − RjJδRj . Its
residual squares at each iteration, and its initial spectral gap is at least δ2/U2. Thus logarithmically
many exact arithmetic products give an inverse approximation R to the required accuracy. Require,
for example, a true residual enclosure

∥I − JδR∥F ≤
δν

64r
3/2
0

.

The known inverse bound ∥J−1
δ ∥ ≤ δ−1 converts this to an inverse-error bound. Applying ξ−B⊤RBξ

and rounding to a common dyadic vector grid, with sufficiently smaller fixed error allocations,
gives ∥˜︁v − Πδξ∥2 ≤ ν. A square-root factor in an error bound may be replaced by r0 to use
rational thresholds. The product residual includes construction error in Jδ; it is not a residual for
a succession of different matrices.

The polynomial bounds on U , δ−1, and the inverse residual target prove that the inverse costs˜︁O(Dω0) arithmetic operations, and each subsequent direction trial costs ˜︁O(D2).

Arithmetic cost of the sign rule. Eq. (260) cancels the endpoint slack before evaluation. Each
denominator 1+|xi| lies in [1, 2), so evaluating and summing its rational terms costs O(r) arithmetic
operations. The formula is valid also at xi = 0. The progress proof above allows the displayed
additive error in this sign test.

Caps, verification, and fallback. At any unsuccessful search for a direction, permit at most

R∗ = 64⌈log2(2T∗/ζf)⌉

independent sign trials. If they all fail, or if any required accuracy or consistency check fails,
abandon the fast attempt and return the deterministic fallback from the original inherited y. Also
cap the number of successful steps at T∗. Upon a prospective fast return, check the cube, the
fractional count, and ∥C(x − y)∥22 ≤ ε2 by exact rational arithmetic. The matrix-vector product
and squared Euclidean norm make this last check O(Dr0) arithmetic operations. Eq. (263) leaves
ample slack.

For fallback split the at most 4D columns into two sets of at most 2D. Apply the deterministic
small reducer in the proof of Lemma 4.2 to each set, with its inherited coefficients and residual ε/2.
It leaves at most D fractional coordinates per set. Its combined cost is ˜︁O(D3) and its residual is
at most ε. The arithmetic construction in that lemma applies to the inherited dyadic coefficients
and preserves its residual estimate.

All matrix and scalar tolerances above guarantee their tests in the stated caps; only the random-
direction event may fail to occur. Conditionally on every previous history, a sign trial succeeds
with probability at least 1/16. Thus the probability of a fallback is at most

T∗(15/16)
R∗ ≤ ζf .

Every other fast-attempt cost is bounded deterministically by T∗R∗ times the displayed polynomial
work, and T∗, R∗ are polylogarithmic in the parameters. The resulting expected bound is as stated.
Every random-bit sequence terminates, and every returned vector has the required verified or
deterministic guarantee.
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Lemma 5.17 (Grouped reduction with a factor-two slack). Under the hypotheses of Lemma 4.2
with dvec = D, a zero-error randomized algorithm finds x ∈ [−1, 1]m with at most 2D fractional
coordinates and ∥∑︁i xibi∥2 ≤ η in expected cost

˜︁O(mD +Dω0) (264)

arithmetic operations. Every random-bit sequence terminates with the same residual guarantee.

Proof. Retain the balanced tree, the precomputed sums WJ , and the power of two Mgrp ∈ [m, 2m)
from the source. Maintain at most 2D active groups, not D. Splitting their nonsingleton groups
gives at most 4D groups. At each of at most Rtree = max{1, ⌈log2m⌉} levels, apply Lemma 5.16
to their normalized sums WJ/Mgrp and inherited coefficients, with

ε = η/(MgrpRtree), ζf = (2mD)−20/Rtree.

All normalized columns have norm at most two. Coefficients are copied to children before rounding;
this changes no signed sum. Each level’s returned residual is at most η/Rtree in the unnormalized
sum, on every random-bit sequence. Summing gives the same single allowance η. After the last
level the remaining groups are singletons, so at most 2D original coordinates are fractional.

Precomputing all group sums and writing final leaf coefficients cost ˜︁O(mD). No accepted small-
reduction step scans a group’s leaves. There are logarithmically many fast calls of cost ˜︁O(Dω0).
The total expected fallback contribution is at most (2mD)−20 ˜︁O(D3), hence is smaller. This remains
valid conditionally on inherited coefficients and previous random choices. Each small call uses the
mesh prescribed by Eq. (258); all grid searches have a uniform logarithmic arithmetic bound across
the tree. The exact matrix residual checks are included in the small-call cost. This proves the
expected arithmetic bound.

Restoring the matrix active-count hypothesis. Let n be the input matrix order. PutD = n2

and
N = 2⌈log2(2n)⌉, 2n ≤ N < 4n.

Use the one-time conversion and variance scaling with the conservative order N , and represent the
nonzero n-by-n block in D real Hermitian coordinates. The other entries are zero. The isometric
coordinate approximation and residual transfer following Lemma 4.2 cost ˜︁O(mn2+N3) arithmetic
operations. Apply Lemma 5.17 with its part of the same ηps = 10−7 allowance. Its output has

k0 ≤ 2D = 2n2 ≤ N2.

Pad each true retained matrix by zeros to order N , and run exactly the spread-direction implemen-
tation at that order, including ρ = εscale/N , its cutoff, reservoir phases, and all numerical margins.
Padding preserves positivity, rank one, the variance bound, and the norm of every signed sum. It
is not an additional discrepancy approximation. The operator inequalities with IN remain valid.

The centered initial modeled sum is still zero. Every returned group coefficient has absolute
value at most one, so the approximation error in all vectorized inputs is charged once, as in the
source. The fractional coefficients are on a short dyadic grid; they may subsequently be rounded
more finely as in the inherited initialization, within its unchanged εround/2 allowance. The initial
residual e0 is subtracted from the fixed contribution and restored once at the end. No retained
matrix is replaced by a group sum in the nonlinear phase.
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Nonlinear algorithm, face events, and precision. The grouped reduction preserves the cen-
tered model and the active-count hypothesis. It does not change the joint-energy Newton ball or its
anchored inverse. Regular endpoints use Lemma 4.15. All deferred coordinates at a state are still
attenuated as one positive coupling submap, with every final tiny-slot deletion corrected. Reservoir
reallocation is charged by the same total 10−6 allowance. Spread and fallback directions retain
their distinct step rules; only successful verified spread moves use the longer tube. Coordinate-zero
crossings use the same continuous second derivatives and one-sided bounds. The exact ridge bar-
rier used only in preprocessing is not a replacement for this matrix potential and imposes no new
differentiability requirement on it.

Random signs for the new reduction are independent of future curvature trials. The latter’s
conditional success statements remain true for arbitrary adaptive earlier data. Every small reducer
has a finite cap and a deterministic fallback; so does every curvature invocation. Their composition
therefore terminates correctly on every random-bit sequence, not merely almost surely. All outputs
of preprocessing, including fallback outputs, meet the same single residual bound.

The nonlinear model continues to use the true retained matrices with a symbolic fixed contribu-
tion whose coefficients are bounded by two. Caches approximate these objects once at the requested
inverse-polynomial accuracy; no original long rational is reread in a Newton stage, sketch, or final
trace evaluation. Short-grid rounding, positivity, residual, spread, and Rayleigh enclosures remain
those of the spread implementation. Lemma 4.9 only changes how its final estimator is evaluated.

5.7 Amortized gradient sweeps and regular endpoint continuation

We apply the shared endpoint continuation and gradient sweeps from Section 4.19 to the randomized
construction. After the slack-scaled grouped reduction of Section 5.6, pad to N = 2⌈log2(2n)⌉ <
4n, so the initial retained count satisfies k0 ≤ 2n2 ≤ N2. Use the same ρ, cutoff, smoothing
temperature, and reservoir phases as in the shared proofs. For the high test in Eq. (168), take
hN = υN/[64(mN + 1)] in the notation of Lemma 5.12. This choice implies its failed-gradient
hypothesis; set lN = hN/64 as in Lemma 4.17. The count below gives expected cost ˜︁O(Nχ+1) for
all corrected local and face stages.

Why unsaturated sweeps cannot occur too often. A short unsaturated sweep need not
itself pay 1/(PNN). It is important not to charge every such sweep to the larger saturated progress
bound.

Lemma 5.18 (Sweep and deferred-batch counts). With the high/low tests above, the total number
of gradient sweeps is ˜︁O(N + Iflat + Ireg + Ifb). All deferred attenuation batches use expected ˜︁O(N)
corrected stages. Together with regular endpoint continuation and spread-curvature candidates, all
corrected local and face stages number ˜︁O(N) in expectation.

Proof. Saturated sweeps number ˜︁O(N) by Eq. (171) and the bounded total phase potential decrease.
After an unsaturated sweep, collect all marked coordinates in one nonempty deferred set and use
the retained positive-submap attenuation path. No remaining coefficient changes during this path.
Write ∆J for its matrix-potential decrease before the final tiny-slot correction and let L∗ ≤ PN

be a uniform upper bound on its logarithmic horizon. The preceding forcing estimate gives total
energy arc at most

PN

∫︂ L∗

0

√︁
v(s)ds ≤ PN

√︁
L∗∆J . (265)
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If ∆J ≤ 1/(P ′
NN) for a sufficiently large known fixed polylogarithm P ′

N , this arc and its normalized
transport are small relative to hN/

√
N . The final tiny-slot deletion is below the same margin by

tightening its prescribed cache floor.
Here is the needed gradient comparison along that small path. For a remaining coordinate put˜︁gi(s) = gi(s)/

√︁
ιti(s) + γ. In a fixed-factor neighborhood of its starting root, the forcing proof in

Lemma 4.16 and the relative scalar bounds give

|˜︁g′i| ≤ PNa(s) + PN

√
N |˜︁gi|a(s), a(s) = e(P′) + E(Q′).

Until |˜︁gi| reaches hN/(2
√
N) the right side is at most PNa(s). Starting from Eq. (169), Eq. (265)

prevents that exit and keeps the metric comparable, by the same first-exit transport argument. Thus
after small attenuation no high gradient test can pass. This comparison uses the fixed remaining
coordinates; it does not assume that a normalized weight has zero derivative.

If a new reservoir phase is opened, charge this event separately; there are at most L0 phases.
Otherwise a new sweep following an unsaturated one must be preceded either by attenuation drop
at least 1/(P ′

NN), or by a regular endpoint or curvature event. The large attenuation drops sum

to at most the bounded total potential decrease, so there are only ˜︁O(N) of them. This proves the
stated sweep count, with no independence assumption between adaptive states.

There is at most one deferred batch per corrected accepted state; attenuation changes no re-
maining coefficient. Therefore the batch count is bounded by the number of sweeps, curvature
events and regular endpoints, plus one. Eq. (252) gives total batch stages ˜︁O(b +

√
Nb), because

their nonnegative drops sum to a constant. Successful spread moves and regular endpoints number˜︁O(N). For the retained capped curvature fallback, E[Ifb] ≤ (2N)−20/2. The excess stage count
is bounded by PN (1 +

√
N)Ifb, using

√
j ≤ j for nonnegative integers. Taking expectations gives˜︁O(N) batch and sweep stages. Lemma 4.15 gives ˜︁O(N) regular stages, and the initial explicit

homotopy uses only ˜︁O(
√
N) stages. Both signs of each spread-curvature candidate retain their

constant number of corrections. This proves the total claim.

Algorithmic order and arithmetic cost. After the unchanged preprocessing and initial cen-
tered homotopy, process the deferred batch at a corrected state, then update the reservoir phase if
needed. Recompute conservative regular-endpoint tests; execute a triggered regular endpoint with
Lemma 4.15. Otherwise the state is light. The high gradient test either starts a sweep or satis-
fies the retained negative spectral multiplicity hypothesis. In the latter case use the same verified
spread filter and finite fallback. All marked sweep coordinates are deferred together before another
high test. Phases remain fixed inside a sweep and its deferred attenuation path.

At most a polynomial number of coordinate updates, phases, and slow fallback moves occur
even for an adverse random-bit sequence. Every sweep has a certified positive decrease, and the
classification in Lemma 5.18 also gives a deterministic polynomial cap. The curvature invocation
cap Imax = PN (k0 + N) can be enlarged by fixed factors: every fallback still has its old inverse-
polynomial true decrease. The same logarithmic trial cap bounds the conditional fallback proba-
bility independently of the preceding sweeps. No randomness is used in either new continuation or
gradient batching.

The frozen sweep data and coordinate comparisons use errors below fixed fractions of the proved
gradient thresholds and root radii. The positive continuation ends with a residual-certified correc-
tion at the actual new face.

All paths and products are valid for Hermitian matrices. Real scalar coefficient directions and
trace-zero projection use the existing rational real/imaginary coordinates. The budget is C2; its
scalar concavity and continuous first derivative hold across zero, and the chord argument does
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not require third derivatives there. Neither a sweep nor the positive regular homotopy changes
the recorded input matrices or the single centered residual. The fixed signed contribution has the
same bounded symbolic coefficients. The true model, short cache and their error enclosures remain
separate. Original Lin-bit data are not reread during any new step.

The entire new local work, including scans and both curvature candidates, is ˜︁O(Nχ+1) in
expectation. The at most k0 + ˜︁O(N) microsteps may be charged ˜︁O((k0 + N)N2) separately. No
regular or deferred face work is omitted. The complete total is therefore

E[Tarith] ≤ ˜︁O(mn2 + n2ω0 +N3 + k0N
ω0 + (k0 +N)N2 +Nχ+1). (266)

Both rare preprocessing and curvature fallbacks keep their existing expected-cost charges.
Finally, the auxiliary positive penalties are used only while evaluating an endpoint’s optimizer.

Their total path decreases are charged to actual endpoint drops; they are not additions to the
signing potential or to its final allowance. Sweeps decrease the same current phase potential, and
reservoir phases still inject at most 10−6 in all. Thus the unchanged transfer is

4.86276(1 + 6 · 10−8) + 2 · 10−8 = 4.8627603117656 < 4.8628.

The isotropic partition coefficient remains 2.4314.

5.8 Energy-controlled groups and a sketched preprocessing solve

The preceding implementation is limited by an order-n2 inverse in preprocessing. We change the
preprocessing, not the smoothed potential. An initial random orientation makes the sum of the
squared norms of all group columns small. A regularized low-rank approximation then accelerates
the ridge solves. Crucially, the repeated actions are applied through the original rank-one inputs,
rather than through their dense group vectors. This last distinction preserves the input term mn2.

Rational coordinates and the input energy. Perform the existing one-time input conversion,
discarding and variance scaling, so the true retained PSD rank-one matrices Ci satisfy

∑︁
iC

2
i ⪯ I.

They have compact rational factors and a common rational scaling, as in Sections 4.2 and 5.6. For
preprocessing only, use the rational linear map V that lists the diagonal entries and the real and
imaginary parts above the diagonal. Its dimension is D = n2, and

∥V(H)∥2 ≤ ∥H∥F ≤
√
2∥V(H)∥2. (267)

For a vector u, its adjoint test matrix has diagonal entries uii and off-diagonal real and imaginary
parts equal to one half of the corresponding entries of u. Thus ⟨V(H), u⟩ = tr[HV∗(u)] exactly.
No irrational orthonormal basis or entrywise approximation that destroys rank one is needed. Put
bi = V(Ci). Then ∑︂

i

∥bi∥22 ≤
∑︂
i

tr[C2
i ] ≤ n, ∥bi∥2 ≤ 1. (268)

These vectors are represented exactly by the converted short inputs and their common rational
scale. The original long input is not read again. We target operator-norm residual η = ηps/2. This
is a weaker intermediate guarantee than the preceding Frobenius residual, and is used explicitly
below. It suffices: the centered model starts exactly at zero, and only the operator norm of its
fixed residual is charged at the final discrepancy transfer. The retained matrices, coefficient-grid
rounding, and variance bound do not change. No argument below asserts that the new small
reducer preserves the old Frobenius guarantee.
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Lemma 5.19 (A certified orientation of the whole group tree). Let a fixed balanced binary tree have
leaves 1, . . . ,m, height at most R = max{1, ⌈log2m⌉}, and columns satisfying Eq. (268). There is
a capped random-bit procedure costing ˜︁O(mD) per attempt that either fails or returns signs ei and
all sums wJ =

∑︁
i∈J eibi such that∑︂

J a node

∥wJ∥22 ≤ T := 128(R+ 1)n. (269)

One attempt succeeds with probability at least 127/128. For every accepted orientation, every sub-
sequently chosen collection of distinct tree nodes has total squared norm at most T , independently
of all later adaptive choices.

Proof. Draw independent uniform signs. For each node, E[∥wJ∥2] =
∑︁

i∈J ∥bi∥2. Each leaf occurs
in at most R+ 1 ancestors, including itself. Therefore the expectation of the left side of Eq. (269)
is at most (R + 1)n. Markov’s inequality gives the stated probability. Compute every group sum
by additions and test Eq. (269) exactly using their common denominator. There are fewer than
2m nodes, so forming the sums and their squared norms takes O(mD) arithmetic operations. The
final assertion is deterministic because all summands in the verified total are nonnegative. To
make failure probability at most ζ/4, use ⌈log2(4/ζ)⌉ independent attempts. On exhaustion use
the existing deterministic grouped reducer on the un-oriented bi. Run that fallback with Euclidean
target η/2. Its cost is ˜︁O(mD +D3), and Eq. (267) gives the required operator residual. This rule
terminates on an all-equal or otherwise adverse bit sequence.

The group coefficient is now yJ , while an original leaf carries xi = eiyJ . Splitting still preserves
the signed sum, and freezing a group gives valid leaf signs eiyJ . The true matrix Ci is never negated
in the nonlinear instance. Only its initial coefficient changes. The group columns themselves may
be indefinite matrices; the cube reducer below is a real-vector procedure and does not require their
positivity.

Matrix variance instead of a Frobenius residual. The following elementary comparison is
the additional gain in the ridge. The sign guarantee requires a matrix operator norm, not the sum
of the squares of all matrix entries.

Lemma 5.20 (Variance of a matrix-valued contraction). Let L : Rr → Hn be real linear, with
∥L∥2→F ≤ a, and put Ri = L(ei). Then ∑︂

i

R2
i ⪯ na2I. (270)

For independent uniform signs ξi and t > 0,

Pr[∥
∑︂
i

ξiRi∥ ≥ t] ≤ 2n exp(− t2

2na2
). (271)

The zero-operator case is interpreted directly.

Proof. Choose a real Frobenius-orthonormal Hermitian basis H1, . . . ,Hn2 only for analysis. The
standard diagonal, symmetric and imaginary pairs give

∑︁
j H

2
j = nI. Write the columns Ri in this

basis as a coefficient matrix T . Then TT⊤ ⪯ a2I. The real linear map

Q ↦−→
∑︂
j,l

QjlHjHl
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is positive on real symmetric PSD matrices: forQ = vv⊤ its value is (
∑︁

j vjHj)
2 ⪰ 0, and decompose

a general Q into such terms. Applying this map proves Eq. (270). No products are commuted.
For completeness, functional calculus gives E[eθξiRi ] = cosh(θRi) ⪯ eθ

2R2
i /2, so logE[eθξiRi ] ⪯

θ2R2
i /2. The same Lieb trace inequality used in Lemma 4.3, iterated over independent increments,

yields

E[tr[eθ
∑︁

i ξiRi ]] ≤ tr[exp(
∑︂
i

logE[eθξiRi ])] ≤ neθ
2na2/2.

Here the iterative step is conditional expectation with all other terms held fixed; independence per-
mits their deterministic logarithmic moments. Exponential Markov bounds the largest eigenvalue,
optimization uses θ = t/(na2), and the same calculation for the negative matrix proves Eq. (271).
This is the standard matrix Rademacher bound with its full matrix variance, cf. [Tro12]; replacing
it by the sum of the individual operator-norm bounds would lose the gain.

Lemma 5.20 gives the following projection tail bound. In the slack-scaled cube walk let B = AS
and Πδ = I − B⊤(δI + BB⊤)−1B. The map L = V−1BΠδ has ∥L∥2→F ≤

√︁
δ/2 by Eq. (267) and

the singular-value bound for BΠδ. Consequently

Pr[∥V−1(BΠδξ)∥ ≥ t] ≤ 2n exp[−t2/(nδ)]. (272)

This removes a factor n from the necessary inverse ridge compared with the worst-case Euclidean
estimate ∥BΠδξ∥ ≤

√
rδ/2.

Lemma 5.21 (A matrix-norm certificate). For rational Hermitian E and positive rational a, a test
using ˜︁O(nω0) arithmetic operations accepts only if ∥E∥ ≤ a and certainly accepts if ∥E∥ ≤ a/2. Its
work bound holds for every input.

Proof. Define Z := (E/a)2 and Q := I − Z. The certificate is a rational matrix X satisfying

∥X∗QX − I∥F ≤ 1/2. (273)

Then X∗QX ≻ 0, so X is nonsingular and Q ≻ 0 by congruence. This implies ∥E∥ < a.
Set

cj := 4−j

(︃
2j

j

)︃
, Xs :=

s−1∑︂
j=0

cjZ
j , s := ⌈10 log2(2n)⌉.

Compute Xs and X∗
sQXs− I in exact arithmetic. Accept if its squared Frobenius norm is at most

1/4, and reject otherwise. There are O(log(2n)) order-n products and O(n2) scalar operations for
the final comparison, giving the stated cost.

If ∥E∥ ≤ a/2, then 0 ⪯ Z ⪯ I/4 and Q−1/2 =
∑︁

j≥0 cjZ
j , with 0 < cj ≤ 1. The tail has

norm at most 41−s/3. Since ∥Xs∥ ≤ 4/3 and ∥Q−1/2∥ ≤ 4/3, this gives ∥XsQXs − I∥F < 1/8 for
the prescribed s. Thus the test accepts in this case. The number of products is fixed for all other
inputs as well.

A trace-controlled regularized approximation. We state the numerical linear-algebra ingre-
dient with its own proof. Nyström preconditioning is a general method, cf. [FTU23]; the precise
trace, finite-sampling and precision bounds needed here are provided below.

Lemma 5.22 (Ridge sketch from a trace bound). Let C ⪰ 0 have order D, let T ≥ max{1, tr[C]},
and 1 ≤ q ≤ D. Set s = 256q, draw a D-by-s standard real Gaussian matrix Ω, and define

Y = CΩ, K = Ω⊤CΩ+ TIs, Z = Y K−1Y ⊤. (274)
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Always 0 ⪯ Z ⪯ C. With probability greater than 0.98,

0 ⪯ C − Z ⪯ 512Tq−1I. (275)

For a specified positive rational δ, a bounded finite-random-bit sampler and arithmetic matrix com-
putations give fixed factors ˆ︁Y , ˆ︁K = ˆ︁K⊤ ⪰ (T/2)I defining ˆ︁P = δI + ˆ︁Y ˆ︁K−1 ˆ︁Y ⊤. With probability at
least 9/10, the spectrum of ˆ︁P−1(δI + C) lies in

[α, β], α = 1/4, β = 16(1 + 212T/(qδ)). (276)

For every finite sample the factors and inverse bounds are polynomial in D,T, δ−1 and the input
magnitudes. The construction attains any prescribed inverse-polynomial factor accuracy.

Proof. Completing a positive quadratic gives the identity

x⊤(C − Z)x = min
z
{∥C1/2x− C1/2Ωz∥2 + T∥z∥2}. (277)

This proves both order bounds. For analysis only, diagonalize C and split its first q eigenvalues
from the tail Λ2. The Gaussian blocks in this basis are denoted Ω1,Ω2. We verify the two events

σmin(Ω1) ≥
√
s/2, ∥Λ1/2

2 Ω2∥2 ≤ 8T + 32s∥Λ2∥. (278)

For a fixed unit vector in Rq, its squared image norm is a chi-square variable with s degrees of free-
dom. Its moment-generating function gives probability at most 2e−s/32 of leaving [9s/16, 25s/16].
For example use parameters ±1/8, and the elementary bounds − log(1 − u) ≤ u + u2/(2(1 − u))
and log(1 + u) ≥ u − u2/2. A 1/8-net of at most 17q points then gives operator norm at most
10
√
s/7 and minimum singular value at least 4

√
s/7 >

√
s/2. Its failure probability is at most

2 exp(q log 17− s/32) < 1/64.
For the tail put L = ∥Λ2∥. If L = 0, nothing is needed. Otherwise for a fixed unit vector in Rs,

the tail image norm squared is X =
∑︁

j λjg
2
j and E[eX/(4L)] ≤ eT/(2L). Thus Pr[X > 4T +16sL] ≤

e−4s. A 1/4-net of at most 9s points and the norm extension factor 4/3 prove the second event, with
failure at most e−s < 1/256. The total failure is less than 0.02. The elementary net bound follows
by comparing volumes of disjoint balls of radius half the net separation in a maximal separated set.

On these events insert z = Ω†
1x1 into Eq. (277). The top residual is zero. The tail residual

operator is the concatenation [−Λ1/2
2 Ω2Ω

†
1,Λ

1/2
2 ], so its squared norm is at most the sum of the

squared norms of these blocks. The ridge term is at most 4T∥x1∥2/s. Therefore

∥C − Z∥ ≤ 129L+ 36T/s ≤ 130T/q < 512T/q,

using L ≤ T/(q + 1); for q = D the tail is zero. No eigendecomposition or pseudoinverse in this
argument is used by the algorithm.

Use midpoint dyadic uniforms and certified Box–Muller evaluation for the actual sampler. Cou-
ple to ideal uniforms. Except on an event of probability less than 1/100, all radial uniforms exceed
(100Ds)−4 and all normals have a fixed polynomial magnitude bound. On that event the deriva-
tives of the scalar sampling maps are polynomial, so a sufficiently fine grid makes ∥∆Ω∥ as small
as any prescribed inverse polynomial. Every finite output is bounded by C

√
b when b uniform bits

are used, even outside that event. There is no rejection sampler with an unbounded loop.
For ∥∆Ω∥ ≤ 1, expanding Eq. (274), using K ⪰ TI for both samples, bounds its perturbation

by 16T (1 + ∥Ω∥)4∥∆Ω∥. Make this less than δ/64. Compute the factors and their Gram to still
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finer normwise accuracy, symmetrizing the small Gram. Their polynomial bounds and K ⪰ TI
give ˆ︁K ⪰ (T/2)I and permit

∥ ˆ︁P − (δI + Z)∥ ≤ δ/16.

The same accuracy and positivity guarantees apply to every finite sample. On the ideal good event,
δI + Z ⪯ δI + C ⪯ (1 + 512T/(qδ))(δI + Z). The perturbation leaves ample slack in Eq. (276).
Unioning the preceding events gives probability at least 9/10. All norm and inverse bounds are
polynomial. Scalar series and residual-certified inversion therefore attain the required accuracy
with logarithmic arithmetic overhead.

Using the original rank-one factors for group actions. At a fixed small-reduction state, let
A contain the active group vectors, x their coefficients, S = diag(1 − |xi|) and B = AS. A dense
copy of B is used for the batched sketch setup only. Repeated vector actions can be faster.

Lemma 5.23 (Structured group actions). For any fixed active antichain of groups and its short
slacks, B and B⊤, and therefore δI +BB⊤, admit numerical actions at cost˜︁O((m+ n2)nχ−2) (279)

arithmetic operations. Each action approximates the same exact rational operator. Constructing
an explicit active group matrix costs O(n4) after the one-time group sums. For q = n =

√
D, all

sketch and preconditioner setup costs are˜︁O(Dα0 + qω0), α0 = 2.042777. (280)

A subsequent preconditioner application costs ˜︁O(Dq + q2).

Proof. Precompute a membership map from each leaf to its current active group, or to a zero
marker, in O(m) work at each successful state. A group coefficient vector is expanded to leaf
coefficients ei(1−|xJ(i)|)vJ(i). Form the weighted sum of the original rank-one matrices, then apply
V. For the adjoint, apply V∗ to the test vector, evaluate its quadratic form on every original rank-
one input, sum over groups with the orientation signs, and multiply by the slacks. This proves
the exact adjoint identity, including the factor 1/2 for complex off-diagonal test entries. No group
matrix is treated as rank one.

Store each converted input as Ci = aiwiw
∗
i ; put the short scalar ai in the coefficient, so a rational

square root is unnecessary. Block the m factor columns into blocks of at most n2. The products
have shapes (n, n2, n) and their tensor permutations. The retained exponent χ gives (m/n2+1)nχ,
including both adjoints. Expansion, aggregation, conversion and all scalar work are smaller. Exact
arithmetic products apply the represented group operator. This proves Eq. (279), even though the
materialized group columns themselves are dense and generally not rank one.

For setup put U = B⊤Ω, Y = BU , and K = U⊤U + TI; then form the small matrix K +
δ−1Y ⊤Y . These products, for at most 4D active columns and s = 256q, fit a constant number
of products of shape (D,D,D1/2) or its permutations. The bound ω(1, 1/2, 1) ≤ 2.042776 < α0

in Table 1 of [ADW+25] gives the stated strict exponent. One fixed recursion and its tensor
permutations suffice. The small inverse costs ˜︁O(qω0) using the residual-certified Newton–Schulz
construction. Its minimum eigenvalue is at least T/2 for the represented factors. The exact identityˆ︁P−1 = δ−1I − δ−2 ˆ︁Y ( ˆ︁K + δ−1 ˆ︁Y ⊤ ˆ︁Y )−1 ˆ︁Y ⊤ (281)

gives the application cost. All additive construction errors are made small enough for the positivity
and comparison margins in the preceding lemma. The subtractive formula is evaluated to absolute
accuracy; no constant-factor inverse is inserted in it. Neither BB⊤ nor an order-D inverse is formed
in the fast branch.
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A larger admissible ridge in the cube walk. We retain the slack-scaled barrier walk. Its
direction accuracy is still Euclidean, while its signed-sum residual is now certified in matrix operator
norm. These are separate quantities; the latter permits a larger ridge through Eq. (272).

Lemma 5.24 (Energy-controlled cube reduction). Suppose A0 ∈ RD×r0, D = n2, contains the
rational coordinate vectors of r0 ≤ 4D Hermitian group matrices, with ∥A0∥2F ≤ T and inherited
dyadic coefficients y ∈ [−1, 1]r0. Put M to be a power of two with 2

√
T ≤M < 4

√
T . This bounds

both vector-operator and individual matrix norms. Given 0 < ε < 1, a finite randomized procedure
returns at most 2D fractional coefficients and ∥V−1(A0(x−y))∥ ≤ ε for every random-bit sequence.
Its fast branch has a polylogarithmic number of accepted steps and capped trials. At each trial its
arithmetic work, up to logarithms, is

Dα0 + qω0 +D2 + (1 +
√︁
T/(qδ))((m+ n2)nχ−2 +Dq + q2), (282)

where D = n2, q = n, and
δ−1 = ˜︁O(n/ε2). (283)

The work statement uses the structured group actions; for arbitrary Hermitian columns replace their
action cost by O(Dr0). The dependence on a variable ε−1 in Eq. (282) is not claimed to be only
logarithmic. In the application ε = η/R with fixed absolute η, so all its factors are polylogarithmic
in the input parameters.

Proof. If at most 2D coefficients are fractional, return immediately. Otherwise use the same ℓ =
⌈log2(64r0)⌉, H = 4ℓ and choose

ε

212r0M
< σr ≤

ε

211r0M

dyadically. Define

Lδend = ⌈log2(2/σr)⌉, T∗ = 128H2Lδend + 1,

ν =
ε

216T∗M
, δ0 =

ε2

224nT 2
∗Ln

, δ0/2 < δ ≤ δ0,

Ln = ⌈log2(128n)⌉.

(284)

Choose the common dyadic coordinate mesh within a factor two of

min{ σr
216H2

,
ε

216T∗r0M
}. (285)

Keep inherited coefficients exact until the first move. Inward rounding changes each coordinate by
at most the prescribed mesh, including at that first move. The mesh exponent is O(log(2DT/ε)).

At a current state form B = AS and set C = BB⊤ only as an operator. Its trace is at most T .
At each independent trial construct a fresh sketch of Lemma 5.22, then draw independent signs ξ.
Solve

(δI +BB⊤)z = Bξ

using Eq. (276) and Eq. (281). Require a certified true residual at most δν/(8M). Form ˜︁v = ξ−B⊤z
on a fine dyadic grid, including smaller right-hand-side and multiplication errors so

∥˜︁v −Πδξ∥ ≤ ν, Πδ = I −B⊤(δI +BB⊤)−1B.

The final residual can be evaluated exactly from the explicit short B and the dyadic solution in˜︁O(Dr0) work, so there is no unverified norm or inverse oracle in this certificate.
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The projection is a contraction, has r−D eigenvalues equal to one, and satisfies ∥BΠδ∥ ≤
√
δ/2.

The sign second- and fourth-moment argument, and the coordinate sign tail bound, prove the same
acceptance probability 1/16 as Lemma 5.15 for

∥˜︁v∥∞ ≤ ℓ, ∥˜︁v∥2 ≥ (r −D)/4.

These tests are exact on the computed dyadics. Form h = S˜︁v/H and the exact Hermitian matrix
Eh = V−1(Ah). In addition require the norm certificate Eq. (273) with target

tstep = ε/(28T∗). (286)

This exact check costs ˜︁O(Dr0 + nω0) and is charged once per trial, not at each inverse iteration.
The extra test does not remove most of the successful directions. By Eq. (272), the ideal residual

has norm at most tstep except with probability

2n exp[−28Ln] < 1/1024.

On that event ∥Eh∥ ≤ (tstep +Mν)/H ≤ tstep/2, since H ≥ 4. Lemma 5.21 therefore passes. The
sketch is chosen before the independent sign vector, so conditional on a good sketch the ideal sign
estimates apply unchanged. The full success probability is at least (9/10)(1/16− 1/1024) > 1/32.
All inverse and action errors are already included in ν. Numerical caps below preserve this lower
bound.

For a passing direction use this h. The two candidates remain within one quarter of every active
slack. Choose τ by Eq. (260), with the same error bound |ˆ︁g − g| ≤ r/(512H2), and round x + τh
inward on Eq. (285). The curvature and rounding proof of Eq. (262) applies verbatim: it uses only
the slack and norm tests on ˜︁v. Thus the net gain remains (r−D)/(16H2) > D/(16H2). Freeze all
coordinates at endpoint distance at most σr. Assign each frozen coordinate the finite bookkeeping
value log(2/σr). The total bookkeeping value never exceeds 4DLδend , and freezing after a step
cannot lower it. The initial near-endpoint scan is handled before starting this accounting. Thus
fewer than T∗ successful steps are possible while r > 2D. This argument is independent of the signs
of the group vectors and of the initial inherited coefficients.

For the residual, every accepted direction has ∥V−1(Ah)∥ ≤ tstep by its exact certificate, regard-
less of any random event. Its sign choice cannot change this norm. Grid rounding costs at most
r0Mu per step, and all freezes together cost at most r0Mσr. Hence every fast output obeys

∥V−1(A0(x− y))∥ ≤ ε(2−11 + 2−8 + 2−16) < ε/128. (287)

This is an operator-norm statement. It does not assert a Frobenius bound. Our choice is

δ ≍ ε2

nT 2
∗Ln

,

which proves Eq. (283). The smaller oracle accuracy ν preserves progress and the residual test’s
success probability. It does not determine the ridge.

For completeness use the normalized Chebyshev recurrence Eq. (233) for the positive system
and preconditioner, on Eq. (276). Its exact error is Eq. (234); the similarity matrix has polynomial
condition. Its degree is O(

√︁
β/α logQ∗), where Q∗ is a specified polynomial in D,T, ε−1 and the

inverse residual target. This is the factor in Eq. (282). The q-order Woodbury inverse is formed
once per trial, with its residual including its materialization error. Each solve iteration applies
BB⊤ through original rank-one factors and applies the stored low-rank preconditioner. No inverse
of order D is formed in this fast branch.
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The normalized recurrence error estimate in Lemma 5.8 bounds accumulated action errors by
a polynomial in the displayed iteration count and the similarity bound. Choose local errors below
the residual target divided by this polynomial. Exact products and scalar series attain these errors
with logarithmic arithmetic overhead. Evaluate the final residual against the same fixed group
matrix.

Set all loop lengths and a polynomial magnitude cap in advance. Reject on violation of a cap,
the final residual, positivity enclosure, or a direction test. A bad sketch therefore has bounded cost
even when the claimed spectral interval is false. On the good sketch event the stated precision and
iteration bounds guarantee the residual and magnitude tests. This establishes the 1/32 success
lower bound. Permit at most 64⌈log2(2T∗/ζ)⌉ independent trials per state, and cap successful steps
at T∗. On exhaustion, restart from the original inherited y using the deterministic small reducer:
split into two blocks of at most 2D, scale the columns by M , and use Euclidean target ε/(4M) in
each block. Its combined Euclidean error in the unscaled vectors is at most ε/2; Eq. (267) gives
matrix operator error below ε. Its fractional count is at most 2D and its cost is ˜︁O(D3) arithmetic
operations. The probability of fallback is at most ζ, by conditioning at every state and unioning
the caps. Check a prospective fast output’s cube and count, and apply the exact norm certificate
to its matrix residual with target ε. The work is ˜︁O(Dr0 + nω0). The residual slack in Eq. (287)
guarantees this check. Every random-bit sequence consequently returns a correct output in finite
time.

Evaluate the rational derivative sum in Eq. (260) exactly in O(r) arithmetic operations and
choose its sign. The preceding progress estimate also allows the stated additive error. All successful
steps, sign tests, sketch trials, and comparisons have the announced polylogarithmic multiplicities.

The group tree and the exact exponents. Apply Lemma 5.19 once to the entire input tree,
with an orientation cap giving failure at most (2mn)−30. For an accepted tree maintain at most 2D
active groups. At a level, split active nonsingletons and copy their coefficients, giving at most 4D
active groups. Their total energy is bounded by the same verified T from Eq. (269), even though the
active groups depend on all past randomness. Use Lemma 5.24 directly on these unscaled columns
with ε = η/R and failure budget (2mn)−30/R. There is no factor Mgrp ≍ m in this error target.
All group norms are controlled by the certified energy instead. Each level adds at most η/R to the
matrix operator residual. The triangle inequality sums these deterministic residual certificates. In
a leaf return xi = eiyi; hence the final true matrix residual has operator norm at most η < ηps. We
do not infer a Frobenius residual from these certificates.

The fallback within each small call is restarted only for that call, from its saved inherited
coefficients. The top-level orientation fallback uses the original columns from zero. Each has
the required residual on every outcome. Their total expected additional work is bounded by
(2mn)−30 ˜︁O(mn2+n6) and is negligible. All preprocessing randomness precedes and is independent
of the future curvature trials; their conditional guarantees apply to every resulting initial signing.

Choose the sketch size q = n =
√
D. The small-call parameters give

T = ˜︁O(n), δ−1 = ˜︁O(n), 1 +
√︁
T/(qδ) = ˜︁O(

√
n).

Here η = ηps/2 is fixed absolutely and ε = η/R. Thus the explicit polynomial dependence on ε−1

in the cube lemma becomes only polylogarithmic in m. The repeated structured-action work is˜︁O((m+ n2)nχ−3/2) = ˜︁O(mn2 + n4),

since χ− 3/2 = 1.750036 < 2. Preconditioner applications cost ˜︁O(n7/2). Setup costs

Dα0 = n2α0 = n4.085554, qω0 = nω0 .
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Materializing active groups, exact residual actions, and all norm certificates cost ˜︁O(n4 + nω0) per
capped trial. Consequently the complete expected preprocessing cost is˜︁O(mn2 + n4.085554) (288)

arithmetic operations. This includes orientation, group sums, every successful step, all failed capped
trials, fixed-size sketches and small inverses, all original-factor actions, random bits, exact residuals
and comparison integers. The complete fallback contribution is negligible as specified above. The
original input is processed once when constructing the normalized matrices.

A verified randomized final rounding. The old deterministic final rounding costs ˜︁O(k0N
ω0),

which would dominate the improved preprocessing and local stages. We replace its choice of signs,
not its cutoff or reserved error allowance.

Lemma 5.25 (Capped final rounding by a norm certificate). For the recorded coefficients on a
dyadic mesh of inverse-polynomial size and the PSD cache in Lemma 4.3, a zero-error randomized
procedure has error strictly less than εround/2 and expected arithmetic cost˜︁O(kN2 +Nω0).

Every random-bit sequence terminates correctly; the exceptional branch uses the existing fast deter-
ministic deferred-rounding routine.

Proof. Retain exactly the heavy/small split, ℓ = ⌈log2(4N)⌉, θ = 8ℓ/εround, and threshold τ =
1/(4θ) in Lemma 4.3. Heavy matrices use their nearest signs and have error at most εround/64. For
the small ones independently draw ϵi ∈ {−1, 1} with mean equal to the recorded dyadic ti, and
form exactly

E =
∑︂
i

(ϵi − ti) ˆ︁Ci.

The probabilities (1 + ti)/2 are dyadic, so a fixed finite number of uniform bits implements them
exactly. These draws are fresh, conditional on all previous preprocessing and signing choices.

The existing scalar exponential estimate proves, for either sign,∑︂
i

logE[e±θ(ϵi−ti) ˆ︁Ci ] ⪯ (ℓ/16)I.

Applying the same Lieb trace inequality as above and Markov gives

Pr[∥E∥ > εround/6] ≤ 2N exp(−61ℓ/48) < 1/2.

For the last bound use 2N ≤ 2ℓ−1 and e−x ≤ 2−x; the result is at most 2−1−13ℓ/48 < 1/2. Accept
only when the verified norm certificate Eq. (273), at order N , passes with threshold εround/3. It
always accepts when ∥E∥ ≤ εround/6, and every accepted output has true cached norm at most
εround/3. Including the heavy error and the original true-versus-cache error,

∥
∑︂
i

(ϵi − ti)Ci∥ ≤ εround/64 + εround/3 + εround/64 = 35εround/96 < εround/2.

This bound is deterministic on acceptance; no random event is assumed for an accepted signing.
Use at most ⌈30 log2(2N)⌉ independent attempts. On their exhaustion, invoke Lemma 4.9 on

the original recorded coefficients. Its cost is ˜︁O(kNω0), but the conditional failure probability is at
most (2N)−30, and k ≤ N2. Every attempt forms E in O(kN2) arithmetic operations. The norm
test costs ˜︁O(Nω0) by Lemma 5.21, including on failed samples. The coefficient mesh makes the
number of random bits per draw logarithmic. Thus the expected fallback work is smaller than the
displayed costs, all loops are finite, and the arithmetic bound follows.
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5.9 A smaller sketch for grouped preprocessing

We refine the implementation in Section 5.8. The group tree, its orientation, the scalar barrier,
and the residual allowance are unchanged. Here n is the original matrix order and D := n2. If
m ≤ 2D, the all-zero fractional vector already has the required active count and zero residual, so
no grouped reduction is needed.

Otherwise retain the certified orientation of Lemma 5.19. Every active antichain has total
squared column norm at most T := 128(R + 1)n, where R := max{1, ⌈log2m⌉}. At a small-
reduction state let A ∈ RD×r contain its r ≤ 4D group columns, and put S := diag(1 − |yi|),
B := AS, and C := BB⊤. Thus ∥B∥2F ≤ T . By Lemma 5.23, an action of B or B⊤ through the
original rank-one inputs costs

A(m,n) := ˜︁O((m+ n2)nχ−2). (289)

The group columns themselves need not have rank one.

Lemma 5.26 (Streamed sketch construction). For any 1 ≤ q ≤ D, let s := 256q and use the finite
Gaussian sample Ω ∈ RD×s of Lemma 5.22. Define

U := B⊤Ω, Y := BU, K := U⊤U + TIs, P := δI + Y K−1Y ⊤.

Its factors and small Woodbury inverse can be constructed to the prescribed accuracies in

˜︁O(qA(m,n) +Dq2 + q3 +Dq) (290)

arithmetic operations. An application of the represented P−1 costs ˜︁O(Dq + q2).

Proof. Compute each column uj = B⊤ωj and then yj = Buj by Eq. (289). There are 512q
such actions. Ordinary dot products form U⊤U and Y ⊤Y in O(Dq2) operations. The matrix
K+δ−1Y ⊤Y has order s and smallest eigenvalue at least T before numerical perturbation. Residual-
certified inversion with ordinary products costs ˜︁O(q3). Sampling and writing the factors costs˜︁O(Dq). Finally

P−1 = δ−1I − δ−2Y (K + δ−1Y ⊤Y )−1Y ⊤ (291)

gives the application cost. No order-D inverse is formed. The construction and solve use one
fixed group matrix and one sample. Let Laux ≥ 2 bound their dimensions, norms, T , and δ−1

polynomially. If each action error is at most e, the product formulas give ∥ˆ︁Y − Y ∥ ≤ 2Lauxe and
∥ ˆ︁K − K∥ ≤ 4L2

auxe. Since K ⪰ TI ⪰ I, the inverse perturbation identity bounds the error in
Y K−1Y ⊤ by 32L8

auxe for sufficiently small e. Taking this below δ/64 preserves the ridge-sketch
interval and the required action accuracies.

Choose the least power of two q with q3 ≥ n2. Then n2/3 ≤ q < 2n2/3, with equality allowed
when n = 1. All other parameters of Lemma 5.24 are retained. In particular, at a tree level its
allowance is ε = η/R, and

T = ˜︁O(n), δ−1 = ˜︁O(n), J = ˜︁O(1 +
√︁

T/(qδ)) = ˜︁O(n2/3).

Here J is the normalized Chebyshev iteration count. The ridge-sketch lemma holds for every q in
this range and gives the slack interval [1/4, 16(1 + 212T/(qδ))] with probability at least 9/10.

Lemma 5.27 (Grouped preprocessing within the input term). After one-time conversion and
scaling, the grouped reduction has expected arithmetic cost ˜︁O(mn2). It leaves at most 2n2 fractional
original coefficients and the same single operator-norm residual. Every random-bit sequence returns
a correct result in finite time.
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Proof. One capped trial, including its final residual and norm certificates, costs at most

˜︁O(D2 + nω0 + qA(m,n) +Dq2 + q3 +Dq + J(A(m,n) +Dq + q2)).

The D2 term materializes the short group matrix for final tests only; it is not incurred at each
inverse iteration. Lemma 5.21 supplies the matrix norm certificate. The terms using original
inputs are

(q + J)A(m,n) = ˜︁O((m+ n2)nχ−4/3) ≤ ˜︁O(mn2 + n4),

because χ− 4/3 = 1.916702 . . . < 2. Also Dq2 + JDq = ˜︁O(n10/3) and q3 + Jq2 = ˜︁O(n2). The same
projection norm and spread event has probability at least 1/16; its matrix-residual tail removes at
most 1/1024. Hence a trial succeeds with conditional probability at least (9/10)(1/16− 1/1024) >
1/32.

The derivative sign rule, inward grid, and endpoint freezing in Lemma 5.24 are unchanged.
There are polylogarithmically many successful steps and capped trials per tree level. Keep their
failure budgets and deterministic fallback, restarting a failed small call from its original coefficients.
Its cost is ˜︁O(D3) and its conditional probability is at most (2mn)−30/R. The orientation fallback
has its original charge. When m > 2D, the separate n4 term is absorbed by mn2; when m ≤ 2D,
skip the reduction. Orientation and group sums also cost ˜︁O(mn2). The sum of certified tree-level
residuals is the same single allowance. Thus the claimed expected cost and outcome guarantees
follow.

5.10 Masked drift and curved moves

All dimensions in this subsection refer to the padded matrix order. We keep the potential, reservoir
phases, and notation of Section 4.13. A fixed background of coordinates will be held at its current
coefficients while the other coordinates move. At a corrected state let

M = F +
∑︂
i

yiVi, K(D) = ι
∑︂
i

βi tr[ViD]Vi, Vi = aia
∗
i ⪰ 0,

∑︂
i

V 2
i ⪯ I.

Zero inputs can be omitted. The true matrices define the mathematical model, as in Section 4.13.
Let P = (U, V ) and Q = (W,Z) be the unique smoothed optimizer and its positive Gibbs state,
with tr[Q] = 1. On bounded-model sublevels,

W = UK(Z)U + ρU2, Z = VK(W )V + ρV 2, (292)

U, V ⪰ aI, ∥U−1∥, ∥V −1∥, ∥K(U)∥, ∥K(V )∥ ≤ C, ρ tr[U2 + V 2] ≤ 1. (293)

For coordinate i put

ui = tr[UVi], vi = tr[V Vi], wi = tr[WVi], zi = tr[ZVi], ti = viwi + uizi,

pi = 1 + ιβ′
ivi, qi = 1− ιβ′

iui, Mi = piui − qivi,

zmov
i = p2iuiwi + q2i vizi, ϖi = (−β′′

i )(ιti + γ).

Here zmov
i is a scalar movement weight, not an optimizer coordinate. The scalar gradient gi = ∂iFs

satisfies
Migi = zmov

i − piqiti + γMiβ
′
i. (294)

On light coordinates, and on their fixed-factor expanded neighborhood,

pi, qi > 0, piqi ≥ 1/2, |Mi|, |β′
i|, pi, qi ≤ Pn, |Mi| ≤ Pn(ui + vi), ϖi ≥ (ιti + γ)/2.
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All phases use the existing reservoir allocation γ = Λ/(L0K), where Λ = 10−6, K is the count at
phase start and L0 = 1+ ⌈log2max(2, k0)⌉. The initial reservoir plus all positive phase jumps is at
most Λ. No new allocation is made at the switch to the finishing algorithm.

Let E be the primal Lagrangian Hessian from Eq. (123). Write

e(D)2 = ⟨D,ED⟩, E(B)2 = τs⟨B,D logQ[B]⟩, tr[B] = 0, D = diag(E , BQ).

The joint Jacobian A has symmetric part D and ∥D1/2A−1D1/2∥ ≤ 1.

Masking non-light coordinates costs only a rank defect.

Lemma 5.28 (A small mask). After removing near-endpoint coordinates, a conservative classifi-
cation can mark a set B of at most

Hn = ⌈16ι2n/(εscaleδ2end)⌉

coordinates such that every unmarked coordinate is light. The classification costs one full score
scan and its true-data enclosures. Marked coordinates are not changed, and their coupling is not
removed.

Proof. At this point 1− |yi| ≥ δend. Mark an index if a certified upper enclosure of either endpoint
score is at least −δend/8, using width at most δend/16. An unmarked score is strictly negative. A
marked index has either ιβiui ≥ δend/2 or ιβivi ≥ δend/2. Since βi ≤ 1, it has ui ≥ δend/(2ι) or
vi ≥ δend/(2ι). The rank-one variance bound gives

∑︁
i tr[MVi]

2 ≤ ∥M∥2F for Hermitian M . To see
this, the nonnegative Gram matrix Jij = tr[ViVj ] obeys Jν ≤ ν, νi = tr[Vi] > 0, so its spectral
norm is at most one. Its Gram factor and adjoint are contractions. Therefore the number marked
is at most 4ι2δ−2

end(∥U∥2F + ∥V ∥2F) ≤ 4ι2n/(εscaleδ
2
end), leaving the stated slack for enclosures.

Write J for the unmarked set, p = |J |, q = |B|, and K = KJ + KB. Write AJ(DU , DV ) :=
(KJ(DV ),KJ(DU )), and define AB similarly. All subspaces in the next lemma concern the p
unmarked physical coordinates.

Lemma 5.29 (Covariance with a fixed background). Let H ⊆ RJ have codimension r. If r+2q ≤
p/4, there is a finitely supported centered direction in H, extended by zero on B, whose covariance
satisfies

E[Q(h)] ≤
∑︂
i∈J

κiz
mov
i Σii + r + 2q,

∑︂
i∈J

zmov
i Σii ≥ p/175. (295)

Here Q is the original full-coupling fixed-constraint inversion energy. This covariance is only used
in the proof, not computed by the algorithm.

Proof. We verify why a background coupling is not being silently discarded. The operator JJ =
diag(U−1(·)U−1, V −1(·)V −1)−AJ has a positive inverse: its dual inequalities are strict by Eq. (292)
and KJ ⪯ K as positive maps. Let DJ(h) = J −1

J F1h be its fixed-constraint response. Impose the
additional real linear equations

tr[Vb(DJ(h))U ] = tr[Vb(DJ(h))V ] = 0 (b ∈ B).

They add at most 2q to the codimension. On this subspace ABDJ(h) = 0, whence JDJ(h) = F1h.
The response is thus the response for the full problem.
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For clarity the normalized covariance construction remains valid with strict dual inequalities,
rather than equality for KJ . Set si = (βipi/qi)

1/2 and t∗i = (βiqi/pi)
1/2, and define response matrices

Aij = ιsisj |a∗iUaj |2, Bij = ιt∗i t
∗
j |a∗iV aj |2.

The normalized response vectors u,v obey u−Bv = τh and Au−v = τh, where τi = (piqi/βi)
1/2.

The energy matrices have entries sisj Re tr[WViUVj ] and t∗i t
∗
j Re tr[ZViV Vj ]. Normalize their pos-

itive diagonals EU,i = s2iuiwi and EV,i = (t∗i )
2vizi. The resulting block energy matrix M has trace

2p and unit diagonals. For the normalized off-diagonal response map T , the dual inequalities imply

M ⪰ T ∗ΓT, Γi = (ιβiuivi)
−1 ≥ ι > 5.

For example, writing D =
∑︁

i siuiVi, Cauchy–Schwarz gives∑︂
j∈J

ιβjzj
uj

(a∗jUDUaj)
2 ≤ tr[KJ(Z)UDUDU ] ≤ tr[WDUD].

This is the required block inequality; the other block is identical. The light inequalities and βi ≥
1 − y2i give Γi ≥ ι. In each pair use the unit vector proportional to (

√︁
EU,i,−

√︁
EV,i) and its

orthogonal complement. Their energy diagonals remain one, the two response diagonals sum to
zero, and the first is nonpositive. The response graph is mapped by I − T onto the span of the
first paired vectors. Its dimension is p, since the strict dual inequalities make the response system
invertible.

Lemma 5.10 therefore applies to its subspace of dimension at least p − r − 2q. Its loss is its
codimension, at most r+ 2q, and its movement is at least p/175 when this codimension is at most
p/4. The physical movement identity is τ2i (EU,i+EV,i) = zmov

i . On the constrained response space
the energy is the full problem’s energy, as proved above. This gives Eq. (295). The second fixed-
constraint derivative gives the same energy expression even though the background can affect the
second response: pairing its defining equation with the full Q uses JQ = ρE and leaves exactly
the original energy and mixed terms. No second-response vanishing is assumed.

A drift-adjusted Hessian at every masked light state. Let C2,i := (1 + τ/2)κi and Cτ :=
1 + τ/2, as in Eq. (242). Its exact scalar certificate and Eq. (295) give

1
2 tr[∇2FsΣ]−

∑︂
i∈J

C2,iMigiΣii ≤ −υn
∑︂
i∈J

ϖiΣii + Cτ (r + 2q), (296)

where υ−1
n ≤ Pn. This is the retained generator calculation; there is no failed-gradient hypothesis

in Eq. (296).
Choose known Cw ≤ Pn so that on light coordinates

piqiti + γ|Miβ
′
i| ≤ Cwϖi.

For example the displayed light bounds and ϖi ≥ (ιti+γ)/2 give such a coefficient by sums of fixed
budget bounds. Set

a∗ :=
υn

4(1 + Cw)
, di := (C2,i + a∗)Mi, ϖ♯

i := ϖi + zmov
i ,

G♯ := diagJ(ϖ
♯
i), H♯ := (∇2Fs)JJ − 2 diagJ(digi).

(297)

Using Eq. (294) in Eq. (296) proves

1
2 tr[H♯Σ] ≤ −a∗ tr[G♯Σ] + Cτ (r + 2q). (298)

All coefficients in Eq. (297) are evaluated at the base root and frozen during the following path.
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Lemma 5.30 (Negative multiplicity without a gradient test). Put

K∗(n) = ⌈max{16Hn, 4000CτHn/a∗}⌉, δn = a∗/4, πn = a∗/(700Cτ ).

For k > K∗(n) the matrix A♯ = G
−1/2
♯ H♯G

−1/2
♯ has at least πnp eigenvalues below −4δn. Its

spectrum is contained in [−Pn, Pnp], and its diagonal is bounded in absolute value by Pn. Moreover
K∗(n) = nPn.

Proof. We have q ≤ Hn, p ≥ k/2, and 2q ≤ a∗p/(700Cτ ). Let r count eigenvalues below −a∗.
If r ≥ p/8 the conclusion follows. Otherwise r + 2q ≤ p/4, so use Eq. (295) on the preimage of
the complementary spectral space. Write DΣ = tr[G♯Σ] ≥ p/175. On that space the left side of
Eq. (298) is at least −a∗DΣ/2. Thus

r ≥ a∗p

350Cτ
− 2q ≥ πnp.

This also deals with nonintegral thresholds by the integer eigenvalue count.
Eq. (143) gives ∇2Fs ⪰ −PnG and |∂2

i Fs| ≤ Pnϖi on the light subset. Eq. (294) gives |Migi| ≤
zmov
i + Cwϖi. The added diagonal in Eq. (297) is therefore bounded by PnG♯. The lower bound
and diagonal bound follow, and the trace of A♯ + PnI gives the upper norm bound. Finally all
quantities in K∗ except its explicit n factor are fixed polylogarithms.

Computing a direction and its true relative response. The Schur formula in Eq. (209) is
restricted to J . Under the G♯ normalization its diagonal term changes, by Eq. (297), to a diagonal
of norm at most Pn. Set

D♯ = G
−1/2
♯ F ∗

1QQF1G
−1/2
♯ .

The same completing-square argument as Lemma 5.2 gives

adomD♯ − PnI ⪯ A♯ ⪯ D♯ + PnI, tr[D♯] ≤ Pnp, a−1
dom ≤ Pn.

Indeed the F2 bound uses ϖi ≤ ϖ♯
i , and tr[QF 2

1,i] ≤ Pnz
mov
i since ui, vi ≥ a0 tr[Vi]. The fixed-root

Schur preconditioner for J is unchanged; it includes KB. A sufficiently large known positive shift is
therefore comparable to D♯ +RI. The preceding Gibbs feature identity, finite sampler, alternating
row/column sketches, and inverse recurrences apply with G♯ and this diagonal shift. They require
no zero-gradient condition, only these order bounds. The weights have lower bound Λ/(2L0K),
and all surrogate perturbations have the same polynomial conditioning margins.

We record the additional response test and its proof to identify the curved-path gain. For
D = (DU , DV ) put ˆ︁DA = A−1/2DAA

−1/2 and TU = U−1/2WU−1/2, TV = V −1/2ZV −1/2. Define

r(D,B) = max
A=U,V

{∥ ˆ︁DA∥, ∥T 1/2
A
ˆ︁DAT

−1/2
A ∥, ∥Q−1/2

A BAQ
−1/2
A ∥}. (299)

The middle norm is a singular-value norm of a generally non-Hermitian matrix; it must not be
replaced by its spectral radius or omitted. Each of the six maps in Eq. (299) has norm at most
Pn
√
n from joint energy to Frobenius norm, by Eq. (123).

Lemma 5.31 (A verified drift-response direction). At k > K∗(n) a finite randomized trial, with
an absolute conditional success probability, finds a real unit direction r supported on J satisfying,
for θ = r⊤G♯r and z′r = (D,B),

r⊤H♯r ≤ −δnθ/2, ∥r∥∞ ≤ Pn

√
θ, (300)
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r(z′r) ≤ Pnmin{√n, n/√p}
√
θ. (301)

All inequalities and the derivative solve are checked against the true model. The trial uses matrix
actions and residual tests; it constructs neither a covariance nor a negative-eigenspace basis.

Proof. Use Lemma 5.30 and the bounded flat polynomial of the shifted inverse, equal to within
a small leakage of one on eigenvalues below −3δn, and of zero on those above −δn. Call it F ;
0 ⪯ F ⪯ I. Choose leakage at most 1/(Pn

√
p) as well as the quotient error requirement in

Lemma 5.13. The Bernstein-polynomial construction and finite inverse evaluation are unchanged.

The response map R from G
−1/2
♯ y to z′r obeys ∥RF∥2→D ≤ Pn. To verify this point, negative

curvature of A♯ bounds the true Hessian above by Pn∥y∥2 on that band, because the removed drift
diagonal has norm at most Pn. In

r⊤∇2Fsr = −r⊤Gr + e(D)2 + E(B)2 + 2⟨F2r,D⟩
complete the square, using r⊤Gr ≤ θ and the retained F2 bound. This bounds the response energy
on the band. The whole-space response norm is at most Pn

√
p; the chosen leakage handles its

complement.
For a real-linear map M : Rp → Cn×n with ∥M∥2→F ≤ a, its coefficient matrices obey∑︁

iMiM
∗
i ,
∑︁

iM
∗
i Mi ⪯ 2na2I. This follows by applying the positive coefficient-covariance map

to a2I in the real matrix-unit and imaginary-unit basis. The Hermitian case has n instead of 2n.
The matrix Rademacher bound hence controls all six relative maps composed with RF by Pnn,
with a fixed small failure probability. Meanwhile the flat-filter sign moments give ∥Fξ∥2 ≥ πnp/4
and ∥Fξ∥2∞ ≤ 2 log(384p) on an event of fixed probability. A union bound, not an independence
assumption between these tests, gives their simultaneous event. Divide by ∥Fξ∥ and then normalize

G
−1/2
♯ Fξ physically. Since p ≥ k/2 > K/4 in its reservoir phase and ϖ♯

i ≥ Λ/(2L0K), this proves

the spread bound. The relative response bound is Pnn/
√
p times

√
θ; the deterministic energy-to-

relative comparison also gives its
√
n alternative. The modified Rayleigh inequality follows from

the same bounded filter.
Compute z′r through the actual differentiated joint equations and a true residual enclosure.

Order-n matrix-function and singular-norm enclosures check Eq. (301); no individual eigenvector
gap is required. These costs are included in the invocation below. A fixed smaller choice of all
thresholds leaves numerical slack. On any trial, only a direction passing the true enclosures is
accepted.

The curved trial and its predictor. Freeze di from Eq. (297) and set it to zero on B. For
either sign of s use the quadratic coordinate path

yi(s) = yi + sri − s2dir
2
i (i ∈ J), yi(s) = yi (i ∈ B). (302)

Its second potential derivative at zero is exactly r⊤H♯r. In particular the drift is retained rather
than estimated as a small gradient error.

Lemma 5.32 (Curved prediction and progress). A direction passing Eq. (300)–(301) permits

s∗ =
anΓ(n, p)√

nθ
, Γ(n, p) = max{1, (p/n)1/4}, (303)

where an > 0 is a fixed sufficiently small inverse-polylogarithm. Choose a sign with certified nearly
nonpositive initial linear derivative. A first-order optimizer predictor followed by a true root cor-
rection then gives a decrease at least

P−1
n n−1max{1,

√︁
p/n}. (304)
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The complete chosen candidate costs a constant number of root solves and true value/derivative
evaluations, up to logarithms. Coordinates in the mask stay fixed. All coordinate-zero crossings are
allowed.

Proof. Write b = ∥r∥∞, z′0 = z′r, and ℓ = r(z′0) + b. The proof’s reference norms are at the base.
For the straight predictor zp(s) = z0 + sz′0, we establish

∥EKKT,y(s)(zp(s))∥D−1
0
≤ Pns

2ℓ
√
θ, (305)

∥z(s)− zp(s)∥D0 ≤ Pns
2ℓ
√
θ, (306)

|(Fs ◦ y)′′(s)− (Fs ◦ y)′′(0)| ≤ Pnθ(|s|ℓ+
√
ns2ℓ
√
θ), (307)

provided Pn(|s|ℓ +
√
ns2ℓ
√
θ) is a sufficiently small fraction of δn and |s|b is a sufficiently small

fraction of δend. We give the extra estimates for the curved path explicitly.
First |di| ≤ Pn(ui + vi) and |di| ≤ Pn. A positive majorant for −2∑︁i dir

2
i Vi = M ′′ has norm at

most Pnb
2: use β−1

i ≤ Pn and K(U) +K(V ) ⪯ CI. Its weighted trace is at most Pnθ, since

|di|(wi + zi) ≤ Pn(ui + vi)(wi + zi) ≤ Pn(ti + zmov
i ) ≤ Pnϖ

♯
i .

The middle inequality uses the positive lower bounds for pi and qi on the expanded light set. The
remaining terms of Css are weighted by β′′

i r
2
i +β′

i(−2dir2i ) and have the same operator-majorant and

trace bounds. If −B0 ⪯ B ⪯ B0, then B2 ⪯ ∥B0∥B0, by writing B = B
1/2
0 CB

1/2
0 with ∥C∥ ≤ 1.

The entropy variance inequality therefore bounds their dual energy norm by Pnb
√
θ. The primal

component A′′Q has the same bound by weighted Cauchy–Schwarz with |ri|4 ≤ b2r2i . Along a
short segment y′i(s) = ri(1− 2sdiri) remains within a fixed relative factor, and the same assertions
hold with base norms and weights. There is no cubic signed-sum term, since M ′′′ = 0. The direct
budget/coupling cubic terms are bounded by Pnbθ; terms containing β′′

i y
′
iy

′′
i obey this same bound.

For optimizer variation, let R be a normalized Hermitian test matrix. The inverse-Hessian words
are tr[T ( ˆ︁DR2 + R ˆ︁DR + R2 ˆ︁D)]. The middle word is bounded by ∥ ˆ︁D∥ tr[TR2]; the exterior words
are bounded by ∥T 1/2 ˆ︁DT−1/2∥ tr[TR2]. Dual variation uses ∥Q−1/2∆QQ−1/2∥. For the logarithm
block, the resolvent formula gives the relative bound

|D⟨B,D logQ[B]⟩[∆Q]| ≤ 2∥Q−1/2∆QQ−1/2∥⟨B,D logQ[B]⟩.

Signed coefficient variations bounded by t times the original positive coupling have weighted output
norm at most Cte(D), by splitting the two sign sets and applying complete-positive Schwarz. The
explicit coefficient changes here have relative size Pn|s|b. These identities prove normalized Jacobian
variation at the predictor at most Pn|s|ℓ; they retain matrix order and apply to Hermitian data.
The first residual derivative at zero vanishes. The pure second parameter forcing just bounded and
the mixed and optimizer-only terms are at most Pnℓ

√
θ. Integration proves Eq. (305).

Set Es to twice its right side. On the energy ball of radius Es around the predictor, additional
relative variation is at most Pn

√
nEs. The chord map using the exact base joint inverse is contractive

and maps this ball to itself when the stated bound is small. All four matrix blocks remain positive,
with tr[Q] = 1. This proves Eq. (306); primal convexity identifies the root with the original
optimizer. The auxiliary normalized square roots are not computed by the algorithm.

For Eq. (307), write the parameter forcing in the joint residual as fs = ∂sEKKT,y(s). The root

response is ż(s) = −A−1
s fs. The force variation is bounded by Pn|s|b

√
θ plus Pnb∥z(s)− z0∥D0 ; the

acceleration terms satisfy the same bound by the displayed M ′′ majorant. Thus

∥ż(s)− z′0∥D0 ≤ Pn(|s|ℓ+
√
nEs)

√
θ.
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The direct second-parameter term includes the reservoir acceleration. Its change is bounded by

Pnθ(|s|ℓ+
√
nEs).

Indeed its root differential is paired with the positive majorants above, while its explicit differential
has the stated bθ bound. The energy, metric, and mixed forcing terms obey the same estimate
by Cauchy–Schwarz. Substituting in the second-order envelope identity proves Eq. (307). This
argument includes the gradient times coordinate-acceleration term; it has not been discarded.

By Eq. (301), ℓ ≤ Pn

√
θmin{√n, n/√p}. Substitution of Eq. (303) shows |s∗|ℓ ≤ Pnan and√

ns2∗ℓ
√
θ ≤ Pna

2
n in both ranges of p. Also s∗b ≤ Pnann

−1/4 since p ≤ n2. The quadratic
displacement in Eq. (302) is at most Pn(s∗b)

2. Choosing an smaller guarantees endpoint distance
at least δend/2 and all required expanded light bounds. These are comparisons for the originally
unmasked set, not a claim that the whole state becomes light.

Compute d0 =
∑︁

i giri with an enclosure of width at most δns∗θ/100. Choose the sign so its
initial derivative is at most that width. On the chosen side, Eq. (307) keeps the second derivative
at most −δnθ/4. Integration yields decrease δns

2
∗θ/16, after reserving fixed fractions for all errors.

This proves Eq. (304). Only the chosen side is needed. Its potential is bounded by the old value plus
the reserved arbitrarily small initial slack; boundedness is not inferred from its Euclidean length.

The base inverse is applied using the true Schur solve and fixed-anchor refinement. Predic-
tor, derivative, matrix-function, coordinate-grid, and value errors are below fixed fractions of the
preceding radii and gains. All reciprocal margins and step lengths are polynomial, so inverse-
polynomial evaluation errors preserve the stated gains. At zeros the budget is C2 and its one-sided
third derivatives are bounded. The force estimates integrate through those points; no third-order
jet crosses a discontinuity.

5.11 Resident coordinates and delayed deletion

A resident coordinate still contributes its signed coefficient, coupling slot, and scalar reservoir to
the potential. Let k count these coordinates, and let D be the pending subset whose coefficients
have reached the near-endpoint region. Keep each pending coefficient fixed at its recorded value.
Entering D changes neither the potential nor its optimizer. The set D of coordinates already
removed for final rounding is separate from D.

With the constants of Section 5.10, define

ζn := min{1/100, a∗/(10000Cτ )}, Kc := ⌈max{32, n/ζn, Hn/ζn}⌉. (308)

Thus ζ−1
n ≤ Pn and Kc = nPn, with a known fixed polylogarithmic factor. Reservoir phases count

all resident coordinates.

Lemma 5.33 (A resident mask). Suppose k > Kc and |D| < ⌈ζnk⌉. Place every newly near-
endpoint coordinate into D. If this trigger is still false, let B contain D and the non-light coordinates
marked by Lemma 5.28, and let J be its complement. Write q := |B| and p := |J |. Then

q ≤ 2ζnk, p ≥ (1− 2ζn)k, 2q ≤ a∗p/(700Cτ ). (309)

The masked direction and curved-move lemmas apply with this background, giving decrease at least
P−1
n
√
p/n3/2.

Proof. Integrality gives |D| < ζnk when the trigger fails. Every movable coordinate has endpoint
distance greater than δend, so Lemma 5.28 marks at most Hn ≤ ζnk others. This proves the first
two bounds. The third follows from 4ζnk ≤ a∗k/(2500Cτ ) and p ≥ 0.98k.
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Lemma 5.29 permits any fixed background with rank loss 2q. If the negative eigenvalue count
is at least p/8, the required multiplicity already holds. Otherwise its proof and Eq. (298) give

r ≥ a∗p/(350Cτ )− 2q ≥ a∗p/(700Cτ ).

The movement weight is at least p/175 and r+ 2q ≤ p/4. Thus Lemmas 5.31 and 5.32 apply, with
smaller fixed numerical margins if necessary. Their derivative bounds are used only on J . Pending
coordinates have zero parameter derivatives, even if their endpoint distance is smaller than the
cutoff. The full background coupling remains in every root and response solve.

After the initial corrected root, process its near-endpoint coordinates once by positive-submap
attenuation. Subsequently, collect pending coordinates until |D| ≥ ⌈ζnk⌉, then attenuate their
combined coupling and delete them. Keep the old reservoir phase fixed through final deletion and
root correction. Update the count phase only afterward. When k ≤ Kc, clear the pending set
once and switch permanently to the finishing algorithm of Section 5.7, without allocating a new
reservoir. Every newly pending coordinate after a curved trial has endpoint distance at least δend/2;
the initial scan separately handles exact endpoints.

Lemma 5.34 (Bulk continuation and move counts). Apart from failure-induced work, the large-
count regime has at most

b ≤ 3 + ζ−1
n logmax{2, k0}

attenuation calls, including initial and final cleanup. All these calls and the initial data homo-
topy use ˜︁O(

√
n) corrected stages. In a phase K/2 < k ≤ K, successful curved moves number˜︁O(n3/2/

√
K).

Proof. Each triggered deletion removes at least a ζn fraction of the resident count. Count these
multiplicative drops and add the two untriggered cleanups. For a pending batch use Ks = Krest +
e−sKD. The proof of Lemma 4.13 and the batched argument in Section 5.5 use positivity of this
submap and complete-positive Schwarz. They incur no factor |D|. A batch with matrix-potential
decrease ∆j uses ˜︁O(1 +

√︁
n∆j) stages, including its final tiny coefficient, exact deletion, and root

correction. All decreases sum to a constant by Eq. (132). Therefore∑︂
j

(1 +
√︁
n∆j) ≤ b+

√︄
nb
∑︂
j

∆j = ˜︁O(
√
n).

The initial homotopy has the same stage bound. In a count phase p ≥ 0.98k > K/3; summing
the decrease from Lemma 5.33 proves the move count. Pending status itself adds no potential
increase.

5.12 Matrix functions without diagonalization

We replace the cubic spectral evaluations in the preceding implementation. All matrices in this
subsection have known polynomial norm and inverse norm bounds, and the requested absolute
Frobenius error is inverse polynomial. The number of products below is polylogarithmic.

Lemma 5.35 (Logarithm and derivative actions). For ℓI ⪯ A = A∗ ⪯ UI, with ℓ > 0, both logA
and D logA[E] can be approximated to the prescribed error in ˜︁O(nω0) arithmetic operations.
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Proof. Use the ordered resolvent identities

logA =

∫︂ ∞

0
((1 + t)−1I − (A+ tI)−1)dt,

D logA[E] =

∫︂ ∞

0
(A+ tI)−1E(A+ tI)−1dt.

The first follows from scalar functional calculus; differentiation under the integral gives the second.
For M ≥ max{1, ∥E∥F }, the omitted tails outside [a0, b0] are bounded respectively by

√
n(a0(1 + ℓ−1) + (U + 1)/b0), a0M/ℓ2 +M/b0.

Choose positive dyadic endpoints to make these smaller than one eighth of the target. Split the
interval into dyadic bands [a, b], b ≤ 2a. Put c := (a+ b)/2, h := (b− a)/2, R := (A+ cI)−1, and
W := hR. Then ∥W∥ ≤ 1/3, and for t = c+ hv, |v| ≤ 1,

(A+ tI)−1 =

d∑︂
j=0

(−v)jW jR+Rd(v), ∥Rd(v)∥ ≤ 3
2∥R∥3−d−1.

Integrate monomials using µj :=
∫︁ 1
−1 v

jdv, equal to zero for odd j and 2/(j + 1) for even j. The

logarithm uses h
∑︁

j(−1)jµjW
jR and the analogous scalar series at 1 + c. The derivative uses

h
d∑︂

i,j=0

(−1)i+jµi+jW
iRERW j .

No factor crosses E. The band errors are bounded by a constant times h(∥R∥ + (1 + c)−1)3−d

and hM∥R∥23−d, respectively, with the Frobenius conversion for the first. The known bounds
determine a logarithmic d and a logarithmic number of bands. Compute each shifted inverse by
residual-certified Newton–Schulz iteration, and symmetrize the outputs. All operations are order-n
products or inverses.

Lemma 5.36 (Exponentials, powers, and Gibbs actions). For Hermitian L with ∥L∥ = O(logn),
eL has an ˜︁O(nω0) arithmetic implementation. This also implements At, |t| ≤ 1, and the operators
QQ and BQ at a root with polynomial spectral bounds. For s vectors and possibly different tj ∈ [0, 1],
all Atjgj can be computed by polylogarithmically many products of shape (n, n, s) after one matrix
logarithm.

Proof. The exponential series truncated at degree d has norm error at most eMMd+1/(d+ 1)! for
M ≥ ∥L∥. A sufficiently large constant times M + log(n/ε) + 1 suffices for Frobenius error ε.
Evaluate the normalized terms Lj/j!. For powers use At = exp(t logA) and Lemma 5.35. For the
Gibbs covariance put L := logQ on the two blocks. The ordered expansion is∫︂ 1

0
etLEe(1−t)Ldt ≃

d∑︂
i,j=0

LiELj

(i+ j + 1)!
.

Indeed the beta integral cancels the two factorials. Evaluate with normalized powers and bounded
beta-integral coefficients. The two exponential tails control the error. Subtract tr[QE]Q and divide
by τs for QQ; use τsΠT D logQ for BQ.
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For the batched assertion set G := [g1 · · · gs] and use

Y0 := G, Yj := LYj−1 diag(t1/j, . . . , ts/j).

The sum of these arrays gives the different exponential actions. The columnwise tail bound, summed
in Frobenius norm, fixes their common accuracy. For Gibbs features this prepares Qtj/2gj and
Q(1−tj)/2hj without an eigenvector matrix. Scalar work and writing vectors cost O(ns) per term.

Lemma 5.37 (Dyadic-shift Lyapunov solves). If ℓI ⪯ T ⪯ UI, the equation TX + XT = B
can be solved to the prescribed Frobenius accuracy in ˜︁O(nω0) arithmetic operations, without an
eigenvalue-separation assumption.

Proof. For a positive dyadic shift p, put Rp := (T + pI)−1 and Ap := (T − pI)Rp. Starting from
zero, update

X+ := ApXAp + 2pRpBRp. (310)

The exact solution X∗ satisfies

(T + pI)X∗(T + pI)− (T − pI)X∗(T − pI) = 2pB,

so X+ −X∗ = Ap(X −X∗)Ap. Cycle through shifts from 2⌊log2 ℓ⌋ to 2⌈log2 U⌉. Every eigenvalue t
has one shift p ≤ t < 2p, giving |(t − p)/(t + p)| ≤ 1/3; all other factors are at most one. The
Ap commute because they are functions of T . Thus one cycle contracts error by at most 1/9, and
∥X∗∥F ≤ ∥B∥F /(2ℓ) supplies the initial error bound. A logarithmic number of cycles suffices. A
final residual evaluation, together with the operator lower bound 2ℓ, certifies the solution.

Lemma 5.38 (Count-sensitive root and feature actions). For n ≤ k ≤ n2, put u := logn k and use
ϑ from Eq. (226). Every true residual, corrected root stage, response solve, full resident score scan,
and relative-response norm certificate costs

˜︁O(nϑ(u)). (311)

For k ≤ n, use u := 1. Implicit feature actions with at most ˜︁O(nu) selected coordinates and features
have the same bound, including initial sample preparation.

Proof. The coupling and its adjoint, signed sums, and score scans use products of shapes (n, n, k)
and (n, k, n) and O(nk) scalar work. Fix a common power-of-two block base, with exponent divisible
by four, for the strict square, (1, 3/2, 1), (1, 7/4, 1) and (1, 2, 1) bounds. At O(logn) recursive
levels, mix the two relevant endpoint algorithms; choose the least number of wider levels covering
k. Padding costs a constant factor. The product costs interpolate to ϑ(u), uniformly in the integer
sizes. Tensor permutations give the adjoints.

The root Schur system in Eq. (128) is polylogarithmically conditioned relative to E . Its inverse
blocks reduce to

ˆ︁DUTU + TU
ˆ︁DU = U1/2FUU

1/2, TU = U−1/2WU−1/2,

and the analogous V equation. Lemmas 5.35–5.37 implement these and the Gibbs actions in˜︁O(nω0). The root bounds in Eq. (122) give all spectral floors and ceilings. Anchored correction in
Lemma 4.11 uses the actual residual and the actual D logQ block off the root. It does not presume
a current Gibbs identity at an approximate iterate. The same correction count therefore has the
cost in Eq. (311).
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Lemma 5.36 prepares the sampled power vectors. The product shapes are those of Lemma 5.7.
Its rank-two feature and quadratic-form formulas then give restricted actions and adjoints, including
repeated indices. A terminal factor of order ˜︁O(q) and its Gram use square products when the
last two sketch sizes equal q ≥ n. The explicit ridge supplies its inverse floor. Every action
refers to one frozen covariance, Hessian surrogate, and set of feature factors. Relative-response
certificates, including the non-Hermitian similarities in Eq. (299), use the certificate of Lemma 5.21
with Z := M∗M/a2 for a response matrix M . The proof applies because Z ⪰ 0; when ∥M∥ ≤ a/2,
the same series certifies I − Z ≻ 0. Reserve the factor-two gap in the response tests. The cost is˜︁O(nω0), within the displayed bound.

5.13 Count-sensitive recursive inverse costs

We use the alternating ridge systems in Eqs. (218)–(223), restricted to the movable coordinates
and normalized by G♯. All coupling actions still include the full resident background. Write the
padded order as n = 2r, put L := 2 + r, and set

κ := 2⌈log2 k⌉ = 2t, u := t/r, r ≤ t ≤ 2r.

The case n = 1 is handled directly. The large-count regime has k > n. For n ≤ q ≤ κ define

M(n, q;κ) := nϑ(u)(q/κ)5/6. (312)

All three slopes of ϑ exceed 5/6, so Lemma 5.38 bounds a restricted action by this quantity, up to
a fixed logarithmic factor. Enlarged lists can be split into polylogarithmically many blocks.

Lemma 5.39 (Expanded recursive cost). Let 2 ≤ h ≤ L2 and let n ≤ qh ≤ · · · ≤ q1 ≤ κ be powers
of two with qh−1 = qh. There is a fixed integer D ≥ 1 such that a complete capped drift-response
trial uses at most the following number of arithmetic operations:

L4D(nω0 +M(n, q1;κ) + qω0
h +

√︁
1 + κ/q1n

ϑ(u))

+
h−1∑︂
j=1

LD(j+4)
√︂
(κ+ q1)/qj+1M(n, qj−1;κ)

+ LD(h+4)
√︁

(κ+ q1)/qhq
2
h, q0 := q1.

(313)

The constant D is independent of all sizes and depth. The trial retains an absolute conditional
success probability and verifies the true direction and response inequalities on every accepted sample.

Proof. The invariant in Eq. (224), now with the padded movable count in place of k̄, remains
at most 2qj/d0. All ridges, factors, and inverse bounds are polynomial uniformly in depth. The
sampling proofs in Lemmas 5.4 and 5.6 require polynomial sizes and positive ridges; they do not
require the earlier terminal floor n4/3. Take moment order ⌈128 log2(2knℓQ(h + 1))⌉ = O(L) and
allocate each conditional index failure at most 1/(1000(h + 1)). The same union bound gives
constant joint success probability. Lemma 5.31 adds its six norm tests with their reserved slack.
Finite caps bound work on all other samples.

Use the normalized recurrence in Eq. (233), with the residual corrections in Lemma 5.8. That
proof uses the telescoping coefficient invariant, positive ridges, and polynomial sizes. It therefore
applies also to terminal size qh ≥ n: its norm, similarity, and error exponents remain independent
of depth. Completed child solves use the same η = n−B0 accuracy relative to their own right-hand
sides, and fresh residual corrections attain that accuracy at every parent. Choose D large enough
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to include the fixed per-level logarithmic overhead, including residual correction. One internal level
costs at most LD

√︁
qj/qj+1 times its restricted action plus one child solve. The initial K0 solve has

constant condition number; the shifted physical solve contributes LD
√︁

1 + κ/q1. Expanding gives
the sum and terminal inverse-action term in Eq. (313). The last two equal sizes make terminal
construction, Gram formation, and inversion cost LDqω0

h ; the inverse application costs LDq2h.
Initial sample preparation costs LD(nω0 +M(n, q1;κ)) by Lemma 5.36. Full resident actions

cost ˜︁O(nϑ(u)). Index lists, random bits, all response and quotient checks, and the chosen curved
candidate and correction fit the displayed terms. No child inverse or terminal setup is omitted.

Fix this D, set C∗ := 2000(D + 1), and define

bmax := t− r, b0 := min{bmax, C∗⌈log2 L⌉}.

If b0 = bmax, use the two deficits (b0, b0). Otherwise set bi+1 := min{bmax, ⌈3bi/2⌉} until bT = bmax,
and use

(ℓ1, . . . , ℓh) := (b0, b1, b1, . . . , bT , bT ), qj := 2t−ℓj , ℓ0 := ℓ1. (314)

This integer schedule has h = O(logL), h ≤ L2, qh−1 = qh = n, and 2b0 ≤ L2C∗ .

Lemma 5.40 (Uniform count-sensitive trial bound). The schedule in Eq. (314) makes the complete
cost in Eq. (313) equal to ˜︁O(nϑ(u)), with a fixed logarithmic degree.

Proof. The top term is at most 2L4D+C∗nϑ(u); setup obeys the same bound because qh = n. An
internal summand is at most

2nϑ(u)LD(j+4)2−5ℓj−1/6+ℓj+1/2 ≤ 4nϑ(u)LD(j+4)2−ℓj−1/12,

using ℓj+1 ≤ 3ℓj−1/2 + 1. When b0 < bmax, put v := ⌊(j − 1)/2⌋. Then ℓj−1 ≥ C∗(3/2)
v log2 L

before the terminal truncation, while j + 4 ≤ 8(3/2)v and j ≤ 4(3/2)v. Consequently

LD(j+4)2−ℓj−1/12 ≤ L−2j .

All internal terms sum to O(nϑ(u)).
The leaf overhead needs a separate estimate. Each preterminal increase is at least b0/2, so

h+ 4 ≤ 12bmax/b0 and
D(h+ 4) log2 L ≤ (12D/C∗)bmax < r/100.

The leaf inverse applications cost at most 2
√
κn3/2+1/100. They fit because ϑ(u)−u/2 ≥ ω0−1/2 =

1.871177 > 1.51. If b0 = bmax, the depth is two, all logarithmic powers are fixed, and the sole
internal term has the additional factor 2−b0/3. The same comparison handles the leaf. Thus no
depth-dependent logarithmic power is treated as a fixed polylogarithm without a bound.

5.14 Operation totals

Lemma 5.27 leaves k0 ≤ min{m, 2n2} original fractional coordinates. Pad to N = 2⌈log2(2n)⌉ < 4n.
The nonlinear instance contains the original retained PSD rank-one matrices, not the generally
indefinite group sums. Center its single residual and use the original coordinate-rounding allowance.
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Curvature phases. Temporarily write n for the padded order. In a phase K/2 < k ≤ K,
Lemma 5.34 bounds the number of successful moves by ˜︁O(n3/2/

√
K). Lemma 5.40 bounds each

trial cost by ˜︁O(nϑ(logn K)). Constant-factor padding of K is harmless. Put

ϕ(u) := 3/2− u/2 + ϑ(u), s2 := 4(ξ1 − ξ0) = 0.907832,

with ξ0, ξ1 as in Eq. (226). The three slopes of ϑ are 0.846914, 0.907832, and 0.913776. Hence every
piece of ϕ increases, and every piece of ϕ(u)− (u+ 2) decreases. Their crossing lies in (3/2, 7/4):

u∗ :=
ξ0 − 3s2/2− 1/2

3/2− s2
=

466443

296084
, E := 2 + u∗ =

1058611

296084
< 3.575374. (315)

Thus

nϕ(u) ≤
{︄
nE , 1 ≤ u ≤ u∗,

Kn2, u∗ ≤ u ≤ 2, K = nu.

Every dyadically padded phase ceiling satisfies K ≤ 2m. Summing the logarithmically many phases
therefore costs ˜︁O(mn2+nE), including sketch construction, response certificates, curved predictors,
and true root corrections.

Continuation and finishing. Lemma 5.34 bounds initial and bulk continuation by ˜︁O(
√
n)

stages. If k0 ≥ n, put u0 := logn k0. The slopes of ϑ are less than one, so

ϑ(u0)− u0 ≤ ω0 − 1 < 3/2,
√
nnϑ(u0) ≤ k0n

2 ≤ mn2.

For k0 < n, their cost is ˜︁O(nω0+1/2), smaller than n3. At the permanent switch k ≤ Kc = nPn,
use the finishing algorithm of Section 5.7. Its ˜︁O(n) expected corrected and search stages now cost˜︁O(nω0) each. In this range a full sampled feature Gram has order ˜︁O(n), and its construction and
inverse fit the same bound. Thus finishing costs ˜︁O(n1+ω0). Its coordinate updates cost ˜︁O(n3).

Failure branches. Every trial has fixed sample, iteration, precision, and magnitude caps. Every
accepted curved move has an inverse-polynomial true decrease. On cap exhaustion, clear the
pending set with the certified attenuation routine and perform one old guaranteed move: a regular
endpoint if available, otherwise a coordinate-gradient step or the deterministic dense curvature
witness with its original step length. Then resume. These moves retain their decrease or removal
guarantees. Bounded potential injections and at most k0 removals give a deterministic polynomial
invocation bound Imax. If n

C bounds the polynomial emergency work, choose the logarithmic trial
cap to make its conditional exhaustion probability at most (2Imaxn

2C+100)−1. The expected total
emergency work, including extra batches, is then negligible. Preprocessing, finishing, and final
rounding retain their own capped verified fallbacks. Correctness and finite termination hold for
every random-bit sequence; the faster bound is in expectation.

The complete arithmetic bound. Return to original dimension n and padded order N < 4n.
One-time conversion and scaling cost ˜︁O(mn2+n3); Lemma 5.27 adds ˜︁O(mn2). Each removed coef-
ficient updates the fixed symbolic sum once. Lemma 5.25 costs ˜︁O(k0N

2 +Nω0) for final rounding.
Since k0 ≤ m, these are input costs, even when the weaker estimate k0 ≤ N2 would give a separate
quartic term. Combining the bounds gives

E[Tarith] ≤ ˜︁O(mn2 + n3 + n1+ω0 + nE) = ˜︁O(mn2 + nE). (316)
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Here 1 + ω0 = 3.371177 < E.
All mathematical paths use the full true coupling. Pending coefficients are fixed, then attenuated

as a positive submap before exact deletion. Reservoir phases stay fixed on each path and their total
injection is unchanged. Coordinate-zero crossings use the same continuous second derivatives and
one-sided bounds. Consequently Eq. (231) and the one-time input transfer still give

4.86276(1 + 6 · 10−8) + 2 · 10−8 = 4.8627603117656 < 4.8628.

Padding preserves the signed norm, and the partition error is half the signed bound. This proves
Theorem 5.1.

6 Finite-precision implementation and bit complexity

Sections 4 and 5 describe the algorithms, prove their progress, and count arithmetic operations to
prescribed accuracies. Theorem 6.21 gives bit-complexity versions of Theorems 3.1 and 5.1 with
the same discrepancy and partition guarantees. This section proves that finite precision attains the
prescribed accuracies and establishes those bit bounds. We retain the notation of each algorithm
and refer to its conditioning and discrepancy estimates.

6.1 Computational model and accuracy requirements

Let Lin be the total binary input length. We charge bit operations for reading the original rational
inputs and for all subsequent integer arithmetic. After the one-time input conversion, the prepro-
cessing grids use O(log(2mn)) bits per numerical entry, with fixed multipliers. The nonlinear phase
has k = O(n2) active coordinates and uses O(log(2kn)) = O(log(2n)) accuracy and magnitude bits
per numerical entry. The constants in these bounds also cover the fixed discrepancy and residual
allowances.

These bounds also cover temporary scalar operands after input conversion. Section 6.12 chooses
the cube-barrier sign by a short approximation to its directional derivative; it does not form a
product of all coordinate denominators. A common dyadic accumulator for polynomially many
short summands needs only an additional logarithmic number of bits. Storage for an array of
O(n2) entries is separate from the precision of one entry. For unrestricted m, the preprocessing
bound remains O(log(2mn)); it is O(log(2n)) when m is polynomial in n. Original rational inputs
may be longer and are charged separately in Lin.

The arithmetic analyses specify residual, quotient, endpoint, and value tolerances before an
operation is accepted. We implement those same tests using enclosures smaller than their reserved
margins. The potential, covariance inequalities, step sizes, and progress counts are unchanged.
Conditioning bounds used in those analyses remain there; the arguments below convert them to
working precision.

6.2 One-time input conversion

We first implement the input approximation used in Section 4.2. Preserving positive semidefinite-
ness and rank one allows the subsequent algorithms to use the rounded matrices directly.

Lemma 6.1 (Rank-preserving input rounding). Let Ā1, . . . , Ām be the normalized rational PSD

rank-one inputs of Section 4.2, and put δ := 10−8/(mn). There are dyadic matrices ˜︁Ai of rank at
most one such that ˜︁Ai ⪰ 0, ∥˜︁Ai − Āi∥F ≤ δ.
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Each matrix has a factorization ˆ︁ai ˆ︁wi ˆ︁w∗
i on a common mesh of exponent p = O(log(2mn)), and the

expanded matrices have common denominator 23p. The factors can be constructed in ˜︁O(Lin +mn)
bit operations. Constructing all expanded matrices costs ˜︁O(Lin +mn2) bit operations.

Proof. Implement the construction in Section 4.2. Choose the normalization factor Daux to be a
power of two satisfying a∗ ≤ Daux < 2a∗, within the allowed range there. Its exponent is obtained
from binary lengths and one rational comparison and is stored separately. Balanced comparison
tournaments select the largest diagonal entries in ˜︁O(Lin) bit operations: at each level the total
length of the rational numbers compared is O(Lin).

Use the common mesh haux = 2−p from that construction. To approximate a bounded rational
number after multiplication by a power of two, retain the leading p+O(1) bits needed for a certified
quotient interval. Numbers below the absolute error threshold are replaced by zero. Reading the
original numerators and denominators and performing these truncated divisions costs their total
input length plus a polynomial in p per selected entry. Large shifts are handled by exponent
arithmetic. The original inputs are charged once.

After this scan, each division and rounding in the factor construction has O(log(2mn))-bit
operands. In particular, the branch that forms ˆ︁w has ˆ︁a > δ/(4n), so its division is polynomially
conditioned. The error bound, positive semidefiniteness, and rank bound follow from the construc-
tion already proved in Section 4.2. The three dyadic factors give common denominator 23p for the
expanded matrices. Constructing and storing all compact factors costs ˜︁O(Lin+mn) bit operations.
Their outer products have logarithmic-length operands and require O(mn2) scalar products, giving
total bit cost ˜︁O(Lin +mn2).

6.3 Stable partial signing and grouped reduction

The following lemmas implement the corresponding arithmetic reductions. Each uses the local
notation of the reduction it implements.

The ridge reduction makes many updates between recomputations. The required stability
estimate controls an entire consecutive sequence of updates.

Lemma 6.2 (Stability of a ridge-update epoch). Under the hypotheses of Lemma 4.1, assume
additionally that each rational input entry has O(log(2mdvec/η)) bits. Consider an epoch of its
algorithm, with its fixed column matrix C, ridge δ, dimension dvec, and entry tolerance τ . Put
b := 1 + ∥C∥2/δ. Suppose the initial matrix error is at most ϵ0, and each update or product that
writes pending updates introduces matrix error at most ρ. For a sufficiently small absolute constant
c > 0, if ϵ0 + dvecρ ≤ cb−3, the error at every epoch prefix is

O(b2(ϵ0 + dvecρ)).

The prescribed entry tolerance and residual allowance are attained with O(log(2mdvec/η)) working
bits, with a fixed multiplier. The resulting bit cost is the arithmetic bound in Lemma 4.1, up to
logarithmic factors.

Proof. Throughout an epoch, δI ⪯ G ⪯ (δ + 4(dvec + 1))I and ∥G∥ ≤ ∥C∥2/δ = O(dvec/δ). The
insertion denominator in Eq. (81) is at least one. For deletion, write G = G−+CiC

⊤
i , with G− ⪰ δI.

Then

1− Gii = (1 + C⊤
i G−1

− Ci)
−1 ≥ δ

δ + 4
.

All exact quantities and all divisions therefore have polynomial magnitude bounds in m, dvec, 1/η.
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For a consecutive sequence of updates let D be the diagonal matrix of its net column changes.
Every input is inserted and removed at most once, so ∥D∥ ≤ 1. The exact composition is

FD(G) := (I + GD)−1G.

If G′ is the Gram matrix at the end of this sequence, the identity

(I + GD)−1 = I − C⊤(G′)−1CD

shows that the inverse on the left has norm at most b := 1 + ∥C∥2/δ. This bound holds for every
consecutive subsequence, including one containing both insertions and deletions. For a symmetric
perturbation E with ∥E∥ ≤ 1/(2b),

FD(G+ E)− FD(G) = (I + GD)−1E(I +D(G+ E))−1,

∥FD(G+ E)− FD(G)∥ ≤ 2b2∥E∥.
(317)

The second inverse is bounded by 2b by the Neumann series.
Here is the resulting error accounting over a whole epoch. Suppose each update, evaluated at

the currently represented matrix, introduces an additive matrix error of norm at most ρ, and each
product that writes the pending updates explicitly has the same error bound. Such a product leaves
the represented matrix unchanged in exact arithmetic, so it is an identity map with an additive
error. Compare a computed prefix with the exact prefix by inserting one error at a time and
composing all remaining exact updates. Eq. (317), applied to every such suffix, bounds the prefix
error by O(b2(ϵ0 + dvecρ)), where ϵ0 is the initial error. A bootstrap with this bound smaller than
1/(4b) justifies the same bound for the perturbed suffixes. In particular no factor is raised to the
epoch length.

The lazy representation satisfies this additive-error model. Summing at most bbatch stored outer
products recovers a column with error at most a fixed polynomial in dvec, bbatch, δ

−1 times its scalar
rounding unit. The lower bounds on the denominators then give the same type of bound for the error
of an update. The separately stored diagonal has at most bbatch such rounding errors. Coefficient
updates also use only polynomially bounded quantities. Direction entries and retained coefficients
lie on a common dyadic grid. The boundary ratios are formed and compared exactly using a
constant multiple of their word length. Setting the hitting coefficients exactly to their boundary
values and rounding the others toward zero restores the grid and preserves the cube. Taking
O(log(2mdvec/η)) bits, with a sufficiently large absolute multiplier, makes all matrix evaluation
errors smaller than τ/4 entrywise. Since u ≤ τ/4, the subsequent grid rounding keeps the total
entry errors below τ . The explicit matrix is symmetrized after each product, and its diagonal
replaces the separately stored diagonal. The factors in each rectangular product have polynomially
bounded entries. A fixed bilinear recursive algorithm implements the strict rectangular exponent
bound; its depth is O(log dvec) and all coefficients at a level are fixed. Hence its intermediate
magnitudes and normwise error amplification are polynomial, and only a constant multiple of the
same logarithmic precision is needed. The strict slack 2.054999 < 2.055 permits this fixed algorithm.
Each new epoch is recomputed from its retained input columns; errors are not passed through an
unbounded sequence of epochs.

The epoch inverses are well conditioned up to a fixed polynomial, so the short-precision Newton–
Schulz construction and stable fast products of Section 6.5 apply, with logarithmic factors in
mdvec/η. They give the stated bit cost as well as the arithmetic cost.

We next apply the epoch stability bound to the small reduction used at each level of the group
tree.
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Lemma 6.3 (Finite-precision grouped reduction). Under the hypotheses of Lemma 4.2, put D :=
dvec and assume that the input entries have a common rational denominator, with numerators
and denominator of O(log(2mD/η)) bits. At a level of its group tree, set ε := η/(MgrpLtree) and
consider the small procedure on at most 2D columns, with inherited coefficient word length py. The
procedure preserves the cube, leaves at most D fractional coordinates, and changes the represented
sum by norm at most ε, using O(py + log(2D/ε)) working bits, including temporary operands, with

a fixed multiplier. Its bit cost is ˜︁O(D2.5275), with the input word length and log(1/ε) included in
the suppressed factors. The full grouped algorithm returns y ∈ [−1, 1]m with at most D fractional
coordinates and ∥∑︁i yibi∥2 ≤ η, using O(log(2mD/η)) working bits and ˜︁O(mD + D2.5275) bit
operations.

Proof. Throughout this procedure, δI ⪯ G ⪯ (δ+8D)I, and every deletion denominator is at least
δ/(δ + 4). For any consecutive sequence of deletions, Lemma 6.2 applies with b ≤ 1 + 8D/δ. It
bounds the amplification of an additive matrix error through the entire sequence by O(b2). Writing
a pending sum to the base is an identity map with an additive product error. Recovering a column
from at most bbatch terms and then computing its deletion update introduce errors bounded by
a fixed polynomial in D, δ−1 times the scalar rounding unit. The separately stored diagonal has
the same bound; refresh it from the base whenever a pending sum is written out. The suffix-
error accounting in Lemma 6.2 therefore applies to all O(D) deletions and products, including
simultaneous hits.

Each rectangular product uses fixed bilinear recursion. Its factors have polynomially bounded
entries, and its logarithmic recursion depth gives polynomial error amplification. The strict expo-
nent slack permits a fixed algorithm at exponent 1 + 2a. Together with the initial inverse, these
bounds make the matrix evaluation errors smaller than τ/4 entrywise, using a sufficiently large con-
stant times log(2D/ε) guard bits. Since u ≤ τ/4, rounding each queried entry to the direction grid
keeps its total error below τ . Boundary ratios are formed and compared exactly from the dyadic
coefficients and directions, using a constant multiple of their word length. The hitting coefficients
are set exactly to their endpoints, and rounding the others toward zero restores the common grid.
The initial word length py is included in the working precision and bit cost. Thus batching changes
neither the residual allowance nor the cube and stopping guarantees of Lemma 4.2.

For the full group tree, write the input entries over their common denominator. Each node
sum contains at most m inputs, so its numerator length increases by at most O(log(2m)). All
node sums are therefore computed exactly in ˜︁O(mD) bit operations with O(log(2mD/η)) bits
per entry. Dividing by the power of two Mgrp adds only O(log(2m)) denominator bits. With
ε = η/(MgrpLtree), one has

log(2D/ε) = O(log(2mD/η)).

Choose the same coefficient grid at every level. The root coefficient is zero, and each child inherits
its parent’s coefficient. Every small reduction restores this grid, so all inherited coefficients have
O(log(2mD/η)) bits. The preceding bounds therefore apply uniformly to all Ltree small reductions,
including their temporary operands. Their total bit cost is ˜︁O(LtreeD

2.5275) = ˜︁O(D2.5275). The final
tree traversal copies the coefficients to the leaves in ˜︁O(m) bit operations. Adding the group-sum cost
proves the claimed total. The residual accounting and fractional-coordinate bound in Lemma 4.2
apply at every level, since each finite reduction satisfies its prescribed error allowance.

The randomized small reducer also needs certified directions from a fixed ridge inverse. Its
numerical evaluations and derivative sign rule are both implemented on short data.

Lemma 6.4 (Finite ridge-direction evaluations). Use the parameters of Lemma 5.16. Assume
the rational columns share a common denominator and have word length pC , and the inherited

148



dyadic coefficients have word length py. Its ridge inverse and direction trials attain their prescribed
residual, norm, and maximum-entry tolerances using

O(pC + py + log(2D/ε) + log(2T∗))

working bits, with a fixed multiplier. Forming the inverse costs ˜︁O(Dω0) bit operations, and each
direction trial after fixing the inverse costs ˜︁O(D2) bit operations. If pC + py = O(log(2D/(εζf))),

its full small-reduction algorithm has expected bit cost ˜︁O(Dω0+ζfD
3), including the ˜︁O(D3) fallback,

whose probability is at most ζf . Every random-bit sequence returns at most 2D fractional coordinates
and residual at most ε.

For Lemma 5.17, assume a common rational input denominator and numerator and denomi-
nator lengths O(log(2mD/η)). Its full grouped algorithm has expected bit cost ˜︁O(mD +Dω0), with
at most 2D fractional coordinates and residual at most η on every outcome. Its working precision,
including temporary operands, is O(log(2mD/η)).

Proof. All magnitudes and inverse bounds here are polynomial in D, ε−1 and the displayed log-
arithmic factors. Newton–Schulz reaches the stated accuracy in logarithmically many products:
from R0 = Jδ/U

2 with U ≥ ∥Jδ∥, its exact residual squares at each iteration, and its initial spec-
tral gap is at least δ2/U2. Rounded residuals satisfy et+1 ≤ e2t + ϵunit. Taking the product-error
floor below a fixed fraction of the squared initial gap and final target proves the same count,
with polynomial iterate norms. The fixed stable square recursion gives the required accuracy with
O(pC + py + log(2D/ε) + log(2T∗)) bits, up to a fixed constant multiplier. Forming or invert-

ing an order-D matrix costs ˜︁O(Dω0) in both models. A direction trial after this inverse is fixed
costs ˜︁O(D2), including its exact short-dyadic norm and maximum-entry tests. No singular values,
nullspace basis, or exact rational inverse is computed.

For each derivative sign, evaluate the summands 2xi˜︁vi/[H(1 + |xi|)] to error 1/(512H2) on a
common dyadic grid and add them exactly. Their denominators lie in [1, 2) and their magnitudes
are polynomial. The sum has error at most r/(512H2) and uses only an additional O(log(2r))
accumulator bits. This is the permitted sign error in Lemma 5.16. Compute each rational step
from the short data, round inward to its prescribed grid, and freeze endpoints by exact comparisons.
The common column denominator and dyadic coefficient grid make the final matrix residual and
squared-norm comparison exact with the same logarithmic working bound.

Lemma 6.3 implements the two deterministic fallback blocks with the required inherited coeffi-
cients and residuals. The deterministic progress, residual, trial-cap, and conditional failure proofs
of Lemma 5.16 therefore apply unchanged. Its polylogarithmic number of inverse constructions and
sign trials gives the stated expected bit bound.

For the group tree, exact node sums add only O(log(2m)) bits to the common input denominator
and numerators. Division by the power of two Mgrp has the same overhead. Each small call uses
ε = η/(MgrpRtree) and ζf = (2mD)−20/Rtree. After its first inward update its coefficients lie on the
grid in Eq. (258); inherited coefficients are retained exactly until then. The grid exponents have a
uniform O(log(2mD/η)) bound, so coefficient lengths do not multiply through the tree. Node sums
and the leaf traversal cost ˜︁O(mD) bit operations. Summing the logarithmically many small calls
and their fallback probabilities gives the expected grouped bound. Lemma 6.1 charges the original
binary input length once when these routines follow the matrix input conversion.

For energy-controlled groups, the sampled preconditioner is held fixed throughout a solve. This
permits one error estimate for the normalized recurrence.

Lemma 6.5 (Structured reductions and norm certificates). Consider a solve in Lemma 5.24, with
failure parameter 0 < ζ < 1 and with the group map, dyadic sample, and represented factors
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fixed. On the sampling event giving its stated preconditioned spectral interval, the true residual and
direction tolerances are attained with O(log(2mDT/(εζ))) working bits, including the input word
length and a fixed multiplier. The structured actions and the solve have bit cost equal to their
arithmetic bound up to logarithmic factors. This includes the finite ridge sketch of Lemma 5.22,
the setup and actions of Lemma 5.23, and the full capped reduction of Lemma 5.24, with the
same residual, fractional-count, and fallback-probability guarantees, provided the input entries and
inherited coefficients have logarithmic word length in these parameters and a common rational
input denominator. The orientation of Lemma 5.19 costs ˜︁O(mD) bit operations per attempt on
such input.

For the norm certificate of Lemma 5.21, if the input entries and threshold have b bits and
the entries share a common rational denominator, the working precision is O(b + log(2n)). For
logarithmic input length the bit cost is ˜︁O(nω0), on both accepted and rejected inputs. The test
accepts only if ∥E∥ ≤ a and always accepts if ∥E∥ ≤ a/2.

Proof. Freeze B, the dyadic sample, and the represented factors throughout the solve. They define
one positive system and one positive preconditioner. The small Woodbury matrix has smallest
eigenvalue at least T/2 and polynomial norm, so Newton–Schulz and fixed recursive products
attain any required inverse-polynomial absolute accuracy in logarithmic working precision. The
factors and δ−2 in Lemma 5.23 and Eq. (281) have polynomial magnitude. Cancellation is covered
by a finer absolute error, not by assuming a relative inverse approximation suffices.

In the normalized Chebyshev recurrence, the scalar ratios lie in [0, 1] and their update is Lips-
chitz with constant at most one. An error inserted at step i propagates through

[Ti(ϱ)/TJ(ϱ)]UJ−i(D0),

where D0 is the scaled preconditioned operator. On the good interval its norm is at most a
polynomial similarity factor times J − i + 1. Vector and scalar errors therefore accumulate with
a polynomial bound in the prescribed iteration count, not an exponential product of condition
factors. All iterates and intermediate right-hand sides have polynomial magnitudes on that event. A
sufficiently large constant times log(2mDT/(εζ)) precision, including the input word length, meets
the true residual and direction targets. The structured matrix actions and the explicit residual use
the same rational vectorization and exact group sums, so no cache mismatch is omitted.

Sampling, products, and exact comparisons. The dyadic Box–Muller construction in
Lemma 5.22 has polynomial scalar derivative bounds on its coupling event and polynomial output
magnitudes for every finite sample. A fixed logarithmic precision therefore preserves its covariance
interval and its success probability. Form and symmetrize the small Gram matrix below the stated
δ/64 error allocation. The inverse perturbation identity preserves its positive lower bound and
the represented preconditioner. Fixed recursive matrix products have logarithmic depth and fixed
coefficients, hence polynomial error amplification and intermediate magnitudes. A larger fixed
guard precision gives the setup and structured-action bit bounds at their arithmetic exponents.

All orientation sums and squared norms are exact sums of at most polynomially many common-
denominator products. Their word lengths remain logarithmic, giving ˜︁O(mD) bit operations for
Lemma 5.19. The same argument covers explicit group residuals and direction norm tests. For the
barrier sign, approximate each bounded rational summand to error 1/(512H2) on one dyadic grid,
then add exactly, as in Lemma 6.4. The accumulated sign error is the one allowed in Lemma 5.24.
It retains inherited coefficients exactly until the first inward update; the grid in Eq. (285) then has
a uniform logarithmic mesh exponent. Thus every accepted step preserves the arithmetic progress
and residual estimates. Prescribed iteration and magnitude caps bound failed sketches; on the
good sketch event the preceding error bounds preserve all tests. The fallback is implemented by
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Lemma 6.3, after the stated scaling and splitting. This proves the full capped reduction and its
fallback probability.

Matrix-norm certificates. Use Z = (E/a)2, Q = I − Z, and the degree s = ⌈10 log2(2n)⌉
binomial sum from Lemma 5.21. Compute on a common dyadic grid and reject if a fixed poly-
nomial magnitude cap is exceeded. In the good case 0 ⪯ Z ⪯ I/4, the powers are contractive,
the coefficients have O(s) bits, and the exact congruence residual is below 1/8. Stable products
approximate the sum and the final congruence with Frobenius error below 1/16 in each required
enclosure. Scaling and input errors are included against the true rational E, a. Using O(b+log(2n))
working bits provides these enclosures. The good case reaches no magnitude cap and is accepted.
Every accepted case has a certified upper bound at most 1/2 for ∥X∗QX − I∥F , which proves
Q ≻ 0. There are O(log(2n)) matrix products on every outcome. The same argument applies to a
non-Hermitian matrix by taking Z = M∗M/a2.

Summing the verified orientation, sketch, solve, residual, and fallback costs over the group tree
gives the bit bound in Eq. (288). Original input length is charged once by Lemma 6.1.

6.4 Numerical caches and acceptance margins

The exact retained instance and its numerical cache have different roles. The next lemma controls
cache error against the true model at each accepted state.

Lemma 6.6 (Short caches and certified acceptance). Consider a retained instance with k ≤ n2 ac-
tive matrices, the symbolic fixed contribution, and the conditioning and acceptance margins specified
in Section 4. A one-time PSD rank-one cache with entry accuracy u = a(kn)−C0, for a sufficiently
large fixed C0, permits the KKT residuals, predictors, gradient and curvature tests, endpoint scores,
and value comparisons to be evaluated within their reserved errors using O(log(2kn)) accuracy and
magnitude bits. Each accepted correction restores the prescribed root-error floor. The initial co-
ordinate rounding uses only the reserved εround/2 allowance, and subsequent solves use the short
cache. For the recorded coefficients in Lemma 4.3, given on a dyadic grid with O(log(2kn)) bits and
with the corresponding short PSD rank-one cache already available, deterministic deferred rounding
uses ˜︁O(kn3) bit operations and O(log(2kn)) working bits per entry, including temporary operands.
Its discrepancy is less than εround/2, including cache and comparison errors. For the small-trace
rounding of Lemma 4.18, cached entries and initial coefficients of O(log(2kn)) bits give ˜︁O(kn2) bit
cost, including exact comparisons. The discrepancy and surviving-trace guarantees in that lemma
are preserved.

Proof. One-time data approximation.
After partial signing, the algorithm needs only its k active matrices. Store a short rational PSD

rank-one approximation to each Ci, with Frobenius error at most u, where u := a(kn)−C0 and C0

is a sufficiently large fixed constant.
Such approximations can be obtained without assuming a lower bound on a nonzero eigenvalue.

Discard a matrix whose largest diagonal entry is below u/(Cn); its Frobenius norm equals its
trace and is O(u). Otherwise choose a largest diagonal entry a := (Ci)jj ≥ u/(Cn) and write
Ci = acc∗, where c := Ciej/a. Here every |ci| ≤ 1 by the PSD minor inequality and maximality of
a. Approximate a by a positive rational and c by dyadics to enough additional O(log(2kn)) bits.
The product remains PSD and rank at most one and has the required error. This is a numerical
cache; the mathematical model continues to use the true Ci.

Maintain F symbolically as a combination of the initial k columns. Each coefficient has absolute
value at most two: it is −˜︁y0i plus the cached removal coefficient, if any. All coefficients use the same
fine dyadic grid. Errors in F , Dpow, the coupling, and its first two derivatives can consequently
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be bounded afresh by a fixed polynomial in k, n, δ−1
end times u. They do not accumulate with the

number of local steps. No long original rational coefficient is used in subsequent solves.
For initialization, the cap and feasibility-repair argument in Section 4.8 controls coefficient

errors before recovering the true optimizer. For local tracking, short-cache evaluations are inexact
Newton steps for the true KKT system. The forcing for a predictor is evaluated and solved to
a sufficiently small inverse-polynomial error, so its product with the mesh length is below a fixed
fraction of the Newton margin. The finitely many derivative formulas involved have polynomial
perturbation bounds.

The initial coordinate rounding costs only the εround/2 allowance already reserved in the ini-
tialization argument. It is what permits the nonlinear phase to forget the original partial-signing
denominators.

Accuracy margins and tracking error. The weights satisfy ϖi ≥ γ/4, and all derivative
bounds and matrix condition numbers are polynomial in k, n for the fixed cubic predictor. The gra-
dient and curvature tests in Lemma 4.4 and the Newton radius therefore have inverse-polynomial
margins. The accepted decreases are bounded separately in each application. Choose the cache,
derivative, jet, and coordinate-grid accuracies below a fixed fraction of these margins. The po-
tential and KKT perturbation bounds validate comparisons for the exact model. Inexact Newton
corrections contract errors to their specified floor at every stage, including initialization.

For endpoint scores use error at most δ, and trigger if an approximation to ιβivi − (1 − yi) or
ιβiui − (1 + yi) is at least −δ. If neither triggers, the exact state is light. A triggered move needs

a feasibility repair at most 2δ∥Ci∥; choose δ smaller than a fixed fraction of min{γδ97/200end , ρδ3end}.
The reservoir pays for the repair, and the regular endpoint decrease in Lemma 4.8 retains a fixed
fraction of its margin. Local trial coordinates are evaluated as y+ tr from the original dyadic base,
without accumulating intermediate coordinate errors. At acceptance, round once and correct the
optimizer again. Fixed-order powers and budget derivatives have polylogarithmic evaluation cost:
the fixed algebraic power (1− y2)97/200 is computed by rational bisection.

Deferred rounding. For the recorded matrices, choose the fixed cache exponent large enough
that 2ku ≤ εround/64 and 2ku+ku2 ≤ 1. The cache then satisfies all approximation hypotheses used
in the proof of Lemma 4.3. Its heavy/small split and nearest-sign decisions are exact comparisons
of short rational numbers. The recorded dyadic coefficients remain exact throughout this final
rounding.

For the small matrices, the exact signed prefix and the two remaining logarithmic moment
sums give Hermitian exponential arguments of norm at most M := 4Llog + 4 in every candidate.
Nonzero cache traces are bounded below by 2−O(log(2kn)). The scalar exponentials and logarithms in
Lemma 4.3 therefore need only O(log(2kn)) accuracy bits, including the division by a nonzero trace.
Their convergent series provide certified truncation tails. For a matrix argument H, evaluate its
exponential by the factorial recurrence T0 := I, Tj := Tj−1H/j, summing through J = O(log(2kn)).
The exact term and partial-sum norms are at most eM , which is polynomial in n. An additive
recurrence error at order i is propagated by factors of norm at most M j−ii!/j! ≤ eM . Thus
ordinary rounded multiplication at inverse-polynomial entry accuracy, together with the Taylor
tail, certifies the trace to additive error 1/(64max{1, k}).

Maintain the prefix and remaining sums on a common dyadic grid. There are at most k
additions or subtractions to each sum, so their errors are at most k times the local entry error,
with the matrix dimension factor included. The trace-exponential Lipschitz bound neM+1 converts
these argument errors into a polynomially bounded evaluation error. Taking a sufficiently large fixed
multiple of log(2kn) working bits keeps the full two-trace estimator error below 1/(8max{1, k}) at
every decision. Choose the smaller computed estimator. Lemma 4.3 then bounds the accumulated
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comparison increase by 1/4 and the discrepancy, including cache error, by 21εround/128 < εround/2.
Each of the at most k decisions uses a logarithmic number of order-n ordinary matrix products.
Short scalar work and the O(kn2) matrix-sum updates are smaller, proving the ˜︁O(kn3) bit bound.

Small-trace rounding. Use the dyadic PSD cache with the accuracy required in Lemma 4.18.
Its conditional choice compares tr[E ˆ︁Ci] − yi tr[ ˆ︁Ci]

2 with zero. The coefficients and cache entries
share dyadic denominators of O(log(2kn)) bits. Each prefix entry is a sum of at most k products of
such numbers, and each comparison is a sum of at most n2 further products. Their exact numerators
and denominators therefore have O(log(2kn)) bits, with a fixed multiplier. Each comparison and
prefix update uses O(n2) short arithmetic operations, and there are at most k of them. This
proves the ˜︁O(kn2) bit bound. Since every comparison is exact, the conditional-expectation proof
and the cache-error transfer of Lemma 4.18 apply without an additional loss. Summing over the
geometrically decreasing phase counts gives ˜︁O(n4) bit operations for all small-trace rounding.

6.5 Stable matrix products and inverse solves

The arithmetic constructions use products and inverses whose norms and condition numbers have
already been bounded. These bounds determine the required guard precision.

Lemma 6.7 (Stable products and residual-certified inverses). Under the polynomial magnitude
and inverse bounds in Sections 4.8 and 4.11, the required matrix products and inverse solves attain
their prescribed inverse-polynomial errors with O(log(2kn)) working bits. An order-dsys product

or inverse costs ˜︁O(dω0
sys) bit operations; in particular, dsys = O(n2) gives cost ˜︁O(n2ω0). For the

structured rank-one actions of Lemma 4.7, the coupling, fixed-order directional derivatives, endpoint
scores, gradient coordinates, and weights ϖi attain their prescribed errors in ˜︁O(nχ) bit operations
with the same logarithmic guard precision. Given the dyadic coefficient and PSD-cache data of
Lemma 6.6, the fast deterministic deferred rounding of Lemma 4.9 costs ˜︁O(knω0) bit operations.
The capped randomized rounding of Lemma 5.25 has expected bit cost ˜︁O(kN2 +Nω0). Both retain
discrepancy less than εround/2, and the randomized routine terminates correctly on every random-bit
sequence.

Proof. For the inverse, use A,Zr, Er, L and the exact residual recurrence from Section 4.11. Round
each matrix product and iterate to the common grid. If its induced residual error is at most δ, then

∥Eraux+1∥ ≤ ∥Eraux∥2 + δ.

Take δ smaller than a fixed fraction of both the square of the initial spectral gap and the target
residual. The same logarithmic iteration bound holds: while the residual is near one, its gap from
one grows by a constant factor; below a fixed constant, the usual squaring convergence applies down
to the error floor. Throughout, ∥Zraux∥ ≤ ∥A−1∥(1 + ∥Eraux∥) is polynomial. Hence O(log(2kn))
bits per entry suffice for all products. A direct residual computation bounds the final inverse error
by ∥A−1∥∥Eraux∥.

For order dsys = O(n2), implement the products with the fast multiplication routine below. In-

version and multiplication by the right-hand sides then cost ˜︁O(n2ω0) arithmetic and bit operations.
The same procedure handles the order-n primal inverses. The residual and precision arguments
above are unchanged. Approximate linear solves and KKT evaluations give the additive error
asserted after Eq. (96).

Fast products.
For the exponent ω0 in Eq. (80), stable recursive multiplication with exponent ω0 is available

by Demmel, Dumitriu, Holtz and Kleinberg [DDHK07]. We may choose ω0 := 2.371177 using
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the strict bound of Dupont et al. [DEK+26]. The coarser choice ω0 := 5/2 already follows from
Coppersmith and Winograd [CW90]. For polynomially bounded matrices and p = O(log(2kn))
requested accuracy bits, their polynomial normwise error bounds require only O(p + log(2kn))
working bits. Thus an order-dsys product costs ˜︁O(dsys

ω0) bit operations as well as arithmetic
operations.

Rank-one actions. All factors have polynomial magnitude, including the fixed-order jets.
Choose fixed bilinear recursive algorithms at the strict exponent bounds in Eq. (80). Each has
logarithmic recursion depth and fixed coefficients at each level, so intermediate magnitudes and
normwise error amplification are bounded by a fixed polynomial. Tensoring or permuting these
fixed algorithms preserves that property. A fixed multiple of the logarithmic working precision
therefore attains the prescribed error. This proves the bit bound. Fast deferred rounding. In
the proof of Lemma 6.6, replace ordinary matrix multiplication in the factorial exponential recur-
rence by the fixed fast products just proved. Each argument has norm O(log(2n)); the recurrence
terms, intermediate norms, and error amplification are polynomial. The same logarithmic working
precision and comparison margins therefore suffice for Lemma 4.9. There are O(log(2kn)) products
per candidate and O(k) candidates. Prefix and remaining-sum updates cost ˜︁O(kn2) bit operations
and preserve the same conditional-estimator errors. This proves the fast deterministic bit bound
with its original discrepancy allowance.

For Lemma 5.25, the recorded coefficients have O(log(2kN)) dyadic bits, so the Bernoulli draws
with probabilities (1+ ti)/2 are exact with that many uniform bits. Each attempt forms its cached
residual by O(kN2) common-denominator operations on logarithmic-length entries. Lemma 6.5
implements the norm certificate in ˜︁O(Nω0) bit operations, including on a failed sample. Its ac-
ceptance and completeness thresholds are precisely those used in the arithmetic probability proof.
The failure cap has probability at most (2N)−30; the fast deterministic fallback costs ˜︁O(kNω0).
The same expectation calculation therefore proves the randomized bit bound, finite termination,
and the strict discrepancy allowance.

The initializer must preserve feasibility and the Newton decrement at every accepted stage. We
apply the same residual-certified linear algebra to its capped barrier path.

Lemma 6.8 (Finite-precision capped initialization). Assume the bounds on inverse slacks, Hessian
conditioning, and centers in Section 4.8. Its initializer attains the requested objective accuracy with
O(log(2nk/εobj)) working bits. It preserves the feasibility and decrement margins within the same
stage count. Its bit cost is the corresponding arithmetic cost up to logarithmic factors.

Proof. Use the inverse-slack bounds and barrier from Section 4.8, and Lemma 6.7 for the numerical
solves. The Hessian is a sum of products of these inverses and coefficient maps, so its norm is
polynomial. Its inverse norm is polynomial by Eq. (111). All coordinates, gradients, Newton
directions, and objective parameters have polynomial magnitude. Consequently O(log(2nk/εobj))
accuracy and magnitude bits suffice to preserve feasibility and the decrement slack at every stage.
Rounded Newton corrections need not accumulate errors: the decrement invariant is re-established
after each step.

This also gives a constructive implementation: compute inverse slacks and the initial Newton-
system inverse by short-precision Newton–Schulz iteration, with residual-based error bounds and
safe polynomial norm/condition bounds. Recompute the Newton-system inverse at each subsequent
stage. Stable fast multiplication supplies the required inverse-polynomial product accuracy with
logarithmic guard precision. Determinants need not be evaluated by the algorithm; the barrier
gradient and Hessian use only inverses and traces. Approximate bobj0 and every oracle to a suffi-
ciently small inverse-polynomial floor. The exact-center and Dikin arguments in Section 4.8 ensure
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that the prescribed floor works at every stage, without assuming a priori precision at unvisited
centers.

6.6 Smoothed root evaluations and matrix functions

At a corrected smoothed root, residual bounds suffice to evaluate the matrix functions used by the
algorithm. The spectral implementation below uses their established spectral ranges.

Lemma 6.9 (Matrix functions and corrected smoothed states). Assume the geometric bounds of
Section 4.13 and the state invariant of Section 5.3. The required order-n matrix logarithms, square
roots and their inverses, Lyapunov solves, and entropy covariance actions attain the prescribed
errors with O(log(2kn)) working bits. An order-n spectral decomposition, certified by its residual,
costs ˜︁O(n3) bit operations. If inverse and structured actions meet their error bounds, rounded New-
ton corrections preserve the state invariant and provide the required value, endpoint, and residual
enclosures.

Proof. The input conversion and grouped partial signing use their proved accuracy and additive Lin

accounting. After that phase, the true model uses its retained matrices; numerical computations
use PSD rank-one approximations. The fixed contribution is stored symbolically as a combination
of the initial k matrices with coefficients of absolute value at most two. Its matrix error, all coupling
errors, and their derivative errors are bounded afresh by a fixed polynomial times the chosen cache
error, independently of the number of steps or resets.

Use p = C log(2kn) accuracy bits in the nonlinear cache for a sufficiently large fixed constant
C. Choose C to cover the prescribed inverse-polynomial action errors and the scalar and matrix-
product guard bits. The input conversion is not rerun on the original Lin-bit data at each stage.
Retained normalized rational inputs can be approximated to the new accuracy in the same one-
time cache construction; magnitudes and nonzero scale lower bounds are polynomial in the input
parameters. A common trace/variance scalar is also approximated only once.

Lemma 4.12 supplies the residual-based spectral construction, matrix-function perturbation
bounds, and corrected-state invariant in the arithmetic model. Its Jacobi routine uses ˜︁O(n2)
rotations and ˜︁O(n) work per rotation. All magnitudes and error amplification factors are polynomial
in n, k. The norm-one rotations accumulate similarity and orthogonality errors only polynomially.
Thus the chosen O(log(2kn)) accuracy and guard bits preserve the spectral residual tests and give˜︁O(n3) bit operations per decomposition. The same accuracy covers scalar powers, logarithmic
means, shifted exponentials, and the rational real/imaginary Hermitian coordinates.

Rounded anchored refinement satisfies the contraction-plus-additive-error recurrence proved in
Lemma 4.12. At a curvature filter, use its explicit second-kind recurrence bound instead. Neither
estimate multiplies per-stage condition numbers over the signing trajectory. Choosing the cache
floor below fixed fractions of the root, endpoint, and potential-decrease margins preserves all com-
parisons, including the true-versus-cached residual errors. The one-time input conversion is the
only step charged to Lin.

6.7 Deterministic conditional choices and response blocks

The deterministic choices use conditional estimators with polynomially bounded values and deriva-
tives. This supplies a common finite-precision implementation for the scalar and grouped choices.

Lemma 6.10 (Certified deterministic conditional choices). The scalar conditional choices in Sec-
tion 4.20 take ˜︁O(k2) bit operations. Certified evaluation within their comparison margins uses
O(log(2kn)) working bits. For the grouped algorithm of Lemma 4.19, assume the input entries
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share a common rational denominator and their numerators and denominator have O(log(2mD/η))
bits. It returns at most 2D fractional coordinates and residual at most η using ˜︁O(mD +Dω0) bit
operations and O(log(2mD/η)) working bits per entry, including temporary operands. In both cases
the accepted choices preserve the conditional-estimator guarantee, including when the two candidate
values nearly tie.

Proof. Use the filter F , coefficients λf , πn, and conditional estimator from Section 4.20. For the
scalar choices, if v is the sum of the fixed columns with their chosen signs and J indexes the
remaining columns, then

E[∥Fξ∥2 | v] = ∥v∥2 +
∑︂
j∈J
∥F:j∥2, E[cosh((Fξ)i) | v] = cosh(vi)

∏︂
j∈J

cosh(Fij).

Maintain v and these products; each candidate decision requires O(k) scalar operations. There
is no large-exponent precision cost: the maintained conditional value of Φ is positive, while the
conditional quadratic expectation is at most 4k. Thus cosh(vi) ≤ 4k/λf . A trial adds at most two
to |vi|, and the remaining products are between one and eight. All numbers and derivatives used
in a comparison are therefore polynomially bounded. Certified scalar Taylor approximations with
logarithmic precision suffice, including when the two choices nearly tie.

Grouped deterministic directions. In Lemma 4.19, the conditional estimator uses the short
matrix V . At every chosen prefix their value stays positive, whereas the conditional quadratic term
is at most ∥V ∥2r < 2r. Hence each conditional hyperbolic cosine is at most 200r. At either next
candidate it increases by at most a fixed factor, since |Vij | ≤ 65/64. The remaining products

are bounded by e(65/64)
2/2 < 2. All arguments are O(log r) and all intermediate magnitudes are

polynomial. Taylor evaluation and outward error bounds consequently need only O(log(2D/ε))
bits, with the inherited short-data factors. The divisions removing a factor cosh(Vij) ≥ 1 are
stable.

The small reduction in Lemma 4.19 has δI ⪯ Jδ ⪯ (δ + 4r0)I and uses the same ridge and
direction tolerances as Lemma 6.4. That lemma computes a residual-certified inverse with O(pC +
py + log(2D/ε) + log(2T∗)) working bits. Form and symmetrize I − B⊤RB, then round it to the
direction grid. Polynomially smaller intermediate errors ensure ∥V − Πδ∥ ≤ ν/

√
r, including this

final rounding, in ˜︁O(Dω0) bit operations. The conditional comparisons proved here cost only ˜︁O(D2)
per direction. The vector V ξ and its norm and maximum-entry tests are computed exactly from
its dyadic entries.

For the derivative sign, each summand 2xi˜︁vi/[H(1+ |xi|)] has bounded magnitude and denom-
inator 1 + |xi| ∈ [1, 2). Approximate each summand to error 1/(512H2) on one common dyadic
grid and sum exactly. This gives |ˆ︁g − g| ≤ r/(512H2) in ˜︁O(r) bit operations. Choosing its sign is
the permitted inexact rule in Lemma 4.19. Compute the rational step from the short dyadic data,
round toward zero, and freeze endpoints by exact comparisons. These operations use a fixed mul-
tiple of the same working precision. Thus the deterministic progress, cube, and residual estimates
of that lemma hold in fewer than T∗ steps, and a complete small call costs ˜︁O(Dω0) bit operations.

For the full tree, exact node sums retain the common denominator; adding at mostm numerators
adds only O(log(2m)) bits. Division by Mgrp adds the same order of denominator bits. The
common-grid argument in Lemma 4.19 and ε = η/(MgrpRtree) give pC+py+log(2D/ε)+log(2T∗) =
O(log(2mD/η)) uniformly at every level. Node-sum construction and the final leaf traversal cost˜︁O(mD) bit operations. The logarithmically many small calls give the claimed total, with exactly the
residual and fractional-count guarantees of the arithmetic algorithm. For the matrix application,
Lemma 6.1 charges the original binary input length once in the input conversion.
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All response columns at one corrected root use the same spectral operators. Their simultaneous
approximation can therefore be controlled in Frobenius norm.

Lemma 6.11 (Precision for block responses). Under the hypotheses of Lemma 4.20, use the
logarithmic-length cache and corrected-root data of Lemmas 6.6 and 6.9. The Hessian and response
blocks and their filter compositions attain the prescribed inverse-polynomial operator tolerances with
O(log(2kn)) working bits per entry, including temporary operands. The matrix conditional com-
parisons attain their reserved additive accuracies and return a direction satisfying Eq. (199). The
total bit cost is the arithmetic bound in Lemma 4.20, up to logarithmic factors.

Proof. The spectral constructions of Lemma 6.9 apply to the polynomial spectral bounds in Lemma 4.20.
They compute all order-n decompositions in ˜︁O(n3) bit operations. Use the same approximate
spectral operators for all columns. The energy preconditioning bounds give polynomial similarity
condition numbers. The normalized Chebyshev recurrence has polynomial error amplification: the
scalar propagation ratios are at most one, and a second-kind polynomial of degree j on the precon-
ditioned spectral interval has norm at most a polynomial similarity factor times j + 1. The same
bound applies to a matrix of right-hand sides in Frobenius norm. Demand a polynomially smaller
per-column error, so the sum of squared column errors is below the prescribed squared operator
tolerance. This changes only logarithmic precision and iteration factors. No eigengap is needed,
and no order-n2 dense inverse is formed.

All block products and relative congruences use Lemma 6.7; splitting the long dimension into k-
sized blocks preserves the arithmetic counts in Lemma 4.20. Summing their errors over polynomially
many blocks changes only the fixed guard factor.

For the deterministic filter, use its finite resolvent expansion from Section 4.20. Each shifted
inverse is polynomially conditioned, every resolvent power is contractive, and the sums of absolute
scalar coefficient terms are polynomial. Lemma 6.7 and common-grid scalar evaluation therefore
give inverse-polynomial filter error with O(log(2kn)) working bits in ˜︁O(kω0) bit operations. Tighten
this error by the polynomial norms of the response maps before composition; the stated operator
tolerances and filter guards are then preserved.

Forming the variance matrices costs ˜︁O(knω0) bit operations. At an accepted conditional prefix
and either next candidate, all matrix exponential arguments have norm O(log n). The factorial
recurrence and additive-error accounting in Lemma 6.6 apply, with fast products from Lemma 6.7
in place of ordinary products. The polynomial estimator weights require only a fixed increase of
the logarithmic precision. Each candidate is enclosed to a small fixed fraction of its per-choice
allowance, so at most k comparisons consume the reserved total slack, even in a near tie. The
scalar terms use Lemma 6.10. The matrix choices cost ˜︁O(knω0) bit operations and their scalar
terms cost ˜︁O(k2). Together with the spectral setup and response solves, these costs give the bound
in Lemma 4.20 in the bit model.

6.8 Finite sampling

We realize the feature distribution using finitely many fair bits. A coupling to the ideal samples
quantifies the effect on the feature covariance.

Lemma 6.12 (Finite feature sampling). Under the hypotheses and sample count s of Lemma 5.3, its
feature sampler has a finite implementation using dyadic uniforms with b = O(log(2kn)) bits, with
a sufficiently large fixed multiplier. It can be coupled to the ideal sampler so that, except on an event
of probability at most 1/100, the feature covariance changes by operator norm at most µ/16. On the
intersection with the ideal feature event, the represented features satisfy the two-sided bound with
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slack 1/2, 2. Every finite sample has polynomially bounded magnitude, including samples outside
that event. The sampler and its matrix-function evaluations use logarithmic working precision. The
restricted feature actions, sample preparation, and terminal factor, Gram, and inverse construction
in Lemma 5.7 have their stated arithmetic costs also in bit operations, up to logarithmic factors,
with the same fixed represented feature matrix.

Proof. For the finite sampler use midpoints of dyadic uniform intervals for t and the Box–Muller
uniforms. Pair independent real normals into circular complex normals. Couple these finite samples
to ideal samples using the same uniform intervals. Except on an event of probability 1/100, every
radial uniform is at least (100ns)−4 and every normal is at most C

√︁
log(2ns). On this event all

sampling errors are a fixed polynomial times the scalar grid error. The eigenvalues of Q lie in an
inverse-polynomial interval, and t ∈ [0, 1]; the Frobenius divided-difference bounds for Qt/2, as well
as its t derivative, are polynomial uniformly in t. A gap-free order-n diagonalization and certified
scalar powers therefore approximate all rb, vb to any fixed inverse-polynomial accuracy, without
identifying individual eigenvectors at repeated eigenvalues. The normalization constants can also
be replaced by short dyadics at this accuracy.

Store these vectors and constants, and define the represented features by the exact rank-two
and centering formulas using the same short Q, F1, G. The feature perturbation and hence the
perturbation of V V ⊤/s are as small as prescribed, since all factors have polynomial magnitude.
Choose them to give operator error at most µ/16. The finite version of the two-sided bound, with
slack 1/2, 2, follows. Every finite Box–Muller output is bounded by C

√
b if b bits are used, even

on the excluded event. Thus all represented features have known polynomial magnitude for every
sample. Taking b a sufficiently large fixed multiple of log(2kn), with the polylogarithmic factors
already displayed, suffices. There is no exact-real or unbounded rejection-sampling oracle.

For the actions of Lemma 5.7, use the stable products of Lemma 6.7 with the same rectangular
shapes and their tensor permutations. The order-n spectral data are prepared once by Lemma 6.9.
Fixed recursive products have polynomial intermediate magnitudes and normwise error amplifi-
cation. Taking the scalar roundoff inverse polynomially smaller attains every action tolerance at
logarithmic precision. The terminal factor and the implicit products use the same stored rank-two
factors and exact centering definition, including repeated indices. Their errors are additive errors
relative to that one matrix. Its ridge supplies the positive lower bound for the residual-certified
terminal inverse. These operations preserve the real/complex adjoint formulas and give all the bit
costs stated for restricted actions and terminal setup.

6.9 Uniform precision for nested solves

The recursion in Lemma 5.8 increases the number of calls. Residual correction allows every level
to use the same accuracy target.

Lemma 6.13 (Depth-independent precision for nested solves). Use the parameters and frozen
feature and index data of Lemma 5.8, with 2 ≤ h ≤ J 2 and J = 1 + log2N . There are fixed
constants B0, D0, independent of the depth and sketch sizes, with the following properties. On the
simultaneous good sampling event, each completed recursive solve, with matrix K and right-hand
side b, returns v satisfying

∥v −K−1b∥ ≤ η∥b∥, η := N−B0 ,

and the shifted solves attain their prescribed errors. All numerical entries use at most D0J accu-
racy and magnitude bits. The finite conditional index events have joint probability at least 99/100
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given the feature event, and the original verified curvature trial retains conditional success proba-
bility at least 1/24. All samples obey prescribed iteration and magnitude caps; the arithmetic call
recurrence in Lemma 5.8 therefore also gives its bit bound with the stated logarithmic overhead.

Proof. Freeze one short root, its consistently defined symmetric Hessian surrogate, all finite feature
factors, and all index lists. No action changes these objects. The invariant in Eq. (224) is algebraic
and holds for any depth. Store each coefficient from its closed formula ιj = k̄qj/(µq1djej) rather
than by accumulating rounded products of previous coefficients. All sizes are integers and µ is a
fixed short rational, so these positive coefficients have uniformly O(logN) encoding lengths. On
every finite sample the feature entries have magnitude at most NC0 , for a fixed C0, since h ≤J 2

makes the moment order and the finite-sampling word lengths O(J ). Consequently, at every level,

1 ≤ λmin(Kj), ∥Kj∥ ≤ 1 + ιjdjej max
a,b
|Vab|2 ≤ NC1 .

Similarly λmin(Wj) ≥ λj ≥ 1 and ∥Wj∥ ≤ NC1 . The factors in their Woodbury formulas, their
positive scales and inverse scales, and all individual operator norms are bounded by NC2 . These
exponents do not grow with depth: ιjdjej ≤ 2qj/d0 telescopes exactly, rather than accumulating a
new condition factor at every level. Sample-list sizes are at most N2J C3 , with a fixed exponent;
indices may be composed once into lists of original coordinates and sample columns.

The proofs of the simultaneous entry and covariance event and of uniform ridge sampling now
use p = ⌈128 log2(2kNℓQ(h+1))⌉. For h ≤J 2 this is still O(J ). The same moment and finite-grid
bounds dominate the polynomial factors in all dimensions. Each conditional index-sampling failure
is at most 1/(1000(h+ 1)); unioning them and the finite rejection-cap failure leaves probability at
least 99/100, conditionally on the feature event. Thus these probability bounds are uniform in the
present range of depths.

On the simultaneous good event the preconditioned systems are similar to symmetric positive
matrices in their prescribed slack intervals, through transformations whose condition numbers are
at most NC4 . In Eq. (234), |Tj | ≤ 1 on [−1, 1] and Tj(ϱ) ≥ 1. Therefore each exact normalized
iterate has norm at most NC5∥b∥, independently of the requested accuracy and the iteration count.
Normalize every right-hand side by a dyadic scalar before a recursive call, then restore that scale.
This avoids propagating large right-hand sides as unbounded intermediate integers.

Here is an explicit error bound for the normalized recurrence. A vector update error ei con-
tributes at a later index J the term

Ti(ϱ)

TJ(ϱ)
AJ−i(D)ei

(up to the first-step convention). The scalar ratio is at most one and ∥AJ−i(D)∥ ≤ NC4(J − i+1).
Thus the total vector error is at most NC4(J + 1)2maxi ∥ei∥. Errors in the clipped scalar ratios
accumulate at most linearly, since their update is nonexpansive on [0, 1]. Their contribution, and
the contributions of action and coefficient errors, are bounded by a fixed polynomial in N, J times
the scalar unit and the right-hand-side norm.

We use residual correction to keep the accuracy request independent of depth. Fix η := N−B0 ,
with a sufficiently large constant B0 chosen below. Every completed recursive solve is required to
return v with ∥v − K−1b∥ ≤ η∥b∥. Normalize each right-hand side by a dyadic scalar within its
own call; restore that scalar when returning, without multiplying scales along the recursion tree.
A zero right-hand side returns zero.

First construct a coarse solve Sj(b) at each level. Run the normalized Chebyshev recurrence
for O(

√︁
β/α logN) steps, using completed child solves to accuracy η relative to their right-hand

sides. On the good event, all condition, similarity, Woodbury, and recurrence factors are bounded

159



by NC8 for a fixed C8 independent of h and the level. The preceding error convolution therefore
bounds the effect of child errors by NC9η∥b∥, for one fixed C9. Local arithmetic errors have the
same bound with the scalar unit u in place of η. The exact recurrence error can be made smaller
than N−C1−3∥b∥ by its fixed logarithmic multiplier. Choose B0 > C9 + C1 + 10 and u sufficiently
smaller than η. Since ∥K−1b∥ ≥ N−C1∥b∥, these choices give

∥Sj(b)−K−1b∥ ≤ 1
4∥K−1b∥.

This assertion needs only the same completed-child accuracy η, not a more accurate child when
the parent requests a smaller residual.

Starting at v0 := 0, compute fresh residuals and corrections,

rℓ := b−Kvℓ, vℓ+1 := vℓ + Sj(rℓ),

rounding each operation. Exact residuals would contract solution error by a factor at most 1/4.
With residual and arithmetic errors, all iterates stay polynomially bounded and

∥vℓ+1 −K−1b∥ ≤ 1
4∥vℓ −K−1b∥+NC10u∥b∥,

where C10 is uniform in depth. The same estimates follow inductively for rounded iterates.
Choose u ≤ ηN−C10−C1−10 and a fixed O(logN) correction cap. Then the solution error is below
η∥b∥/(4NC1); a direct residual enclosure certifies the requested η∥b∥ solution error, using K ⪰ I.
Stopping and scaling tests use the same polynomial margins. The terminal inverse supplies the
induction base. Induction from the leaf now proves the same output accuracy at every level, with
O(logN) accuracy and magnitude bits throughout. The number of levels changes the number of
calls but not their accuracy exponents. The shifted system is handled identically using B ⪰ RI.

The terminal Gram and all materialized actions have inverse-polynomial error, and the explicit
ridge and Gram forms supply the positivity bounds. No intermediate spectral decomposition is
charged implicitly. Root and feature matrix functions approximate the same frozen data; their
logarithmic precision is included in u. The bounded outer filter requires only inverse-polynomial
action errors by its array contraction bound. Choose B0 also large enough for these final norm and
quotient margins. Structured rational real/imaginary coordinates and their fixed Gram weights
add only polynomial condition factors.

Prescribe the common logarithmic precision, all iteration lengths, and a polynomial magnitude
cap NC11 in advance. Normalize recursive right-hand sides as above and reject on any violated cap,
required residual or positivity enclosure, or failed final quotient. Even off the sampling event, every
operation and loop has these caps. On the good event the induction proves that no accuracy test
removes the successful independent sign-overlap event. The conditional success probability remains
at least 1/24.

6.10 Certified spectral filters

The normalized-squaring witness is evaluated on symmetric matrices at every step. Its error can
be bounded by propagating each local perturbation through the remaining exact powers.

Lemma 6.14 (Stable normalized squaring). Use the normalized-squaring sequence of Section 4.11,
with q = 2r and matrices of order k; write Dj and ˆ︁Dj for the exact and computed iterates. If the
initial error and every local normalized-squaring error are at most η < 1/2, with symmetrization
after each product, then

∥ ˆ︁Dr −Dr∥F ≤ 8q
√
kη.
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For the prescribed polynomially bounded q, inverse-polynomial local errors preserve a computed
Rayleigh quotient at most −δ/4 and certify negative curvature for the true potential. The complete
witness computation uses O(log(2kn)) working bits and ˜︁O(n2ω0) bit operations.

Proof. For a nonzero symmetric matrix X and an integer s ≥ 1, define Ns(X) := Xs/∥Xs∥F .
The product rule gives ∥D(Xs)[E]∥F ≤ s∥X∥s−1∥E∥F for symmetric E. Since ∥Xs∥F ≥ ∥X∥s,
differentiating the normalization gives

∥DNs(X)[E]∥F ≤
s

∥X∥∥E∥F ≤
s
√
k

∥X∥F
∥E∥F .

Consequently, on a segment within Frobenius distance 1/2 of a symmetric matrix of unit Frobenius
norm, Ns is 2s

√
k-Lipschitz. Also, N ◦j

2 = N2j for j ≥ 1.

Symmetrize after each product. Let ˆ︁Dj be the computed iterates, with initial error and local
errors bounded by η < 1/2:

∥ ˆ︁D0 −Dpow0∥F ≤ η, ∥ ˆ︁Dj+1 −N2( ˆ︁Dj)∥F ≤ η.

Each computed iterate has Frobenius norm between 1−η and 1+η. Insert these errors one at a time
and propagate each through the remaining exact normalized squarings. The remaining powers are
q, q/2, . . . , 2; the final local error is unchanged. The preceding Lipschitz bound and this geometric
sum give

∥ ˆ︁Draux −Dpowraux
∥F ≤ 8q

√
kη.

Choose an inverse-polynomial accuracy 0 < ϵ ≤ δ/(100L) and define η := ϵ/(8q
√
k). Since q

is polynomially bounded in k, n, this local accuracy is inverse polynomial as well. Moreover,
∥ ˆ︁D2

j∥F ≥ (1 − η)2/
√
k ≥ 1/(4

√
k). Thus all normalizations are polynomially conditioned. The

stable fast products above, Frobenius norms, and scalar square roots achieve the required local
errors with O(log(2kn)) working bits per entry and polylogarithmic overhead. The final trace
changes by at most L(2+ϵ)ϵ, leaving a fixed fraction of its negative margin. Compute column norms
and quadratic forms with conservative margins, discarding only columns below comparable inverse-
polynomial thresholds. The trace and retained-column bounds then still supply a witness with
Rayleigh quotient at most −δ/4. Finally normalize that column and check its Rayleigh quotient
against the computed Hessian directly. The Hessian approximation margin transfers this negative
curvature to the true potential. The complete filter has arithmetic and bit cost ˜︁O(n2ω0).

Variance scaling. The trace-power enclosure in Section 4.3 also has a short-precision implemen-
tation. Write ℓpow = 2r and M2 =

∑︁
i Ā

2
i after trace normalization, so 1/(mn) ≤ ∥M2∥ ≤ 1. Form

M2 using the rank-one formula and a common dyadic accumulator. For the powers, use the exact
reference quantities

D0 := M2/∥M2∥F , S0 := ∥M2∥F ,
Dj+1 := D2

j/∥D2
j∥F , Sj+1 := Sj∥D2

j∥1/2
j+1

F .

Then Dj = M2j
2 /∥M2j

2 ∥F and Sj = ∥M2j
2 ∥

1/2j

F , whence

tr[M
ℓpow
2 ]1/ℓpow = Sr(tr[Dr])

1/ℓpow .

All reference matrices are PSD. Hence ∥D2
j∥F ≥ 1/

√
n, 1 ≤ tr[Dr] ≤

√
n, and 1/(mn) ≤ Sj ≤ 1.

The normalized-power error estimate just proved, which also holds for Hermitian matrices, applies
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with power at most ℓpow and bounds matrix error amplification by a polynomial in m,n, ℓpow. The
scalar roots and the Sj updates have polynomial perturbation bounds on these ranges. Bisection
with outward error bounds evaluates these roots; its power comparisons use rounded repeated
squaring. There are only O(log ℓpow) updates. Thus a sufficiently large fixed multiple of log(2mn)
accuracy and guard bits encloses the positive square root of the displayed trace-power expression to
absolute error at most εscale/(32mn). Choose its upper endpoint as q. The slack in the trace-power
bound then gives ∥M2∥ ≤ q2 ≤ (1 + εscale)∥M2∥. Stable products, the accumulators, and these
scalar evaluations use O(log(2mn))-bit operands and ˜︁O(mn2 + n3) bit operations.

The outer filters use a fixed self-adjoint contraction throughout their evaluation. The following
array estimate controls additive action and rounding errors.

Lemma 6.15 (Stability of the de Casteljau array). Let 0 ⪯ T ⪯ I be fixed, and evaluate a degree-df
de Casteljau array by the updates (a, b) ↦→ (I−T )a+Tb. Each level is a contraction in the Euclidean
norm of the concatenated array. If every vector update has error at most η, the final output error
is at most df

√︁
df + 1η. Consequently the bounded polynomial arrays used in Sections 5.2 and 5.5

attain their prescribed inverse-polynomial errors with O(log(2kn)) working bits.

Proof. For any vectors a, b,

∥(I − T )a+ Tb∥2 ≤ ⟨a, (I − T )a⟩+ ⟨b, T b⟩.

Summing over adjacent pairs proves that each level is a contraction in the Euclidean norm of the
concatenated vector array. An error of norm at most η in each vector update therefore causes
final error at most df

√︁
df + 1η. Every exact intermediate vector has norm at most

√
k. All inverse

actions approximate the same frozen T , so their errors enter as these additive update errors. Inverse-
polynomial action and rounding errors give inverse-polynomial output error. The O(d2f ) actions
change only logarithmic factors in the cost, and all vector entries use O(log(2kn)) bits.

We combine the finite sampler and nested solves with the array estimate to implement the
spread-filter certificate.

Lemma 6.16 (Certified finite flat-filter trials). Under the hypotheses of Lemma 5.13, one capped
finite trial uses O(log(2kn)) working bits and ˜︁O(nχ) bit operations, including unsuccessful trials. Its
conditional success probability is at least 1/64. Every accepted direction is normalized and satisfies
both true curvature and spread inequalities in that lemma; all other samples obey the same finite
work and magnitude caps.

Proof. For Lemma 5.13, use the de Casteljau array in Eq. (248), with degree df and fixed operator
T . Each exact intermediate is a polynomial between zero and one on [0, 1], applied to ξ, so its norm
is at most

√
k. Lemma 6.15 applies: if each vector update has error at most η, the final error is at

most df
√︁
df + 1η. Choose inverse-polynomial action and scalar errors below the normalization and

quotient margins divided by this factor. Thus O(log(2kn)) working bits suffice, with a polynomial
magnitude cap.

Freeze one symmetric surrogate, its exact matrix-function definitions, all feature factors and in-
dex lists during this computation. Every inexact application approximates the same T . Lemma 6.13
supplies these inverse-action errors with the same logarithmic precision. Its residual corrections add
only fixed logarithmic factors at each level; choose its fixed overhead integer D before the integer
sketch schedule. No recursion depth is hidden as a constant. The feature and conditional index
events retain probability at least (4/5)(99/100); the independent sign event has probability greater
than 1/16. After numerical slack their product is still greater than 1/64.

162



Reject a candidate unless a lower enclosure for its norm is at least
√︁
πk/8 and both inequalities

in Eq. (245) are certified for the true model. The norm threshold has an inverse-polylogarithmic
lower bound, so normalization is conditioned. The true weight and Hessian enclosures absorb the
surrogate discrepancy and the final grid errors. On the good events none of these tests rejects the
ideal estimates with their slack. On every other sample, all lists, loops, precisions and magnitude
checks retain their fixed caps. Thus neither failed sketches nor failed sign trials introduce unbounded
work. No negative eigenspace or individual eigenvector is computed by this routine.

6.11 Phases, sweeps, and endpoint continuation

The remaining implementation issue is compatibility across accepted moves and changes of face.
The phase parameters and corrected-state margins provide a common precision for these transitions.

Lemma 6.17 (Certified sweeps and face continuation). Assume the corrected-state invariant and
the phase, sweep, and endpoint hypotheses in Sections 5.5 and 5.7. The reservoir phases, frozen-root
sweeps, deferred attenuation, and regular endpoint homotopies admit finite-precision implementa-
tions using O(log(2kn)) working bits. Their accepted moves preserve the true feasibility, decrease,
and discrepancy allowances, and each terminal correction represents the actual resulting face. Finite
trial caps and certified filter success margins are retained. These routines have their arithmetic costs
up to logarithmic factors in the bit model, with the original input length charged only in preprocess-
ing. In particular, the regular endpoints and deferred removals in Lemma 4.13 retain their respective˜︁O(n) and ˜︁O(k +

√
nk) counts. Including initializations, their bit cost is ˜︁O((k +

√
nk + n3/2)nχ).

Proof. Endpoint and attenuation stages. For Lemma 4.13, store the attenuation parameter
s on a common dyadic grid and evaluate r = e−s from that parameter. The smallest step and
terminal coefficient are inverse polynomial, and the horizon is O(log(2kn)). A fixed logarithmic
guard precision puts scalar, coefficient, and solve errors below its trigger, energy-arc, and root-
residual margins. Nonnegative numerical slots are retained throughout, and the last correction
refers to the exact new face. Lemmas 6.7, 6.8, and 6.9 give the per-stage bit costs. The arithmetic
charging proof consequently retains its stage counts and total bit bound.

Reservoir phases. Use the phase weights and spread filter of Section 5.5. The exact numerical
Schur surrogate, matrix-function definitions, root data, and weights are frozen within each filter.
True-versus-cache errors include the new phase weight and flat-polynomial accuracy. Lemma 6.13
remains applicable because the new outer degree, bit target and list counts are fixed polylogarithms.
By Lemma 6.16, every successful direction satisfies true, enclosed quotient and spread bounds;
each chosen candidate has true certified decrease. Conservative root, endpoint, value, grid, phase-
weight, and action accuracies are below fixed fractions of the same inverse-polynomial or inverse-
polylogarithmic margins. A root correction restores its cache floor rather than multiplying past
error factors.

All real/complex matrix operations use the same rational Hermitian coordinates and exact
trace-zero projection. No phase choices of input vectors or accurate individual eigenvectors at a
repeated eigenvalue are needed. The rank-defect covariance is solely a proof of spectral multiplicity;
it creates no covariance or SDP oracle. The polynomial filter needs no negative-eigenspace basis.
The existing finite fallback certifies arbitrary curvature when necessary. Its slower progress has been
included in both deterministic caps and expected costs, rather than presuming a spread fallback.

All frozen signed coefficients still refer to the original retained matrices with absolute symbolic
coefficients at most two. Batched attenuation deletes only positive coupling slots and never changes
the recorded fractional signs. The final joint rounding is identical. The one-time input conversion is
not repeated, and original long rational inputs do not enter nonlinear arithmetic. Polylogarithmic
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working precision therefore retains additive Lin in the bit bound and the mn2 input term in both
models.

Frozen sweeps and positive continuation. We implement the sweeps and regular endpoint
homotopies of Section 5.7. The implementation never evaluates an exact optimizer during a sweep.
Its frozen scalar data come from a corrected short root, and their certified errors are below fixed

fractions of lN

√︂
κ0i /N . Positive κ0i ≥ γ have known inverse-polynomial lower bounds. Square

roots, arc limits, and all coordinate endpoints have dyadic upper/lower enclosures. The common
grid is chosen once below the smallest of the arc, cutoff, value-decrease and root-radius margins.
All these minima are inverse polynomial up to fixed logarithms. Coefficient and scalar errors are
included in the chord contraction, not multiplied through all sweep updates. A final root and value
correction certifies the true sweep decrease. No eigenvector or curvature oracle is inserted into the
deterministic sweep.

For regular continuation, store the nonnegative scalar coefficients of ˆ︁A, ˆ︁Ei multiplying the true
retained rank-one matrix; the numerical cache uses the corresponding PSD approximations. Their
errors, including the conservative trigger repair, are chosen below the initial auxiliary residual and
endpoint-drop margins. Coefficient rounding preserves the positive additions. Store s on a common
dyadic grid and evaluate r = e−s from it; do not accumulate rounded multiplicative updates. A
stage uses the joint residual and a certified anchored inverse, all using O(log(2kn)) working bits.
The extra linear penalty introduces no new determinant or SDP solve. The final r = 0 correction
is an optimizer of the actual new face.

6.12 Short-precision barrier signs

The cube reductions need the progress in Eq. (262), which allows an approximate derivative sign.
Exact comparison of the two barrier values is unnecessary.

Lemma 6.18 (Short-precision derivative sign). Use r,H, x, ˜︁v and g from Eq. (260). If x and ˜︁v
have at most b bits per entry, a deterministic procedure computes ˆ︁g with

|ˆ︁g − g| ≤ r

512H2

using O(b + log(2rH)) bits for every scalar operand, including temporaries. Its cost is ˜︁O(r(b +
log(2rH))) bit operations and O(r) arithmetic operations. The sign rule preserves the progress,
step caps, and residual bounds of Lemmas 5.16, 4.19, and 5.24.

Proof. Take a common dyadic denominator Q = 2b0 for the represented xi = Xi/Q and ˜︁vi = Vi/Q,
with b0 = O(b). The integer H = 4ℓ has O(logH) bits. Each summand is

gi =
2XiVi

HQ(Q+ |Xi|)
.

Choose p := ⌈log2(512H2)⌉ and compute by integer division

ai := ⌊
2p+1XiVi

HQ(Q+ |Xi|)
⌋, ˆ︁g := 2−p

∑︂
i

ai.

Each numerator and denominator contains only a fixed number of short factors and has O(b+ p+
logH) bits. Also |2xi/(1+ |xi|)| ≤ 1 and |˜︁vi|/H ≤ 1/4, so |ai| ≤ 2p/4+1. The sum is accumulated
exactly as an integer with O(p + log(2r)) bits on this common grid. No product over coordinates
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is formed. Since |2−pai − gi| ≤ 2−p, the stated error bound and costs follow. The displayed floor
means ordinary integer division.

Choose τ from the sign of ˆ︁g. Then τg ≥ −r/(512H2) ≥ −(r − D)/(256H2). The curvature
calculation in the proof of Lemma 5.16 and its inward-rounding bound give

(
2

25
− 1

256
− 1

8192
)
r −D

H2
>

r −D

16H2
.

Thus its original bookkeeping cap and residual budget remain valid. The sign of a direction does
not change its matrix residual or spread tests. The deterministic grouped procedure and the energy-
controlled cube reducer use these same tests and grids, so they have the same conclusion. A near
tie causes only the displayed derivative loss and never requests more precision.

6.13 Resident batches and count-sensitive solves

The final randomized implementation changes the preprocessing sketch, the matrix-function evalu-
ations, and the sketch sizes. We verify that these changes preserve logarithmic numerical precision
and the arithmetic counts in Section 5.14.

Lemma 6.19 (Precision for streamed factors and rational matrix functions). The construction
in Lemma 5.26 has its stated arithmetic cost also in bit operations, up to logarithmic factors, with
O(log(2mn)) numerical bits. In the nonlinear phase, Lemmas 5.35–5.38 have their stated arithmetic
bounds also as bit costs with O(log n) accuracy and magnitude bits per entry.

Proof. Freeze the group matrix and finite sample. Let Laux ≥ 2 be a known polynomial bound for
1+D+ r+s+T + δ−1+ν−1+∥Ω∥+∥B∥. If the streamed U error is at most e and the subsequent
Y action error is at most e, then

∥ˆ︁Y − Y ∥ ≤ 2Lauxe, ∥ ˆ︁K −K∥ ≤ 4L2
auxe.

These estimates include the Gram error and symmetrization. Since K ⪰ TI ⪰ I, for e ≤ (2Laux)
−16

the inverse perturbation identity gives

ˆ︁K ⪰ (T/2)I, ∥ˆ︁Y ˆ︁K−1 ˆ︁Y ⊤ − Y K−1Y ⊤∥ ≤ 32L8
auxe < δ/64.

Allocate each column error below e/s and the small inverse error below its explicit polynomial
amplification bound. This preserves the ridge-sketch interval. Lemma 6.5 applies to the same
frozen factors with the new polynomial iteration count J = ˜︁O(n2/3). Its additive recurrence-error
estimate requires only a larger fixed logarithmic multiplier. Lemma 6.18 implements the scalar
derivative sign rule with the same short precision, including its temporary operands.

For nonlinear matrix functions, the known spectral endpoints and requested inverse-polynomial
error have O(log n) bits. The shifted inverses in Lemma 5.35 use Lemma 6.7. Their normalized
powers have norm at most 1/3, so truncation and arithmetic errors add with polynomial amplifi-
cation over logarithmically many bands and terms. In Lemma 5.36, normalized Taylor terms have
norm at most e∥L∥ = nO(1). A term error is amplified by at most this factor in later terms. The
ordered covariance expansion and batched different-power recurrence obey the same bound. In
Eq. (310), exact updates are nonexpansive in the current error; errors in their shifted inverses and
products add along the prescribed finite sequence. The iterate norms remain polynomial. Reserve
half the target for truncation or contraction, and half for these explicit arithmetic errors. Stable
recursive products therefore give the claimed bit cost at a fixed O(log n) precision.
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For a possibly non-Hermitian response matrix M , the certificate in Lemma 5.21 extends by
setting Z := M∗M/a2 and Q := I − Z. If ∥M∥ ≤ a/2, then 0 ⪯ Z ⪯ I/4. Its logarithmic
binomial series constructs X with a verified enclosure ∥X∗QX − I∥F < 1/2 using the same short
products. Conversely this certificate implies Q ≻ 0 by congruence, hence ∥M∥ < a. Reserve this
factor-two gap in the six relative-response tests. Thus the non-Hermitian similarities require no
long exact trace powers or spectral decomposition. Every finite evaluation has prescribed iteration
and magnitude caps and rejects on failure of its required enclosure.

Lemma 6.20 (Uniform precision for the resident trials). The trial in Lemma 5.39, the resident
masks, and the curved and bulk continuations can be implemented with O(log n) numerical bits per
entry. Their bit costs equal their arithmetic bounds up to the logarithmic factors explicitly allowed
there.

Proof. The four fixed multiplication algorithms in Eq. (226) have logarithmic recursion depth and
fixed coefficients. Their mixed recursions therefore have polynomial intermediate magnitudes and
normwise error amplification, by the proof of Lemma 6.7. Rounding each scalar operation to a
sufficiently fine common dyadic grid gives the stated inverse-polynomial errors with O(log n) bits
for every scalar, including temporary operands.

The proof of Lemma 6.13 extends from terminal size n4/3 to n. Its norm, inverse, and coefficient
estimates use the invariant in Eq. (224), positive ridges, and polynomial sizes. None uses the
stronger terminal floor. With h ≤ L2, the moment order and sample words remain O(logn). The
last two equal sizes allow the leaf factor, Gram, and inverse to be materialized at their charged
square-product cost.

Freeze every feature factor and index list. At every level require the same completed-solve
guarantee ∥v−K−1b∥ ≤ η∥b∥, η := n−B0 , with fixed B0. Normalize each right-hand side within its
own call. The normalized Chebyshev error convolution gives a coarse solve S with ∥S(b)−K−1b∥ ≤
∥K−1b∥/4 using this same child accuracy. Fresh residual correction v+ := v+S(b−Kv) then obeys

∥v+ −K−1b∥ ≤ 1
4∥v −K−1b∥+ nCu∥b∥,

for a fixed C independent of depth and common rounding unit u. The residual is a direct action
of the same frozen operator; it does not call a recursive inverse. Choose u = n−D0 with fixed
sufficiently large D0, and perform the fixed O(log n) correction cap from Lemma 6.13. Induction
from the leaf proves the common η interface at all levels. Child accuracy does not grow with depth.
The bounded filter array in Lemma 6.15 then requires only inverse-polynomial inverse-action errors.

The per-level correction factor is included in the fixed D of Eq. (313). Choose C∗ = 2000(D+1)
after D. Lemma 5.40 explicitly absorbs the resulting depth overhead; it is not treated as one global
logarithmic factor. Lemma 6.19 supplies the root primitives and norm certificates used in these
calls.

Mask scores, drift coefficients, predictor radii, and certified gains have inverse-polynomial mar-
gins by Lemmas 5.28 and 5.32. Choose one finer common grid for these finitely many margins.
Pending coefficients are stored without alteration and have zero derivatives. Their true coupling
and reservoir remain until bulk attenuation; symbolic coefficients in the fixed contribution keep
their original bounded lengths. Lemma 6.6 bounds cache errors afresh against this true model.
The charged attenuation uses the same positive-submap estimates, root corrections, and final tiny-
slot accuracy as Lemma 6.17. No derivative bound on a pending endpoint is used. Each correction
restores the same root-error floor, and no long original input is read again. Bad trials obey the
prescribed caps; successful sampling events have slack for all the stated enclosures. This proves the
precision and cost claims.
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6.14 Total bit complexity

The arithmetic analyses determine the number of accepted stages, trials, and fallback calls. We
now charge their finite implementations using the preceding lemmas.

Theorem 6.21 (Bit complexity of the signing algorithms). Let A1, . . . , Am ∈ Cn×n be rational
Hermitian matrices of rank at most one and total binary length Lin. The algorithms of Theorems 3.1
and 5.1 admit finite-precision implementations with the same discrepancy and partition guarantees.
The deterministic implementation has bit cost

Tbit ≤ ˜︁O(Lin +mn2 + n4.742354). (318)

The zero-error randomized implementation has expected bit cost

E[Tbit] ≤ ˜︁O(Lin +mn2 + n3.575374). (319)

The randomized implementation terminates and returns a correct signing for every random-bit
sequence. Here ˜︁O suppresses logarithmic factors in m,n,Lin. After input conversion, preprocessing
numerical entries use O(log(2mn)) bits and nonlinear numerical entries use O(log(2n)) bits, with
fixed multipliers. Lemma 6.18 gives these same bounds for all temporary operands in the barrier
sign rule; no multiple-word product over coordinates is required. The preprocessing precision is
O(logn) when m is polynomial in n.

Proof. Input conversion and working precision. Lemma 6.1 charges the original input length
once and gives total input-conversion cost ˜︁O(Lin +mn2), including materialization. Lemmas 6.2,
6.3, 6.4, and 6.5 implement the preprocessing solves on short data. Lemma 6.18 implements their
derivative sign decisions without long products.

The nonlinear phase has k = O(n2). Lemmas 6.6, 6.7, 6.8, and 6.9 give logarithmic working
precision for its caches, initialization, and corrected states. Lemma 6.13 makes this bound uniform
in the permitted recursion depth. Taking the largest of the finitely many fixed precision multipliers
supplies all the prescribed tolerances. The input conversion is not repeated in these stages.

Deterministic algorithm. Lemmas 6.10 and 6.11 implement the deterministic grouped re-
duction, conditional choices, and block-response bounds. Lemmas 6.14, 6.15, and 6.17 implement
the required filters, sweeps, and face changes within their reserved errors. These bounds preserve
the arithmetic counts in Section 4.20 up to logarithmic factors. Adding the one-time input cost
proves Eq. (318).

Randomized algorithm. Lemmas 6.12, 6.13, and 6.16 give finite feature samples, certified
solves, and capped trials with the stated conditional success margins. Lemma 6.17 implements the
sweeps and endpoint continuations. Lemmas 6.19 and 6.20 implement the smaller preprocessing
sketch, resident masks, curved trials, and count-sensitive solves with logarithmic numerical preci-
sion. Lemma 6.5 supplies the matrix-norm certificates, and Lemma 6.7 gives the fast deterministic
and randomized final-rounding bit bounds. Every trial has bounded bit cost, so the conditional
fallback charges and expected stage counts in Section 5.14 apply to the finite implementation. To-
gether with the input cost, they prove Eq. (319). The verified tests and deterministic fallbacks
preserve correctness and termination for every random-bit sequence.

All error allowances are those reserved in the arithmetic analysis, so the discrepancy and par-
tition constants are unchanged.
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gives constructive results for the high-rank Kadison-Singer problem by generalizing the potential
function used in this paper to the Schatten norm.

169



AI Usage Disclosure

We used Claude Code Fable 5, ChatGPT Pro 5.6, and Codex Sol 5.6 in preparing this draft. We
used these tools to generate major proof ideas. To improve the running time, we instructed the
tools to draw on ideas from the SDP approach in [HJS+22] and the LP approach in [CLS21]. The
authors have carefully rewritten and verified all proofs. The authors take full responsibility for
their correctness.

A The square-root budget

This section records the bound obtained from the pure square-root budget. In this section only,
define

βsqrt(t) := (1− t2)1/2, ιtr :=
303

100
, κtr := 10−6, η := 1 + κtr.

There is no polynomial factor in this budget. The covariance below uses the constant helper
j0 = 43/50 and retains one off-diagonal local trace. We reuse the potential regularity and response
identities from Section 3, but give the covariance comparison, scalar certificate, and quantitative
descent bounds for this budget here.

Theorem A.1. For Hermitian matrices A1, . . . , Am ∈ Cn×n of rank at most one, there are signs
σ ∈ {±1}m such that

∥
∑︂
i

σiAi∥ ≤ 3.4814∥
∑︂
i

A2
i ∥1/2.

For rational inputs, a deterministic algorithm finds such signs using

Tarith ≤ ˜︁O(mn2 + n56)

arithmetic operations. If Ai = aia
∗
i ,
∑︁

iAi = I, and ∥ai∥2 ≤ α, the two sign classes satisfy

∥
∑︂
i∈Ij

aia
∗
i − I/2∥ ≤ 1.7407

√
α, j = 1, 2.

For rational matrices aia
∗
i , the partition has the same arithmetic bound. Here ˜︁O suppresses loga-

rithmic factors in m,n.

Proof. Use the budget βsqrt and ιtr = 303/100 from Section A.3. For nonzero PSD inputs, write
ζ := ∥∑︁i Ā

2
i ∥ and fix ρ > 0. The continuous matrix potential P attains a minimum on the compact

cube. Among its minimizers, choose one with the fewest active coordinates. An available endpoint
move does not increase P and removes a coordinate, contradicting this choice. Otherwise all active
coordinates are light. The active gradient vanishes and the active Hessian is PSD, contradicting
the strict generator bound in Eq. (332). Thus some minimizer is a vertex, and the scalar feasible
point in Eq. (30) gives

∥
∑︂
i

σiĀi∥ ≤ 2
√︁

ιtrζ + 2nρ.

Let ρ tend to zero and take a vertex that occurs infinitely often. Since 4ιtr < (3.4814)2, this proves
the claimed bound. For general Hermitian rank-one inputs, apply the result to |Ai| and absorb
the eigenvalue signs; |Ai|2 = A2

i preserves the variance. The deterministic construction and its
arithmetic cost are proved in Section A.4, including the required approximation-error allowances.
Finally A2

i ⪯ αAi in the isotropic case, and each partition error is half the signed sum.

170



Algorithm 6 implements the square-root construction of Section A.4. It uses the shared pre-
processing of Algorithm 4 and maintains the unsmoothed potential P with modeled sum M(y) :=
F+

∑︁
i∈I yiCi. The record R stores assigned signs and the input conversion data. Fix εscale := 10−8

and εround = χ = eend := 10−6, with the internal input-rounding constant Ctr,∗ := 3.4813833. The
constants κ1, κ2, a > 0 are sufficiently small as in that section. All optimizer solves, derivative
estimates, and potential comparisons use its ordinary matrix routines at the prescribed accuracies.
Trial optimizers are corrected from the current cache; after a removal, the capped initializer is used
afresh.

A.1 Potential and response notation

Discard zero matrices and absorb the eigenvalue sign of each input. After a common scaling, write
the PSD inputs as Āi = aia

∗
i , with

∑︁
i tr[Āi] = 1, and define ζ := ∥∑︁i Ā

2
i ∥. Throughout the proof

define β := βsqrt and ι := ιtr. For ρ > 0, define the potential

P(y) := min
b, U,V≻0

b+ ρ tr[U + V ]

subject to U−1 +M(y) +Ky(V ) ⪯ bI,

V −1 −M(y) +Ky(U) ⪯ bI,

where M(y) :=
∑︁

i yiĀi and Ky(D) := ι
∑︁

i β(yi)ĀiDĀi. The scalar η = 1+κtr is distinct from the
coupling map Ky. The budget is smooth in the open interval, nonnegative on the closed interval,
and vanishes at both endpoints. Thus the proof of Lemma 3.2 applies to this potential, as do its
KKT identities, endpoint moves, and initial bound

∥M(y)∥ ≤ P(y), P(0) ≤ 2
√︁
ιζ + 2nρ.

At the optimizer letW,Z be the dual matrices and write ui := a∗iUai, vi := a∗iV ai, wi := a∗iWai,
and zi := a∗iZai. A state is light when both inequalities in Eq. (33) hold at every active coordinate.
Define the response scales

pi := 1 + ιβ′
ivi, qi := 1− ιβ′

iui, ci :=
√︁

βipi/qi, di :=
√︁
βiqi/pi, τi :=

√︁
piqi/βi,

and define ˜︁ui := ciui, ˜︁vi := divi, ˜︁wi := ciwi, ˜︁zi := dizi, Γi :=
1

ιβiuivi
.

For yi ≥ 0, lightness and −β′
i/βi = yi/(1− y2i ) give pi ≥ 1/(1 + yi) ≥ 1/2 and qi ≥ 1; for yi < 0 the

roles are exchanged. Also βi ≥ 1−y2i , so Γi > ι > 2. Consequently the response-space construction

in the proof of Lemma 3.4 applies unchanged. We use its matrices ˆ︁Daux, ˆ︁T , paired orthonormal
vectors ei, fi, response projection Π, and energy Q(r). In particular,

ˆ︁Daux ⪰ ˆ︁T⊤Γ ˆ︁T , (I −Π0)(I − ˆ︁T )Π = 0,

where Π0 projects onto the span of the ei. These are the response and coercivity identities; the
numerical curvature bounds for either budget in the main text are not used.

A.2 A covariance correction from the local trace

We now retain both a diagonal and an off-diagonal local trace and control the mixed variation
directly. We use the potential and response notation from Section A.1.
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Algorithm 6 Deterministic square-root signing with discrepancy constant 3.4814

1: procedure SquareRootSigning(A1, . . . , Am)
2: Set β(t)←

√
1− t2, ι← 303/100, and ρ← εscale/n.

3: (C, y, I, F,R)← Preprocess(A1, . . . , Am; 10−7, εround).
4: if I = ∅ then
5: Recover and return the original-input signing from R.
6: end if
7: Set k0 ← |I| and choose dyadic εround/(4

√
k0) < δend ≤ εround/(2

√
k0).

8: Set εgrad ← κ1n
−12/4, t← κ2n

−19 ≤ δend/4, and 0 < δ ≤ eend/(4k0).
9: Set S ← {i ∈ I : tr[Ci] < χ/(2n2)} and record sign 1 for each i ∈ S.

10: Set F ← F +
∑︁

i∈S yiCi and I ← I \ S.
11: if I ̸= ∅ then
12: Initialize the optimizer cache for P(y) to the prescribed accuracy by the capped solver.
13: end if
14: while I ̸= ∅ do
15: Set S ← {i ∈ I : 1− |yi| ≤ δend}.
16: if S ̸= ∅ then
17: Record sign(yi) for i ∈ S; set F ← F +

∑︁
i∈S yiCi and I ← I \ S.

18: else
19: Compute ui ← tr[CiU ], vi ← tr[CiV ], and βi ← β(yi).
20: Enclose the scores ιβivi − (1− yi) and ιβiui − (1 + yi) to error δ.
21: if an approximate score is at least −δ then
22: Let s ∈ {1,−1} be its endpoint; record s, set F ← F + sCi, and remove i from I.
23: else
24: Compute ˆ︁g with ∥ˆ︁g −∇P(y)∥∞ ≤ εgrad/4; choose j ∈ argmaxi |ˆ︁gi|.
25: if |ˆ︁gj | ≥ 2εgrad then
26: Set r ← − sign(ˆ︁gj)ej .
27: else
28: Form a symmetric approximation to the ordinary Hessian.
29: Find r with ∥r∥2 ≤ 1 and certified r⊤∇2P(y)r ≤ −εgrad/4.
30: end if
31: Round y+tr and y−tr inward to the prescribed grid; correct both trial optimizers.
32: Accept a trial with certified decrease at least an−50; update y and its cache.
33: continue.
34: end if
35: end if
36: if I ̸= ∅ then
37: Reinitialize the optimizer cache for the reduced face to the prescribed accuracy.
38: end if
39: end while
40: Recover the original-input signs from R and return σ.
41: end procedure

Define Di := ˜︁ui ˜︁wi+˜︁vi˜︁zi and ρrati := (˜︁ui˜︁zi+˜︁vi ˜︁wi)/Di. The paired basis gives the exact identities

⟨ei, ˆ︁Tei⟩ = −ρrati/Γi, ⟨fi, ˆ︁Tfi⟩ = ρrati/Γi. (320)
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Indeed, Uii = ι˜︁u2i and Vii = ι˜︁v2i . Substitution into the paired basis proves Eq. (320). Also

Di(1− ρrati) = (˜︁ui − ˜︁vi)( ˜︁wi − ˜︁zi), ∂iP = τi( ˜︁wi − ˜︁zi).
Define

υi :=
˜︁vi√˜︁zi − ˜︁ui√ ˜︁wi√˜︁ui˜︁vi(√ ˜︁wi +

√˜︁zi) , Li := ι
√︁˜︁ui˜︁vi(˜︁ui − ˜︁vi), δi := Γ−1

i .

The additional off-diagonal identity is

⟨fi, ˆ︁Tei⟩ = Li +
δi(˜︁ui − ˜︁vi)υi

Di
( ˜︁wi − ˜︁zi). (321)

To verify it, direct substitution gives

⟨fi, ˆ︁Tei⟩ = Li
(˜︁ui + ˜︁vi)√ ˜︁wi˜︁zi

Di
,

and the factorization
(˜︁ui + ˜︁vi)√︁˜︁wi˜︁zi −Di = ( ˜︁wi − ˜︁zi)υi√︁˜︁ui˜︁vi

proves Eq. (321). Both trace deviations are explicit gradient terms, including when that gradient
coordinate is zero.

Let η := 1 + κtr, with κtr specified in Section A.3, and define the mixed coefficient and target

gi := β′
i/βi, Λi :=

gi

τi
√˜︁ui˜︁vi , ki :=

ι(−β′′
i )

2ηpiqi
.

We give the local scalar construction before stating the covariance comparison. Suppress the index,
define δ := 1/Γ, and define j0 := 43/50. Define

j :=
Λ2δ

4k
, F := j0

2 + 2j0 − j, B := 2j0 − j − δ(1 + 2j0),

u := B + δF − FΛL

2k(1 + j0)
,

q := δ(j0
2 + 2δj0 + δ) +

1

k
[B +

(F −B)j

(1 + j0)2
],

z := 2u+ δF − F

k
(1− j

(1 + j0)2
).

The scalar certificate below proves

F > 0, B > 0, u > 0, z > 0, u2 − Fq > 0. (322)

Define the resulting positive weights

a∗ := F/u, d∗ := Γj0, r∗ :=
Λa∗

2k(1 + j0)
,

z∗ := 2a∗ − a2∗(1/k − δ) + δr2∗ =
F z

u2
, we := z−1

∗ , wf := δ/F,

h∗ := 2a∗we, p∗ := 2r∗we, j∗ := 2d∗wf .

These helper scalars are distinct from the state variables. In particular, j∗ is the row multiplier
and j is the scalar above.

The extra trace information allows the covariance to include the mixed response itself, with a
gradient correction canceled by the drift.
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Lemma A.2. There is a centered normalized response ξ with covariance A, positive definite on
the response subspace and zero on its orthogonal complement, such that, with Fi := f⊤

i ξ, Yi :=

e⊤i (I − ˆ︁T )ξ, K := E[rr⊤], and πi := τ2i Kii,

E[Q(r)] +
∑︂
i

ΛiE[YiFi] ≤
∑︂
i

kiDiπi + ν · ∇P, (323)

where

νi :=
δi[h∗,i − j∗,i + p∗,iυi](˜︁ui − ˜︁vi)

Diτi
.

For RA := (I − ˆ︁T )A(I − ˆ︁T )⊤, there are absolute a,C > 0 such that

akact ≤ tr[RA] ≤ Ckact. (324)

Proof. Use the weights above at each coordinate and define

D :=
∑︂
i

(we
i eie

⊤
i + wf

i fif
⊤
i ), A := E(E⊤D−1E)−1E⊤, B := D− A,

where E is an orthonormal basis matrix for the response subspace. The weighted projection iden-
tities give A,B ⪰ 0, AD−1A = A, AD−1B = 0, and tr[D−1A] = kact. No commutation is required.

Fix one pair and suppress its index. Define v∗ := a∗e, w∗ := r∗e + d∗f , ˆ︁e := e − Λf/(2k),
te := e⊤ ˆ︁T , and tf := f⊤ ˆ︁T . For C∗ := ΓB+ kA ≻ 0, the projection identities give

C−1
∗ = δD−1 + (1/k − δ)D−1AD−1.

Completing a square in te yields

ΓteBt
⊤
e + k(e⊤ − te)A(e− t⊤e )− Λ(e⊤ − te)Af + te(2Dv∗)

≥ 2ˆ︁e⊤Av∗ − (1/k − δ)v⊤∗ Av∗ −
Λ2

4k
f⊤Af − δv⊤∗ Dv∗.

The response condition gives tfA = f⊤A. A square with the PSD matrix B, which need not be
invertible, gives

ΓtfBt
⊤
f + tf (2Dw∗) ≥ 2f⊤Aw∗ + δw⊤

∗ Aw∗ − δw⊤
∗ Dw∗.

The two diagonal coefficients of A in these bounds are z∗ = w−1
e and −Λ2/(4k)+2d∗+δd2∗ = F/δ =

w−1
f . The off-diagonal coefficient vanishes because

−Λa∗
2k

+ r∗ + δr∗d∗ = 0.

Thus the summed coefficient is exactly D−1.
For the scalar constant term, define

E := we + wf + δ[(a2∗ + r2∗)we + d2∗wf ] + (−h∗ + j∗)δ + p∗L.

The exact identity

1− E =
u2 − Fq

z∗u2
≥ 0 (325)

follows by putting N∗ := 1 + δ(a2∗ + r2∗ − 2a∗) + 2r∗L and expanding

z∗F (1− E) = z∗B − FN∗ = −F + 2a∗u− a2∗q.
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Substitute a∗ = F/u to obtain Eq. (325).
Sum the two row inequalities over all coordinates. Coercivity gives

tr[ˆ︁DauxA] ≤ tr[ˆ︁DauxD]− tr[Γ ˆ︁TB ˆ︁T⊤], tr[ˆ︁DauxD] =
∑︂
i

(we
i + wf

i ).

Using the opposite diagonal traces, the remaining correction to the weighted movement is at most∑︂
i

[(h∗,i − j∗,i)(⟨ei, ˆ︁Tei⟩+ δi) + p∗,i(⟨fi, ˆ︁Tei⟩ − Li)].

Here the terms Ei − 1 were dropped using Eq. (325). Eqs. (320) and (321) identify this correction

as ν · ∇P. Since E[Q(r)] = tr[ˆ︁DauxA] and ⟨ei, RAei⟩ = Diπi, this proves Eq. (323).
For movement, the compact scalar certificate in Lemma A.3 bounds F, u, z above and away from

zero. Therefore we and w−1
e are bounded, while wf = 1/(ΓF ). In particular

D ⪯ CI, D−1 ⪯ CΠ0 + CΓΠ1, Π1 := I −Π0.

With C∗ := E⊤D−1E, the response condition Π1E = Π1
ˆ︁TE and coercivity imply

tr[C∗] ≤ Ckact + C∥Γ1/2Π1
ˆ︁TE∥2F ≤ Ckact + C tr[ ˆ︁T⊤Γ ˆ︁T ] ≤ Ckact.

Weighted Frobenius Cauchy–Schwarz gives

(kact − tr[ ˆ︁TΠ])2 ≤ ∥(I − ˆ︁T )EC−1/2
∗ ∥2F ∥EC1/2

∗ ∥2F = tr[RA] tr[C∗].

Since ∥ ˆ︁T∥2F ≤ 2kact/ι and ι > 2, | tr[ ˆ︁TΠ]| ≤ kact
√︁

2/ι < kact. This proves the lower bound

independently of the smallest weight. The upper bound follows from A ⪯ CI and ∥I − ˆ︁T∥2F ≤
Ckact.

The mixed variation and its correction. Retain the exact mixed term in the derivation of
Eq. (37), before applying Cauchy–Schwarz:

1

2
r⊤∇2Pr ≤ Q(r) +

∑︂
i

mi(r)−
ι

2

∑︂
i

(−β′′
i )(viwi + uizi)r

2
i , mi(r) := ιβ′

iri(wiv̇i + ziu̇i). (326)

For the normalized response above, write Yi =
√
DiJi and Ei := e⊤i ξ. The exact identity

mi(r) = ΛiYiFi + ∂iP
gi

τ2i Di
Yi(Ei − Yi + υiFi) (327)

holds even when the gradient coordinate is zero. Indeed, the response equations give

mi(r) =
giJi
τi

[ ˜︁wiPi + ˜︁ziQi + (˜︁zi − ˜︁wi)Ji],

and the paired basis expresses the first two terms as

˜︁wiPi + ˜︁ziQi =
˜︁wi − ˜︁zi√

Di
Ei +

(˜︁ui + ˜︁vi)√ ˜︁wi˜︁zi√˜︁ui˜︁vi√Di
Fi.

The factorization used in Eq. (321) proves Eq. (327) without dividing by ˜︁wi − ˜︁zi. Define

θi :=
gi

τ2i Di
E[Yi(Ei − Yi + υiFi)].

Combining the mixed identity with Eq. (323) gives

1

2
E[r⊤∇2Pr] ≤

∑︂
i

kiDiπi + (ν + θ) · ∇P −
∑︂
i

ι(−β′′
i )

2piqi
ρratiDiπi. (328)

Thus the mixed variation is included directly in the covariance bound.
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A.3 The square-root certificate

Define

ιtr :=
303

100
, κtr :=

1

106
, η := 1 + κtr, j0 :=

43

50
, βsqrt(y) :=

√︁
1− y2.

Abbreviate these by ι, β in this section. At z := |y| < 1,

β(0) = 1, β(±1) = 0, 1− y2 ≤ β(y) ≤ 1, β(y) =
√︁
1− y2, (329)

β′(z) = − z√
1− z2

, −β′′(z) =
1

(1− z2)3/2
≥ 1, −β′(z)

β(z)
=

z

1− z2
. (330)

The budget is smooth on (−1, 1). On the truncated interval, |β(j)| ≤ Cδ
1/2−j
end and |β(j)|/β ≤ Cδ−j

end

for 1 ≤ j ≤ 3. Lightness gives pi ≥ 1/(1 + z) ≥ 1/2 and qi ≥ 1 for yi ≥ 0, with the roles exchanged
for negative coordinates. The potential, endpoint, response, and coercivity arguments therefore
apply.

The remaining certificate verifies the direct mixed covariance on the entire light-state domain.

Lemma A.3. At every light state, the choice

ki :=
ι(−β′′

i )

2ηpiqi
(331)

satisfies all five conditions in Eq. (322). The quantities F,B, u, z are uniformly bounded above and
away from zero.

Proof. By symmetry take z = yi ≥ 0 and define w :=
√
1− z2, q0 := z/w2, aloc := ιβui, bloc := ιβvi,

and P := alocbloc. The light rectangle is 0 < aloc < 1 + z, 0 < bloc < 1 − z. Writing R := piqi,
direct substitution gives

R = 1 + q0(aloc − bloc)− q20P, δ =
P

ιw
, Λ2δ =

ι(β′)2

βR , ΛL =
1 + q20P −R

R .

In particular j = Λ2δ/(4k) = ηz2/2. Let sinv := 1/k = 2ηRw3/ι and σ := 2ηw3/ι. The scalar
expressions become

F = j0
2 + 2j0 − j, B = 2j0 − j − δ(1 + 2j0),

u = B + δF +
F (sinv − σ − 4jδ)

2(1 + j0)
,

q = δ(j0
2 + 2δj0 + δ) + sinv[B +

(F −B)j

(1 + j0)2
],

z = 2u+ δF − sinvF (1− j

(1 + j0)2
).

Here sinv is an inverse target coefficient.
At fixed P ∈ [0, w2], the function aloc − P/aloc is increasing. The two boundary values, at

bloc = 1− z and aloc = 1 + z, show that (δ,R) lies in the triangle with vertices

(0,
1

1 + z
), (0,

1

1− z
), (

w

ι
,
1

w2
).
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Both bounds are affine in P and agree at P = w2. Thus the complete domain is covered by

δ =
w

ι
H, sinv =

2η

ι
w[1 + z(1−H)(2V − 1)], H, V ∈ [0, 1].

At z = 0 the triangle degenerates harmlessly. The limiting boundary z = 1 is used only for
certification and uniform bounds.

Define z := 2t/(1 + t2) and w := (1− t2)/(1 + t2), with 0 ≤ t ≤ 1. Define the following rational
polynomials in (t,H, V ):

g := 1 + t2, wn := 1− t2, zn := 2t,

jn := ηz2n/2, hn := wnH/ι,

rn :=
2η

ι
wn[g + zn(1−H)(2V − 1)], sinvn :=

2η

ι
w3
n,

Fn := (j0
2 + 2j0)g

2 − jn, Bn := 2j0g
2 − jn − (1 + 2j0)hng,

Tn := rng − sinvn − 4jnhn,

Un := Bng
3 + hnFng

2 +
FnTn

2(1 + j0)
,

Qbloc,n := j0
2hng + (2j0 + 1)h2n, Q1,n := Bng

2 +
(Fn −Bn)jn
(1 + j0)2

,

Qn := Qbloc,ng
4 + rnQ1,n, Pn := U2

n − FnQng
2,

Zn := 2Ung + hnFng
3 − rnFng

2 +
rnFnjn
(1 + j0)2

.

Substitution gives

F = Fn/g
2, B = Bn/g

2, u = Un/g
5, q = Qn/g

6, z = Zn/g
6, u2 − Fq = Pn/g

10.

All five numerator polynomials are strictly positive on [0, 1]3. The exact tensor-product Bernstein
certificate is

Polynomial Degree in (t,H, V ) Certified t intervals

Fn (4, 0, 0) [0, 1]
Bn (4, 1, 0) [0, 1]
Un (10, 1, 1) [0, 1]
Zn (12, 1, 1) [0, 1]
Pn (20, 2, 2) [0, 1/4], [1/4, 1/2], [1/2, 1]

The other two coordinates retain their full unit intervals. Apply Eq. (55) after the affine change
of variables from each listed box to [0, 1]3. The first four polynomials have 5, 10, 44, 52 coefficients,
respectively; Pn has 189 on each of its three boxes. Exact rational substitution shows that all 678
coefficients exceed 1/400. The Bernstein basis is nonnegative and sums to one, so each numerator
is positive throughout its listed boxes. These boxes cover the full domain for every polynomial.
Since 1 ≤ g ≤ 2, the first four polynomials also give the stated uniform bounds. This proves the
lemma.

Strict descent. For a drift h and centered direction r with covariance K, define LP := h ·∇P+
1
2 tr[K∇2P]. Define the drift

hi := −
ki
τi
(˜︁ui − ˜︁vi)πi − νi − θi.
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The last two terms cancel the gradient corrections in Eq. (328). The first changes kiDiπi into
kiρratiDiπi. Since ρratiDiπi = piqi(viwi + uizi)Kii, Eq. (331) gives

LP ≤ −κtr
∑︂
i

kiρratiDiπi < 0. (332)

The weights are positive and Eq. (324) ensures nonzero movement. No derivative of the covariance
or drift is used. This proves the local assertion in Theorem A.1. Its polynomial implementation is
given in Section A.4.

A.4 Deterministic arithmetic algorithm

We prove the arithmetic assertion of Theorem A.1. Use βsqrt, ιtr from Section A.3, abbreviated by
β, ι here, and the direct mixed covariance of Lemma A.2. The two gradient corrections in Eq. (328)
are not proportional to the covariance diagonal. We therefore use the strict descent of P itself and
give a separate polynomial bound.

Preprocessing and the maintained model. Apply the one-time input rounding and variance
scaling from Section 4, and the grouped reduction in Lemma 4.2, with residual allowance ηps :=
10−7. The input-rounding transfer will use the internal constant Ctr,∗ := 3.4813833 verified below.
At most k ≤ n2 coordinates remain fractional and

∑︁
iC

2
i ⪯ I. Keep εscale := 10−8, ρ := εscale/n,

and εround = εdiscard = χ = eend := 10−6. Round the initial coefficients with Euclidean error at
most εround/2 and initialize the modeled sum at zero as before. Remove each active matrix with
tr[Ci] < χ/(2n2), retain its current fractional contribution in F , and choose any output sign. The
total discrepancy error of these removals is at most χ. The remaining traces ti := tr[Ci] satisfy

an−2 ≤ ti ≤ 1.

For this algorithm choose εround/(4
√
k) < δend ≤ εround/(2

√
k). At endpoint distance at most δend,

record the nearest sign, preserve the current modeled contribution, and remove the coupling slot.
Eq. (83) bounds the sum of these errors by εround/2. Thus δend ≥ a/n and deferred rounding is
unnecessary. The initial matrix potential is at most 2

√
ι+ 2εscale.

The preparatory approximations have explicit arithmetic constructions. Discard zero inputs.
For a nonzero normalized PSD rank-one input B, choose a largest diagonal entry a = Bjj and
put w := Bej/a. Then B = aww∗ and |wl| ≤ 1. For target error δin := 10−8/(mn), choose a
common dyadic mesh h ≤ δ2in/(10

6n4). Approximate a and the selected column to error h per real
and imaginary part. If ˆ︁a ≤ δin/(4n), output zero; its Frobenius error is at most δin/2. Otherwise
a ≥ δin/(8n). Divide the approximate column by ˆ︁a and round to mesh h, obtaining ˆ︁w with
∥ ˆ︁w − w∥2 ≤ 32n3/2h/δin. Expanding the outer product gives

∥ˆ︁a ˆ︁w ˆ︁w∗ −B∥F ≤ 200n2h/δin ≤ δin.

Bounded-interval binary searches perform the scalar roundings in O(log(2mn)) arithmetic oper-
ations per entry. The resulting PSD rank-one factors cost ˜︁O(mn) operations, and their outer
products cost ˜︁O(mn2).

After trace normalization, the variance matrix M2 :=
∑︁

i Ā
2
i satisfies 1/(mn) ≤ ∥M2∥ ≤ 1.

Choose a power of two ℓpow ≥ 8ε−1
scale log(2n) within a factor two of this bound. Exact repeated

squaring computes tr[M
ℓpow
2 ], and

∥M2∥ ≤ tr[M
ℓpow
2 ]1/ℓpow ≤ n1/ℓpow∥M2∥.
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Bisection with rational comparisons between q2ℓpow and this trace selects an upper approxima-
tion to its positive 2ℓpow-th root within relative error εscale/8. It therefore gives ∥M2∥ ≤ q2 ≤
(1 + εscale)∥M2∥. The lower norm bound makes the number of bisection steps logarithmic in mn.
Forming M2 and performing these operations costs ˜︁O(mn2 + n3). Including Lemma 4.2, the arith-
metic preprocessing cost is ˜︁O(mn2 + n5.055).

Quantitative drift witnesses. On a bounded-potential region, the same KKT estimates give

aI ⪯ U, V ⪯ C
√
nI, an−1I ⪯W,Z ⪯ I.

Together with the trace cutoff, the budget bounds, and lightness, these imply

ati ≤ ui, vi ≤ C
√
nti, an−1ti ≤ wi, zi ≤ ti,

an−1/2 ≤ βi ≤ 1, a ≤ pi, qi ≤ Cn, a ≤ piqi ≤ Cn,

an−3/2 ≤ c2i , d
2
i ≤ Cn, a ≤ τ2i ≤ Cn3/2,

Di ≥ an−13/2, ι < Γi ≤ Cn9/2, ρrati ≥ an−3/2.

For example Di = c2iuiwi + d2i vizi. The ratio ρrati lies between ˜︁ui/˜︁vi and its reciprocal, and that
ratio lies between an−3/2 and Cn3/2. The new movement estimate in Eq. (324) gives

akact ≤ tr[RA] ≤ Ckact, RA := (I − ˆ︁T )A(I − ˆ︁T )⊤.
Eq. (332) therefore implies

LP ≤ −akactn−3/2 ≤ −akactn−4. (333)

The identity
Diτ

2
i = p2iuiwi + q2i vizi ≥ an−5

gives Kii = (RA)ei,ei/(Diτ
2
i ) and hence tr[K] ≤ Ckactn

5.
The scalar certificate gives ki ≥ a > 0 and

ki =
ι

2ηβ3
i piqi

≤ Cδ
−3/2
end ≤ Cn3/2.

For the ordinary part of the drift, τi(˜︁ui+˜︁vi) = ui+vi ≤ C
√
n. Thus |h(0)i | ≤ ki(ui+vi)Kii ≤ Cn2Kii,

giving ∥h(0)∥1 ≤ Ckactn
7.

For the trace correction, the helper scalars a∗,i, w
e
i , h∗,i and j∗,i = 2j0/Fi are bounded. Moreover

δir
2
∗,i =

a2∗,iji

ki(1 + j0)2
≤ C, |δip∗,i| ≤ C,

where the second inequality uses δi ≤ 1/ι and bounded we
i . Rewrite the correction as

νi =
δi[h∗,i − j∗,i + p∗,iυi]τi(˜︁ui − ˜︁vi)

Diτ2i
.

The ratio bounds above give |υi| ≤ Cn3/4. Using |τi(˜︁ui − ˜︁vi)| ≤ ui + vi ≤ C
√
n and Diτ

2
i ≥ an−5

yields |νi| ≤ Cn25/4 and ∥ν∥1 ≤ Ckactn
25/4. For the mixed correction, |gi|/(τ2i Di) ≤ Cn6 and

|υi| ≤ max{
√︁˜︁ui/˜︁vi,√︁˜︁vi/˜︁ui} ≤ Cn3/4.
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Since Ei − Yi = e⊤i
ˆ︁Tξ, A ⪯ CI, the movement upper bound, and Cauchy–Schwarz give∑︂

i

|E[Yi(Ei − Yi)]| ≤ Ckact,
∑︂
i

|E[YiFi]| ≤ Ckact.

Thus ∥θ∥1 ≤ Ckactn
27/4. Combining the contributions gives the convenient weaker bounds

∥h∥1 ≤ Ckactn
8, tr[K] ≤ Ckactn

7.

Taking a sufficiently small absolute κ1 > 0, these bounds and Eq. (333) force

∥∇P∥∞ ≥ κ1n
−12 or λmin(∇2P) ≤ −κ1n−12. (334)

Otherwise both terms of the generator would be too small in magnitude. The algorithm uses this
alternative without computing its witnesses. In particular, it need not compute the covariance or
its helper coefficients.

Derivative bounds and local steps. On the truncated interval, the square-root budget satisfies

|β(j)| ≤ Cδ
1/2−j
end and |β(j)|/β ≤ Cδ−j

end. Write P := (U, V ) and Q := (W,Z). For a unit y direction,
the KKT elimination leading to Eq. (96) gives

∥P′∥F ≤ Cnδ−1
end, ∥Q′∥F ≤ Cn2δ−1

end, |b′| ≤ Cδ−1
end.

The second-order envelope identity then gives |P ′′| ≤ Cn5/2δ
1/2−2
end ≤ Cn5. For clarity, the third-

order identity contains only the fixed-tangent third derivatives of the Lagrangian. Its inverse terms
have either three primal factors paired with Q, or two primal factors paired with Q′. Their norms
are bounded by Cn3δ−3

end and Cn4δ−3
end, respectively. The differentiated coupling terms have no

larger bounds, by |β(j)|/β ≤ Cδ−j
end and the dual identities. Thus |P ′′′| ≤ Cn4δ−3

end ≤ Cn7 on the
truncated domain, giving the same Lipschitz bound for P ′′.

Take a step of length t := κ2n
−19 ≤ δend/4, with κ2 > 0 sufficiently small. A gradient step from

Eq. (334) decreases P by at least an−31. Averaging the two signs of a curvature step and using the
third-derivative bound gives decrease at least an−50 for the better sign. The latter is a common
lower bound.

Endpoint tests. Compute endpoint scores to error at most δ ≤ eend/(4k), and trigger at an
approximate score of at least −δ. A true score is then at least −2δ; increasing b by 2δ∥Ci∥ ≤ 2δ
repairs feasibility. There are at most k such events, so their total possible increase of P is less than
eend. If no event triggers, the exact state is light. Near-endpoint and small-input removals preserve
the modeled sum and remove a PSD coupling term, so they cannot increase P. The potential
therefore remains bounded by its initial value plus eend. Since it is nonnegative, there are O(n50)
local steps.

Arithmetic implementation. The KKT inverse and Newton radius remain Cn2 and an−2. A
local step moves the optimizer by at most Cn2δ−1

endt ≤ Cn−16, inside the Newton neighborhood.
All direction thresholds, score tolerances, step lengths, and accepted decreases have polynomial
reciprocals. On the truncated interval, 1 − y2i ≥ a/n, so rational bisection evaluates β(yi) and
its fixed-order derivatives to inverse-polynomial error with logarithmic arithmetic work. Choose
the coordinate, value, and derivative errors below fixed fractions of the corresponding acceptance
margins.
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The KKT Jacobian has order O(n2) and polynomial norm and inverse norm. For such a matrix
J , choose a polynomial bound L ≥ ∥J∥ and start Newton–Schulz iteration at R0 := J∗/L2. The
exact update Rj+1 := Rj(2I − JRj) satisfies

I − JRj+1 = (I − JRj)
2.

Its initial residual norm is at most 1−(L∥J−1∥)−2. Logarithmically many ordinary matrix products
therefore attain the inverse-polynomial residual required by each Newton correction, at cost ˜︁O(n6).
The inverse bound converts this residual to a true optimizer-error bound. The Newton contraction
restores the same error floor after each local move.

The rank-one coupling and its derivatives, the KKT blocks, and the ordinary Hessian can
be assembled with ordinary matrix products of order at most O(n2), at the same cost. For a
symmetric Hessian approximation A, choose L ≥ max{1, ∥A∥} and a threshold δcurv := κ1n

−12/4.
If the gradient test fails, the reserved Hessian error leaves λmin(A) ≤ −2δcurv. Take q to be a power
of two with

q ≥ (4L/δcurv) log(8kL/δcurv).

Form (I −A/(2L))q by exact repeated squaring and compute the Rayleigh quotients of its nonzero
columns. The spectral-weight argument of Section 4.11 gives a column with quotient at most
−δcurv/2. Squared norms and quadratic forms are rational computations. Divide a retained col-
umn by its largest absolute entry, so its norm lies in [1,

√
k], and use bisection to normalize it to the

prescribed accuracy. The Hessian and normalization margins give a true negative-curvature direc-
tion. Since q is polynomially bounded, this construction uses O(log(2n)) products and costs ˜︁O(n6)
arithmetic operations. Both trial optimizers lie in the Newton neighborhood, so their corrections
and potential comparisons have the same bound.

The capped initialization in Section 4.8 applies: β ≤ 1, the coupling is ιtr, and the coefficients
remain fixed during each solve. There are at most k + 1 = O(n2) initializations, each with ˜︁O(

√
n)

barrier stages. Ordinary multiplication therefore gives total initialization cost ˜︁O(n17/2). Together
with the O(n50) local steps, grouped preprocessing, and coordinate updates, this proves

Tarith ≤ ˜︁O(mn2 + n56).

Final constant. Partial signing contributes at most ηps; initial rounding and near-endpoint re-
movals cost at most εround; small-input removals cost at most χ; endpoint repairs cost at most eend.
Restoring variance scaling and the earlier discarded inputs, the internal coefficient is at most

(2
√︁

303/100 + 2εscale + εround + χ+ eend + ηps)
√
1 + εscale + εdiscard < Ctr,∗ = 3.4813833.

For the strict inequality, define ϵ := 10−8 and b∗ := 3.4813833 − 10−6 − (3 · 10−6 + 10−7)(1 + ϵ).
Exact rational arithmetic gives

b∗ =
3481379199999969

1015
> 0, b2∗ − 4(303/100 + 2ϵ)(1 + ϵ) > 9 · 10−7. (335)

Taking positive square roots and using
√
1 + ϵ ≤ 1 + ϵ proves the strict inequality. The one-time

input approximation, with ξ = 10−8 as above, changes the coefficient to at most Ctr,∗(1+6ξ)+2ξ <
3.4814. This proves the algorithmic assertion of Theorem A.1.
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A.5 Bit complexity of the square-root-budget algorithm

The polynomial conditioning and acceptance margins in Section A.4 permit a finite-precision im-
plementation using the shared numerical routines.

Theorem A.4 (Bit complexity). Let A1, . . . , Am ∈ Cn×n be rational Hermitian matrices of rank
at most one and total binary length Lin. A deterministic finite-precision implementation of the
algorithm in Theorem A.1 returns signs satisfying

∥
∑︂
i

σiAi∥ ≤ 3.4814∥
∑︂
i

A2
i ∥1/2

with bit cost
Tbit ≤ ˜︁O(Lin +mn2 + n56). (336)

For Ai = aia
∗
i ,
∑︁

iAi = I, and ∥ai∥2 ≤ α, its sign classes satisfy

∥
∑︂
i∈Ij

aia
∗
i − I/2∥ ≤ 1.7407

√
α, j = 1, 2,

within the same bit bound. After input conversion, preprocessing uses O(log(2mn)) bits per numer-
ical entry and the nonlinear phase uses O(log(2n)) bits per numerical entry, including temporary
operands, with fixed multipliers. The suppressed factors in Eq. (336) are logarithmic in m,n,Lin.

Proof. Lemma 6.1 performs the one-time input conversion in ˜︁O(Lin + mn2) bit operations. For
variance scaling, use the normalized-power estimate of Lemma 6.14 and the stable products of
Lemma 6.7. The inverse-polynomial norm lower bound in Section A.4 permits scalar enclosures
with O(log(2mn)) bits. Lemma 6.3 implements grouped partial signing on the converted data. Thus
preprocessing has bit cost ˜︁O(Lin +mn2 + n5.055). Its residual and the initial coordinate-rounding
error remain within the prescribed allowances. The original inputs are charged once.

For the nonlinear phase, k ≤ n2 and δend ≥ a/n. Hence 1 − y2i ≥ a/n on every retained trial
interval, and the square-root budget and its fixed-order derivatives have polynomial magnitudes
and perturbation bounds. Bisection evaluates them using O(log(2n)) bits. The KKT inverse norm
is at most Cn2, its Newton radius is at least an−2, and all gradient, curvature, endpoint, and
decrease margins have inverse-polynomial size. Choose a common numerical unit (2n)−C , with a
sufficiently large fixed exponent, below these margins after all polynomial error amplification and
the O(n50) step count.

The cache argument of Lemma 6.6 applies with these square-root-budget bounds. The fixed
matrix contribution is stored symbolically using bounded coefficients, so its error is estimated
afresh from the cache. Every accepted optimizer correction restores the prescribed root-error floor.
Lemma 6.7 implements the inverse solves and products, and Lemma 6.8 preserves the capped ini-
tializer’s feasibility and decrement margins. For curvature selection, Lemma 6.14 evaluates the
normalized powers and certifies a column’s Rayleigh quotient. The power exponent is polynomially
bounded for δcurv = κ1n

−12/4, so this lemma requires only logarithmic working precision. All tem-
porary magnitudes are polynomial. Taking the largest of these fixed precision multipliers supplies
a common O(log(2n)) bound.

The endpoint comparisons use the same conservative trigger and feasibility repair as in Sec-
tion A.4. The coordinate and value errors are chosen below fixed fractions of the accepted decrease
and the discrepancy allowances. These enclosures preserve feasibility, the gradient/curvature al-
ternative, and a decrease of order n−50 at each local step. The potential argument therefore gives
O(n50) steps also for the finite implementation. Its rounding, input residual, and endpoint repairs
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fit the same final-constant calculation, giving the stated signing bound. The partition bound follows
by halving the signed sum and using A2

i ⪯ αAi.

With ordinary multiplication, a corrected local step has bit cost ˜︁O(n6), including its derivative,
curvature, and value tests. There are at most O(n2) capped initializations, each with ˜︁O(

√
n) stages,

so all initializations cost ˜︁O(n17/2) bit operations. Adding preprocessing and the local steps gives

Tbit ≤ ˜︁O(Lin +mn2 + n5.055 + n17/2 + n50n6)

≤ ˜︁O(Lin +mn2 + n56),

which proves Eq. (336).
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