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Abstract. Polynomial commitment schemes (PCSs) allow a prover to
commit to a polynomial and later prove its evaluations succinctly. Among
hash-based constructions, FRI (Ben-Sasson et al., ICALP 2018) and its
follow-up works achieve polylogarithmic proofs by recursively “folding”
Reed-Solomon (RS) codes. However, their concrete evaluation costs re-
main relatively high, as the first few folding rounds operate on the largest
codewords and dominate the prover work. Another line of works, initi-
ated by Ligero (Ames et al., CCS 2017) construct PCSs from interleaved
codes. Although through “interleaving”, RS encoding seems no longer to
be the major bottleneck, their approach destroys the foldable structure,
consequently only yielding a square-root proof size.
We present ReedWeave, a Reed-Solomon PCS that successfully incor-
porates interleaving with folding, achieving the best of the two worlds.
ReedWeave decomposes a degree-d polynomial into m smaller compo-
nents and commits to their RS encodings over a common domain. Under
our novel decomposition, a random linear combination of these code-
words is exactly an m-ary folding. At a high level, ReedWeave starts
with an m-ary folding, followed by standard binary folding as in FRI.
The prover costs are substantially reduced in the sense that at the very
beginning it suffices to do interleaved-RS encoding rather than stan-
dard RS encoding. That is, we reduce prover costs from O(d log d) to
O(d log(d/m)) for constant code rate while maintaining efficient poly-
logarithmic verification. Moreover, our approach essentially works for
arbitrary m, relaxing the smoothness requirements of the underlying
fields by a multiplicative factor of m.
We benchmark our Rust implementation over Goldilocks using 32 threads
and targeting 100-bit security. At d = 224, ρ = 1/4, and m = 64,
the DEEP variant commits in 475.0 ms, opens in 111.6 ms, verifies in
2.07 ms, and produces a 594.7 KiB proof. Compared with FRI (ICALP
2018), commitment, opening, and verification are 6.9×, 51.5×, and 4.2×
faster, respectively. Against STIR (CRYPTO 2024), the corresponding
speedups are 2.9×, 68.5×, and 2.1×. Its proof is only 0.69× the size of
FRI’s and 2.31× that of STIR’s.
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1 Introduction

A polynomial commitment scheme (PCS) [KZG10] allows a prover to com-
mit succinctly to a polynomial and later prove its evaluations without send-
ing the full polynomial. By emulating access to polynomial oracles through
commitments and evaluation proofs, PCSs are central building blocks for suc-
cinct arguments [BFS20,GLS+23,ZCF24]. Among PCS constructions based on
different cryptographic assumptions, code-based approaches are attractive for
their transparent setup and fast provers based on lightweight hashing and field
arithmetic [AHIV17,BCR+19,ZXZS20,BFH+20,XZS22]. Code-based polynomial
commitments are typically evaluated by four main costs: commitment time, eval-
uation time, verifier time, and proof size. These costs and the underlying fields
are largely determined by the underlying code [GLH+25,BCF+25,BFRW26].

Foldable-code PCSs. One line of work builds polynomial commitments from
codes that support recursive folding. FRI [BBHR18] uses Reed-Solomon (RS)
codes and recursively folds a large RS codeword into progressively smaller ones,
achieving polylogarithmic proof size and verifier time. Subsequent constructions
such as STIR [ACFY24] and WHIR [ACFY25] improve the query complexity and
evaluation protocol, while BaseFold [ZCF24] generalizes the folding paradigm
beyond RS codes to field-agnostic code families. These constructions provide
succinct verification, but the resulting prover cost remains a major practical
expense, particularly in the first rounds where the codewords are largest.

Interleaved-code PCSs. A different approach, used by Ligero [AHIV17] and
Brakedown [GLS+23], organizes a large input as several shorter codewords and
commits to them in an interleaved form. Working with shorter codewords can
substantially reduce prover cost, and Brakedown further combines this construc-
tion with linear-time encodable codes. The tradeoff is less succinct verification.
In these frameworks, proof size and verifier time typically grow roughly with
the square root of the input size. Code switching [RZR24] provides a way to
recover succinct verification. Constructions such as Blaze [BCF+25] and Brak-
ingBase [NST25] first use a fast encodable code and then prove a transition
to a foldable code with polylogarithmic verification. However, this transition
introduces an additional proof layer and increases evaluation and verification
costs. Consequently, the benefit becomes pronounced only for sufficiently large
polynomials.

For interleaved RS codes, however, the starting codewords already have the
algebraic structure required by FRI folding. This raises the following natural
question.

Can we acheive the prover effiency of interleaving and the succinct ver-
ifier of FRI simutaniously?
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Table 1. Code-based PCS comparison. Here d is the polynomial size and λ the security
parameter. Rates and proximity parameters are constant. For ReedWeave, m is the
interleaving parameter and ρ is the RS rate.

Scheme Code Subgroup
required

Commit
time

Open
time

Verifier time /
Proof size

FRI [BBHR18]/
DEEP-FRI [BGKS20] RS d/ρ O(d log d) O(d) O(λ log2 d)

Shockwave [AHIV17]/
Ligero [GLS+23] RS Θ(

√
λd/ρ) O(d log d) O(d) O(

√
λd)

BaseFold [ZCF24] RFC None O(d log d) O(d) O(λ log2 d)

Blaze [BCF+25] Packed
RAA None† O(d) O(d) O(λ log2 d)

Brakedown [GLS+23] Spielman None O(d) O(d) O(
√
λd)

BrakingBase [NST25] Spielman None O(d) O(d) O(λ log2 d)

QAPCS [LLX+26] QA None O(d log d) O(d) O(
√
λd)

ReedWeave
(Ours) RS d/(mρ) O(d log d

m
) O(d) O(λ(m+ log2 d

m
))

Codes. RS = Reed-Solomon codes. RFC = Random foldable codes. RAA = Repeat-
Accumulate-Accumulate. QA = Quasi-Abelian. Blaze and BrakingBase use auxiliary
BaseFold-style proofs.
Fields. Subgroup orders refer to power-of-two multiplicative subgroups. “None” does
not waive soundness-related field-size requirements. † Blaze uses binary extension fields
and auxiliary additive RS domains.
Costs. Time counts field/hash operations, while size counts field elements/hash val-
ues. Public preprocessing is excluded. Square-root bounds use optimized row length
Θ(

√
λd).

1.1 Our Results

We answer this question affirmatively with ReedWeave, a PCS for univariate
polynomials. Our approach incorporates three main techniques. First, we allow
smaller encoding domains by an interleaved RS encoding. We then interleave
evaluation-claim reductions with FRI proximity testing, using the same verifier
challenges to fold the oracle and reduce the evaluation claim in each round. Fi-
nally, we apply the DEEP mechanism [BGKS20] to support soundness analyses
in the Johnson regime, which allows fewer query repetitions. Building on prior
work [AHIV17,GLS+23,BCF+25,ZZW+26], these ingredients yield two main re-
sults.

For d = mk and rate ρ, ReedWeave decomposes the polynomial f(X) =∑m−1
i=0 Xifi(X

m) into m polynomials f0(X), . . . , fm−1(X) of degree less than
k and encodes them over a common subgroup of order N = k/ρ, rather than
encoding the full polynomial over a domain of size d/ρ. To connect the evalua-
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tions of f(X) with the evaluations of f0(X), . . . , fm−1(X), we show that if there
exists a group L ⊆ F∗q has order 2n, then there always exists a group L′ ⊆ F∗qt
of order 2n · m containing L. Thus, to fold f(X) at a point α ∈ L′, the FRI
protocol needs to query f(αωi), i = 0, . . . ,m− 1 where ω is an element of order
m. This is equivalent to query f0(α

m), . . . , fm−1(α
m) with αm ∈ L. Therefore,

it suffices to compute and commit the evaluations of f0(X), . . . , fm−1(X) on L
for the initial folding.

One may find out that the initial folding in ReedWeave is very similar to
Brakedown protocol. It is indeed the case and not surprisingly ReedWeave has
very fast prover time. Moreover, after the initial folding, we obtain a polynomial
g(Y ) =

∑m−1
i=0 γifi(Y ) of degree less than k over the challenge γ. Because we

can treat the initial folding as part of FRI protocol, we can also follow the pro-
tocol to fold g(Y ) multiple times until obtaining a constant-degree polynomial.
This guarantees ReedWeave a short proof size comparable to the FRI protocol.
Another merit of ReedWeave is that we require a relatively small subgroup for
folding which might be interesting for some specific finite field Fq. For example,
at d = 224 and ρ = 1/4, choosing m = 64 reduces the required subgroup order
from 226 to 220. Table 1 compares representative code-based commitments by
their codes, subgroup requirements, and asymptotic costs.

Since we do not compute the evaluation of f(X) directly, it is impossible to
prove f(z) = y by showing that f(X)−y

X−z has low degree. ReedWeave proves the
claim f(z) = y in a folding manner, i.e., our protocol folds both the FRI oracle
and the evaluation claim. Instead of sending f(z) = y, the prover sends fi(zm) =

vi for i = 1, . . . ,m and the verifier checks
∑m−1

i=0 zivi = y. Then, we fold f(X)

to g(Y ) =
∑m−1

i=0 γifi(Y ) and reduce the claim f(z) = y to g(zm) =
∑m−1

i=0 γivi.
One can find the details in Section 1.2.

By exploiting DEEP we also enjoy proximity parameters that are arbitrarily
close to the Johnson radius, which reduce the total number of queries. Our
single-thread and 32-thread measurements show lower total prover time than the
tested FRI, STIR, WHIR, and BaseFold implementations, with the verification
and communication tradeoffs quantified below.

Our main result is the following.

Theorem 1 (Informal). Let λ,m ≥ 1 and d = mk, with k ≥ 4 a power of two.
Fix constants ρ ∈ (0, 1) and 0 < η < 1 −√ρ. If F is sufficiently large and con-
tains a multiplicative subgroup of power-of-two order N = d/(mρ), ReedWeave’s
DEEP variant has a binding commitment and a perfectly complete evaluation
IOP with round-by-round knowledge soundness at δ = 1−√ρ− η, total binding
and knowledge error at most 2−λ, and O(log k) rounds. With Merkle instantia-
tion, it has the following properties.

– Commitment time. O(d logN) field operations and O(mN) hash operations.
– Open time. O(d) field operations and O(N) hash operations.
– Verification time. O(λ(m+ log2 N)) field and hash operations.
– Proof size. O(λ(m+ log2 N)) field elements and hash values.
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For fixed security and rate parameters, verification time and proof size remain
polylogarithmic in d when m is polylogarithmic in d. ReedWeave thus relaxes,
rather than eliminates, the multiplicative-subgroup requirement.

Implementation and evaluation. We implement both variants in Rust and bench-
mark them over Goldilocks, i.e., F264−232+1, targeting 100-bit security. At d = 224

and rate 1/4 with 32 threads, ReedWeaveJB, our DEEP variant, takes 586.6 ms in
total prover time, verifies in 2.07 ms, and produces a 594.7 KiB proof. It achieves
total-prover speedups of 15.4× over the tested FRI implementation and 13.8×
over BaseFold, with lower verification time and smaller proofs than both. Fig-
ure 1 summarizes representative costs, and Section 5 includes other metrics such
as commit time, open time and verifier time.

0 5 10
Commit + open (s)

ReedWeaveJB

FRI

STIR

BaseFold

Brakedown†

0.587

9.04

9.04

8.09

0.375

(a) Total prover time

102 103 104

KiB (log scale)

594.7

866.4

256.9

2,784.5

12,990.2

(b) Proof size

Fig. 1. PCS costs at d = 224 over Goldilocks, targeting 100-bit security with 32 threads.
Values are averages of five measurements. The rate is 1/4, except for Brakedown (†),
which uses approximately 0.657. ReedWeaveJB uses m = 64, requiring subgroup order
220 rather than 226 for direct encoding. Total prover time is commitment plus opening.
Proof sizes include commitments and use a logarithmic axis. Lower is better.

1.2 Technical Overview

We first recall the folding operation of FRI. We then explain how interleaved
RS encoding avoids the full-size domain, how a shared challenge couples evalu-
ation and proximity checks, and how DEEP improves query efficiency without
changing the encoding.

FRI overview. FRI [BBHR18] is an interactive oracle proof of proximity
(IOPP) for Reed-Solomon codes. Let F have odd characteristic, and let L be
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a multiplicative subgroup of power-of-two order N . For a polynomial g of degree
less than a power-of-two bound k < N , binary folding writes

g(X) = ge(X
2) +Xgo(X

2), gγ = ge + γgo,

where γ ∈ F is a random verifier challenge. The folded polynomial has degree
less than k/2 and is evaluated over the squared domain L2, preserving the rate
ρ = k/N . Each folded oracle value can be computed locally from the values at
x and −x. Repeating this operation reduces the instance to a constant-degree
polynomial, which the prover sends directly. After that, the verifier queries the
oracles to check consistency between successive folds.

ReedWeave retains this recursion but changes its starting point. Rather than
constructing the full-size RS oracle, it starts from a smaller virtual oracle ob-
tained from an interleaved commitment.

Starting from an interleaved commitment. ReedWeave begins by repre-
senting the polynomial so that the first fold can be computed without material-
izing the full-size RS codeword. Let d = mk and write

f(X) =

m−1∑
i=0

Xifi(X
m),

where each fi has degree less than k. ReedWeave encodes the m component
polynomials independently over the same RS domain L of size N = k/ρ. Their
evaluations form an m×N matrix Û , whose column at x ∈ L is

Û(x) =
(
f0(x), . . . , fm−1(x)

)T
.

ReedWeave commits to this matrix column-wise using a Merkle tree, so the com-
mitment fixes all component evaluations over L. During the evaluation protocol,
the verifier samples a random challenge α. This challenge defines

g(0) =

m−1∑
i=0

αifi,

which has degree less than k. Note that ReedWeave does not commit separately
to the RS codeword of g(0). Instead, whenever the verifier queries a point x ∈ L,
the prover opens the authenticated column Û(x), and then the verifier computes

g(0)(x) =

m−1∑
i=0

αiÛi(x).

The RS codeword of g(0) therefore serves as a virtual oracle, and the subsequent
FRI folding starts directly from this instance with degree bound k over the
domain L.

Commitment requires m FFTs of length N , for a total of O(mN logN) field
operations. The total encoding length remains mN = d/ρ, but the prover per-
forms shorter FFTs and avoids constructing the full-size RS oracle.
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Viewing the first step as an m-ary FRI fold. The preceding construction
admits a useful interpretation in terms of FRI. Conceptually, consider a com-
patible multiplicative subgroup L′ of size mN such that the map x 7→ xm maps
L′ onto the smaller domain L. Such a domain always exists over a suitable finite
extension whenever m is coprime to the field characteristic. More precisely, if
L has order N , then some finite extension contains an element ω of order mN
satisfying L = ⟨ωm⟩. We give the detailed proof in Section A.3.

For every y ∈ L, its m preimages in L′ form one folding block of an m-ary
FRI step. The component values (f0(y), . . . , fm−1(y)) provide an alternative rep-
resentation of exactly the same block information, and the two representations
are related by an invertible linear change of basis.

Ordinary FRI stores the block evaluations and computes their folded value
after receiving α. ReedWeave instead commits directly to the component repre-
sentation. Once α is sampled, taking the linear combination

∑
i α

ifi(y) produces
exactly the value of the corresponding m-ary FRI fold. Thus, ReedWeave does
not remove the first fold itself. It removes the need to materialize the large oracle
before that fold.

This viewpoint explains both the prover savings and the smaller subgroup
requirement. ReedWeave stores only the information needed to compute every
possible first folded oracle, while encoding each component over the smaller
domain of size N . The compatible domain of size mN is used only for this inter-
pretation and is never constructed by the protocol. Consequently, ReedWeave
requires only the smaller RS domain while retaining the same folded polynomial
that ordinary arity-m FRI would produce.

Folding evaluation claims. The virtual oracle g(0) over L lets us test prox-
imity on a smaller domain, but proximity alone does not establish the claimed
evaluation f(z) = y. To connect the claim to this oracle, the prover sends values
vi claimed to equal fi(zm). The verifier checks y =

∑
i z

ivi before sampling the
initial folding challenge α. The same challenge that defines g(0) =

∑
i α

ifi then
reduces the component claims to g(0)(zm) =

∑
i α

ivi.
Each binary round follows the same principle. Given a current claim g(u) =

w, the prover sends claimed evaluations a = ge(u
2) and b = go(u

2). The verifier
checks w = a + ub before sampling the folding challenge γ. The next claim is
gγ(u

2) = a + γb. Thus, the same challenge folds the oracle and reduces the
evaluation claim, with both claimed component values fixed before the challenge
is sampled. Once the degree becomes constant, the verifier checks the remaining
claim directly.

This follows BaseFold’s principle of sharing randomness between evalua-
tion and proximity reductions [ZCF24], applied here to univariate claims with-
out a multilinear sumcheck. Direct evaluation folding also appears in Deep-
Fold [GLH+25]. The full protocol is given in Protocol 3.1.

The initial evaluations and combination requireO(mk+mN) field operations.
Subsequent coefficient vectors and oracle tables shrink geometrically, contribut-
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ing only O(k +N) additional field operations. All later oracles are obtained by
folding rather than new FFTs, so opening remains linear in d at constant rate.

DEEP variant. Each initial column opening contains m field elements, making
query efficiency particularly important. We apply DEEP [BGKS20] to support
proximity parameters beyond the unique-decoding radius, where several polyno-
mial tuples may agree with the committed oracle on sufficiently many columns.
After the interleaved oracle is fixed, the verifier samples an out-of-domain point
ζ during commitment, and the prover sends the claimed component evaluations
fi(ζ). Except with small probability over ζ, these answers are consistent with at
most one nearby tuple.

During evaluation, the initial folding challenge combines both the target eval-
uations and the out-of-domain evaluations into two claims about the virtual
oracle. Both claims are then reduced through the same binary folds, without
sampling fresh out-of-domain points. Over sufficiently large fields, the resulting
protocol admits knowledge-soundness analysis at proximity parameters arbitrar-
ily close to the Johnson radius, allowing fewer query repetitions. The variant
retains the encoding, subgroup requirement, and query structure, while carrying
only two evaluation claims per round. The construction and security analysis
appear in Section 4.

1.3 Related Work

RS-based polynomial commitments. FRI [BBHR18] introduced recursive folding
for testing RS proximity, and DEEP-FRI [BGKS20] strengthened its sound-
ness using out-of-domain evaluations. STIR [ACFY24] decreases the code rate
across rounds to reduce query complexity, while WHIR [ACFY25] extends this
approach to constrained RS codes and polynomial evaluation claims. These
protocols benefit from strong RS agreement guarantees, including results up
to the Johnson radius [Hab24,Hab25,BSCH+25,BCGM26]. ReedWeave retains
rate-preserving folding and obtains its smaller initial domain through interleaved
RS encoding before commitment.

DeepFold [GLH+25] already combines direct evaluation folding with DEEP
for multilinear polynomial commitments, without a separate sumcheck. Its pro-
tocol samples a fresh out-of-domain point in each round and propagates the ac-
cumulated evaluation claims. ReedWeave instead samples its DEEP point during
commitment and, after the initial batching step, maintains only the target claim
and that out-of-domain claim through the binary folds. The resulting protocol
carries a constant number of evaluation claims per round.

Field-agnostic polynomial commitments. Several works avoid large multiplica-
tive subgroups by changing the underlying codes. Brakedown [GLS+23] uses
linear-time encodable codes, while BaseFold [ZCF24] generalizes FRI-style fold-
ing to code families that can be instantiated over arbitrary sufficiently large
fields. BrakingBase [NST25] combines linear-time encoding with BaseFold-based

8



evaluation, and Lightning [QGZ26] develops systematic codes for the Brakedown
framework with lower encoding cost. Other approaches change the evaluation do-
main while retaining RS structure. ECFFT [BCKL22] constructs suitable evalu-
ation sets over arbitrary sufficiently large fields. Circle STARKs [HLP24] instead
use the circle group. ReedWeave retains ordinary RS encoding over multiplica-
tive subgroups but reduces the required subgroup size.

Interleaved polynomial commitments. Ligero and Shockwave [AHIV17,GLS+23]
use interleaved RS encodings, with the square-root proof-size bounds shown in
Table 1. Blaze [BCF+25] uses lifting through interleaving to apply a more expen-
sive evaluation protocol to a smaller instance. ReedWeave follows this approach
using ordinary RS codes. Its recursive evaluation protocol starts from a virtual
RS oracle defined by a random linear combination of the committed rows. It
retains the tradeoff between subgroup size and column width while obtaining
proof size O(λ(m+ log2 N)) for N = d/(mρ).

Concurrent work. Superficially similar but fundamentally different from our
work is LiftWHIR [ZZW+26]. It combines interleaved commitments with WHIR.
Its RS lifting reduction maps the target multilinear evaluation and DEEP check
to a smaller constrained-RS instance. Subsequent WHIR rounds re-encode folded
polynomials and check consistency across domains. Writing k = d/m, its evaluation-
time bound is O(d+k log k), and its analysis takes m = Θ(log d) to obtain linear
time.

ReedWeave instead makes the initial row combination exactly an arity-m
FRI fold, bypassing the full-size RS encoding, and reduces the target and DEEP
claims through rate-preserving binary folds. This avoids domain shifting, re-
encoding, and associated sumchecks, yielding O(d) opening time at constant
rate for every admissible m, with no further FFTs. Under the conditions of
Theorem 1, FRI-style recursion gives verification time and proof size O(λ(m +
log2 N)), where N = d/(mρ).

Organization Section 2 gives the main preliminaries. Sections 3 and 4 present
the base and DEEP constructions, their security bounds, and the key DEEP
arguments. Section 5 reports our implementation and 32-thread evaluation. Ad-
ditional preliminaries and full security proofs appear in Appendices A-C, and
Appendix D gives single-thread measurements.

2 Preliminaries

2.1 Notation

Let λ ∈ N be the security parameter, and let negl(λ) denote a negligible function.
PPT abbreviates probabilistic polynomial time. Let F be a finite field of size q,
and write F⋆ = F \ {0}. We denote by F<d[X] the set of univariate polynomials
over F of degree less than d. We use x

$←− S for uniform sampling from a finite
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set S and [a] = {1, . . . , a}. Matrix rows and columns are indexed from zero. All
logarithms are base two. For a relation R, write L(R) = {x : ∃w, (x,w) ∈ R}.

Let Σ be a finite alphabet and L a nonempty ordered set of size N . We
identify a function u : L → Σ with its value vector in ΣN . For S ⊆ L, write
u|S for the restriction of u to S. For functions u, v : L → Σ, their relative
Hamming distance is ∆L(u, v) = |{x ∈ L : u(x) ̸= v(x)}|/N . A code of length
N over Σ is a nonempty subset C ⊆ ΣN . We write ∆L(u, C) = minc∈C ∆L(u, c).
For a code with at least two codewords, its relative minimum distance is ∆C =
minc,c′∈C, c̸=c′ ∆L(c, c

′).

2.2 Reed-Solomon Codes

Definition 1 (Reed-Solomon codes). Let L ⊆ F be an ordered evaluation
domain of N distinct elements, and let k ∈ [N ]. The Reed-Solomon code of degree
bound k over L is RS[F,L, k] = {P |L : P ∈ F<k[X]} ⊆ FN .

Encoding. For C = RS[F,L, k] and a coefficient vector u = (u0, . . . , uk−1) ∈ Fk,
let Pu(X) =

∑k−1
a=0 uaX

a and define Enc : Fk → C by Enc(u) = Pu|L. If L is a
multiplicative subgroup of power-of-two order N , the encoding can be computed
by padding the coefficient vector with zeros to length N and applying an FFT.
This takes O(N logN) field operations.

The code has rate ρ = k/N and relative minimum distance ∆C = 1−ρ+1/N .
Standard RS properties and unique decoding are recalled in Section A.1.

Definition 2 (Interleaved codes). For a code C ⊆ ΣN and an integer m ≥ 1,
the m-interleaved code is Cm = {Û ∈ Σm×N : Ûi ∈ C for 0 ≤ i < m}. Each
column is regarded as one symbol, so Cm is a code of length N over the alphabet
Σm.

For C = RS[F,L, k], we extend Enc row-wise to U ∈ Fm×k by setting
Enc(U)i = Enc(Ui). An oracle Û ∈ Fm×N is indexed by x ∈ L, and a query
returns the full column Û(x) ∈ Fm. Distances between such oracles are mea-
sured over the alphabet Fm. A coordinate contributes one disagreement if any
entry in that column differs.

Lemma 1 (Distance of interleaved codes). Let C ⊆ ΣN have relative
minimum distance ∆C. For every m ≥ 1, the relative minimum distance of Cm
over Σm is ∆Cm = ∆C.

Proof (Proof of Lemma 1). Two distinct matrices differ in some row, giving
distance at least ∆C over Σm. Equality is attained by matrices differing only in
one row, where the codewords have distance ∆C . ⊓⊔

2.3 Mutual Correlated Agreement

We use the proximity-generator formulation of WHIR. For a set S of coordinates,
write C|S = {c|S : c ∈ C}. When applying the definition to a Reed-Solomon code,
we identify [N ] with its ordered evaluation domain L.
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Definition 3 (Proximity Generator with Mutual Correlated Agree-
ment [ACFY25]). Let C ⊆ Fn be a linear code. We say that Gen is a proximity
generator for C with mutual correlated agreement with proximity bound B and
error err if for every f1, . . . , fℓ : [n] → F and δ ∈ (0, 1 − B(C, ℓ)) the following
holds:

Pr
(r1,...,rℓ)←Gen(ℓ)


∃S ⊆ [n] s.t. |S| ≥ (1− δ) · n
∧ ∃u ∈ C, u|S =

∑
j∈[ℓ]

rj · fj |S

∧ ∃j ∈ [ℓ], ∀u′ ∈ C, u′|S ̸= fj |S

 ≤ err(C, ℓ, δ).

Haböck [Hab25] established mutual correlated agreement for Reed-Solomon
codes up to the Johnson radius. Ben-Sasson et al. [BSCH+25] give an improved
bound on the number of exceptional challenges. The following statement com-
bines that bound with the unique decoding guarantee.

Theorem 2 ( [ACFY25]). Let C := RS[F,L, k] have length N := |L|, di-
mension 2 ≤ k < N , and rate ρ := k/N . For every integer ℓ ≥ 1, the generator
Gen(ℓ;α) = (1, α, . . . , αℓ−1), with α

$←− F, has mutual correlated agreement for C
with proximity bound B(C, ℓ) := √ρ. Its error err(C, ℓ, δ) can be taken as follows:

– If 0 < δ ≤ (1− ρ)/2, take err(C, ℓ, δ) := (ℓ− 1)N/|F|.
– If (1 − ρ)/2 < δ < 1 − √ρ, set ρ̄ := (k − 1)/N , η := 1 −

√
ρ̄ − δ, and

s := max{⌈
√
ρ̄/η⌉, 3}. Then

err(C, ℓ, δ) := ℓ− 1

|F|

(
2(s+ 1

2 )
5 + 3(s+ 1

2 )δρ̄

3ρ̄3/2
N +

s+ 1
2√
ρ̄

)
.

Moreover, in the first case, if ∆C = 1 − ρ + 1/N ≥ 3
√
2/N and ∆C/3 ≤

δ ≤ ∆C/2− 3/(∆CN), the improved unique-decoding result of [BSCH+25] yields
err(C, ℓ, δ) := (ℓ− 1)(δN + 1)/|F|.

2.4 Interactive Oracle Proofs and Polynomial Commitments

Interactive oracle proofs (IOPs). We briefly recall the definition of interactive
oracle proofs (IOPs) [BCS16]. A k-round public-coin IOP, IOP = (P,V), for a
relation R proceeds as follows. Initially, P sends an oracle string π0. In each
round i ∈ [1, k], the verifier samples and sends a random challenge αi, and the
prover replies with an oracle string πi. After k rounds of interaction, the verifier
V queries some entries of the oracle strings π0, π1, . . . , πk and outputs a bit b.

Definition 4 (IOPs). Let IOP = (P,V) be a k-round public-coin IOP for a
relation R. We say that IOP is perfectly complete if for every (x,w) ∈ R,

Pr
α1,...,αk

 Vπ0,π1,...,πk(x, α1, . . . , αk) = 1

π0 ← P(x,w)
π1 ← P(x,w, α1)
...
πk ← P(x,w, α1, . . . , αk)

 = 1.
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We say that IOP has soundness error ν if for any x /∈ L(R) and any unbounded
adversary A,

Pr
α1,...,αk

 Vπ0,π1,...,πk(x, α1, . . . , αk) = 1

π0 ← A(x)
π1 ← A(x, α1)
...
πk ← A(x, α1, . . . , αk)

 ≤ ν.

Round-by-round knowledge soundness. We use the state-function framework of
STIR [ACFY24] and WHIR [ACFY25] to analyze each verifier challenge. The
formal definitions, including the per-round extraction condition, appear in Sec-
tion A.4.

Polynomial commitment schemes.

Definition 5 (Polynomial commitment scheme). We adapt the definition
in [GLS+23] to univariate polynomials. A univariate polynomial commitment
scheme over F consists of PC = (Setup,Commit,Open,Eval).

– Setup(1λ, d) → pp takes the security parameter and a degree bound d, and
outputs public parameters.

– Commit(pp, f)→ C takes f ∈ F<d[X] and outputs a commitment C.
– Open(pp, C, f)→ b checks whether f opens C and outputs b ∈ {0, 1}.
– Eval(pp, C, z, y; f) is an interactive protocol between P and V with public

input C, z ∈ F, and y ∈ F. The prover additionally knows f and convinces
the verifier that Open(pp, C, f) = 1 and f(z) = y.

The scheme is perfectly complete if, for every d ∈ N, f ∈ F<d[X], and z ∈ F,
honestly generated parameters and C ← Commit(pp, f) satisfy Open(pp, C, f) =
1 and the honest execution of Eval(pp, C, z, f(z); f) accepts with probability one.

It is binding if for every d ∈ N and PPT adversary A,

Pr

 b0 = b1 = 1 ∧ f0 ̸= f1

pp← Setup(1λ, d)
(C, f0, f1)← A(pp)
b0 ← Open(pp, C, f0)
b1 ← Open(pp, C, f1)

 ≤ negl(λ).

The scheme is knowledge sound if Eval is an argument of knowledge for the
relation whose instances are (C, z, y) and whose witnesses are polynomials f ∈
F<d[X] satisfying f(z) = y and Open(pp, C, f) = 1. Denote this relation by
REval,pp. Concretely, for every d ∈ N and PPT algorithms A and P∗, there is an
expected polynomial-time extractor Ext such that, for every randomness r,

Pr

 pp← Setup(1λ, d),

(C, z, y)← A(pp, r),
⟨P∗(r),V⟩Eval(pp,C,z,y) = 1

 ≈ Pr


pp← Setup(1λ, d),

(C, z, y)← A(pp, r),
f ← Ext(pp, r),

((C, z, y); f) ∈ REval,pp

 .
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The symbol ≈ means that the two probabilities differ by a negligible function
of λ.

Remark 1. Our DEEP construction replaces Commit with a public-coin interac-
tion whose transcript is C, with oracle access in the IOP setting. In the binding
experiment, after Setup, the adversary interacts with the honest commitment
verifier and outputs two openings. Its probability of an accepted commitment and
valid openings to distinct polynomials, over all parties’ randomness, is bounded
by the stated binding error for the specified adversary class.

3 A Base Construction in the Unique-Decoding Regime

We present the base construction of ReedWeave in the IOP model. It reduces
the required subgroup size and relies on unique decoding. We denote its opening
predicate by Openbase and its evaluation protocol by Evalbase, reserving Eval for
the DEEP variant in Section 4. Both variants share the polynomial represen-
tation and folding operations but have separate opening relations and security
guarantees. Following the BCS transformation [BCS16], we replace each ora-
cle message with a Merkle commitment and answer each verifier query with the
requested value and a Merkle authentication path. Fiat-Shamir then derives ver-
ifier challenges by hashing the public input and preceding transcript, yielding a
non-interactive argument in the random oracle model.

3.1 Construction

Parameters. Let F be a finite field of size q and odd characteristic. Let d = mk be
the polynomial degree bound, where m ≥ 1 and k = 2ℓ for ℓ ≥ 2. Fix N = 2n > k
and an element ω ∈ F⋆ of order N , and set ρ = k/N . Choose 1 ≤ t < ℓ so that
kt = k/2t > 1 is a fixed constant, and let Q ≥ 1 be the number of repetitions
in the query phase. For 0 ≤ j ≤ t, set Lj = ⟨ω2j ⟩, Nj = N/2j , kj = k/2j , and
Cj = RS[F,Lj , kj ]. Every code Cj has rate ρ. The public parameters pp specify
F,m, k,N, ω, t, and Q.

Notation. For f(X) =
∑d−1

u=0 cuX
u ∈ F<d[X], let Uf ∈ Fm×k be the matrix with

(Uf )i,a = cma+i for 0 ≤ i < m and 0 ≤ a < k. Its i-th row is the coefficient
vector of fi in the decomposition f(X) =

∑m−1
i=0 Xifi(X

m) of Definition 6 in
Appendix A.3, where deg fi < k. We instantiate Enc with the code C0 and apply
it to each row of Uf . Thus Enc(Uf )(x) = (f0(x), . . . , fm−1(x))

T for every x ∈ L0.

Commitment Phase Given a univariate polynomial f ∈ F<d[X] with coeffi-
cient matrix Uf , let Û := Enc(Uf ) ∈ Cm0 be its encoding. In the IOP setting, the
commitment to f is the oracle Û , where a query at x ∈ L0 returns the column
Û(x) ∈ Fm. The corresponding Merkle commitment C is the root of a Merkle
tree whose leaves are the columns of Û . The prover sends C to the verifier and
retains Û for subsequent openings.
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Opening Phase The prover opens a commitment C by sending a univariate
polynomial f ∈ F<d[X] and a word Û ∈ Fm×N to the verifier. The verifier checks
that (i) the Merkle commitment of Û equals C, and (ii) ∆L0

(Û ,Enc(Uf )) <
∆C0/2, where ∆C0 is the relative minimum distance of C0. The distance in (ii) is
measured over the alphabet Fm. The predicate Openbase(pp, C, f, Û) returns one
if and only if both checks pass.

Evaluation Phase Given a commitment C, a point z ∈ F, and a claimed
evaluation y ∈ F, the prover wishes to convince the verifier that it knows an
opening (f, Û) with f ∈ F<d[X] such that Openbase(pp, C, f, Û) = 1 and f(z) =
y. The protocol Evalbase interleaves the reduction of this evaluation claim with
the FRI IOPP.

The decomposition of f gives f(z) =
∑m−1

i=0 zifi(z
m). For the initial reduc-

tion, the prover sends v = (v0, . . . , vm−1), where vi is claimed to equal fi(zm).
The verifier checks y =

∑m−1
i=0 zivi and then samples α

$←− F. This challenge re-
duces these evaluation claims to the single claim g(0)(zm) =

∑m−1
i=0 αivi, where

g(0) = Foldm(f, α) =
∑

i α
ifi ∈ F<k[X]. The same linear combination of the

rows of Û defines the virtual oracle π0. For Û = Enc(Uf ), we have π0 = g(0)|L0
.

Each entry of π0 is computed from the corresponding column of Û , so the prover
does not send a separate oracle for π0.

The protocol then proceeds in t binary folding rounds using Definition 6.
In each round, the prover sends the claimed evaluations of the even and odd
parts of the current polynomial. The verifier checks their consistency with the
current evaluation claim and sends a random challenge, which is used both to
fold the polynomial and to reduce the claim. Since kt is a fixed constant, the
prover sends the final polynomial directly. The verifier checks its degree and the
final evaluation claim, and performs the FRI consistency checks. The complete
base evaluation protocol is given in Protocol 3.1, with oracle access to Û from
the commitment phase.

Protocol 3.1: Base evaluation protocol Evalbase

Public input: parameters pp, oracle Û ∈ Fm×N , point z ∈ F, and claimed
evaluation y ∈ F.
Prover witness: the polynomial f ∈ F<d[X].
The verifier rejects if any check below fails.

1. Initial folding.
(a) P sends v = (v0, . . . , vm−1), where vi = fi(z

m) for 0 ≤ i < m.
(b) V checks y =

∑m−1
i=0 zivi, then samples and sends α

$←− F to P.
(c) P computes g(0) = Foldm(f, α). Both parties set z0 = zm and y0 =∑m−1

i=0 αivi. Define the oracle by π0(x) :=
∑m−1

i=0 αiÛi(x) for x ∈ L0.
V computes each queried entry of π0 from a column of Û .

2. Binary folding. For j = 0, . . . , t− 1:
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(a) P writes g(j)(X) = g
(j)
e (X2) + Xg

(j)
o (X2) and sends aj = g

(j)
e (z2j )

and bj = g
(j)
o (z2j ).

(b) V checks yj = aj + zjbj , then samples and sends a fresh challenge

γj
$←− F to P.

(c) P computes g(j+1) = Fold2(g
(j), γj). If j < t−1, P outputs the oracle

πj+1 := g(j+1)|Lj+1 .
(d) Both parties set zj+1 = z2j and yj+1 = aj + γjbj .

3. Final polynomial. P sends g(t) directly. V checks that deg g(t) < kt and
g(t)(zt) = yt. For the query phase, define πt := g(t)|Lt

.
4. Query phase. After all oracle messages and the final polynomial have

been fixed, V performs the following test Q times independently:
(a) Sample x0

$←− L0 and set xj = x2j

0 ∈ Lj for 0 ≤ j ≤ t.
(b) Query the columns Û(x0) and Û(−x0) to compute π0(x0) and

π0(−x0).
(c) For each 1 ≤ j < t, query πj(xj) and πj(−xj). Compute πt(xt) =

g(t)(xt) directly.
(d) For each 0 ≤ j < t, check

πj+1(xj+1) =
πj(xj) + πj(−xj)

2
+ γj

πj(xj)− πj(−xj)

2xj
.

The verifier accepts if all checks pass.

We analyze the complexity of the commitment and evaluation phases sep-
arately. For the simplified bounds, fix m, ρ, kt, and a proximity parameter
0 < δ ≤ (1 − ρ)/2. Choose the constant in Q = Θ(λ) and the field size q so
that the soundness error in Corollary 1 is at most 2−λ. Then k = d/m = Θ(d),
N = d/(mρ) = Θ(d), and t = log2(k/kt) = O(log d). We also give the general
bounds to retain the dependence on m and Q.

We count field operations and hash operations separately, and measure proof
size in field elements and hash values. Note that hash operations take a constant
number of words as input.

Commitment time. Encoding the m rows requires O(mN logN) = O(d log d)
field operations. Hashing the N columns requires O(mN) hash operations, and
computing the internal nodes requires O(N). Thus commitment uses O(d log d)
field operations and O(mN) = O(d) hash operations. The public commitment
consists of one hash value.

Prover time. Evaluating all m polynomials fi at zm and the coefficients of g(0)
requires O(mk) field operations. Forming the virtual oracle π0 from the encoded
rows requires O(mN). The coefficient vectors and oracle tables in the remaining
folding rounds have total lengths O(k) and O(N), respectively. Computing the
evaluation messages and folds requires O(k + N) field operations. Construct-
ing the additional Merkle trees requires O(N) hash operations. In total, the

15



prover performs O(mk +mN) = O(d) field operations and O(N) = O(d) hash
operations after commitment.

Verifier time. The evaluation and folding checks, including computing the query
points and evaluating the final polynomial, require O(Q(m+ t+ kt + logN)) =
O(λ log d) field operations. Verifying the queried columns and oracle entries using
individual Merkle authentication paths requires O(Q(m+t logN)) = O(λ log2 d)
hash operations. The term Qm accounts for hashing the initial column openings.

Proof size. The evaluation messages, final polynomial, and query responses
contain O(m + t + kt + Q(m + t)) = O(λ log d) field elements. The interme-
diate oracle commitments and their Merkle authentication paths contribute
O(t + Qt logN) = O(λ log2 d) hash values. The initial query responses account
for O(Qm) field elements in the general bound.

3.2 Security Analysis

Completeness and binding For an honestly generated commitment, the open-
ing and evaluation checks accept for every choice of verifier randomness, es-
tablishing perfect completeness. For binding, consider valid openings (f0, Û0)

and (f1, Û1) of the same commitment, with f0 ̸= f1. If the matrices differ,
their Merkle trees yield a hash collision. Otherwise, the triangle inequality gives
∆L0

(Enc(Uf0),Enc(Uf1)) < ∆C0 , contradicting the minimum distance ∆Cm0 =
∆C0 from Lemma 1. Thus any PPT adversary breaks binding only with negligi-
ble probability, assuming collision resistance.

Round-by-round knowledge soundness We analyze Evalbase in the language
of IOPs. For an instance (Û , z, y) with input oracle Û , the extraction relation
requires f ∈ F<d[X] with ∆L0

(Û ,Enc(Uf )) < ∆C0/2 and f(z) = y. The verifier
makes column queries, whereas the extractor may read the entire oracle.

We first combine mutual correlated agreement with the evaluation checks.
The following lemma applies both to the rows of Û and to the words (πj)e, (πj)o.

Lemma 2 (Folding and evaluation in the unique-decoding regime).
Let D = RS[F,L,K] have length M = |L| and dimension 2 ≤ K < M . Fix
0 < δ ≤ (1 −K/M)/2, an integer r ≥ 1, words w0, . . . , wr−1 : L → F, a point
ζ ∈ F, and values v0, . . . , vr−1 ∈ F.

Except with probability at most (r − 1)(M + 1)/q over α
$←− F, the following

implication holds simultaneously for every h ∈ F<K [X] and S ⊆ L. If

|S| > (1− δ)M, h|S =

r−1∑
i=0

αiwi|S , h(ζ) =

r−1∑
i=0

αivi,

then there exist h0, . . . , hr−1 ∈ F<K [X] such that

h =

r−1∑
i=0

αihi, hi|S = wi|S , hi(ζ) = vi (0 ≤ i < r).
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The proof appears in Section B.1.

Theorem 3 (Round-by-round knowledge soundness of Evalbase). Fix the
parameters of Protocol 3.1 and 0 < δ ≤ (1 − ρ)/2. For the extraction relation
specified in Section 3.2, Evalbase has round-by-round knowledge soundness with
the following errors:

εinit =
(m− 1)(N + 1)

q
, εfoldj =

Nj+1 + 1

q
(0 ≤ j < t), εqry = (1− δ)Q.

The Q points sampled from L0 in the query phase are treated as a single final
verifier challenge.

The deterministic extractor E queries all N columns of Û and uses O(mN3)
field operations. Its running time is polynomial in m,N , and log q.

The extractor uniquely decodes each row, reconstructs f , and checks the
column distance and f(z) = y, returning ⊥ if decoding or a check fails. Ap-
pendix B.2 gives the algorithm and proof.

Corollary 1 (Knowledge soundness of Evalbase). Under the conditions of
Theorem 3, let κ = εinit +

∑t−1
j=0 ε

fold
j + εqry. For every evaluation instance and

every malicious prover P∗, the probability that Evalbase accepts but E returns ⊥
is at most κ, over the randomness of the verifier and P∗. Equivalently, κ =
A/q + (1− δ)Q, where A = (m− 1)(N + 1) +N −Nt + t.

For every PPT prover P∗ whose acceptance probability is p, there exists a
polynomial-time extractor ExtP

∗
that outputs a valid witness with probability at

least p− κ.

The proof appears in Section B.3.

From Unique Decoding to List Decoding. The base construction needs
only a subgroup of order N = d/(mρ), but its binding and evaluation analyses
rely on unique decoding. Beyond that radius, several nearby polynomials may
correspond to the same oracle, and the folding challenge may select among them.
The next section adds out-of-domain evaluations to distinguish these candidates
and proves knowledge soundness by a union bound over the joint decoding list,
without enlarging the evaluation domain.

4 ReedWeave up to the Johnson Bound

We extend the base construction to proximity parameters δ = 1−√ρ−η by using
the DEEP technique [BGKS20]. The commitment phase adds an out-of-domain
evaluation of each component polynomial to distinguish nearby candidates. The
evaluation protocol, denoted by Eval, reduces these evaluations together with
the target claim through the same binary folding rounds. The encoding and
subgroup requirement are unchanged.
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4.1 List Decoding of Interleaved Codes

For D = RS[F,L,K] and words w = (w0, . . . , wr−1) on L, define the joint
decoding list

JD(w, δ) =
{
h ∈ (F<K [X])r : ∆L

(
w, (hi|L)r−1i=0

)
< δ

}
.

The distance is over Fr, so all rows must agree on a common set of more than
(1− δ)|L| coordinates.

Lemma 3 (Johnson bound for interleaved codes). Let D = RS[F,L,K]
have length M and rate ρ = K/M . For every r ≥ 1, every w : L → Fr, and every
0 < δ < 1−√ρ, the joint decoding list JD(w, δ) has size at most ⌊1/((1−δ)2−ρ)⌋.

Proof. Two distinct polynomial tuples differ in at least one component and hence
agree as column symbols at at most K − 1 coordinates. The counting argument
in the proof of Lemma 7 (Appendix A.2) therefore applies over the alphabet Fr

and gives the stated bound, independently of r. ⊓⊔

We use the deterministic RS list decoder of Chatterjee, Harsha, and Ku-
mar [CHK25], which attains the Guruswami-Sudan radius [GS99]. It recovers
all polynomials of degree less than K agreeing with a received word at more
than

√
(K − 1)M coordinates, in time polynomial in M and log q. Retaining

only candidates whose evaluations are at relative distance less than δ from the
received word recovers every component needed here, since (1− δ)M >

√
KM .

List decoding is used only for extraction.

Lemma 4 (Enumerating the joint decoding list). Under the conditions
of Lemma 3, write B = ⌊1/((1 − δ)2 − K/M)⌋. There is a deterministic al-
gorithm that enumerates JD(w, δ) using r invocations of the RS list decoder
and O(rBMK+ rB2M + rBK) additional field operations and comparisons. Its
running time is polynomial in r,M,B, and log q.

Proof. Row decoding. List decode each row, retaining only candidates at relative
distance less than δ from that row. For every retained candidate, compute its
agreement set by evaluation.

Incremental enumeration. Process the rows one at a time. Extend each re-
tained tuple by every candidate for the next row, retaining an extension exactly
when the intersection of its agreement sets has size greater than (1− δ)M . Store
intermediate tuples by references to row polynomials.

Correctness. Every tuple in the full joint decoding list satisfies the agreement
condition on each prefix of rows, so it is never discarded. Conversely, every final
retained tuple satisfies the defining joint agreement condition. The algorithm
therefore enumerates exactly JD(w, δ).

Running time. By Lemma 3, each row has at most B retained candidates, and
at most B tuples survive at every intermediate stage. Computing the row agree-
ment sets costs O(rBMK) field operations. Each extension stage uses at most
B2 set intersections, each costing O(M) comparisons, for a total of O(rB2M)
comparisons. Writing the final coefficients costs O(rBK) operations. Together
with the r decoder calls, these costs give the stated bound. ⊓⊔
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4.2 Construction

Parameters. Use the parameters, codes Cj , coefficient matrix Uf , and component
polynomials fi from Section 3.1. The public parameters additionally specify δ =
1 −√ρ − η for 0 < η < 1 −√ρ. Set B := ⌊1/(2η√ρ + η2)⌋. Since every Cj has
rate ρ, Lemma 3 gives the same list-size bound at every layer.

We describe the protocols in the language of IOPs. Unlike the non-interactive
Commit algorithm in Definition 5, the commitment phase below is interactive,
with ζ sampled by an honest verifier.

Commitment Phase The prover augments the interleaved oracle with com-
ponent evaluations at a random out-of-domain point, sampled after the oracle
is fixed. These evaluations are retained for subsequent evaluation proofs.

Protocol 4.1: DEEP commitment phase

Public input: parameters pp.
Prover input: f ∈ F<d[X].

1. P computes Û := Enc(Uf ) and sends it as an oracle indexed by L0. A
query at x ∈ L0 returns the column Û(x) ∈ Fm.

2. V samples and sends ζ
$←− F \ L0.

3. P sends c = (c0, . . . , cm−1) ∈ Fm, where ci = fi(ζ). The verifier rejects a
malformed response.

The commitment is CIOP = (Û , ζ, c), with oracle access to Û . The prover
retains Û together with f .

Opening Phase To open CIOP = (Û , ζ, c), the prover sends f ∈ F<d[X]. The
predicate OpenIOP(pp, CIOP, f) accepts if and only if ∆L0

(Û ,Enc(Uf )) < δ and
fi(ζ) = ci for every 0 ≤ i < m. The distance is measured over Fm against the
oracle fixed during commitment.

Evaluation Phase In RIOP
Eval,pp, the instance is (CIOP, z, y) and the witness is

f ∈ F<d[X] satisfying OpenIOP(pp, CIOP, f) = 1 and f(z) = y.
As in the base protocol, the prover sends the component claims vi = fi(z

m)
before the verifier samples α. The same challenge now combines both v and c,
giving two claims about g(0) = Foldm(f, α) at both zm and ζ. Each binary round
reduces both claims using the same folding challenge. The oracle messages and
query phase are unchanged.
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Protocol 4.2: DEEP evaluation protocol Eval

Public input: pp, commitment CIOP = (Û , ζ, c), point z ∈ F, and claimed
evaluation y ∈ F.
Prover witness: f ∈ F<d[X].
The verifier rejects if any message is malformed or any check fails.

1. Initial folding.
(a) P sends v = (v0, . . . , vm−1), where vi = fi(z

m).
(b) V checks y =

∑m−1
i=0 zivi, then samples and sends α

$←− F.
(c) P computes g(0) = Foldm(f, α). Define the virtual oracle by π0(x) :=∑m−1

i=0 αiÛi(x) for x ∈ L0. Both parties set z0 = zm and y0 =
∑

i α
ivi

for the target evaluation, and ζ0 = ζ and u0 =
∑

i α
ici for the out-

of-domain evaluation. Each queried entry of π0 is computed from a
column of Û .

2. Binary folding. For j = 0, . . . , t− 1:
(a) P writes g(j)(X) = g

(j)
e (X2) + Xg

(j)
o (X2). It sends aj = g

(j)
e (z2j )

and bj = g
(j)
o (z2j ) for the target evaluation, and ãj = g

(j)
e (ζ2j ) and

b̃j = g
(j)
o (ζ2j ) for the out-of-domain evaluation.

(b) V checks yj = aj + zjbj and uj = ãj + ζj b̃j , then samples and sends

a fresh challenge γj
$←− F.

(c) P computes g(j+1) = Fold2(g
(j), γj). If j < t − 1, it sends the oracle

πj+1 = g(j+1)|Lj+1
.

(d) Both parties set zj+1 = z2j and yj+1 = aj + γjbj , and update the
out-of-domain claim by setting ζj+1 = ζ2j and uj+1 = ãj + γj b̃j .

3. Final polynomial. P sends g(t) directly. V checks deg g(t) < kt,
g(t)(zt) = yt, and g(t)(ζt) = ut. Define πt = g(t)|Lt

for the query phase.
4. Query phase. After all oracle messages and the final polynomial have

been sent, V repeats the following test Q times independently:
(a) Sample x0

$←− L0 and set xj = x2j

0 for 0 ≤ j ≤ t.
(b) Query Û(x0) and Û(−x0) to compute π0(x0) and π0(−x0). For 1 ≤

j < t, query πj(xj) and πj(−xj). Compute πt(xt) from g(t).
(c) For every 0 ≤ j < t, check

πj+1(xj+1) =
πj(xj) + πj(−xj)

2
+ γj

πj(xj)− πj(−xj)

2xj
.

The verifier accepts if all checks pass.

Remark 2 (Extension-field challenges). For both protocols, if the base field F is
too small for the target soundness error, the verifier random challenges may be
sampled over a sufficiently large finite extension E/F. The initial RS encoding
and its Merkle commitment remain over F, with unchanged evaluation domains
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and subgroup requirements. Subsequent algebraic computations are performed
over E.

For the simplified bounds, fix m, ρ, η, kt, take Q = Θ(λ), and choose a field
satisfying the subgroup requirement so that the sum of the binding and knowl-
edge errors in Theorem 4 and Corollary 2 is at most 2−λ. Then N = Θ(d) and
t = O(log d).

Commitment time. Encoding the rows and computing c require O(mN logN +
mk) = O(d log d) field operations. The Merkle tree costs O(mN) = O(d) hash
operations. The commitment transcript (R, ζ, c) contains one Merkle root and
m+ 1 field elements.

Prover time. Computing v, g(0), and π0 costs O(mk + mN) field operations.
The remaining coefficient vectors and oracle tables have total lengths O(k) and
O(N), so folding and computing both sets of evaluation messages cost O(k+N),
without further FFTs. The total evaluation cost is O(mk + mN) = O(d) field
operations and O(N) = O(d) hash operations. Relative to the base protocol, the
additional evaluations cost O(k) field operations.

Verifier time. The evaluation and folding checks require O(m+ t+ kt +Q(m+
t + kt + logN)) = O(λ log d) field operations. Verifying the column openings
and Merkle authentication paths requires O(Q(m+ t logN)) = O(λ log2 d) hash
operations. The out-of-domain evaluations introduce no additional oracle queries
or authentication paths.

Proof size. The evaluation messages, final polynomial, and query responses
contain O(m + t + kt + Q(m + t)) = O(λ log d) field elements. The interme-
diate oracle commitments and their Merkle authentication paths contribute
O(t + Qt logN) = O(λ log2 d) hash values. Relative to the base protocol at
the same Q, the evaluation proof contains exactly 2t additional field elements.
The m out-of-domain answers are counted in the commitment phase.

Remark 3 (Shifting to improve rate). The virtual RS oracle obtained after the
initial interleaving reduction is a natural starting point for a rate-improving re-
cursion as in STIR [ACFY24] and WHIR [ACFY25]. Rather than shrinking the
degree bound and the evaluation domain by the same factor, these protocols re-
encode the folded polynomial on a larger domain than its natural folding domain,
thereby decreasing the code rate and the number of queries required in subse-
quent iterations. Consistency is enforced through shift queries and out-of-domain
samples. STIR incorporates the resulting evaluation constraints by quotienting,
whereas WHIR batches them into a sumcheck constraint on a constrained RS
code.

We retain rate-preserving FRI folding to prioritize prover efficiency in the
evaluation phase. After the initial encoding, all subsequent oracles are obtained
by folding, without additional FFTs. Shifting instead requires re-encoding the
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folded polynomial on a new evaluation domain, introducing prover work that our
construction avoids. We therefore leave this prover-verifier tradeoff unexplored
here. Incorporating shifting after the initial interleaving reduction remains a
promising direction for reducing verifier time and proof size.

4.3 Security Analysis

Completeness and binding For honestly generated commitments, linearity
and the even-odd decomposition ensure that the honest prover’s messages sat-
isfy both evaluation checks in every round. The folding consistency checks also
hold, establishing perfect completeness. Binding follows by distinguishing the
candidates in the joint decoding list with the out-of-domain evaluations.

Theorem 4 (Binding). Fix the public parameters. Let a malicious prover
send an arbitrary oracle Û in Protocol 4.1, receive the honest verifier’s challenge
ζ, and send c. The probability that the resulting CIOP admits two distinct poly-
nomials accepted by OpenIOP is at most εbind :=

(
B
2

)
(k− 1)/(q−N). The prover

may be computationally unbounded and may choose c and both polynomials after
receiving ζ.

Proof. Condition on Û , whose joint decoding list has size at most B by Lemma 3.
Any two distinct tuples differ in a component polynomial of degree less than k, so
their evaluation vectors coincide at a random ζ ∈ F\L0 with probability at most
(k − 1)/(q −N). A union bound over pairs gives εbind. Outside this event, every
evaluation vector c is consistent with at most one tuple. Since the component
decomposition of f is unique, at most one polynomial opens the commitment.

⊓⊔

Folding with evaluation constraints The following extension of Lemma 2
uses MCA and the polynomial identity lemma, taking a union bound over the
fixed joint decoding list. As in WHIR [ACFY25], the component polynomials
must agree with their respective words on the same set.

Lemma 5 (Folding with evaluation constraints). Let D = RS[F,L,K]
have length M = |L| and dimension 2 ≤ K < M , and fix 0 < δ < 1 −

√
K/M .

Fix integers r, s ≥ 1, words w = (w0, . . . , wr−1) on L, points ξ1, . . . , ξs ∈ F, and
values vi,b ∈ F for 0 ≤ i < r and 1 ≤ b ≤ s. Let BD bound |JD(w, δ)|, and let
err denote the MCA bound in Theorem 2.

Except with probability at most

err(D, r, δ) + (r − 1)BD
q

over α $←− F, the following implication holds simultaneously for every h ∈ F<K [X]
and S ⊆ L. If

|S| > (1− δ)M, h|S =

r−1∑
i=0

αiwi|S , h(ξb) =

r−1∑
i=0

αivi,b
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for 1 ≤ b ≤ s, then there exist h0, . . . , hr−1 ∈ F<K [X] such that

h =

r−1∑
i=0

αihi, hi|S = wi|S , hi(ξb) = vi,b

for 0 ≤ i < r, 1 ≤ b ≤ s.

Proof. Except with probability at most err(D, r, δ), MCA gives polynomials hi

agreeing with the respective words on S. They form a tuple in J := JD(w, δ),
and |S| > (1− δ)M > K − 1 implies h =

∑
i α

ihi.
The list J is fixed before α. For each tuple h ∈ J violating an evaluation

constraint, choose the least index b with some hi(ξb) ̸= vi,b. Then ph(T ) :=∑r−1
i=0 T i(hi(ξb) − vi,b) is a fixed nonzero polynomial of degree at most r − 1.

A union bound over at most BD tuples bounds the probability that any ph(α)
vanishes by (r − 1)BD/q. Selecting one violated constraint per tuple avoids a
factor of s.

Outside both bad events, a tuple obtained from h, S cannot violate an eval-
uation constraint. Such a violation, together with the identity h =

∑
i α

ihi and
the claimed evaluation at its selected ξb, would imply ph(α) = 0. The two bounds
apply simultaneously to all h, S, proving the claim. ⊓⊔

Round-by-round knowledge soundness We adapt the base analysis in Ap-
pendix B.2, maintaining both evaluation claims in the state function and using
list decoding for extraction.

Theorem 5 (Round-by-round knowledge soundness of Eval). Fix the
public parameters of Protocol 4.2. For every fixed commitment transcript CIOP,
Eval has round-by-round knowledge soundness for RIOP

Eval,pp, with the following
errors:

εinit = err(C0,m, δ)+
(m− 1)B

q
, εfoldj = err(Cj+1, 2, δ)+

B

q
(0 ≤ j < t), εqry = (1−δ)Q.

The Q query points are treated as a single final verifier challenge.
The deterministic extractor E makes N column queries to Û and runs in time

polynomial in m,N,B, and log q. It makes m calls to the RS list decoder and
uses

O(mBNk +mB2N +Bmk)

additional field operations and comparisons.

The extractor enumerates the joint decoding list and reconstructs a polyno-
mial satisfying the opening predicate and f(z) = y, or returns ⊥ if none exists.
Appendix C.1 gives the algorithm and proof.

Corollary 2 (Knowledge soundness of Eval). Let

κEval := err(C0,m, δ) +

t−1∑
j=0

err(Cj+1, 2, δ) +
B(m− 1 + t)

q
+ (
√
ρ+ η)Q.
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For every evaluation instance and malicious prover, the probability that Eval
accepts but E returns ⊥ is at most κEval.

For every PPT prover P∗ whose acceptance probability is p, there exists a
polynomial-time extractor ExtP

∗
that outputs a valid witness with probability at

least p− κEval.

The proof appears in Section C.2.

5 Implementation and Evaluation

We compare both ReedWeave variants with existing PCSs in commitment time,
opening time, verification time, and proof size.

5.1 Implementation and Experimental Setup

Implementation and baselines. Our implementation is available anonymously at
https://anonymous.4open.science/r/ReedWeave/. Our Rust implementation
uses the Goldilocks base field Fp, where p = 264−232+1, and BLAKE3 for hash-
ing. We denote the unique-decoding construction of Section 3 by ReedWeaveUB
and the DEEP-enhanced construction of Section 4 by ReedWeaveJB. We com-
pare with PCSs based on FRI [BBHR18] and STIR [ACFY24], WHIR [ACFY25],
BaseFold [ZCF24], and the Brakedown and Shockwave PCSs [GLS+23]. We use
the Plonky3 implementations of FRI, STIR, and WHIR,3 Scroll’s BaseFold im-
plementation with random foldable codes,4 and the lcpc implementations of
Brakedown and Shockwave.5.

Experimental setup. All experiments run on the same server, equipped with an
AMD EPYC 9754 128-Core Processor and 512 GB of RAM, running Ubuntu
22.04.5 LTS. We use 32 threads and report the average of five measurements.
Single-thread results are reported in Appendix D. All schemes are configured to
target 100-bit security. The initial encoding is performed over the Goldilocks base
field, while random field challenges are sampled from extension fields to meet
the soundness requirements. We benchmark one univariate evaluation proof for
each scheme except WHIR, for which we report a multilinear evaluation proof.
The input size d ranges from 220 to 228 and counts monomial coefficients for the
univariate schemes and Boolean-hypercube evaluations for WHIR.

We benchmark the schemes at initial code rates ρ ∈ {1/2, 1/4}, except for
Brakedown, which uses its native rate of approximately 0.657. ReedWeave uses
m ∈ {32, 64}, reducing the required subgroup size by a factor of 32 or 64 relative
to direct RS encoding.

We measure commitment and opening separately, and report their sum as
total prover time. Opening time refers to generating a proof of the claimed value.
3 https://github.com/Plonky3/Plonky3
4 https://github.com/scroll-tech/gkr-backend
5 https://github.com/conroi/lcpc
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Fig. 2. PCS performance over Goldilocks at initial rate 1/2, targeting 100-bit security
with 32 threads. Points are averages of five measurements. Brakedown uses rate ap-
proximately 0.657. Vertical axes are logarithmic. Lower is better.

Verification time measures checking that evaluation proof. Times are reported
in milliseconds or seconds, and proof sizes in KiB. All benchmarked implemen-
tations use Merkle multiproofs with path pruning to avoid redundant authenti-
cation data.

5.2 Comparison with Existing Polynomial Commitments

Figures 2 and 3 show both rates, and Table 2 gives representative rate-1/4 results.
Unless stated otherwise, numerical comparisons below use ReedWeaveJB at d =
224 and rate 1/4.

Comparison with RS-based PCSs. Both ReedWeave variants commit and open
faster than the tested FRI, STIR, and WHIR implementations at every measured
size and rate. In the representative configuration, ReedWeaveJB takes 586.6 ms
in total prover time, versus 9.04 s for FRI, 9.04 s for STIR, and 3.44 s for WHIR.
Its 594.7 KiB proof and 2.07 ms verification also improve on FRI, but STIR and
WHIR produce smaller proofs (256.9 and 232.2 KiB). Verification is faster than
STIR’s but 5.7% slower than WHIR’s. Relative to WHIR, the savings are larger
in opening (2270.2 to 111.6 ms) than in commitment (1171.4 to 475.0 ms).
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Fig. 3. PCS performance at initial code rate 1/4, with the same field, thread count,
input-size convention, and averaging method as Figure 2. Brakedown retains its rate
of approximately 0.657, so its curve is unchanged. Vertical axes are logarithmic. Lower
is better.

Shockwave opens faster (39.8 ms), but its commitment cost brings total
prover time to 900.6 ms. Its proof is 2.89× as large and verification takes 24.4×
as long as ReedWeaveJB’s.

Comparison with field-agnostic PCSs. ReedWeaveJB improves on BaseFold in
total prover time, verification time, and proof size at every measured size and rate
over Goldilocks, with a representative total-prover speedup of 13.8×. Brakedown
retains a faster prover in several configurations. At d = 224, it takes 374.9 ms at
its native rate of approximately 0.657, versus 586.6 ms for ReedWeaveJB at rate
1/4, but its proof and verification costs are 21.8× and 67.3× as large. Unlike
both baselines, ReedWeave still requires a suitable multiplicative subgroup.

5.3 Comparison of Two ReedWeave Variants

ReedWeaveJB reduces proof size by 9.1-14.4% at rate 1/2 and 22.8-27.8% at rate
1/4 across all measured sizes. At d = 224 and rate 1/4, both variants use m = 64,
while Q falls from 149 to 101. Proof size decreases by 25.5% and total prover
time increases by 9.2%. At d = 228 and the same rate and m, Q falls from 148
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Table 2. Concrete PCS costs over Goldilocks with 32 threads and a 100-bit security tar-
get. Entries are averages of five measurements. WHIR proves a multilinear evaluation,
whereas the other schemes prove a univariate evaluation. Shaded rows correspond to
our constructions. † Brakedown uses its native code rate of approximately 0.657 rather
than the indicated rate 1/4.

PCS
Commit
time (s)

Open
time (s)

Verify
time (ms)

Proof
size (KiB)

ReedWeaveUB 0.451 0.086 2.14 798.0
ReedWeaveJB 0.475 0.112 2.07 594.7

FRI 3.288 5.748 8.68 866.4
STIR 1.395 7.648 4.27 256.9
WHIR 1.171 2.270 1.95 232.2
Shockwave 0.861 0.040 50.42 1716.6

BaseFold 2.908 5.185 19.68 2784.5

d = 224

rate = 1/4

Brakedown† 0.256 0.119 138.91 12990.2

ReedWeaveUB 6.943 1.898 3.73 1335.2
ReedWeaveJB 7.174 1.979 2.61 964.1

FRI 52.872 90.123 11.94 1262.8
STIR 23.492 122.343 4.91 329.8
WHIR 20.080 36.068 2.51 305.9
Shockwave 11.464 0.336 123.71 6576.2

BaseFold 48.677 81.200 25.51 3666.0

d = 228

rate = 1/4

Brakedown† 3.477 0.474 536.74 41256.3

to 101, reducing proof size by 27.8% and verification time by 30.2%, with 3.5%
more total prover time.
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Supplementary Material

A Additional Preliminaries

A.1 Standard Reed-Solomon Facts

Lemma 6 (Basic properties). Let C = RS[F,L, k] be as in Definition 1.

1. The map Enc is linear and injective. The code C has dimension k, rate ρ =
k/N , and relative minimum distance ∆C = (N − k + 1)/N = 1− ρ+ 1/N .

2. A polynomial in F<k[X] is uniquely determined by its evaluations at any k
distinct points of L.

3. Every word w : L → F has at most one P ∈ F<k[X] with ∆L(w,P |L) <
∆C/2.

Proof (Proof of Lemma 6). Linearity is immediate. The root bound gives injec-
tivity and the claimed distance and uniqueness. The distance bound is attained
by zero and

∏
x∈S(X − x) for S ⊆ L with |S| = k − 1. The unique-decoding

claim follows from the triangle inequality. ⊓⊔

Unique decoding. The Berlekamp-Welch algorithm [WB86] deterministically re-
covers the unique polynomial of degree less than k differing from a received word
in at most e = ⌊(N−k)/2⌋ positions, or reports failure. Solving its linear system
by Gaussian elimination and verifying the result takes O(N3) field operations,
for any evaluation domain of distinct points.

A.2 List Decoding and Out-of-Domain Separation

For C = RS[F,L, k], a received word w : L → F, and δ ≥ 0, define the decod-
ing list ListC(w, δ) = {P ∈ F<k[X] : ∆L(w,P |L) ≤ δ}. The code is (δ,B)-list
decodable if every such list has size at most B.

Lemma 7 (Johnson bound). Let C = RS[F,L, k] have length N and rate
ρ = k/N ∈ (0, 1). For every 0 ≤ δ < 1−√ρ and every received word w, the list
ListC(w, δ) has size at most 1/((1 − δ)2 − ρ). In particular, at δ = 1 − √ρ − η
with 0 < η < 1−√ρ, its size is at most 1/(2η√ρ+ η2).

Proof (Proof of Lemma 7). Let L be the list size and assume L > 0. Put a = 1−δ
and ρ̄ = (k − 1)/N . For each x ∈ L, let rx count the candidates agreeing with
w at x. Every candidate agrees at at least aN positions, so

∑
x rx ≥ LaN .

Distinct candidates agree with each other at at most k − 1 positions. Con-
sequently, Cauchy-Schwarz gives L2a2N ≤

∑
x∈L r

2
x. Double counting gives∑

x r
2
x =

∑
x rx + 2

∑
x

(
rx
2

)
≤ LN + L(L − 1)(k − 1). Thus L(a2 − ρ̄) ≤ 1 − ρ̄.

Since a2 > ρ > ρ̄, this implies L ≤ 1/(a2− ρ). Substituting a =
√
ρ+ η gives the

stated special case. ⊓⊔
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The DEEP technique [BGKS20] uses random out-of-domain evaluations to
distinguish candidates. The following elementary fact applies to a candidate list
fixed before the challenge is sampled.

Lemma 8 (Separation by an out-of-domain evaluation). Let L ⊊ F have
size N , with |F| = q, let B ≥ 1 be an integer, and let S ⊆ F<k[X] be a fixed
set of at most B distinct polynomials. For ζ

$←− F \ L, the probability that two
distinct P, P ′ ∈ S satisfy P (ζ) = P ′(ζ) is at most

(
B
2

)
(k − 1)/(q −N). Outside

this event, for every v ∈ F at most one P ∈ S satisfies P (ζ) = v.

Proof (Proof of Lemma 8). For each distinct pair P, P ′, the nonzero polynomial
P − P ′ has at most k − 1 roots in F. Sampling from F \ L therefore yields a
collision for this pair with probability at most (k − 1)/(q −N). A union bound
over the at most

(
B
2

)
pairs proves the claim. ⊓⊔

A.3 Folding

Definition 6 (Fold). Let f ∈ F<d[X] and let r ≥ 1 be an integer. Write
f(X) =

∑r−1
i=0 Xifi(X

r). For a challenge γ ∈ F, define the r-fold of f by
Foldr(f, γ)(Y ) =

∑r−1
i=0 γifi(Y ). This polynomial has degree less than ⌈d/r⌉.

For binary folding of oracle words, suppose that F has odd characteristic and
L ⊆ F⋆ satisfies −L = L. Put L′ = {x2 : x ∈ L}. For w : L → F, define we, wo :
L′ → F by we(x

2) = (w(x)+w(−x))/2 and wo(x
2) = (w(x)−w(−x))/(2x). The

denominators are nonzero, and both expressions are invariant under x 7→ −x,
so these words are well-defined. Set Fold2(w, γ) = we + γwo.

The polynomial decomposition in Definition 6 is unique. For r = 2, we write
g(X) = ge(X

2) +Xgo(X
2), so Fold2(g, γ) = ge + γgo. If deg g < d and d is even,

then deg ge, deg go < d/2. On the domains L,L′ above, we have (g|L)e = ge|L′

and (g|L)o = go|L′ . In particular, Fold2(g|L, γ) = Fold2(g, γ)|L′ .

Remark 4. Let L ⊆ F⋆ be a subgroup of order N = 2n. For every integer a ≥ 1,
the decomposition f(X) =

∑a−1
i=0 Xifi(X

a) gives Folda(f, α)(y) =
∑

i α
ifi(y) for

α ∈ F and y ∈ L. These values require only the evaluations of the polynomials
fi on L, so encoding requires N | q − 1, not aN | q − 1.

Lemma 9. Let p be a prime and a ≥ 1 an integer with gcd(a, p) = 1. Then
there exists a positive integer t such that a | pt − 1.

Proof. For a = 1, take t = 1. Otherwise, since gcd(a, p) = 1, Euler’s theorem
gives pφ(a) ≡ 1 (mod a), so taking t = φ(a) suffices. ⊓⊔

Corollary 3. Let q be a prime power and let L ⊆ F⋆
q be a subgroup of order N ,

where N | q−1. For every integer a ≥ 1 with gcd(a, q) = 1, there exist a positive
integer t and an element ω ∈ F⋆

qt of order aN such that L = ⟨ωa⟩. In particular,
L′ = ⟨ω⟩ contains L, and the map x 7→ xa from L′ onto L is a-to-1.
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Proof. Write q = ps, where p is prime. Since N | q − 1 and gcd(a, q) = 1, we
have gcd(aN, p) = 1. By Lemma 9, there exists a positive integer t such that
aN | pt − 1. Since pt − 1 | pst − 1 = qt − 1, we also have aN | qt − 1.

Let γ generate F⋆
qt and set ω = γ(qt−1)/(aN). Then ω has order aN , and ωa

has order N . Both L and ⟨ωa⟩ are subgroups of order N in the cyclic group F⋆
qt ,

so they coincide. The power map on ⟨ω⟩ has image ⟨ωa⟩ = L and a kernel of size
a, proving the final claim. ⊓⊔

A.4 Round-by-Round Knowledge Soundness

We adapt the following definitions from STIR [ACFY24] and WHIR [ACFY25]
to IOPs.

Definition 7 (State function). Let (P,V) be an IOP for a relation R =
{(x,w)}. A state function for (P,V) is a possibly inefficient function State that
receives as inputs x and a transcript tr, outputs a bit, and has the following
properties:

– Empty transcript. If tr = ∅, then State(x, tr) = 1 if and only if x ∈ L(R).
– Prover moves. If tr is a transcript where the prover is about to move and

State(x, tr) = 0, then, for every prover message π, State(x, tr ∥ π) = 0.6
– Full transcript. If tr is a full transcript and State(x, tr) = 0, then V rejects

given this interaction transcript.

Definition 8 (Round-by-round knowledge soundness). A k-round IOP
(P,V) for a relation R = {(x,w)} has round-by-round knowledge soundness
with errors (ε1, . . . , εk) and extraction time et if the IOP has a state function
State and there exists a deterministic extractor E that runs in time at most et
with the following property. For every x, round i ∈ [k], and transcript tr =
(π0, α1, π1, . . . , αi−1, πi−1), if

State(x, tr) = 0 and Pr
αi

[
State(x, tr ∥ αi) = 1

]
> εi(x),

then (x,E(x, tr)) ∈ R.
If et is unbounded, we omit the word “knowledge” and say that the IOP has

round-by-round soundness.

B Proofs for the Base Construction

B.1 Folding and evaluation in the unique-decoding regime

Proof (Proof of Lemma 2). The parameter δ satisfies δ ≤ (1 −K/M)/2 < 1 −√
K/M . Let BadMCA be the event that mutual correlated agreement fails. This

happens with probability at most (r − 1)M/q according to Theorem 2. Since
2δ ≤ 1 − K/M < ∆D, Lemma 6 guarantees that each wi has at most one
6 ∥ denotes transcript concatenation.
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polynomial of degree less than K at relative distance less than δ. If some wi has
no such polynomial, no pair h, S can satisfy the hypotheses outside BadMCA, and
the claim follows.

Otherwise, let hi be the unique polynomial satisfying ∆L(wi, hi|L) < δ. These
polynomials depend only on the words wi, not on α. Outside BadMCA, every pair
h, S satisfying the hypotheses has hi|S = wi|S for all i. Since |S| > (1− δ)M >
K − 1, Lemma 6 gives the polynomial identity h =

∑
i α

ihi. If some hi(ζ) ̸= vi,
the polynomial p(T ) =

∑r−1
i=0 T i(hi(ζ)−vi) is nonzero, has degree at most r−1,

and is independent of α. The claimed evaluation of h implies p(α) = 0, which
occurs with probability at most (r−1)/q. Taking a union bound over the BadMCA

failure event and the event p(α) = 0 gives the stated error bound, simultaneously
for all h and S. ⊓⊔

B.2 Round-by-round knowledge soundness of the base protocol

Proof (Proof of Theorem 3). We define the state function and extractor, and
bound the round-by-round knowledge soundness errors. We apply Definition 8
with instance (Û , z, y), where Û is accessed as an input oracle. Consecutive
prover messages without an intervening verifier challenge are treated as one
move. Specifically, after γj−1 the prover sends (πj , aj , bj) for 1 ≤ j < t, and
after α it sends (a0, b0). We include the vector of Q points sampled from L0

in the transcript as the final verifier message, followed by an empty prover re-
sponse. The verifier then performs the prescribed oracle queries and checks. This
regrouping of messages does not change the verifier’s acceptance probability.

Notation. For x ∈ L0, write xj = x2j . Whenever the relevant messages have
been sent, define wj+1 = Fold2(πj , γj) and let Aj ⊆ L0 be the set of points x
for which the first j folding checks pass. Thus A0 = L0, and Aj+1 = {x ∈ Aj :
wj+1(xj+1) = πj+1(xj+1)}. Set πt = g(t)|Lt

as in the base protocol. For j < t
and h ∈ F<kj [X], set Sj(h) = {x ∈ Aj : πj(xj) = h(xj) and πj(−xj) = h(−xj)}.
These sets are used only in the state function. The verifier does not compute
them.

State function. We suppress the instance (Û , z, y) in the notation for State. After
any rejection, State = 0 at that prefix and all its extensions. Otherwise, the state
is one exactly when the corresponding condition below holds.

1. Empty transcript. There exists f ∈ F<d[X] with ∆L0
(Û ,Enc(Uf )) < ∆C0/2

and f(z) = y.
2. After v. There exist h0, . . . , hm−1 ∈ F<k[X] with hi(z

m) = vi for every i and

|{x ∈ L0 : Ûi(x) = hi(x) for every i}| > (1− δ)N.

3. After α. There exists h ∈ F<k[X] with h(z0) = y0 and |{x ∈ L0 : π0(x) =
h(x)}| > (1− δ)N .

4. Before γj (0 ≤ j < t). There exists h ∈ F<kj [X] with |Sj(h)| > (1 − δ)N ,
he(z

2
j ) = aj , and ho(z

2
j ) = bj , where h(X) = he(X

2) +Xho(X
2).
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5. After γj (0 ≤ j < t). There exists h ∈ F<kj+1 [X] with h(zj+1) = yj+1 and
|{x ∈ Aj : wj+1(xj+1) = h(xj+1)}| > (1− δ)N .

6. After the final polynomial. |At| > (1− δ)N .
7. After the final verifier message. All Q sampled points belong to At.

Prover moves preserve the zero state. We show that a state of one after a prover
move implies a state of one before it. After v, the polynomials in Item 2 give
f(X) =

∑
i X

ihi(X
m), with ∆L0

(Û ,Enc(Uf )) < δ < ∆C0/2. The verifier’s check
gives f(z) =

∑
i z

ivi = y. Thus Item 2 implies Item 1.
For the move (a0, b0), a polynomial satisfying Item 4 also satisfies Item 3,

since S0(h) is contained in its agreement set with π0 and h(z0) = a0+z0b0 = y0.
For 1 ≤ j < t, suppose that Item 4 holds after (πj , aj , bj). For every x ∈ Sj(h),
the definition of Aj gives wj(xj) = πj(xj) = h(xj) and x ∈ Aj−1. The verifier’s
check also gives h(zj) = aj + zjbj = yj . Hence the same polynomial satisfies
Item 5 for the preceding challenge γj−1.

After the final polynomial, Item 6 implies Item 5 for γt−1, because At is
exactly the agreement set of the checked polynomial g(t) with wt within At−1.
The empty final prover response preserves the state. Thus prover moves cannot
change the state from zero to one. Item 1 gives the condition at the empty
transcript, and Item 7 ensures rejection at a full transcript with State = 0,
establishing the remaining conditions of Definition 7.

Initial folding. Fix a prefix ending with v. Apply Lemma 2 to the m rows of Û ,
the code C0, the point zm, and the values vi. Except with probability at most
(m − 1)(N + 1)/q over α, any polynomial satisfying Item 3 yields component
polynomials satisfying Item 2 on the same agreement set. Therefore, for every
prefix with State = 0 before α, the probability that State = 1 after α is at most
εinit.

Binary folding. Fix 0 ≤ j < t and a prefix immediately before γj . Apply
Lemma 2 to the words (πj)e, (πj)o on Lj+1, the code Cj+1, the point z2j , and the
values aj , bj . The hypotheses hold because kj+1 ≥ kt > 1 and kj+1/Nj+1 =
ρ. The lemma gives an exceptional set of challenges of probability at most
(Nj+1 + 1)/q.

Fix a challenge outside this set and suppose that State = 1 after γj , with a
polynomial h satisfying Item 5. Let T = {x ∈ Aj : wj+1(xj+1) = h(xj+1)} and
S = {xj+1 : x ∈ T} ⊆ Lj+1. Each y ∈ S has at most 2j+1 preimages in T under
the map x 7→ x2j+1

. Hence |S| ≥ |T |/2j+1 > (1− δ)Nj+1. On S, the polynomial
h agrees with wj+1, and its evaluation is h(z2j ) = aj +γjbj . The lemma therefore
gives he, ho ∈ F<kj+1 [X] agreeing with these two words on S, with he(z

2
j ) = aj

and ho(z
2
j ) = bj .

Set h̃(X) = he(X
2)+Xho(X

2). For every x ∈ T , agreement of both words at
xj+1 = x2

j implies πj(xj) = h̃(xj) and πj(−xj) = h̃(−xj). Since deg h̃ < 2kj+1 =

kj and T ⊆ Sj(h̃), the polynomial h̃ satisfies Item 4. Therefore State = 1 after a
challenge outside the exceptional set implies State = 1 before it. For every prefix
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with State = 0, the probability of a transition to 1 is consequently at most εfoldj .
The bound holds for every prefix, including prefixes generated by an adaptive
prover.

Query phase. After the final polynomial, all oracle tables and At are determined.
If State = 0 and the verifier has not rejected, Item 6 gives |At| ≤ (1− δ)N . Since
the Q points are sampled independently and uniformly from L0, the probability
that all belong to At is (|At|/N)Q ≤ (1 − δ)Q. This proves the bound εqry. No
independence between queries to different oracles within the same repetition is
used.

Extractor. The extractor E(Û , z, y, tr) ignores tr and proceeds as follows.

1. Read all N columns of Û and uniquely decode each row in C0 up to e =
⌊(N −k)/2⌋ errors. Return ⊥ if any row has no codeword within this radius.

2. Let h0, . . . , hm−1 be the decoded polynomials and reconstruct

f(X) =
∑
i

Xihi(X
m).

3. Check ∆L0
(Û ,Enc(Uf )) < ∆C0/2 and f(z) = y. Return f if both checks

pass, and ⊥ otherwise.

The distance check is over Fm, since separate row-distance bounds would not
suffice.

Correctness. Whenever a witness exists, each row differs from its encoding in
at most (N−k)/2 positions. Unique decoding therefore recovers all its component
polynomials, and the final checks succeed. Conversely, every returned polynomial
satisfies the required distance and evaluation conditions.

Running time. The decoder recalled in Section A.1 uses O(N3) field opera-
tions per row. Reconstruction and the final checks use O(mNk) field operations.
The total cost is therefore O(mN3), with N column queries.

If a witness exists, E recovers it on every prefix. Otherwise, the transition
bounds above rule out a 0-to-1 transition probability exceeding the correspond-
ing error. Thus the state function and extractor satisfy Definition 8. ⊓⊔

B.3 Knowledge soundness of the base protocol

Proof (Proof of Corollary 1). Fix an evaluation instance I = (Û , z, y) and a
malicious prover P∗. Let Accept denote the acceptance event in an execution
with the honest verifier, and let tr be the resulting transcript. If E(I, tr) = ⊥, no
witness satisfying the stated conditions exists, and the empty-transcript state
is zero. An accepting execution ends in state one. Since prover moves cannot
change zero to one, some verifier challenge must cause such a transition. For each
verifier move, condition on the preceding transcript and apply the corresponding
transition bound from Theorem 3. Averaging over prefixes and taking a union
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bound gives κ, also for adaptive prover strategies. The expression for A follows
from

∑t−1
j=0 Nj+1 = N −Nt.

Define ExtP
∗
(I) to run one execution with P∗ and the honest verifier. If

the verifier rejects, it returns ⊥. Otherwise, it returns E(I, tr). The extractor
succeeds exactly when the verifier accepts and E returns a valid witness. Since
E returns only valid witnesses or ⊥, writing p = Pr[Accept] gives

Pr[ExtP
∗
(I) outputs a valid witness]

= p− Pr[Accept ∧ E(I, tr) = ⊥] ≥ p− κ.

The extractor runs the protocol once and invokes E at most once, using O(mN3)
additional field operations. Its running time is therefore polynomial for every
PPT prover. ⊓⊔

C Additional Proofs for the DEEP Construction

C.1 Round-by-round knowledge soundness of the DEEP protocol

Proof (Proof of Theorem 5). Fix I = (CIOP, z, y). As in Theorem 3, group con-
secutive prover messages into one move and treat the Q query points as a single
final verifier challenge, followed by an empty prover response.

Notation. For x ∈ L0, write xj = x2j . Whenever the relevant messages have
been sent, define wj+1 = Fold2(πj , γj) and let Aj ⊆ L0 be the set of points x
for which the first j folding checks pass. Thus A0 = L0, and Aj+1 = {x ∈ Aj :
wj+1(xj+1) = πj+1(xj+1)}. Set πt = g(t)|Lt

as in the DEEP protocol. For j < t
and h ∈ F<kj [X], set Sj(h) = {x ∈ Aj : πj(xj) = h(xj) and πj(−xj) = h(−xj)}.
These sets are used only in the state function. The verifier does not compute
them.

State function. We suppress I in the notation. After any rejection, State = 0 at
that prefix and all its extensions. Otherwise, the state is one exactly when the
corresponding condition below holds.
1. Empty transcript. I ∈ L(RIOP

Eval,pp).
2. After v. There exists h ∈ JC0(Û , δ) with hi(z

m) = vi and hi(ζ) = ci for
every i.

3. After α. There exists h ∈ F<k[X] with h(z0) = y0, h(ζ0) = u0, and |{x ∈
L0 : π0(x) = h(x)}| > (1− δ)N .

4. Before γj (0 ≤ j < t). There exists h ∈ F<kj [X] with |Sj(h)| > (1 − δ)N
and

he(z
2
j ) = aj , ho(z

2
j ) = bj ,

he(ζ
2
j ) = ãj , ho(ζ

2
j ) = b̃j .

5. After γj (0 ≤ j < t). There exists h ∈ F<kj+1 [X] with h(zj+1) = yj+1

and h(ζj+1) = uj+1 such that more than (1 − δ)N points x ∈ Aj satisfy
wj+1(xj+1) = h(xj+1).

6. After the final polynomial. |At| > (1− δ)N .
7. After the final verifier challenge. All Q sampled points belong to At.
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Prover moves preserve the zero state. We show that a state of one after a prover
move implies a state of one before it. After v, a tuple in Item 2 gives f(X) =∑

i X
ihi(X

m) satisfying the opening predicate. The initial evaluation check gives
f(z) = y. Thus Item 2 implies Item 1.

For the move after α, Item 4 with j = 0 implies Item 3 by the two evaluation
checks and the containment of S0(h) in the agreement set with π0. For 1 ≤ j < t,
every x ∈ Sj(h) satisfies wj(xj) = πj(xj) = h(xj) and x ∈ Aj−1. The evaluation
checks also give h(zj) = yj and h(ζj) = uj . Hence Item 4 implies Item 5 for the
preceding challenge.

After the final polynomial, Item 6 implies Item 5 for γt−1, using the checked
polynomial g(t). The empty final response preserves the state. Thus prover moves
cannot change the state from zero to one. Items 1 and 7 give the remaining
conditions of Definition 7.

Initial folding. Apply Lemma 5 to the rows of Û , code C0, points (zm, ζ), and
value vectors (v, c), all fixed before α. Since the joint decoding list has size at
most B, Item 3 implies Item 2 except with probability εinit.

Binary folding. Fix a prefix before γj . Apply Lemma 5 to (πj)e, (πj)o on Lj+1,
code Cj+1, points (z2j , ζ2j ), and value pairs (aj , bj) and (ãj , b̃j). Here kj+1 ≥ kt > 1

and kj+1/Nj+1 = ρ, giving exceptional probability at most εfoldj .
Outside this event, let h satisfy Item 5. Set T = {x ∈ Aj : wj+1(xj+1) =

h(xj+1)} and S = {xj+1 : x ∈ T}. Each y ∈ S has at most 2j+1 preimages in
T under the map x 7→ x2j+1

. Hence |S| ≥ |T |/2j+1 > (1 − δ)Nj+1. The lemma
gives polynomials he, ho agreeing with the two words on S and satisfying all four
evaluation constraints. Set h̃(X) = he(X

2) +Xho(X
2). It has degree less than

kj and agrees with πj at ±xj for every x ∈ T . Hence T ⊆ Sj(h̃) and Item 4
holds. The probability that the state changes from zero to one is therefore at
most εfoldj , also for adaptively generated prefixes.

Query phase. If the verifier has not rejected and the state is zero before the
query challenge, then |At| ≤ (1 − δ)N . The probability that all Q independent
uniform samples lie in At is (|At|/N)Q ≤ (1− δ)Q, giving εqry.

Extractor. The extractor ignores the transcript and proceeds as follows.

1. Read all N input columns and enumerate JC0(Û , δ) in a fixed order.
2. Find the first tuple h satisfying hi(ζ) = ci for every i and

∑
i z

ihi(z
m) = y.

Return ⊥ if no tuple passes these checks.
3. Form f(X) =

∑
i X

ihi(X
m) and verify the opening predicate and f(z) = y.

Return f if both checks pass, and ⊥ otherwise.

Correctness. Whenever a witness exists, its component tuple belongs to the
joint decoding list and passes the evaluation checks. Every tuple selected in
Step 2 therefore yields a valid witness in Step 3. Conversely, every output is
valid.
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Running time. By Lemma 4, enumeration uses m calls to the RS list decoder
and O(mBNk+mB2N+mBk) additional operations. The evaluation tests cost
O(Bmk) operations, and the final distance check costs O(mNk). Together these
give the stated bound.

If a witness exists, the extractor recovers a witness on every prefix. Otherwise,
the transition bounds above imply the extraction condition of Definition 8. ⊓⊔

C.2 Knowledge soundness of the DEEP protocol

Proof (Proof of Corollary 2). Fix an evaluation instance I = (CIOP, z, y) and a
malicious prover P∗. Let Accept denote the acceptance event in an execution with
the honest verifier, and let tr be the resulting transcript. If E(I, tr) = ⊥, then I
has no valid witness and the initial state is zero. An accepting execution ends in
state one. Since prover moves preserve the zero state, some verifier challenge must
cause a transition from zero to one. Conditioning on the preceding transcript and
summing the bounds of Theorem 5 gives

Pr[Accept ∧ E(I, tr) = ⊥] ≤ κEval.

Define ExtP
∗
(I) to run one execution with P∗ and the honest verifier. If

the verifier rejects, it returns ⊥. Otherwise, it returns E(I, tr). The extractor
succeeds exactly when the verifier accepts and E returns a valid witness. Since
E returns only valid witnesses or ⊥, writing p = Pr[Accept] gives

Pr[ExtP
∗
(I) outputs a valid witness]

= p− Pr[Accept ∧ E(I, tr) = ⊥] ≥ p− κEval.

The extractor runs one protocol execution and invokes E at most once, so its
running time is polynomial for every PPT prover. ⊓⊔

D Single-Thread Evaluation

D.1 Rate 1/2

We evaluate the same implementations with one thread. The code rate is 1/2,
except for Brakedown’s native rate of approximately 0.657. Each ReedWeave
variant retains its corresponding 32-thread public parameters at each input size.
Figure 4 and Table 3 show the results. We use ReedWeaveJB for representative
comparisons below and report commitment plus opening time as total prover
time.

Comparison with RS-based PCSs. Both ReedWeave variants have lower commit-
ment and opening times than the tested FRI, STIR, and WHIR implementations
at every measured polynomial size. At d = 224, ReedWeaveJB takes 2.095 s in
total prover time, compared with 38.76 s for FRI, 31.83 s for STIR, and 18.78 s
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Fig. 4. Single-thread PCS performance over Goldilocks at rate 1/2 and a 100-bit se-
curity target. Brakedown uses rate approximately 0.657. Points are averages of five
measurements. Vertical axes are logarithmic. Lower is better.
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Table 3. Concrete single-thread costs with the settings of Figure 4. WHIR proves a
multilinear evaluation, whereas the other schemes prove a univariate evaluation. Shaded
rows are our constructions. † Brakedown uses its native code rate of approximately
0.657 rather than the indicated rate 1/2.

PCS
Commit
time (s)

Open
time (s)

Verify
time (ms)

Proof
size (KiB)

ReedWeaveUB 1.409 0.434 7.93 1041.1
ReedWeaveJB 1.583 0.512 7.23 930.8

FRI 17.283 21.481 12.33 1179.8
STIR 8.984 22.847 6.40 336.1
WHIR 4.616 14.163 2.72 321.2
Shockwave 3.154 0.314 54.66 2142.4

BaseFold 15.039 22.244 29.00 4092.7

d = 224

rate = 1/2

Brakedown† 1.874 0.438 155.15 12990.2

ReedWeaveUB 25.032 8.360 13.85 1828.5
ReedWeaveJB 28.305 8.471 11.94 1565.7

FRI 342.851 385.619 17.20 1777.6
STIR 199.673 445.622 7.28 435.5
WHIR 89.676 246.352 3.45 422.5
Shockwave 55.320 5.980 195.68 8125.3

BaseFold 309.116 390.517 37.99 5434.8

d = 228

rate = 1/2

Brakedown† 33.807 5.519 620.63 41256.3

for WHIR. Relative to FRI, it also reduces proof size from 1179.8 to 930.8 KiB
and verification time from 12.33 to 7.23 ms.

STIR and WHIR retain smaller proofs and, at the same input size, lower
verification times. Their proofs are 336.1 and 321.2 KiB, respectively, and veri-
fication takes 6.40 and 2.72 ms. ReedWeaveJB instead saves more prover time in
opening than in commitment. Relative to WHIR, commitment falls from 4.616
to 1.583 s, whereas opening falls from 14.163 to 0.512 s. These correspond to
speedups of 2.9× and 27.7×, respectively.

Shockwave has the opposite balance between the two prover phases. At d =
224, its opening takes 0.314 s, compared with 0.512 s for ReedWeaveJB, but its
commitment takes 3.154 rather than 1.583 s. The faster opening does not offset
the additional commitment cost, so total prover time is 3.468 s versus 2.095 s.
Shockwave’s proof is 2.30× as large, and verification takes 7.56× as long at this
input size.

Comparison with field-agnostic PCSs. ReedWeaveJB has lower total prover time,
verification time, and proof size than BaseFold at every measured polynomial
size. At d = 224, total prover time decreases from 37.28 to 2.095 s, a 17.8×
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speedup. Verification takes 7.23 rather than 29.00 ms, and proof size is 930.8
rather than 4092.7 KiB. These comparisons use concrete costs over Goldilocks.

Brakedown is closer in prover time, but its proof and verification costs remain
substantially higher. Both ReedWeave variants have lower total prover time than
Brakedown at every measured polynomial size in this single-thread setting. At
d = 228, ReedWeaveJB takes 36.78 s, compared with 39.33 s for Brakedown at its
native rate, a 6.5% reduction. Proof size falls from 41256.3 to 1565.7 KiB, and
verification time from 620.63 to 11.94 ms. At this size, the prover-time reduction
is modest compared with the savings in proof size and verification time.

Comparison of two ReedWeave variants. The DEEP variant yields smaller proofs
at every measured polynomial size, with reductions of 9.3-14.4%. At d = 224,
proof size falls from 1041.1 KiB for ReedWeaveUB to 930.8 KiB for ReedWeaveJB,
a 10.6% reduction, while total prover time increases from 1.843 to 2.095 s, or
13.7%. At d = 228, the proof-size reduction grows to 14.4% and the prover
overhead is 10.1%. Verification time also falls from 13.85 to 11.94 ms.
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D.2 Rate 1/4

We next evaluate rate 1/4 with the same single-thread settings as in Section D.1.
Brakedown retains its native rate of approximately 0.657, so its measurements
are unchanged. Each ReedWeave variant uses its corresponding 32-thread public
parameters at each polynomial size. Figure 5 and Table 4 show the results. We
again use ReedWeaveJB for representative comparisons.
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Fig. 5. Single-thread PCS performance over Goldilocks at rate 1/4 and a 100-bit se-
curity target. Brakedown retains its native rate of approximately 0.657. Points are
averages of five measurements. Vertical axes are logarithmic. Lower is better.

Comparison with RS-based PCSs. Both ReedWeave variants have lower commit-
ment and opening times than the tested FRI, STIR, and WHIR implementations
at every measured polynomial size. At d = 224, ReedWeaveJB takes 3.873 s in
total prover time, compared with 74.29 s for FRI, 57.48 s for STIR, and 29.19 s
for WHIR. Relative to FRI, it also reduces proof size from 866.4 to 594.7 KiB
and measured verification time from 8.67 to 4.46 ms.

STIR and WHIR retain smaller proofs and, at the same polynomial size, lower
measured verification times. Their proofs are 256.9 and 232.2 KiB, respectively,
and verification takes 4.23 and 1.92 ms. The prover savings are again more pro-
nounced in opening than in commitment. Compared with WHIR, ReedWeaveJB

43



Table 4. Concrete single-thread costs with the settings of Figure 5. WHIR proves a
multilinear evaluation, whereas the other schemes prove a univariate evaluation. Shaded
rows are our constructions. † Brakedown uses its native code rate of approximately
0.657 rather than the indicated rate 1/4.

PCS
Commit
time (s)

Open
time (s)

Verify
time (ms)

Proof
size (KiB)

ReedWeaveUB 2.830 0.710 5.90 798.0
ReedWeaveJB 3.033 0.840 4.46 594.7

FRI 31.346 42.947 8.67 866.4
STIR 14.476 43.008 4.23 256.9
WHIR 9.425 19.761 1.92 232.2
Shockwave 6.414 0.316 73.75 1716.6

BaseFold 30.770 43.136 19.61 2784.5

d = 224

rate = 1/4

Brakedown† 1.874 0.438 155.15 12990.2

ReedWeaveUB 51.246 13.754 9.82 1335.2
ReedWeaveJB 54.670 13.872 7.16 964.1

FRI 618.227 801.947 11.87 1262.8
STIR 309.436 921.592 4.95 329.8
WHIR 185.371 374.098 2.49 305.9
Shockwave 112.952 5.893 291.14 6576.2

BaseFold 646.716 771.151 25.56 3666.0

d = 228

rate = 1/4

Brakedown† 33.807 5.519 620.63 41256.3

reduces commitment time from 9.425 to 3.033 s and opening time from 19.761
to 0.840 s, corresponding to speedups of 3.1× and 23.5×, respectively.

Shockwave retains a faster opening phase, taking 0.316 s at d = 224 versus
0.840 s for ReedWeaveJB. Its commitment takes 6.414 rather than 3.033 s, how-
ever, bringing total prover time to 6.730 s versus 3.873 s. Its proof is 2.89× as
large, and measured verification takes 16.5× as long.

Comparison with field-agnostic PCSs. ReedWeaveJB has lower total prover time,
verification time, and proof size than BaseFold at every measured polynomial
size. At d = 224, total prover time falls from 73.91 to 3.873 s, a 19.1× speedup.
Verification takes 4.46 rather than 19.61 ms, and proof size is 594.7 rather than
2784.5 KiB.

Unlike in the rate-1/2 comparison, Brakedown has lower total prover time
than both ReedWeave variants at every measured polynomial size. At d = 224,
it takes 2.312 s at its native rate, compared with 3.873 s for ReedWeaveJB at
rate 1/4. Its proof is 21.8× as large, however, and verification takes 34.8× as
long. At d = 228, the total prover times are 39.33 and 68.54 s, respectively, while
proof sizes are 41256.3 and 964.1 KiB. At d = 224, lowering ReedWeaveJB’s rate
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from 1/2 to 1/4 increases total prover time from 2.095 to 3.873 s, but reduces
proof size from 930.8 to 594.7 KiB.

Comparison of two ReedWeave variants. Across all measured polynomial sizes,
ReedWeaveJB reduces proof size by 22.8–27.8% relative to ReedWeaveUB. The
corresponding reductions at rate 1/2 are 9.3–14.4%. At d = 224, proof size falls
from 798.0 to 594.7 KiB, a 25.5% reduction, while total prover time increases
from 3.540 to 3.873 s, or 9.4%. At d = 228, proof size falls from 1335.2 to 964.1
KiB, a 27.8% reduction, while total prover time increases from 65.00 to 68.54 s,
or 5.4%. Verification time also falls from 9.82 to 7.16 ms.
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