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Abstract

We give a Monte Carlo algorithm for exact Euclidean SVP on Haar-random lattices with
arithmetic time (3/2)n/2+o(n) and space (4/3)n/2+o(n), up to polynomial factors in the logarith-
mic condition number of the input basis. The leading exponents match those of heuristic lattice
sieving. For a set of lattices of Haar measure 1− o(1), the algorithm succeeds with probability
1− o(1) on every input basis.

Our algorithm regenerates each sieve list by running a Markov chain on the nonzero lattice
points in a smaller ball. The parent list supplies signed increments. Each step reports all admis-
sible proposals and assigns each the same probability, with the remaining probability assigned to
staying put. The resulting chain is symmetric and has uniform stationary distribution. Trajec-
tories using independent transition randomness produce endpoints jointly close to independent
uniform samples once the chain mixes. Matrix Chernoff bounds transfer a Laplacian gap from
the full angular graph to the graph defined by the parent list. The main proof task is to es-
tablish the required graph estimates on Haar-random lattices. We do so by adapting Rogers’s
moment method to centered trace moments and lattice-point counts. Spherical filtering reports
the complete proposal sets and the final short differences within the claimed bounds.
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1 Introduction

A full-rank lattice in Rn is the set of integer combinations of linearly independent vectors b1, . . . , bn:

L =
{

n∑
i=1

zibi : z1, . . . , zn ∈ Z
}

.

Given these vectors as an input basis, the exact Euclidean shortest vector problem (SVP) asks for
a nonzero vector in L of minimum Euclidean length, denoted by λ1(L).

Algorithms for finding short lattice vectors have applications in integer programming, algo-
rithmic number theory, and cryptanalysis [ADRS15, Section 1]. In the worst case, exact SVP is
NP-hard under deterministic polynomial-time reductions [Wan26].

Ajtai, Kumar, and Sivakumar introduced lattice sieving to solve exact SVP in 2O(n) time and
space [AKS01]. Sieving maintains lists of lattice vectors and takes differences of nearby pairs to
obtain shorter lattice vectors. Subsequent work improved the list sizes and the searches for nearby
pairs. With spherical filtering, heuristic sieving attains time (

√
3/2)n+o(n) = 20.292481...n+o(n) and

space (
√

4/3)n+o(n) = 20.207518...n+o(n) [NV08, BDGL16]. These analyses model successive lists as
uniform samples from an annulus [NV08, Section 4.1] [BDGL16, Section 7], but selecting nearby
pairs changes the distribution of their differences.

Provable sieve analyses obtain success guarantees through perturbations and worst-case packing
bounds, with sample budgets above the heuristic list scale [NV08, MV10, PS09]. Discrete Gaussian
sampling (DGS) assigns lattice points Gaussian weights, giving distributions that can be tracked
rigorously. It yields exact SVP in 2n+o(n) time [ADRS15]. Recent DGS-based constructions achieve
20.5596n+o(n) time [GFH26a, GFH26b] and 2n/2+o(n) time and space [Hha26a, Hha26b].

For Haar-random determinant-one lattices, Siegel’s mean value theorem and Rogers’s moment
formulas estimate lattice-point counts from volumes [Sie45, Rog55]. Pouly and Shen used these
tools with DGS to obtain improved exact-SVP bounds on almost all lattices [PS26]. We attain
the heuristic sieving bounds by using Markov chains to regenerate lists jointly close to independent
uniform samples from successively smaller balls. The geometric estimates establish rapid mixing,
while the construction controls the distributions of successive lists.

1.1 Our result

The input is an arbitrary basis B of the lattice. Our resource bounds retain a polynomial depen-
dence on its logarithmic condition number

ℓB = 1 + log
(
∥B∥F

∥∥∥B−1
∥∥∥

F

)
,

where ∥·∥F denotes the Frobenius norm.
Main result (informal). There is a Monte Carlo algorithm and a sequence of sets of determinant-
one lattices of Haar measure 1 − o(1) with the following property. On every lattice in these sets,
given any input basis, the algorithm returns a shortest nonzero vector with probability 1− o(1). If
ℓB = nO(1), its arithmetic time and space have respective leading exponents in the dimension n

1
2 log2

3
2 = 0.292481 . . . ,

1
2 log2

4
3 = 0.207518 . . . .

Theorem 4.3 gives the formal statement, and Remark 4.4 bounds the input-dependent factors
by poly(n, ℓB).

1



Reference Input model Analysis Time Space
BDGL (batched) [BDGL16] Arbitrary Heuristic 0.29248 0.20752
ADRS [ADRS15] Arbitrary Rigorous 1.00000 1.00000
Gao–Feng–Hu [GFH26b] Arbitrary Rigorous 0.55957 0.50000
Hhan [Hha26b] Arbitrary Rigorous 0.50000 0.50000
Pouly–Shen [PS26] Haar-random Rigorous 0.63269 0.50000
Doulgerakis–Laarhoven [DL26] Haar-random Rigorous 0.29248 0.20752
This work Haar-random Rigorous 0.29248 0.20752

The time and space columns give rounded leading exponents α in bounds of the form 2αn+o(n),
suppressing input-dependent polynomial factors under each paper’s conventions. For this work,
the displayed exponents assume ℓB = nO(1). The BDGL row uses the batched Nguyen–Vidick
variant described in [BDGL16, Section 7], with its heuristic assumptions on the sieve lists.

Concurrent work and k-tuple sieving. In independent and concurrent work, Doulgerakis
and Laarhoven [DL26] obtain the same leading time and space exponents for exact SVP on Haar-
random lattices. Their construction uses a binary tree of sieve lists and rejection sampling to
maintain independent uniform samples in successive spherical shells. Our approach regenerates
lists by mixing symmetric Markov chains with uniform stationary distributions. This formulation
provides a natural route to k-tuple sieving: a transition uses a signed sum of k−1 parent vectors as
its increment, with a symmetric admissibility rule preserving the uniform stationary distribution.
We have obtained preliminary results on this extension and are preparing the details for inclusion
in the next update of this preprint.

1.2 Sample costs in provable sieving and DGS

Provable sieving. The provable analyses of AKS and its list and birthday variants use pertur-
bations to ensure that two short outputs differ by a shortest vector [NV08, MV10, PS09]. Their
sample bounds depend on both the number of possible outputs and the probability of useful per-
turbations. Worst-case packing bounds on output counts and on the number of vectors retained for
reduction are exponentially larger than the volume estimates underlying heuristic sieving. Sharper
counts still leave the perturbation cost: increasing the perturbation radius improves the overlap
of two balls whose centers differ by a shortest vector, but enlarges the region containing useful
outputs.

The Pujol–Stehlé analysis quantifies this tradeoff [PS09, Lemmas 3–5 and Section 3.2]. Let ξ
and r be the perturbation and candidate radii in units of the shortest-vector length, and let pξ be
the overlap probability. The analysis uses

r > 2ξ > 1, pξ =
(

1− 1
4ξ2

)n/2+o(n)
.

Replacing only the candidate count by its Haar volume scale rn+o(n), while retaining these con-
straints, gives the birthday sample budget

NPS = rn/2+o(n)

pξ
=
(

r

1− 1/(4ξ2)

)n/2+o(n)
≥
(

3
√

3
2

)n/2−o(n)

.

This exceeds our target list size (4/3)n/2+o(n), before accounting for reduction or list searches.
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Discrete Gaussian sampling. The DGS-based constructions of Gao, Feng, and Hu and of Hhan
use the sampler of Aggarwal et al. [ADRS15] above the smoothing parameter. It combines samples
along lattices L0 ⊃ L1 ⊃ · · · satisfying [Li : Li+1] = 2a and Li+2 ⊆ 2Li. Hence

22a = [Li : Li+2] ≥ [Li : 2Li] = 2n, a ≥ n/2.

Maintaining at least 2a samples already costs 2n/2 time and space, before any final search [ADRS15,
Definition 5.8 and Corollary 5.10]. Kim’s single-sample construction retains this batch cost [JK26].
Hhan’s coset-difference tree also requires coset tables of size 2n/2−o(n) to keep its Gaussian signal
above the estimation error [Hha26b, Section 1.1 and Remark 1.2].

1.3 Proof overview

We first construct a Markov chain that generates each list with an approximately uniform product
distribution, assuming geometric estimates for the lattice. We then prove those estimates for Haar-
random lattices using Rogers’s method. Let rn be the radius of a volume-one ball. The algorithm
starts with independent uniform lattice points in a large ball, decreases the radius by a factor
1 + 1/n at each stage, and stops at crn, where c must allow both rapid mixing and a successful
final difference search.

A Markov chain with uniform stationary distribution. Freezing a list of reducers before
generating independent outputs already appears in ListSieve-Birthday [PS09, Section 2]. We use
a fixed parent list as a set of possible increments for a Markov chain. Let D = (y1, . . . , yM ) be
a list of nonzero lattice points in the radius-(1 + 1/n)R ball. The states are the nonzero lattice
points in the radius-R ball. For each signed index (i, s) with s ∈ {−1, 1}, form w = v + syi. The
proposal is admissible when w is a state and the angle between v and w is at most 60 degrees plus
O(1/n). Two boundary states of length R have a difference of length R at 60 degrees. The slack in
the parent radius permits the O(1/n) adjustment. The test concerns the current and next states,
rather than the current state and a parent entry. A move may increase or decrease the length.

At each step, report the complete set of admissible signed indices, retaining distinct indices
even when their vectors coincide. Let dD(v) be its size, and fix a common positive integer K ≥
maxv dD(v). Stay at v with probability 1 − dD(v)/(2K); otherwise choose uniformly from the
reported set. Each signed proposal then has probability 1/(2K). Its reverse uses the opposite
sign and has the same probability, so the chain is symmetric with uniform stationary distribution.
Writing LD for the Laplacian of the graph defined by D and g(PD) for the spectral gap, we have

PD = I − LD

2K
, g(PD) = λ2(LD)

2K
.

Thus rapid mixing reduces to a Laplacian lower bound and a degree upper bound.

Regenerating the lists by rapid mixing. For a ball of volume V , form the full angular graph
on its nonzero lattice points using this angular threshold. A cap of half-angle 60 degrees, up to
O(1/n), has spherical measure

p = (sin 60◦)n+o(n) = (3/4)n/2+o(n).

The geometric input is that point counts are close to V , all degrees are close to V p, and the
Laplacian gap is Ω(V p).
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For an independent uniform parent list of size M , the expected degree is Θ(Mp). The angular
threshold ensures that every edge difference lies in the parent ball. Each sampled parent vector
contributes a bounded positive semidefinite Laplacian. The expected sum is proportional to the
Laplacian of the full angular graph. The matrix Chernoff bound transfers its gap to the sampled
graph. For Mp at least a sufficiently large constant times the sum of the logarithms of the state-
space size and the inverse failure probability, we obtain K = Θ(Mp) and λ2(LD) = Ω(Mp). The
chain therefore has a constant spectral gap. Thus a list of size p−1 = (4/3)n/2+o(n) times the stated
polynomial factors suffices (Lemma 3.5).

Run trajectories from a common starting state using independent transition randomness. Con-
ditional on D and that state, their endpoints are jointly close to independent uniform samples. The
estimate holds for every starting state, including one selected from D. Coupling successive stages
adds the errors once per stage, so each list remains close to the uniform product distribution at its
radius.

Finding a shortest vector among sample differences. At radius crn, split the output into
two lists of size M and first analyze independent uniform samples. Let N be the number of
nonzero lattice points in the ball. For a shortest vector v, let Kv count its representations v =
x − y by nonzero lattice points in the ball. These representations correspond to lattice points in
the intersection of two radius-crn balls whose centers are separated by ∥v∥ = (1 + o(1))rn. The
lattice-point estimates give N = (1 + o(1))cn and Kv ≥ (c2 − 1/4)n/2/ poly(n) (Lemma 4.6). For
M ≥ (4/3)n/2, the number Z of sampled pairs with difference v therefore satisfies

EZ = M2Kv

N2 ≥ 1
poly(n)

(
16(c2 − 1/4)

9c4

)n/2

.

A second-moment argument gives success with high probability when this expectation grows expo-
nentially. The joint total-variation bound transfers this guarantee to the algorithm.

Our spectral estimate also requires V p = (3c2/4)n/2+o(n) to grow exponentially at the terminal
radius. Thus we choose c to satisfy

3
4c2 > 1 (spectral estimate), 9

16c4 < c2 − 1
4 (final difference search).

They hold for c slightly above
√

4/3: at c2 = 4/3, the second inequality is already strict, since
1 < 13/12.

Implementing the transitions and difference search. Each transition requires the complete
set of admissible signed proposals. Finding one useful list vector is insufficient to implement the
stated transition probabilities. We use the BDGL product filters to report candidates, then test
each candidate against the ball and angular conditions [BDGL16, Laa16]. Fresh repetitions make
the probability of missing any admissible proposal small. The same filters report short differences
between the final lists. Appendix A gives both reporting routines and their cost bounds. Gao, Feng,
and Hu also use BDGL filtering with a rigorously controlled input distribution in their DGS-based
algorithm [GFH26b].

To bound the filtering cost, we need control of every query along the trajectories. We first
mix a common starting state to near uniformity, then compare with trajectories started at one
common uniformly random state, independent of the parent list. By stationarity, each query in
this reference execution is marginally uniform conditional on the parent list. The first two moments
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of lattice-point counts then bound the expected numbers of filter memberships and candidate pairs.
Coupling transfers the resulting cost bound to the actual execution.

With lists of size (4/3)n/2+o(n) and (3/2)n/2+o(n) implicit filter directions, these moment bounds
give total time (3/2)n/2+o(n), up to the stated polynomial factors. Processing one bucket at a time
keeps space at (4/3)n/2+o(n), with the same convention. The algorithm stops when a prescribed
work budget is exceeded, and Markov’s inequality bounds the probability of this event. Combining
this bound with the sampling and reporting errors proves the algorithmic guarantee under the
stated geometric estimates.

Verifying the geometric estimates by Rogers’s method. To establish the geometric esti-
mates, we expand centered lattice sums according to their integer relations and bound the resulting
geometric integrals, following Rogers’s moment method [Rog55, Kim22, Kim24, SS19]. Existing
limiting distributions for short-vector lengths and angles, including quantitative extensions, con-
cern the first few or a growing number of short vectors [Sod11a, Sod11b, Kim20, Hol22]. Here
the graph has exponentially many vertices and exponentially small cap neighborhoods, and the
estimates must hold uniformly over its vertices and the prescribed radii. We therefore prove the
required bounds directly from the moment formulas.

For the spectral bound, the continuous spherical-cap walk has a known contraction esti-
mate [LMSY23]. Comparing its two-step averages with those of the full angular graph reduces the
discrete estimate to a trace moment of the comparison error. In the centered Rogers expansion,
terms with a free intermediate position cancel. Gram determinant estimates bound the remaining
integer-relation terms. At a sufficiently large fixed moment order, these bounds give exponential
decay for every fixed c >

√
4/3 (Lemma 5.9).

The same volume estimates bound centered moments of lattice-point counts in balls. Condition-
ing on a primitive vector gives bounds on lattice-point counts in caps centered at each lattice-point
direction, and a union bound controls all degrees at small and intermediate radii. Covering-radius
estimates handle larger radii. Together with contraction, these bounds verify the full angular
graph estimates on a set of lattices of Haar probability 1 − o(1) independent of the input basis
(Proposition II.1).

Organization. Section 2 records the standard mixing and concentration tools. Part I gives the
sampling algorithm and final difference search assuming the full angular graph estimates. Part II
proves those estimates through centered trace moments and degree concentration. The appendices
give the filtering implementation, initialization, and explicit parameter choices and budgets.

2 Preliminaries

Computational model. We use an exact real arithmetic model in which arithmetic operations,
comparisons, square roots, logarithms, exponentials, and integer rounding have unit cost. Drawing
an independent uniform sample from [0, 1) or a standard Gaussian sample also has unit cost.
We charge the standard polynomial arithmetic costs for sampling from balls and spheres and for
generating random orthogonal matrices. Space is the number of real or integer storage cells used.
The algorithm requires no basis reduction. Following [PS26, Section 3.4], we state the dimension
exponents separately from polynomial factors depending on the input basis. Theorem 4.3 and
Remark 4.4 specify this dependence.
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2.1 Lattices and probability notation

All geometric vectors are columns and norms are Euclidean. The input basis B = (b1, . . . , bn)
generates L = BZn, with det L = | det B|. Exact SVP asks for a nonzero vector of length

λ1(L) = min
x∈L\{0}

∥x∥ .

Write Bn(t, R) = {x : ∥x− t∥ ≤ R}, omitting a zero center, and let vol denote volume. We
scale B by (det L)−1/n to make det L = 1 and restore the original scale on output. Let rn satisfy
volBn(rn) = 1.

A Haar-random lattice is sampled from the invariant probability measure on the space of
determinant-one lattices, identified with SLn(R)/SLn(Z). The input basis is arbitrary, and the
algorithm uses independent randomness.

Write U(A) for the uniform distribution on A, using counting measure for finite sets, volume
for regions, and surface measure for spheres, each normalized to total mass one. Let L(X) denote
the distribution of a random variable X. Subscripts and conditioning in E and P specify the source
of randomness.

For probability measures α, β on the same space, their total variation distance is

∥α− β∥TV = sup
A
|α(A)− β(A)|,

where A ranges over measurable events. On a finite set this is 1
2
∑

x |α(x)− β(x)|.

2.2 Markov chains, mixing, and coupling

A Markov chain on a finite state space S is specified by a transition matrix P with nonnegative
entries and ∑w∈S P (v, w) = 1 for every v. Conditional on the current state v, the next state is
drawn according to P (v, ·), independently of the earlier states. We represent distributions as row
vectors: an initial distribution α becomes αP t after t steps. In particular, P t(z, ·) is the distribution
at time t when the chain starts at z.

A probability distribution π is stationary if πP = π. The chain is reversible with respect to π
if it satisfies detailed balance,

π(v)P (v, w) = π(w)P (w, v) (v, w ∈ S).

Summing over v shows that detailed balance implies stationarity. All finite chains used in our
algorithm have symmetric transition matrices, so they are reversible with respect to U(S). When
the graph of positive transitions is connected, this stationary distribution is unique. The spectral
gap quantifies convergence to it.

Definition 2.1 (Absolute spectral gap). For a symmetric transition matrix P on a finite state
space S of size at least two, define

g(P ) = 1− sup
f :S→R, f ̸=0∑

v
f(v)=0

∥Pf∥
∥f∥

.

Here f is a real column vector indexed by S.
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The constant vector is an eigenvector of P with eigenvalue one. The absolute gap measures
contraction on the orthogonal subspace of zero-sum vectors. In our chains, every state has holding
probability P (v, v) ≥ 1/2, which makes all eigenvalues nonnegative. Thus g(P ) = 1 − λ2(P ),
where λ2(P ) is the second-largest eigenvalue. The following bound translates the spectral gap into
convergence in total variation.

Theorem 2.2 (Spectral mixing, Levin–Peres [LPW17, proof of Theorem 12.4, p. 164]). Let P be
a symmetric transition matrix on a state space S of size N ≥ 2, with P (v, v) ≥ 1/2 for every v and
absolute spectral gap at least g > 0. For every state z and integer t ≥ 0,∥∥∥P t(z, ·)− U(S)

∥∥∥
TV
≤ 1

2
√

N e−gt. (2.1)

For 0 < ε < 1, O(g−1(log N + log(1/ε))) steps suffice for error at most ε, uniformly over the
starting state. Since total variation bounds the difference in probability of every event, this estimate
transfers success guarantees for uniform samples to the chain’s output.

To pass from a single endpoint to a list and propagate errors across stages, we use couplings.
A coupling of distributions α, β is a pair of random variables with these marginal distributions.

Proposition 2.3 (Maximal coupling, Levin–Peres [LPW17, Proposition 4.7]). For probability dis-
tributions α, β on the same finite set, there is a pair (X, Y ) with these marginals and

P{X ̸= Y } = ∥α− β∥TV .

Every coupling has disagreement probability at least this distance.

For independent samples, the product bound adds the errors in the individual coordinates. If
αi, βi are distributions on the same finite space for each i, then∥∥∥∥∥∥

Q⊗
i=1

αi −
Q⊗

i=1
βi

∥∥∥∥∥∥
TV

≤
Q∑

i=1
∥αi − βi∥TV . (2.2)

Take independent maximal couplings of the coordinate pairs and apply a union bound.
Errors inherited from earlier stages do not increase when the same randomized procedure is

applied to both input distributions. Let α, β be distributions on a finite input space, and let T be
the transition matrix of a randomized procedure from this space to a finite output space, which
may include a failure symbol. Then

∥αT − βT∥TV ≤ ∥α− β∥TV . (2.3)

Couple the two inputs maximally and use the same randomness in both executions. Whenever the
inputs agree, the outputs agree as well.

2.3 Matrix concentration

We use matrix Chernoff for sampled Laplacians and its scalar case for degrees. Write λmin and
λmax for the extreme eigenvalues.
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Theorem 2.4 (Matrix Chernoff bound, Tropp [Tro12, Corollary 5.2 and Remark 5.3]). Let
Y1, . . . , YM be independent real symmetric d× d random matrices with 0 ⪯ Yi ⪯ B∗I almost surely,
where B∗ > 0 and ⪯ is the positive-semidefinite order. Put

µ− = λmin

(∑
i

EYi

)
, µ+ = λmax

(∑
i

EYi

)
.

Then
P
{

λmin

(∑
i

Yi

)
≤ µ−/2

}
≤ d exp

(
− µ−

8B∗

)
.

If µ+ > 0, then, for every u ≥ µ+,

P
{

λmax

(∑
i

Yi

)
≥ u

}
≤ d

(
eµ+

u

)u/B∗

.

Part I

Reducing exact SVP to a spectral gap
3 A Markov chain for sampling from a smaller ball

We maintain a list whose joint distribution is close to that of independent uniform samples from the
current ball. Each stage regenerates the list by independent trajectories in a smaller ball. Since the
starting state is selected from the parent list, the chain must mix uniformly over its starting state.
We reduce this requirement to the Laplacian gap of the full angular graph in Proposition II.1.

At a stage with target radius R, fix a parent list of M nonzero lattice points in the radius-
(1 + 1/n)R ball. Its signed entries supply the increments of the chain. The state stays within the
target ball, while its norm may increase or decrease from one step to the next. Each stage generates
a full new list, retaining repeated vectors with their multiplicities. A parent point in the target ball
supplies a starting state. Section 4.2 specifies the initialization and radius schedule.

3.1 Symmetry and uniform stationarity

Fix a stage whose smaller ball has radius R, and set

τ = 1 + 1
n

, b = 1− τ2

2 . (3.1)

Definition 3.1 (Graph defined by a parent list). The state space is S = (L ∩ Bn(R)) \ {0}, and
the parent list D = (y1, . . . , yM ) consists of nonzero lattice points of norm at most τR. A move
from v to w = v ± yi is admissible if w ∈ S and the angle between v and w is at most arccos b.
With [M ] = {1, . . . , M}, the signed indices of admissible proposals are

ID(v) = {(i, s) : i ∈ [M ], s ∈ {−1, 1}, w = v + syi ∈ S, ⟨v, w⟩ ≥ b ∥v∥ ∥w∥}. (3.2)

Distinct indices count separately even when they represent the same vector. Let AD(v, w) count the
proposals from v to w, let dD(v) = |ID(v)|, and let LD = diag(dD)−AD be the graph Laplacian.
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The angle in (3.2) is between the states v and w, whose difference is the signed parent entry
syi = w − v. For fixed v, the allowed directions of w form a spherical cap, whose continuous
analogue is the spherical-cap walk. Every pair of states satisfying the angular condition has its
difference in the parent ball:

∥v − w∥2 ≤ ∥v∥2 + ∥w∥2 − 2b ∥v∥ ∥w∥ ≤ 2(1− b)R2 = τ2R2.

Indeed, the maximum of the middle expression over both lengths in [0, R] occurs when both equal
R, since b < 1/2.

Choosing an admissible proposal uniformly at every step would generally give stationary proba-
bilities proportional to the degrees. To obtain uniform stationarity, we give each signed proposal the
same probability using a common denominator at every state, and assign the remaining probability
to staying put.

Definition 3.2 (Markov chain defined by a parent list). Suppose S ̸= ∅, and let K be a positive
integer with K ≥ maxv∈S dD(v). Define PD : S × S → [0, 1] by

PD(v, w) =
{

AD(v, w)/(2K), w ̸= v,

1− dD(v)/(2K), w = v.
(3.3)

The algorithm fixes K in advance and writes ⊥ for failure. With the radius and capacity fixed,
one step is as follows. Each call uses independent transition randomness.

1: procedure Step(D, v)
2: I ← all admissible signed indices at v, as in (3.2).
3: if |I| > K then
4: return ⊥
5: end if
6: With probability 1− |I|/(2K), return v.
7: Choose (i, s) uniformly from I.
8: return v + syi

9: end procedure

If I is empty, the step stays with probability one. Distinct parent indices count separately, as
in Definition 3.1. Reporting the full set ID(v) gives exactly (3.3). Stopping at the first admissible
proposal would change this transition rule.

Lemma 3.3 (Uniform stationarity). The matrix PD is symmetric and stochastic, satisfies
PD(v, v) ≥ 1/2, and is reversible with stationary distribution π = U(S).

Proof. Every proposal changes the state, so ∑
w ̸=v AD(v, w) = dD(v). Thus every row of PD

sums to one, and K ≥ dD(v) gives nonnegative entries and PD(v, v) ≥ 1/2. Reversing the sign,
(i, s) 7→ (i,−s), is a multiplicity-preserving bijection between proposals from v to w and those from
w to v. Hence AD, and therefore PD, is symmetric. The uniform measure then satisfies detailed
balance and is stationary.

This holds for every fixed list satisfying the capacity condition. If the graph is connected, its
stationary distribution is unique, and PD(v, v) ≥ 1/2 ensures convergence from every state. The
filtering implementation is coupled to the chain with complete proposal enumeration. Its first
missed proposal is charged to coupling failure.

9



To apply the mixing bound of Theorem 2.2, it remains to lower-bound gD = g(PD). Since PD

is symmetric and PD(v, v) ≥ 1/2, Definition 2.1 gives

PD = I − LD

2K
, gD = λ2(LD)

2K
, (3.4)

where I is the identity and λ2(LD) is the second-smallest Laplacian eigenvalue. Our target is
therefore λ2(LD) = Ω(K).

3.2 Transferring the Laplacian gap to a random parent list

We compare the random parent list with the graph that uses every admissible lattice increment.

Definition 3.4 (Full angular graph). The full angular graph has vertex set S, with an edge between
distinct v, w exactly when ⟨v, w⟩ ≥ b ∥v∥ ∥w∥. Its Laplacian is L0. Let Sn−1 be the unit sphere and
e1 the first coordinate vector. Set

V = volBn(R), p = Pr
u∼U(Sn−1)

{⟨u, e1⟩ ≥ b}.

The spherical-cap probability predicts degree V p. Since b = 1/2 + O(1/n),

p = n−1/2(3/4)n/2eO(1). (3.5)

Computable bounds on p appear in Appendix C.
Fix 1/2 < ρ < 1 and put κ = (1 − ρ)/2. The spectral analysis proves the following geometric

input, with Haar probability 1− o(1) at the required radii: point counts are close to V , all degrees
are close to V p, and

λ2(L0) ≥ κV p. (3.6)
The matrix Chernoff bound (Theorem 2.4) transfers these estimates to the chain PD.

Lemma 3.5 (A random parent list preserves the Laplacian gap). Fix a lattice and radius satisfying
the point-count, degree, and spectral estimates above. Sample M parent points independently and
uniformly from (L∩Bn(τR))\{0}. If Mp exceeds a sufficiently large constant multiple of log(|S|/ε),
a capacity K = Θ(Mp) can be fixed in advance so that, with probability at least 1− ε,

max
v

dD(v) ≤ K, λ2(LD) = Ω(Mp), gD ≥ g0 > 0. (3.7)

The bound g0 is computable from the sampling parameters, independent of the list and starting
state, and bounded below by a positive constant depending only on the fixed ρ. Appendix C derives
these parameters.

Proof. Lower-bound the Laplacian gap. Let N+ count the nonzero points in the parent ball.
Each sample yi, used with both signs, contributes a random Laplacian Xi. Every vertex meets at
most two edges contributed by this sample. For every real vector z, the inequality (zv − zw)2 ≤
2z2

v + 2z2
w gives

0 ≤ ztXiz =
∑

{v,w} contributed by yi

(zv − zw)2 ≤ 4
∑

v

z2
v .

Here t denotes transpose. Thus 0 ⪯ Xi ⪯ 4I, and

LD =
M∑

i=1
Xi, EXi = 2

N+
L0. (3.8)
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For the second identity, fix an edge {v, w} of the full angular graph. The geometric bound above
puts both w − v and v − w in the parent ball. They are distinct nonzero points. Either choice for
yi contributes the undirected edge once, so

(Xi)vw = −1{yi = w − v} − 1{yi = v − w}, E(Xi)vw = − 2
N+

,

where 1{·} denotes the indicator. Nonedges contribute zero. The diagonal is the degree, hence

E(Xi)vv = −
∑
w ̸=v

E(Xi)vw = 2
N+

d0(v),

with d0(v) the degree of v in the full angular graph. Edges contributed by one sample need not be
independent.

Every Xi maps the constant vector to zero. Let the columns of W be an orthonormal basis
of its orthogonal complement, the subspace of coordinate sum zero. Apply Theorem 2.4 to the
independent matrices W tXiW , of dimension N − 1, where N = |S|. Their norms are at most four,
and the smallest eigenvalue of their expected sum is

µmin = 2M

N+
λ2(L0).

Taking d = N − 1 and B∗ = 4 gives

Pr{λ2(LD) ≤ µmin/2} ≤ (N − 1)e−µmin/32.

Since N+ = Θ(τnV ) = Θ(V ) and λ2(L0) ≥ κV p, we obtain µmin = Ω(Mp) and constants a, a′ > 0
depending only on κ such that

Pr{λ2(LD) < aMp} ≤ |S|e−a′Mp.

Upper-bound the degrees. At a fixed vertex, the degree is a sum of M independent variables
in [0, 2] with total mean O(Mp). Choose K = Θ(Mp) at least u times every such mean, for any
fixed u > e. The upper-tail bound in Theorem 2.4, with d = 1 and B∗ = 2, bounds the probability
of degree at least K by (e/u)K/2 = e−Ω(Mp). A zero mean gives degree zero almost surely. A union
bound over vertices gives the required capacity bound. Combining the two estimates with (3.4)
proves the claim.

Multiplicity is essential here: the edge weights in LD = ∑
i Xi record all parent indices. Storing

equal vectors with their frequencies preserves both the sampling model and (3.8). The spectral gap
of PD is now reduced to the three geometric estimates for the full angular graph.

4 From uniform lists to a shortest vector

We first turn the spectral gap of PD into a guarantee for an entire output list. We then give the
algorithm and prove its success and resource bounds.
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4.1 Joint sampling guarantees from independent trajectories

Lemma 4.1 (Joint sampling from a fixed parent list). Fix a parent list D satisfying (3.7), a state
z ∈ S, and an integer Q ≥ 1. Run Q copies of PD from z with independent transition randomness.
Their endpoints after t steps satisfy∥∥∥L(X1, . . . , XQ | D, z)− U(S)⊗Q

∥∥∥
TV
≤ Q

2

√
|S| e−g0t. (4.1)

The bound is uniform over D and z subject to these conditions.

Proof. Conditional on (D, z), the endpoint distribution is (P t
D(z, ·))⊗Q. By Theorem 2.2, each

factor is within 1
2
√
|S|e−g0t of U(S) in total variation. Apply the product bound (2.2).

The target product distribution does not depend on D or z, so averaging over pairs satisfying
the hypotheses preserves the bound. In particular, the starting state may depend on the entire
parent list. Taking the single-trajectory error to be ε/Q gives joint error ε at a cost of O(log Q)
additional steps.

The actual parent list is itself only approximately independent and uniform. Let ηin and ηout
denote the total-variation errors of the input and output lists from their ideal product distributions,
counting failure as an additional outcome. By (2.3), applying the same stage to the actual and
ideal input lists preserves the bound ηin on their output distance. If εstage is the sum of the error
bounds for failure of the list conditions, failure to find a starting state, mixing, filtering, and budget
exhaustion with ideal input, then

ηout ≤ ηin + εstage.

The inherited error is charged once per stage. Appendix C assigns allowances whose sum, including
initialization, is o(1).

4.2 The algorithm: sampling and difference search

Set Rj = cτ jrn, Sj = (L ∩ Bn(Rj)) \ {0}, and πj = U(Sj). The stopping constant c is fixed by the
analysis of the final difference search below. To choose the initial radius, let ρB = 1

2
∑

i ∥bi∥ bound
the radius of the fundamental cell B[−1/2, 1/2)n. Take the least integer J ≥ 1 such that

RJ ≥ n2 max(ρB, rn). (4.2)

To specify the trajectory lengths without counting the states, use the computable bounds

Uj =
(
2⌈Rj

∥∥∥B−1
∥∥∥

F
⌉+ 1

)n
, Λ = 1 + n + log UJ + log(J + 1). (4.3)

Here
∥∥B−1∥∥

F is the Frobenius norm. Every x = Bz ∈ Sj has ∥z∥∞ ≤ Rj

∥∥B−1∥∥
F , so |Sj | ≤ Uj .

Set ξ = 1/[n(J +1)]. Compute M, K, g0 by the explicit rules (C.2)–(C.3) in Appendix C. These
rules use only the input basis, the dimension, and the fixed constants, and give

M ≥ (4/3)n/2, M = p−1 poly(n, J, Λ), K = poly(n, J, Λ), g0 = Ω(1).

On a lattice satisfying the geometric estimates, an independent uniform parent list fails (3.7) with
probability at most ξ and contains no starting state in the next ball with probability at most ξ.
These are the only properties of the parameter choices used below. Define

tj(δ) =
⌈
g−1

0 max{0, 1
2 log Uj + log(1/(2δ))}

⌉
, 0 < δ < 1. (4.4)
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By (2.1), this many steps give endpoint error at most δ. Let Qj = M for j > 0 and Q0 = 2M .
A shared burn-in of length tj(ξ) permits comparison of query costs with the reference execution
defined in Remark 4.5. The subsequent Qj trajectories use independent transition randomness for
sj = tj(ξ/Qj) steps. Lemma 4.1 gives joint output error at most ξ uniformly over their common
starting state. Appendix C verifies these bounds and supplies the resource budgets.

Algorithm 4.2 (Sampling and final difference search).
Input: Normalized basis B and the original scale.

Use the radius schedule and trajectory lengths above, and the parameters and budgets in Appendix C.
1: D ← ()
2: while |D| < M do
3: Draw u ∼ U(Bn(RJ + ρB)) independently.
4: x← B⌊B−1u + 1

2 1⌋
5: if 0 < ∥x∥ ≤ RJ then
6: Append x to D.
7: end if
8: end while
9: for j = J − 1, . . . , 0 do

10: Freeze D and use radius Rj for this stage.
11: Z ← the first element of D in Sj .
12: if no such element exists then
13: return ⊥
14: end if
15: for t = 1, . . . , tj(ξ) do ▷ Burn-in by full scans
16: Z ← Step(D, Z)
17: end for
18: (X1, . . . , XQj

)← (Z, . . . , Z)
19: for t = 1, . . . , sj do ▷ One batch of filtered queries per step
20: for a = 1, . . . , Qj do
21: Xa ← Step(D, Xa) with independent transition coins.
22: end for
23: end for
24: D ← (X1, . . . , XQj

)
25: end for
26: Split D by index into two lists of M points.
27: Report cross-list pairs (x, y) with 0 < ∥x− y∥ ≤ R0.
28: if no pair is reported then
29: return ⊥
30: end if
31: return the shortest reported difference, restoring its scale.

Burn-in scans D. At each output step, spherical filtering reports all admissible proposals for the
whole batch before any transitions are made. The same routine reports pairs for the final difference
search. Each batch uses fresh filter randomness independent of its fixed inputs and transition coins.
Appendix A implements these reporting operations. Any detected subroutine failure or exhausted
resource budget returns ⊥. A missed report or failure to find a shortest vector may instead produce
a nonshortest output.

Theorem 4.3 (Exact shortest vectors in Haar-random lattices). For all sufficiently large n, there is
a measurable set of determinant-one lattices of Haar probability 1− o(1) such that, for every lattice
in the set and every input basis of that lattice, the algorithm returns an exact shortest nonzero
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vector with probability 1− o(1) over its own randomness. Its time and space are bounded by

T ≤ (3/2)n/22o(n) poly(n, J, Λ), (4.5)
S ≤ (4/3)n/22o(n) poly(n, J, Λ). (4.6)

The algorithm returns failure if a budget is exhausted. This set of lattices is independent of the
input basis, and the conditional success bound is uniform over this set and its bases. The bounds
include every step of the algorithm. On arbitrary lattices, only the resource bounds are asserted.
Remark 4.4 (Dependence on the input basis). The parameters satisfy J, Λ = O(nℓB), so the poly-
nomial factors in the theorem are bounded by poly(n, ℓB). To see this, work with the normalized
basis and put A = ∥B∥F and C =

∥∥B−1∥∥
F . The determinant-one condition gives A, C ≥

√
n, while

ρB ≤
√

nA/2 and rn = Θ(
√

n). Since log τ = Θ(1/n), the choice of J yields

J = O(n [log n + log(1 + ρB/rn)]) = O(nℓB).

Minimality of J also gives RJC ≤ poly(n)AC, hence log UJ = O(nℓB) and Λ = O(nℓB). In
particular, ℓB = nO(1) suffices for the stated dimension exponents. The success guarantee still
holds for every basis, with the corresponding resource bounds.
Remark 4.5 (Reference execution and budgets). Endpoint mixing controls the output distribution.
To bound the work along the trajectories, we compare their queries with those of a stationary
reference execution.

Fix a lattice and a stage with nonempty state space S, and sample D from the ideal product
distribution of the parent list. Let G be the event that D satisfies (3.7) and contains a starting
state in S. For every D in G, suppose burn-in has total-variation error at most δ from U(S), and
let εmix be the joint endpoint error from Lemma 4.1.

For every D, define a reference execution with capacity max{K, maxv dD(v)}, starting all output
trajectories at one common U(S) state independent of D. Use independent transition coins and
complete proposal sets. Each query is then uniform conditional on D, though the queries need not
be independent. Let W be the total work of the fresh filtering routines along these trajectories,
without capacity or budget cutoffs. These reports do not determine the reference transitions. If
εfilt bounds the probability of any missed proposal along the reference trajectories, an output-query
budget Bout > 0 gives

ηout ≤ ηin + Pr(Gc) + δ + εfilt + εmix + EW

Bout
.

Here ηin, ηout include failure as in Section 4.1. Indeed, couple the input lists, then, on G, couple the
burn-in endpoint to the reference start. With shared coins and filters, the executions agree until
an omission or cutoff. Markov’s inequality controls W , and Lemma 4.1 controls the untruncated
endpoints. Both Pr(Gc) and EW use the unconditioned ideal distribution of the parent list. In
particular, no bound on E[W | G] is needed or inferred.

4.3 Representation counts and the final difference search

The geometric estimates require
3
4c2 > 1. (4.7)

To determine the constraint on c for the final difference search, we need two quantities: the ball
count N0 = |S0| and the number Kv = |S0 ∩ (S0 + v)| of representations of a specified short vector
v as a difference. The first fixes the sampling probability of each point, and the second counts
successful pairs.
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Lemma 4.6 (Counts in balls and representations of short vectors). Fix c > 1 with c2 − 1/4 > 1.
With Haar probability 1− o(1), the shortest length lies in [rnn−1/n, rnn1/n], and simultaneously for
every primitive lattice vector v in this window,

N0 = (1 + o(1))cn,

Kv ≥ (c2 − 1/4)n/2/ poly(n).

In particular, the representation bound applies to every shortest vector.

We prove this lemma using a conditional count in the intersection of two balls. The next two
results give unconditional moments and the distribution conditional on a primitive vector.

Theorem 4.7 (Siegel–Rogers moment formulas [Sie45, Rog55]). Let n ≥ 3 and let L be a Haar-
random determinant-one lattice in Rn. For a nonnegative bounded compactly supported Borel func-
tion φ, put Σφ = ∑

x∈L\{0} φ(x) and ζ(n) = ∑
a≥1 a−n. Then

ELΣφ =
∫
Rn

φ(x) dx, VarL(Σφ) = 1
ζ(n)

∑
a≥1

∑
b∈Z\0

∫
Rn

φ(ax)φ(bx) dx.

In particular, for a bounded Borel set A, if NA = #((L\{0})∩A) and VA = vol A, then ENA = VA

and Var NA ≤ CVA for an absolute constant C.

The displayed second-moment form is recorded in [PS26, Corollary 1]. A modern treatment of the
real-lattice mean formulas is [Kim22].

The count-variance bound. Take φ = 1A. Each integral counts continuous configurations in which
two collinear integer multiples lie in A. Changing variables separately by y = ax and y = bx
bounds it by max(a, |b|)−nVA. There are 2(2h − 1) pairs with max(a, |b|) = h, giving Var NA ≤
4VA

∑
h≥1 h1−n ≤ 4ζ(2)VA.

This formula handles the ball count directly. The region defining Kv depends on a lattice vector,
so we condition on a fixed primitive vector. A nonzero vector is primitive if division by an integer
greater than one does not leave it in the lattice.

Theorem 4.8 (Conditioning on a primitive vector, Strömbergsson [Str11, §5.1, (5.1)–(5.3), and
Proposition 5.1]). Let n ≥ 2, let L be a Haar-random determinant-one lattice, and let Lprim de-
note its primitive vectors. For every v ̸= 0, there is a conditional probability measure on lattices
containing v primitively, with expectation Eprim

v , such that every nonnegative measurable H satisfies

EL

∑
v∈Lprim

H(L, v) = 1
ζ(n)

∫
Rn

Eprim
v H(L, v) dv.

Write h = ∥v∥ and m = n − 1, rotate so that v = he1, and identify e⊥
1 with Rm. Under this

conditional measure,
L = {h(j + ω(z))e1 + h−1/mz : z ∈ Λ′, j ∈ Z}, (4.8)

where Λ′ is a Haar-random determinant-one lattice in Rm. Conditional on Λ′, the map ω : Λ′ → T,
with T = R/Z, is a uniformly random homomorphism: its values on a lattice basis are independent
uniform points of T.
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The variance case of the following lemma suffices for the representation count. Its higher
moments will also be used for the uniform degree bounds in Section 6.

Lemma 4.9 (Moments of lattice sums with random shifts). Let m ≥ 3, let Λ′ be a Haar-random
determinant-one lattice in Rm, and, conditional on Λ′, let ω : Λ′ → T be a uniformly random
homomorphism. Fix a ball B ⊂ Rm centered at the origin, of volume U , a constant J1 > 0, and a
measurable function 0 ≤ F (z, t) ≤ J11B(z), all independently of (Λ′, ω). Define

Z =
∑

z∈Λ′\{0}
F (z, ω(z)), ν =

∫
Rm

∫
T

F (z, t) dt dz,

where dt is Haar probability on T. Then EZ = ν, and for every even integer 2 ≤ k < m,

E(Z − ν)k ≤ Jk
1 E(NB − U)k, NB = #((Λ′ \ {0}) ∩B). (4.9)

In particular, Var Z ≤ CJ2
1 U for an absolute constant C.

Proof. Averaging each shift and applying the first lattice mean gives EZ = ν. For higher moments,
use the integer-relation formula and its centering rule (Theorem 5.2 and Corollary 5.3), proved
independently in Section 5.1, retaining the shifts. For linearly independent lattice vectors y1, . . . , yr,
the vector of shifts t = (ω(y1), . . . , ω(yr))t is uniform on Tr: their integer coordinate matrix induces
a surjective homomorphism Tm → Tr, which preserves Haar probability. The relation term indexed
by A ∈ Ar,k is therefore ∫

Rm×r
Et∼U(Tr)

k∏
j=1

F (Y Aej , (Att)j) dY,

where ej is the j-th standard column vector.
If position j participates in no relation, an integer change of basis separates its Euclidean

coordinate and shift from all other positions. Integrating them contributes exactly ν. This term
cancels the corresponding choice of −ν in the expansion of (Z − ν)k, as in Corollary 5.3. Only
nonnegative terms with no free position remain. Bounding each factor by J11B removes the shifts
and leaves the same centered relation sum for NB, proving (4.9). All rearrangements are justified
by Za ≤ Ja

1 Na
B for a ≤ k < m and the moment integrability in Theorem 5.2. Taking k = 2 and

applying the count-variance bound of Theorem 4.7 gives the last assertion.

Proof of Lemma 4.6. The ball at the stopping radius has volume cn. Theorem 4.7 gives

EN0 = cn,
Var N0
(EN0)2 = O(c−n) = o(1).

Chebyshev’s inequality proves the ball estimate. The same mean and variance give the shortest-
length window: the ball of radius rnn−1/n has expected count 1/n, so Markov’s inequality bounds
its probability of being nonempty by 1/n. The ball of radius rnn1/n has mean n and variance at
most Cn, so its probability of being empty is at most C/n. Hence

P{λ1(L) /∈ [rnn−1/n, rnn1/n]} ≤ (1 + C)/n.

Count along lines parallel to the short vector. Fix a primitive v in this window. Write
h = ∥v∥, m = n− 1, rotate to v = he1, and use the conditional representation (4.8). Set

Ev = Bn(R0) ∩ Bn(v, R0), µv = vol Ev.
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On the line h−1/mz + Rv, the number of points in Ev with shift t is Fv(z, t) = ∑
j∈Z 1Ev (h(j +

t)e1 +h−1/mz). Let Zv = ∑
z∈Λ′\0 Fv(z, ω(z)) count the points off the axis Rv. Such a point and its

translate by −v are both nonzero, so Kv ≥ Zv. Each line contributes at most J1 = 1+2R0/h = O(1)
points. With ρv =

√
R2

0 − h2/4, the projected region lies in B = h1/mBm(ρv). For independent
uniform Z0 ∈ B and Θ ∈ T,

0 ≤ Fv ≤ J11B, U = vol B = h volBm(ρv), UEFv(Z0, Θ) = µv.

The last identity follows by averaging the shift t: the axial scaling has Jacobian h and the transverse
scaling has Jacobian h−1. Thus Eprim

v Zv = µv.

Lower-bound the mean. Write x = (h/2 + s)e1 + z, where z ⊥ e1. The cylinder

|s| ≤ h/n, ∥z∥2 ≤ ρ2
v − 2h2/n

lies in Ev, since both squared lengths are at most R2
0 − 2h2/n + h|s| + s2 ≤ R2

0. As h/ρv = Θ(1),
its volume gives

µv ≥
2U

n

(
1− 2h2

nρ2
v

)(n−1)/2

≥ CU/n.

Using h/rn = exp(O(log n/n)) and the formula for ball volume gives U = (c2 − 1/4)n/2nO(1).

Concentrate the count and remove the conditioning. Lemma 4.9 gives

Eprim
v (Zv − µv)2 ≤ CJ2

1 U.

Thus the conditional probability that Kv < µv/2 is at most 4CJ2
1 U/µ2

v ≤ C ′n2/U = e−Ω(n),
uniformly in the window. The expected number of primitive vectors in that window is at most
n. Theorem 4.8 therefore makes the expected number violating this bound exponentially small.
Markov’s inequality gives the bound simultaneously for every primitive vector in the window.
Combining this with the ball count and shortest-length estimate proves the lemma.

Lemma 4.10 (A shortest vector among differences of uniform samples). Fix c > 1 such that
c2 − 1/4 > 1 and

9
16c4 < c2 − 1/4. (4.10)

There is a set of lattices of Haar probability 1 − o(1) such that, on every lattice in the set, two
independent lists of M ≥ (4/3)n/2 independent uniform points in S0 contain a shortest cross-list
difference with probability 1− o(1).

Proof. Fix a lattice satisfying Lemma 4.6 and a shortest vector v. Let Z count cross-list pairs
whose difference is v. Each pair is uniform on the N2

0 possible ordered pairs, of which Kv succeed.
Therefore

EZ = M2Kv

N2
0
≥ 1

poly(n)

(
16(c2 − 1/4)

9c4

)n/2

.

The mean grows exponentially by (4.10).
To bound the variance, only pairs sharing a sample need attention. Write N = N0 and retain

Kv for the number of representations. Among ordered pairs of candidate pairs, M2 coincide and
2M2(M − 1) share exactly one sample index. Their joint success probabilities are Kv/N2 and
Kv/N3, respectively: the equation x−y = v determines either endpoint from the other. Candidate

17



pairs sharing no index are independent. Bounding each variance or covariance by the corresponding
joint success probability gives

Var Z ≤M2 Kv

N2 + 2M2(M − 1)Kv

N3 ≤ EZ

(
1 + 2M

N

)
.

Chebyshev’s inequality and EZ = M2Kv/N2 therefore imply

Pr{Z = 0} ≤ 1
EZ

+ 2N

MKv
= 1

EZ
+ 2√

KvEZ
≤ 1

EZ
+ 2√

EZ
= o(1),

where the last step uses Kv ≥ 1.

The geometric condition (4.7) and the condition for the final difference search in (4.10) hold
together in the nonempty interval

√
4/3 < c <

√
8 + 2

√
7

3 . (4.11)

The interval is nonempty because at c2 = 4/3 the inequality for the final difference search is already
strict: its two sides are 1 < 13/12. Every c in the interval also satisfies c2 − 1/4 > 1. Fix any such
constant c for the algorithm. Its choice does not affect the leading time and space exponents.

The actual 2M endpoints are jointly close to the independent uniform samples just analyzed, and
splitting them by index adds no distribution error. On a lattice satisfying the preceding estimates,
λ1(L) = (1 + o(1))rn < R0, so the explicit threshold for the final difference search includes every
shortest vector. Once the reported differences include a shortest vector, exact comparison returns
a shortest nonzero lattice vector.

4.4 Proof of the main theorem

Proof of Theorem 4.3 assuming Proposition II.1. Intersect the event in Proposition II.1 with the
events for short-vector representations in Lemma 4.6 and filtering costs in Appendix A.4. Each
holds with Haar probability 1− o(1) independently of the input basis, so their intersection does as
well.

Fix such a lattice and any input basis. Initialization gives an exactly uniform parent list. At
each stage, Lemma 3.5 gives a constant spectral gap, and Lemma 4.1 regenerates a list close to
the uniform product distribution. The error bounds for the list conditions, finding a starting state,
mixing, filtering, and budget exhaustion sum to o(1). The stagewise coupling adds each error once.
Lemma 4.10 adds another o(1) for failure of the final difference search.

Each trajectory takes poly(n, J, Λ) steps. The shared burn-in scans the parent list at cost
M times a polynomial. For the remaining steps, let F = (3/2)n/22o(n) be the number of filter
directions. The first- and second-moment estimates in Appendix A, equation (A.7), bound the
expected batch cost of the stationary chain by 2o(n) poly(n, J, Λ) times

M + F
[
1 + (3c2/4)−n/2].

Indeed, substitute M = (4/3)n/2 poly(n, J, Λ), Q ≤ 2M , and V ≥ cn: direct comparisons cost M
times a polynomial, filter memberships and linearly independent candidate pairs cost F times a
polynomial, and the collinear contribution has the remaining factor (3c2/4)−n/2. The same bound
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applies to the final difference search with two radius-R0 lists and Q = M . In particular, the term
due to collinear pairs satisfies

FMQ(3/4)n/2

V
≤ F poly(n, J, Λ) (3c2/4)−n/2.

The condition 3c2/4 > 1 makes this factor decay. Markov’s inequality, with the polynomial error
allowances of Appendix C, turns expected costs into budgets. Summing over stages proves (4.5).

Streaming requires 2o(n) poly(n, J, Λ)(M +Q+QK) storage. Here Q ≤ 2M and K is polynomial,
so this is (4/3)n/22o(n) poly(n, J, Λ), proving (4.6). The final difference search stores only its shortest
current difference. All failure exits respect the budgets, while the success claim holds on the stated
set of lattices.

It remains to prove Proposition II.1, which supplies the point counts, degree bounds, and
Laplacian gap at all prescribed radii.

Part II

A uniform Laplacian gap for the full angular
graph
The Markov chain construction reduces list generation to the geometric estimates in Proposi-
tion II.1. We prove these estimates using centered trace moments and lattice-point counts. The
contraction and degree bounds must hold uniformly over the vertices and radii required by the
algorithm.

Fix a lattice L and radius R. Write SR = (L ∩ Bn(R)) \ {0}, NR = |SR|, V = (R/rn)n, and
ν = V p. Distinct vertices x, y are adjacent when ⟨x, y⟩ ≥ b ∥x∥ ∥y∥. Their adjacency matrix,
degrees, and Laplacian are A0, d0, and L0 = diag(d0)−A0. Recall that τ = 1 + 1/n, b = 1− τ2/2,
and p = n−1/2(3/4)n/2eO(1). Subscripts L on expectations and probabilities refer to Haar-random
lattices.

Recall that 1/2 < ρ < 1 and κ = (1− ρ)/2.

Proposition II.1 (Geometry of the full angular graph). Fix c >
√

4/3. With Haar probability
1− o(1), simultaneously at all radii Rj = cτ jrn, j ≥ 0,

λ2(L0) ≥ κν. (II.1)

The same lattices satisfy NR = (1 + o(1))V and d0(x) = (1 + o(1))ν for every vertex. All estimates
are uniform over this infinite grid.

The matrix M0 = (A0+I)/ν has row sums (d0(x)+1)/ν. The next lemma reduces the Laplacian
gap to degree concentration and contraction of M0 on zero-sum vectors.

Lemma II.2 (From contraction and degrees to a Laplacian gap). Suppose NR ≥ 2 and

max
x∈SR

∣∣∣∣d0(x) + 1
ν

− 1
∣∣∣∣ ≤ ϵn, ∥M0f∥ ≤ ρ ∥f∥ whenever

∑
x

f(x) = 0.

Then λ2(L0) ≥ ν(1− ϵn − ρ).
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Proof. The identity
L0 = ν(I −M0) + diag(d0(x) + 1− ν)

and Cauchy–Schwarz give, for every nonzero zero-sum f ,

f tL0f

ν ∥f∥2
≥ 1− ϵn −

f tM0f

∥f∥2
≥ 1− ϵn −

∥M0f∥
∥f∥

≥ 1− ϵn − ρ.

Minimize this Rayleigh quotient on the orthogonal complement of the constant vector.

The limiting continuous contraction is 1/2, so contraction by ρ leaves a positive gap once the
degree error tends to zero. We prove these two estimates on the radius grid.

5 Spectral contraction from centered trace moments

We first record the identity for centered lattice sums used throughout the proof. We then compare
the continuous spherical-cap walk with the full angular graph.

5.1 Rogers’s formula and centered lattice sums

In the trace expansion below, intermediate points contribute centered lattice sums, while the end-
points remain lattice sums. We therefore need Rogers’s formula with only a specified subset of
coordinates centered. Integer coordinates express both the resulting cancellations and the later
determinant bounds through the same relation matrices.

Definition 5.1 (Relation representatives). For 1 ≤ r ≤ k < n, let Ar,k contain one representative
of each class of matrices A ∈ Zr×k with no zero column and AZk = Zr, modulo left multiplication
by GLr(Z). A position j participates in a relation if some ξ ∈ Zk satisfies Aξ = 0 and ξj ̸= 0. Write
F(A) for the set of remaining positions, which we call free.

Theorem 5.2 (Rogers’s formula in integer coordinates [SS22, Theorem 1.5, (1.12)]). Let 1 ≤ k < n
and let F : (Rn)k → [0,∞) be bounded, Borel measurable, and compactly supported. Then

EL

∑
x1,...,xk∈L\{0}

F (x1, . . . , xk) =
k∑

r=1

∑
A∈Ar,k

∫
Rn×r

F (Y A) dY.

Both sides are finite, and the identity also holds for bounded compactly supported real-valued F .

The source writes F (Y Bt), where the columns of B form a basis of a saturated subgroup of
Zk. Taking A = Bt, Smith normal form identifies saturation with AZk = Zr. Setting F to zero
whenever an argument vanishes removes the origin and zero-column terms. For the equivalence
with the classical formula [Rog55] and absolute integrability, see [SS22, Section 2 and Remark 2.2].
The integral is independent of the representative: replacing A by GA, G ∈ GLr(Z), amounts to the
substitution Y ′ = Y G, whose Jacobian is one.

Write Si for summation over xi ∈ L \ {0} and Ii for integration over xi ∈ Rn, leaving the other
coordinate labels unchanged. Centering selected coordinates gives the following form of the usual
Rogers cancellation [SS19, proof of Theorem 2.3].
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Corollary 5.3 (Partially centered relation sum). For F as above and nonempty B ⊆ {1, . . . , k},

EL

∏
i/∈B

Si

∏
j∈B

(Sj − Ij)

F =
k−1∑
r=1

∑
A∈Ar,k

B∩F(A)=∅

∫
F (Y A) dY.

All expansions are absolutely integrable.

Proof. Choose a compact ball C containing every coordinate projection of supp F , and put NC =
#((L \ {0}) ∩ C). Theorem 5.2 applied to 1⊗k

C gives ELNk
C < ∞. The sum of the absolute values

of the expanded terms is bounded by ∥F∥∞ EL(NC + vol C)k, which justifies the rearrangements
below.

Fix J ⊆ {1, . . . , k} and integrate its positions first. Apply Theorem 5.2 to the remaining
positions and insert an identity block for the integrated ones. In the column order (Jc, J), this
sends A′ to diag(A′, I|J |), preserving the product Lebesgue measure. The insertion is a bijection
onto relation classes whose positions in J are free. Indeed, for any such A, if H is generated by its
columns outside J , freeness and AZk = Zr give

Zr = H ⊕
⊕
j∈J

Zaj .

A basis of H followed by these aj recovers the block form, uniquely up to the unimodular basis
change defining the class of A′. When J is all positions, the block is simply Ik. Consequently,

EL

∏
i/∈J

Si

∏
j∈J

Ij

F =
k∑

r=1

∑
A∈Ar,k

J⊆F(A)

∫
F (Y A) dY.

Expanding the centered coordinates, the coefficient of each relation class is therefore∑
J⊆B∩F(A)

(−1)|J | = 1{B ∩ F(A) = ∅}.

Full-rank classes have every position free and thus cancel because B ̸= ∅.

Corollary 5.4 (Positivity of centered counts). For 1 ≤ k < n and bounded, nonnegative, compactly
supported Borel F : (Rn)k → R,

EL

[
k∏

i=1
(Si − Ii)

]
F ≥ 0.

All expanded terms are absolutely integrable. Moreover, ELNk
C <∞ for every bounded Borel set C,

where NC = #((L \ {0}) ∩ C).

Proof. With B = {1, . . . , k}, every relation integral remaining in Corollary 5.3 is nonnegative. The
moment assertion follows from Theorem 5.2 applied to 1⊗k

C .
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5.2 Contraction of the continuous spherical-cap walk

Definition 5.5 (Spherical-cap transition). Let σ be uniform probability measure on Sn−1 and put

a(u, v) = 1{⟨u, v⟩ ≥ b}, T (u, v) = a(u, v)/p.

Here T is the transition density with respect to σ: (Tg)(u) =
∫

T (u, v)g(v) dσ(v) is the expected
value of g after one step from u. For x ̸= 0, write x̂ = x/ ∥x∥. For real square-integrable g, write
∥g∥2L2(σ) = EU∼σg(U)2.

Theorem 5.6 (Mixing of the spherical-cap walk [LMSY23, Corollary 4.7]). For the spherical-cap
walk on Sn−1 with threshold b ∈ (0, 1) and cap measure p, when nb2 →∞ there is βn = (1+onb2(1))b
such that, for every initial probability distribution α and every integer j ≥ 1,

∥∥∥αT j − σ
∥∥∥

TV
≤
√

1
2 log 1

p
βj−1

n . (5.1)

The error in βn is independent of α and j.

Here αT j is the distribution after j steps of the spherical-cap walk from α. The source’s
parameters d, τ, ρ, Pp are denoted here by n, b, σ, T . To compare spectra, we convert this total
variation rate into an L2 contraction rate.

Lemma 5.7 (Continuous contraction). For every mean-zero h ∈ L2(σ),

∥Th∥L2(σ) ≤ βn ∥h∥L2(σ) , βn = 1
2 + o(1). (5.2)

Proof. Let Πh =
∫

h dσ be the projection onto constants, and set Cn =
√

1
2 log(1/p). Applying

Theorem 5.6 to a point mass at u gives

sup
u

∫
|T j(u, v)− 1| dσ(v) ≤ 2Cnβj−1

n .

The kernel is symmetric, so the same bound holds for column integrals. The Schur bound therefore
yields

∥T j −Π∥L2→L2 ≤ 2Cnβj−1
n .

Since T is self-adjoint and TΠ = ΠT = Π, we have ∥T − Π∥jL2→L2 = ∥T j − Π∥L2→L2 . For each
fixed sufficiently large n, take jth roots and let j → ∞ to obtain ∥T − Π∥L2→L2 ≤ βn. Finally,
b = 1/2 + O(1/n) gives βn = 1/2 + o(1).

5.3 Reducing lattice contraction to a trace moment

For U ∼ σ, define

T 2(u, v) = EU [T (u, U)T (U, v)], RL(x, z) = M2
0 (x, z)− T 2(x̂, ẑ)

V
(x, z ∈ SR).

The density T 2 is the measure of the intersection of two caps divided by p2. The real symmetric
matrix RL compares this intersection measure with the number of lattice intermediates.
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For m ∈ 4N, set zm+1 = z1 and define the cyclic indicator

FR(z1, . . . , zm) =
m∏

i=1
[1{0 < ∥zi∥ ≤ R}1{⟨zi, zi+1⟩ ≥ b ∥zi∥ ∥zi+1∥}] . (5.3)

The number of arguments specifies m. Odd positions will be trace endpoints, and even positions
will be intermediate points.

Lemma 5.8 (Contraction from trace moments). If r ≥ 2 is even, 2r < n, and t > 0, then

PL

 sup
f ̸=0∑

x
f(x)=0

∥M0f∥2

∥f∥2
> β2

n + t

 ≤
2r

tr
EL Tr(Rr

L).

The event is empty when NR < 2, and the trace is zero when NR = 0.

The comparison replaces two lattice averages by spherical averages. The first replacement
produces the matrix RL. The second produces an integral operator with the same discrepancy
kernel. We control their operator norms by even trace moments, and Corollary 5.4 bounds the
expected continuous trace moment by the lattice trace moment.

Proof of Lemma 5.8. Fix NR ≥ 2 and a nonzero zero-sum f .
Replace the intermediate lattice point by a spherical point. Expanding the discrete square
gives

∥M0f∥2 = 1
V

∑
x,z

f(x)f(z)
[

1
V

∑
y

T (x̂, ŷ)T (ŷ, ẑ)
]

,

1
V

∑
x,z

f(x)f(z)T 2(x̂, ẑ) = 1
V
EU

(∑
x

f(x)T (x̂, U)
)2

.

All sums range over SR. The expression inside the continuous square naturally defines

h(u) = 1
NR

∑
x

f(x)T (x̂, u) = EX [f(X)T (X̂, u)], X ∼ U(SR).

Since |T | ≤ 1/p, this function is square-integrable. Moreover,
∫

h dσ = N−1
R

∑
x f(x) = 0. The

continuous square is (N2
R/V )Eh(U)2.

Define the discrepancy between the two intermediate-point averages by

∆(u, v) = 1
V

∑
y∈SR

T (u, ŷ)T (ŷ, v)− T 2(u, v). (5.4)

Geometrically, p2∆ is the lattice count in a two-cap intersection, divided by V , minus its spherical
probability. Subtracting the two squares yields

∥M0f∥2 − N2
R

V
Eh(U)2 = 1

V

∑
x,z

f(x)∆(x̂, ẑ)f(z). (5.5)

Since RL(x, z) = ∆(x̂, ẑ)/V , this is

∥M0f∥2 = N2
R

V
Eh(U)2 + f tRLf. (5.6)
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Replace the remaining lattice average by a spherical average. The definition of h and
Cauchy–Schwarz, applied to f(X) and (Th)(X̂), give

Eh(U)2 = EX [f(X)(Th)(X̂)], (Eh(U)2)2 ≤ Ef(X)2 EX(Th)(X̂)2.

To apply continuous contraction, expand and subtract the two averages:

NR

V
EX(Th)(X̂)2 − EW (Th)(W )2 = EU,U ′ [h(U)∆(U, U ′)h(U ′)],

where U, U ′, W are independent samples from σ. The kernels are V −1∑
x T (U, x̂)T (x̂, U ′) and

T 2(U, U ′), so their difference is the same ∆.
Let DL be the integral operator with kernel ∆, used only in this proof. Lemma 5.7 gives

NR

V
EX(Th)(X̂)2 ≤ (β2

n + ∥DL∥op)Eh(U)2.

Combine this with Cauchy–Schwarz and cancel Eh(U)2 when it is positive:

NR

V
Eh(U)2 ≤ (β2

n + ∥DL∥op)Ef(X)2.

The bound also holds when h = 0. Multiply by NR, use ∥f∥2 = NREf(X)2, and substitute in
(5.6). We obtain, for this fixed lattice,

∥M0f∥2 ≤
(
β2

n + ∥RL∥op + ∥DL∥op
)
∥f∥2 . (5.7)

Compare the expected trace moments. By (5.7), contraction can fail only if ∥RL∥op +
∥DL∥op > t. The matrix RL and the kernel of DL are real and symmetric. For even r, the largest
rth power of an eigenvalue is at most their sum:

∥RL∥rop ≤ Tr(Rr
L), ∥DL∥rop ≤ Tr(Dr

L). (5.8)

For DL, boundedness and symmetry of the kernel ensure square-summability of the real eigenvalues,
so this argument applies for every even r ≥ 2.

Use FR from (5.3) with m = 2r. Recall that every Si sums over the same lattice L \ {0}, while
Ii is unnormalized Lebesgue integration in coordinate i. Expanding the cyclic products gives, for
each fixed lattice,

Tr(Rr
L) = 1

(V p)2r

 r∏
j=1

S2j−1

r∏
j=1

(S2j − I2j)

FR,

Tr(Dr
L) = 1

(V p)2r

 r∏
j=1

I2j−1

r∏
j=1

(S2j − I2j)

FR.

(5.9)

Indeed, each copy of ∆ contributes one centered intermediate position with factor 1/(V p2). Each
endpoint contributes another factor 1/V : from RL(x, z) = ∆(x̂, ẑ)/V in the first trace, and from
replacing a spherical average by a normalized ball integral in the second. The angular factors are
the same in both traces.

In the first line, expand each endpoint operator as S2j−1 = (S2j−1− I2j−1)+ I2j−1. Choosing the
integral at every endpoint gives the second line. In every other term, first integrate the endpoints at
which I2j−1 was chosen. The resulting function is nonnegative, bounded, and compactly supported,
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and every remaining coordinate is centered. Corollary 5.4 therefore makes the Haar expectation of
that term nonnegative. Since 2r < n, all expansions are absolutely integrable. Together with the
nonnegativity of even trace powers, this proves

0 ≤ EL Tr(Dr
L) ≤ EL Tr(Rr

L). (5.10)

Finally, Markov’s inequality and (a + b)r ≤ 2r−1(ar + br) give

PL{∥RL∥op + ∥DL∥op > t} ≤ 2r−1

tr
EL[∥RL∥rop + ∥DL∥rop]

≤ 2r

tr
EL Tr(Rr

L).

5.4 Bounding a fixed trace moment using integer relations

For m ∈ 4N and n > m, put
Qm(R) = EL Tr(Rm/2

L ).

Lemma 5.9 (Fixed trace moment bound). For every fixed c >
√

4/3, there are m ∈ 4N and γ > 0,
depending only on c, such that, for all sufficiently large n and every R ≥ crn,

Qm(R) ≤ e−γn.

The moment order is fixed independently of n. Lemma 5.8, applied with order m/2 and t =
ρ2 − β2

n, then gives

PL{∃f :
∑

x

f(x) = 0, ∥M0f∥ > ρ ∥f∥} ≤ Cρ,mQm(R), (5.11)

since βn → 1/2 < ρ. We first bound each integer relation and then choose m so that their sum
decays exponentially.
Expand the centered lattice sums. Temporarily fix m ∈ 4N and use FR from (5.3). The first
identity in (5.9), with trace order m/2, and Corollary 5.3 give

Qm(R) = 1
V mpm

m−1∑
r=1

∑
A∈Acen

r,m

JA, JA =
∫
Rn×r

FR(Y A) dY, (5.12)

where every even position participates in each retained relation. All terms are nonnegative, and
the expansion is absolutely integrable for n > m.

Write ai for the columns of A, put am+1 = a1, and define

h(A) = max
|J |=r

|det AJ |, DA = max
{

det G : G ⪰ 0, si = at
iGai ≤ 1,

at
iGai+1 ≥ b

√
sisi+1 (1 ≤ i ≤ m)

}
.

An invertible AJ bounds the feasible matrices, so the maximum exists. Both quantities are invariant
under the representative of the relation class.

The next lemma bounds each relation integral using DA and counts the relation classes with a
given h(A). After normalization by V mpm, we seek bounds DA ≤ eOm(1/n)δr with

cr−m(4/3)m/2√δr < 1.
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The factors cr−m and (4/3)m/2 come from V r−m and p−m, respectively. Decay in h(A) will make
the sum over relation classes convergent. The lemma also applies to ball counts, which have no
angular constraints.

Lemma 5.10 (Volume and counting bounds). Let FR be a Borel indicator invariant under a
common orthogonal transformation of its m arguments and supported on ∥zi∥ ≤ R for every i. Put
JA =

∫
FR(Y A) dY , and suppose det(Y tY ) ≤ R2rDA whenever FR(Y A) = 1. For fixed m and

n > m, uniformly in r, A, R,

JA ≤ poly(n)V rh(A)−rD
(n−r)/2
A , #{A ∈ Ar,m : h(A) = h} ≤ Cmhm2/4. (5.13)

Here V = volBn(R), and the polynomial and Cm depend only on m. The counting bound also holds
for every subfamily of relation classes.

Proof. Let ι : Rr → Rn be the standard isometric embedding. Scaling and the rotation-invariant
integration formula [SS19, Lemma 5.2] give

JA = Rnr

∏n
j=n−r+1 ωj∏r

j=1 ωj

∫
Rr×r

FR(Rι(ZA)) det(ZtZ)(n−r)/2 dZ, ωj = j volBj(1).

Choose J with | det AJ | = h(A). On the support, det(ZtZ) ≤ DA and every column of ZAJ lies in
the unit ball. Substituting W = ZAJ bounds the integral by D

(n−r)/2
A h(A)−r vol(Br(1))r. Stirling’s

formula gives the volume bound.
For the count, choose the first column set J attaining h. Cramer’s rule makes the J-columns

of A−1
J A the identity and every other entry an integer multiple of 1/h in [−1, 1]. There are at

most
(m

r

)
(2h + 1)r(m−r) ≤ Cmhm2/4 possibilities. This normalized matrix determines the class: if

A′ = UA has the same row space, an integer right inverse C of A gives U = A′C integer, and the
reverse argument makes U−1 integer.

Bound the Gram determinants. First, Hadamard’s inequality at a largest minor gives

DA ≤ h(A)−2 ≤ 1. (5.14)

A second elementary bound is

DA ≤ (1− b2)r−1 = eOm(1/n)(3/4)r−1. (5.15)

Indeed, for positive definite G, scan the vectors G1/2ai in order and retain those that increase rank.
Every retained vector after the first has a nonzero predecessor in the previous span, so its squared
Gram–Schmidt length is at most 1− b2. The selected integer minor has absolute value at least one.
Singular G has determinant zero.

Writing d = m − r, the sequential bound gives the exponential base
√

4/3(3c2/4)−d/2. This
is less than one for large d, but does not improve when m grows with d fixed. For the remaining
ranks, we use all edges of the cycle and the fact that every even position participates in a relation.
The next lemma turns this participation into a determinant bound.

Lemma 5.11 (Determinants of integer kernels). Let A ∈ Zr×m satisfy AZm = Zr, let d = m− r ≥
1, and let the columns of B ∈ Zm×d form an integer basis of ker(A)∩Zm. If B has s nonzero rows
and H is positive definite, then

det(AHAt) = det H det(BtH−1B), det(BtB) ≥ s− d + 1.

26



In particular, if H ⪯ λI, then

det(AHAt) ≥ det H λ−d(s− d + 1).

Proof. Take an integer right inverse C of A. The matrix W = (C, B) is unimodular, since every
integer vector x decomposes uniquely into CAx and an integer combination of the columns of B.
The upper-left block of W −1HW −t is AHAt, and the complementary lower-right block of its inverse
is BtH−1B. The complementary-minor identity gives the determinant formula.

Choose d independent rows of B. Each additional nonzero row has a nonzero coefficient in this
row basis and can replace a corresponding basis row to give a nonzero minor. These s− d row sets
are distinct from one another and from the original basis set. All nonzero minors are integers, so
Cauchy–Binet gives det(BtB) ≥ 1 + s− d. Finally, H−1 ⪰ λ−1I gives the stated consequence.

Let Sm be the cyclic shift matrix. The coefficient 1/2 matches the limiting cap threshold.
Normalizing by 1− (1/2)2 = 3/4, set

H = 4
3(I − 1

2Sm)(I − 1
2Sm)t = 1

3I + 2
3L(Cm), QA = r

m
AHAt.

For every feasible G, the vectors wi = G1/2ai satisfy ∥wi∥ ≤ 1 and ∥wi − wi+1∥ ≤ τ . Hence

Tr(GQA) = r

m

(
1
3
∑

i

∥wi∥2 + 2
3
∑

i

∥wi − wi+1∥2
)
≤ r

(
1
3 + 2

3τ2
)

.

Arithmetic–geometric mean yields

DA ≤ eOm(1/n)/ det QA. (5.16)

The factorization gives

det H = (4/3)m(1− 2−m)2, H ⪯ 4
3(1 + 1/2)2I = 3I.

Every even position participates in a relation, so at least m/2 rows of its integer kernel basis are
nonzero. Lemma 5.11 therefore gives, whenever m > 2d,

det QA ≥ (4/3)mKd(m), Kd(m) = e−d(1− 2−m)23−d(m/2− d + 1), (5.17)

where we used (1 − d/m)m−d > e−d. The factor (4/3)m cancels the angular normalization in the
exponential base. For each fixed d, the remaining gain Kd(m) tends to infinity as m grows through
multiples of four.

Proof of Lemma 5.9. Since 3c2/4 > 1, choose a fixed integer D ≥ 2 with√
4/3(3c2/4)−D/2 < 1.

Then choose a fixed m ∈ 4N, with m > 2D, large enough that c−d/
√

Kd(m) < 1 for every
1 ≤ d < D. Set

δr =
{

(3/4)r−1, m− r ≥ D,

(3/4)m/Km−r(m), 1 ≤ m− r < D.
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The determinant estimates give DA ≤ eOm(1/n)δr. Moreover,

br := cr−m(4/3)m/2√δr < 1.

For d = m− r ≥ D, this is
√

4/3(3c2/4)−d/2; for d < D, it is c−d/
√

Kd(m).
There are only finitely many ranks. Choose a fixed ϵ ∈ (0, 1) sufficiently small that

b′
r := cr−m(4/3)m/2δ(1−ϵ)/2

r < 1 (1 ≤ r < m).

Interpolating with (5.14) gives DA ≤ eOm(1/n)δ1−ϵ
r h(A)−2ϵ. Since V ≥ cn and p =

n−1/2(3/4)n/2eO(1), Lemma 5.10 implies

JA

V mpm
≤ poly(n)(b′

r)nh(A)−ϵn−(1−ϵ)r ≤ poly(n)(b′
r)nh(A)−ϵn.

Thus the nonnegative relation expansion satisfies

Qm(R) ≤ poly(n)
m−1∑
r=1

(b′
r)n

∑
h≥1

hm2/4−ϵn ≤ e−γn

for some γ > 0 and all sufficiently large n. The sum over h is bounded for all sufficiently large n.
Every choice and constant depends only on c and is independent of R.

5.5 Summing the contraction error over all radii

Fix the m supplied by Lemma 5.9. It remains to make the contraction bound simultaneous over
all prescribed radii. Put R0 = crn and V0 = cn. Lemma 5.9 gives Qm(R0) = e−Ω(n).

In a rank-r relation integral, the substitution Y = (R/R0)Y ′ preserves angles and multiplies
volume by (V/V0)r. Normalization therefore multiplies the relation by (V/V0)r−m. Positivity and
r ≤ m− 1 imply

Qm(R) ≤ V0
V

Qm(R0) (R ≥ R0). (5.18)

Since Vj/V0 = τnj , the expected number of failing radii bounds the probability of any failure:

PL{contraction fails at some Rj} ≤ Cρ,m

∑
j≥0

Qm(Rj) ≤ Cρ,mQm(R0)
1− τ−n

= e−Ω(n).

The denominator tends to 1− e−1 > 0.

6 Uniform degree bounds

It remains to bound the row sums in Lemma II.2. We treat the grid radii crn ≤ R ≤ n2rn by
conditioning on a primitive vector, and all larger radii by the covering radius. The dividing radius
ensures that the covering error nµ(L)/R tends to zero, where µ(L) is the covering radius.
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6.1 Small and intermediate radii: conditional moments

Proposition 6.1 (Uniform degrees). Fix c >
√

4/3. With Haar probability 1−o(1), simultaneously
for all grid radii R = cτ jrn in [crn, n2rn],

NR = (1 + o(1))V, d0(x) = (1 + o(1))ν (x ∈ SR). (6.1)

More precisely, there is a constant η > 0 such that NR/V and every (d0(x) + 1)/ν differ from one
by at most e−ηn, except on an event of probability e−Ω(n).

The total count follows from ELNR = V and VarL(NR) = O(V ), by Theorem 4.7. For degrees,
we first bound the conditional cap count of one fixed primitive vector, then average over these
vectors.

Condition on a primitive vector. Vertices on the same ray have the same cap count d0(x) + 1,
so it suffices to consider primitive vectors. Apply Theorem 4.8 to the indicator that a primitive
vector in the radius-R ball has a degree deviation larger than the stated tolerance. It gives

EL#{bad primitive vectors in SR} = 1
ζ(n)

∫
Bn(R)

Pprim
v {the cap count at v is bad} dv.

Here Pprim
v is the conditional lattice distribution from that theorem. Thus a uniform bound on the

integrand, multiplied by V , bounds the probability that some direction violates the degree bound.
Fix a primitive vector v, put h = ∥v∥ and m = n− 1, and rotate so that v = he1.

Count cap points along lines parallel to the fixed vector. Using the conditional represen-
tation (4.8), set

C = {x : 0 < ∥x∥ ≤ R, x1 ≥ b ∥x∥}, F (z, t) =
∑
j∈Z

1C

(
h(j + t)e1 + h−1/mz

)
.

The value F (z, t) counts cap points on the line h−1/mz + Rv with shift t. The count off the axis
Rv is

Z =
∑

z∈Λ′\{0}
F (z, ω(z)).

The shifts ω(z) come from the same random homomorphism. Each line contributes at most J1 =
1 + 2R/h points, and only z in B = h1/mBm(R

√
1− b2) can contribute. Hence

0 ≤ F (z, t) ≤ J11B(z), U := vol B = h volBm(R
√

1− b2),
U EF (Z0, Θ) = ν, Z0 ∼ U(B), Θ ∼ U(T) independently.

(6.2)

Indeed, integrating over t and summing the axial translates covers the whole axis. The axial
Jacobian h and transverse Jacobian h−1 cancel, so the last mean equals vol C = ν. The first-
moment formula then gives EZ = ν. Nonzero multiples of v contribute an additional O(J1) axial
points. Deleting the vertex itself changes the count by one.

Equation (6.2) verifies the hypotheses of Lemma 4.9. We may therefore bound the centered
moment of the count in a cap by a moment of the count in a ball, keeping all dependencies among
the shifts.

Bound the centered moments of ball counts. The conditional estimate must survive the outer
integral over primitive vectors, whose volume is V . We therefore seek a relative moment bound of
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order e−T m/U : the factor 1/U offsets most of this volume, and choosing T sufficiently large absorbs
the remaining factor V/U .

For a Haar-random determinant-one lattice Λ′ ⊂ Rm and an origin-centered ball B ⊂ Rm of
volume U , write

Mk(U) = E(NB − U)k, NB = #((Λ′ \ {0}) ∩B).

Lemma 6.2 (Moments of centered ball counts). For every fixed a > 1 and T > 0, there is a fixed
even integer k such that, for all sufficiently large dimensions m and every U ≥ am,

Mk(U) ≤ Uk−1e−T m. (6.3)

Proof. The fully centered relation expansion writes Mk(U) as a nonnegative sum of integrals JA

of ranks 1 ≤ r < k. The proof of Lemma 5.10, with the cap indicators omitted, gives

JA ≤ poly(m)U rh(A)−rD
(m−r)/2
A , #{A : h(A) = h} ≤ Ckhk2/4,

where DA maximizes det G subject to G ⪰ 0 and at
iGai ≤ 1 for every column. Hadamard’s

inequality gives DA ≤ h(A)−2 ≤ 1.
Put d = k− r. Full centering makes every row of an integer kernel basis nonzero. Lemma 5.11,

with H = I, therefore gives det(AAt) ≥ k− d + 1. Since Tr(G(r/k)AAt) ≤ r, arithmetic–geometric
mean yields

DA ≤
(k/r)r

det(AAt) <
ed

k − d + 1 .

Fix T∗ > T and choose an integer D such that a1−D < e−T∗ . Then choose a sufficiently large
even k > D so that

a1−d

√
ed

k − d + 1 < e−T∗ (1 ≤ d < D).

Use δr = ed/(k− d + 1) for d < D and δr = 1 otherwise. Thus DA ≤ δr and every a1−d
√

δr < e−T∗ .
Since these inequalities are strict, a sufficiently small fixed ϵ ∈ (0, 1) preserves

a1−dδ(1−ϵ)/2
r < e−T∗ .

Interpolate with DA ≤ h(A)−2. Since U1−d ≤ am(1−d), the volume bound gives

JA

Uk−1 ≤ poly(m)
(
a1−dδ(1−ϵ)/2

r

)m
h(A)−ϵm−(1−ϵ)r.

Summing the counting bound over r and h proves

Mk(U)
Uk−1 ≤ poly(m)e−T∗m

∑
h≥1

hk2/4−ϵm ≤ e−T m.

The sum over h is bounded for all sufficiently large m, uniformly in U .

Proof of Proposition 6.1. To keep the contribution from the axis polynomial, first exclude lattices
with λ1(L) < rn/2. The first-moment formula bounds their probability by 2−n. Outside this
event, every primitive vector satisfies h ≥ rn/2. We may therefore restrict the outer integral to
rn/2 ≤ h ≤ R, keeping the original conditional distribution for each fixed primitive vector.
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Fix c >
√

4/3, choose constants 1 < a <
√

3c2/4 and T > 1
2 log(4/3), and take the fixed even k

from Lemma 6.2. The ball-volume formula gives, uniformly over the retained vectors and radii,

U ≥ (3c2/4)n/2n−O(1) ≥ an−1,
J1U

ν
= O(n), V

U
≤ poly(n)(4/3)n/2.

Applying Lemmas 4.9 and 6.2 in dimension m = n− 1 yields

E(Z − ν)k

νk
≤
(

J1U

ν

)k Mk(U)
Uk

≤ poly(n)e−T (n−1)

U
.

For rn/2 ≤ h ≤ R ≤ n2rn, the additional axial count is polynomial in n, whereas
ν ≥ (3c2/4)n/2n−O(1). Its relative contribution is therefore exponentially small.

Markov’s inequality at relative tolerance e−ηn, followed by the outer integral over v, bounds the
probability that some direction violates the degree bound by

2−n + poly(n)ekηn−T (n−1)(4/3)n/2 ≤ 2−n + poly(n)e−[T − 1
2 log(4/3)−kη]n.

Choose η > 0 sufficiently small that

kη < min{T − 1
2 log(4/3), 1

2 log(3c2/4), log c}.

This also absorbs the axial contribution and makes the total-count failure probability O(e2ηn/V )
exponentially small. A union bound over the O(n log n) grid radii proves Proposition 6.1 for every
fixed c >

√
4/3.

6.2 Large radii: the covering radius

For R ≥ n2rn, Voronoi cells compare point counts with volumes uniformly over every direction.
Write µ(L) for the covering radius, the supremum over points in Rn of their distance to L. Equiv-
alently, this is the circumradius of a Voronoi cell.

Theorem 6.3 (Random-lattice covering, Ordentlich–Regev–Weiss [ORW22, Corollary 1.4]). There
are absolute constants C, c0 > 0 such that, for all sufficiently large n, a Haar-random determinant-
one lattice satisfies

PL

{
volBn(µ(L)) > Cn3

}
≤ e−c0n.

Since volBn(rn) = 1, this theorem gives

µ(L) ≤ (Cn3)1/nrn = O(rn)

outside an exponentially small exceptional set.

Proposition 6.4 (Uniform counts at large radii). Suppose det L = 1 and µ(L) ≤ Crn. For all
sufficiently large n, the estimates (6.1) hold uniformly over all real R ≥ n2rn. Moreover, for every
ball,

#(L ∩ Bn(t, s)) ≤ volBn(s + µ(L)).

Proof. Put µ = µ(L), and let Cx be the volume-one Voronoi cell centered at x. We first give one
count estimate for any convex body K containing a ball Bn(a, r), with µ < r. Write K ⊖ Bn(µ) =
{y : y + Bn(µ) ⊆ K} for its inner parallel body. Rounding moves points by at most µ, so

K ⊖ Bn(µ) ⊆
⋃

x∈L∩K

Cx ⊆ K + Bn(µ).
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Convexity and Bn(a, r) ⊆ K give

a + (1− µ/r)(K − a) ⊆ K ⊖ Bn(µ),
K + Bn(µ) ⊆ a + (1 + µ/r)(K − a).

Both inclusions follow by taking convex combinations with the contained ball. Taking volumes
yields

(1− µ/r)n vol K ≤ #(L ∩K) ≤ (1 + µ/r)n vol K.

Apply this first to K = Bn(R), whose inradius is R. For a unit direction u, the closed cap cone

K = {x : ∥x∥ ≤ R, ⟨x, u⟩ ≥ b ∥x∥}

is convex and contains Bn(3Ru/4, R/4): in this ball, ⟨x, u⟩ ≥ R/2, ∥x∥ ≤ R, and 0 < b ≤ 1/2 for
sufficiently large n. Thus the same estimate applies with r = R/4. Since nµ/R = O(1/n) in the
stated range, both counts differ from their volumes by a relative O(nµ/R). Removing the origin
gives

NR

V
= 1 + O(nµ/R) + O(V −1), d0(x) + 1

ν
= 1 + O(nµ/R) + O(ν−1),

uniformly in R and the direction. These errors are o(1). Finally, the cells centered in any ball
Bn(t, s) lie in Bn(t, s + µ). Taking volumes proves the remaining assertion.

Complete the spectral estimate for the full angular graph.

Proof of Proposition II.1. Intersect the covering event, the small- and intermediate-radius degree
event, and the contraction event on the full grid. This intersection still has Haar probability 1−o(1).
On it, all grid radii satisfy the degree condition with ϵn = o(1) and the contraction condition with
the fixed ρ < 1. Lemma II.2 therefore gives, uniformly over these radii,

λ2(L0) ≥ ν(1− ϵn − ρ) ≥ κν

for all sufficiently large n. The accompanying point counts and degree estimates follow from the
two radius ranges above.

Proposition II.1 supplies the geometric input to Lemma 3.5, completing the proof of Theo-
rem 4.3.

Appendices
A Spherical filtering for transitions and difference search

The Markov chain requires all admissible signed proposals at each query state. Its transition
rule depends on the complete proposal set and its size. We use the product filters of Becker,
Ducas, Gama, and Laarhoven to report this set and the short differences between the final lists
[BDGL16, Laa16].

For a fixed parent list and a fixed batch of queries, the reporting routine tests every candidate
exactly. The probability that it completes a batch while omitting any admissible proposal is at
most the assigned error allowance. It returns failure if a capacity or time budget is exceeded. This
coverage guarantee holds for every fixed batch. We bound the expected cost using the reference
execution of Remark 4.5.
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A.1 Reporting all admissible increments

Fix the parent list D = (y1, . . . , yM ) and all Q queries for the current step. For a query v and
a signed parent entry (i, s), put x = −v/R and y = syi/(τR). An admissible move satisfies
∥x− τy∥ ≤ 1, hence ∥x− y∥ ≤ 1 + 1/n. We use this distance bound to generate candidates, then
test each candidate against the state-space and angular conditions in (3.2). We compare every data
point of norm below

√
3/4 with all queries, and every query of norm below

√
3/4 with the entire

parent list. The remaining points use the following filters.

Definition A.1 (Filter region). For a unit direction u, let

Eu = {z :
√

3/4 ≤ ∥z∥ ≤ 1, ∥z − u/2∥2 ≤ 3/4}. (A.1)

For r = ∥z∥, membership is equivalent to ⟨ẑ, u⟩ ≥ A(r), where A(r) = r−1/(2r). Points sharing
a filter are candidate pairs.

Following the product-code construction of [BDGL16, Definition 5.1], split the space into
m = ⌈log n⌉ orthogonal blocks whose dimensions differ by at most one. Sample directions in-
dependently in each block, concatenate them with weights proportional to the square roots of
the block dimensions, and apply an independent Haar rotation. The original construction uses
equal blocks. Appendix B proves the coverage property needed for the present block sizes. The
parameters there give

F = (3/2)n/22o(n) (A.2)
implicit directions using 2o(n) representation space. Every global direction has a uniform marginal
distribution.
Algorithm A.2 (Batch queries with independent product codes).
Input: Frozen parent list D, Q current queries, and 0 < ζ < 1.

During enumeration, return ⊥ immediately if the budget is exhausted or a query has more than K
admissible proposals.

1: ℓ← ⌈log2(2MQ/ζ)⌉
2: Generate ℓ fresh rotations and block codes, independently of the history and transition coins.
3: Perform the direct comparisons for points of small norm.
4: Process each code by prefixes and buckets, testing every candidate exactly against (3.2).
5: Deduplicate reports of the same (i, s), preserving distinct parent indices even when their vectors coincide.
6: Order each proposal list lexicographically by (i, s), with −1 before +1.
7: Execute (3.3) with independent transition coins.

Each output step uses fresh codes. Burn-in still scans the parent list directly.
For every fixed near pair in the outer annulus, one code contains a common filter with probability

at least 1/2, uniformly over unequal block sizes and nearly parallel pairs (Lemma B.1). Repeating ℓ
times and taking a union bound over at most 2MQ pairs bounds the batch’s missed-pair probability
by ζ. Conditional on the history at the start of the step, the queries are fixed and the fresh codes
remain independent, so the same bound applies to adaptive trajectories. Couple the implementation
to complete neighbor enumeration by sharing the transition coins. They agree until the first missed
pair or budget failure. The fixed ordering removes any dependence on the filters’ reporting order.

A.2 Reporting short differences between two lists

We now implement the final difference search in Algorithm 4.2. Let R0 = crn, and let (a1, . . . , aM )
and (b1, . . . , bM ) be the two final lists of samples from the ball. Use the first list as queries and the

33



second as data, report all differences satisfying

0 < ∥ai − bj∥ ≤ R0,

and return the shortest. Since the typical shortest length is (1 + o(1))rn < R0, this threshold
includes the shortest differences used in the success argument in Lemma 4.10.

Set x = ai/R0 and y = bj/R0. Both lie in the unit ball, and the target condition is ∥x− y∥ ≤ 1.
As in a step of the Markov chain, directly compare pairs with at least one norm below

√
3/4 and

use the regions Eu for the remaining pairs. The final difference search uses the directions of the
two samples themselves. The normalization x = −v/R for a Markov chain step uses a minus sign
because the proposal is v + syi.

After fixing the two lists, independently generate ℓend = ⌈log2(M2/ζend)⌉ fresh codes, where
0 < ζend < 1 is the allowed failure probability for this search. The fixed-pair coverage bound and a
union bound over M2 pairs ensure that every target difference is reported with probability at least
1 − ζend. In the batch algorithm, replace the proposal lists by a single shortest nonzero difference
found so far. Repeated reports only repeat a length comparison. The chain’s degree cutoff is not
used. Return the shortest difference after processing all buckets, or fail if none exists or the budget
is exhausted.

For ideal independent lists, a fixed pair is uniform on S0 × S0. Thus the filter membership
and comparison bounds below apply with both sampling radii equal to R0 and Q = M . Direct
comparisons contribute the inner-ball term M2(3/4)n/2 in expectation. Candidate counts include
equal vectors, whose zero differences are discarded. Coupling the entire final list to the ideal product
distribution transfers coverage, budget, and success events with a single total-variation error.

A.3 Time and space from membership and candidate counts

We first record the deterministic enumeration bound underlying both implementations.

Lemma A.3 (Enumeration with blocks of different sizes [BDGL16, Algorithm 1 and proof of
Lemma 5.1]). Let Ci ⊂ Rdi be fixed block codes of sizes Bi ≥ 1, where

∑
i di = n, and let Qrot be an

orthogonal matrix. For a fixed target t and real threshold a, all z ∈ Qrot(C1 × · · · × Cm) satisfying
⟨t, z⟩ ≥ a can be enumerated in time

O

(
n2 +

∑
i

diBi +
∑

i

Bi log Bi + m(Nout + 1)
)

.

Here Nout is the output count. Each output gives the original sampling indices of its m block
codewords, without computing the rotated vector. The enumeration may be restricted to a specified
prefix or stopped after a specified number of outputs.

Proof. Use Algorithm 1 of [BDGL16], allowing each level its own size Bi. Rotation, block inner
products, and sorting cost O(n2), O(∑i diBi), and O(∑i Bi log Bi), respectively. Keep a prefix only
if its value plus the largest possible suffix reaches a. Every retained prefix therefore has an output
descendant, independently of block sizes. The enumeration visits O(m(Nout + 1)) nodes, where the
added one covers empty output.

This uses the deterministic enumeration procedure underlying the published average-time
bound.
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Count one filter membership whenever a point z belongs to a filter Eu. Group points by
complete codeword, splitting prefixes when their capacity is exceeded and releasing each bucket
after processing it. Let JD and JX count memberships for data points and queries, and let Cpair
count exact comparisons, including those for points of small norm. For fixed inputs these counts
depend on the fresh codes. Every choice of codes satisfies

Tbatch ≤ 2o(n) poly(n, ℓ)(M + Q + JD + JX + Cpair), (A.3)
Sbatch ≤ 2o(n) poly(n, ℓ)(M + Q + QK). (A.4)

Appendix B proves the streaming bounds. The final difference search stores only the shortest
nonzero difference found so far.

A.4 Bounding filtering cost by moments of lattice-point counts

By (A.3), it remains to bound the membership and comparison counts. Use the reference execution
of Remark 4.5. Conditional on L, D, every query X is marginally uniform on S, including when D
fails the gap or capacity conditions.

Write NR = |S|, let N+ be the number of nonzero parent-ball points, and let NA(L) count
nonzero lattice points in a region A. For fixed regions A, B, the random count ∑i 1A(X)1B(yi)
counts candidate pairs of a query and a parent entry. Conditional on the parent list, the probability
that X ∈ A is NA/NR. Averaging the number of parent entries in B therefore gives

ED,X|L

M∑
i=1

1A(X)1B(yi) = NA(L)
NR

ED|L

M∑
i=1

1B(yi)

= M

NRN+
NA(L)NB(L).

(A.5)

The expectation averages over the full product distribution of D, without conditioning on the list
satisfying its spectral or capacity bounds. Taking Haar expectation on the right gives the mean
candidate count for random lattices.

Apply Theorem 4.7 and Cauchy–Schwarz to the centered counts: Cov(NA, NB) ≤
C
√

vol A vol B. For the filter regions A = −REu and B = τREu, the volumes are at most
V (3/4)n/2 and τnV (3/4)n/2. Thus

ELNA(L)NB(L) ≤ vol A vol B + CτnV (3/4)n/2. (A.6)

The covariance term accounts for collinear lattice relations. Uniform marginals of the fresh code-
words and linearity of expectation now allow us to sum the mean work over buckets.

On the counting event NR ≍ V and N+ ≍ τnV , the first moment bounds the direct comparisons
by O(MQ(3/4)n/2) and filter memberships by O(F (M + Q)(3/4)n/2) in expectation. The second
moment bounds candidate pairs by O(FMQ[(3/4)n + (3/4)n/2/V ]). Substitution in (A.3) bounds
the mean batch cost by 2o(n) poly(n, ℓ) times

(M + Q) + MQ(3/4)n/2 + F
[
(M + Q)(3/4)n/2 + MQ(3/4)n + MQ(3/4)n/2/V

]
. (A.7)

Here and below, a bound restricted to the counting event means that the corresponding nonnegative
cost is multiplied by that event’s indicator before expectation. This permits the deterministic
denominator bounds without conditioning the Haar moment formulas.
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These are the cost bounds used in the algorithmic reduction of Section 4.
The lattice estimates must hold on a set independent of the input basis. This follows by

bounding a fixed collection of geometric quantities. For a ∈ {1, τ}, take

NBn(
√

3/4R)(L)

V (3/4)n/2 ,
EuNREu(L)
V (3/4)n/2 ,

Eu[NREu(L)NaREu(L)]
an(V 2(3/4)n + V (3/4)n/2)

. (A.8)

The expectations here are over a uniform direction u. Since L = −L, the sign in the query region
does not affect these counts. The three quantities control direct comparisons, memberships, and
candidate pairs, respectively. Their Haar means are bounded by an absolute constant, by the
preceding first- and second-moment estimates. The case a = 1 includes the final difference search.

Take these quantities at every grid radius R ≤ τn2rn, including the parent radius for each
smaller target ball, and call the resulting collection Cn. It has size O(n log n) and depends only on
n and the fixed c. Thus

PL{max
G∈Cn

G(L) > An} ≤
C|Cn|
An

= o(1) if n log n = o(An). (A.9)

Intersect this event’s complement with the uniform point-count event. The bounds on NR, N+
now control the denominators in (A.5). For any basis and any M, Q, ℓ, these parameters are only
deterministic coefficients multiplying the same geometric quantities. At large radii, Proposition 6.4
gives bounds uniform over all R ≥ n2rn and directions u. For example, with µ = µ(L),

N−REu(L) ≤ volBn(
√

3/4R + µ) = V (3/4)n/2 exp(O(nµ/R)),

since −REu lies in the ball of radius
√

3/4R centered at −Ru/2. The parent filter has the same
bound after scaling. These events cover every required radius. Finally, on each lattice in this set,
apply Markov’s inequality to the reference execution to choose a budget. The coupling after burn-in
transfers the bound on budget exhaustion to the actual execution.

B Coverage and streaming for product filters

This appendix proves the coverage and enumeration guarantees used in Algorithm A.2. The explicit
block parameters and budgets appear in the initialization appendix.

B.1 Covering a near pair with a product filter

We construct a vector of squared norm at most 1/3 + o(1) satisfying both filter inequalities. Its
projections will give success probability at least (2/3)di/22−o(di) in a block of dimension di, which
determines the total number of codewords.

Lemma B.1 (Coverage for a fixed pair). Let x = ru, y = sv, where u, v are unit vectors, r, s ∈
[
√

3/4, 1], and ∥x− y∥ ≤ 1+1/n. There is a random product code with F = (3/2)n/22o(n) codewords
and 2o(n) representation space such that x, y share a filter with probability 1− o(1), uniformly over
all such pairs. In particular, the probability is at least 1/2 for all sufficiently large n.

We use three standard geometric facts: the first bounds the norm of the constructed vector,
the second preserves the filter inequalities under a random projection, and the third bounds the
probability of sampling a suitable direction.
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Theorem B.2 (Planar Jung theorem [CKW20, Appendix A, Theorem 9]). Every nonempty com-
pact set in R2 of diameter D is contained in a closed disk of radius at most D/

√
3.

Lemma B.3 (Random orthogonal projection [DG03, Lemma 2.2]). Let Π project onto a uniformly
random k-dimensional subspace of Rn, where 1 ≤ k < n. For every fixed z ̸= 0 and 0 < ϵ < 1,

P
{∣∣∣∣∥Πz∥2 − k

n
∥z∥2

∣∣∣∣ > ϵ
k

n
∥z∥2

}
≤ 2e−kϵ2/12.

This is the relative-deviation consequence of the cited lemma at thresholds 1− ϵ and 1 + ϵ.

Lemma B.4 (Two-dimensional projection of a uniform sphere point [BDGL16, Appendix A, proof
of Lemma A.1]). Let k ≥ 3 and let Z be uniform on Sk−1. In orthonormal coordinates on any fixed
two-dimensional plane, its projection has density

k − 2
2π

(1− ∥z∥2)(k−4)/21{∥z∥<1}, z ∈ R2,

with respect to two-dimensional Lebesgue measure.

Proof of Lemma B.1. Construct a vector satisfying both filter inequalities. Put a = A(r)
and d = A(s). In a two-dimensional plane containing 0, x, y, take their smallest enclosing disk,
with center w0. Orthogonal projection implies w0 ∈ span{u, v}. The three distances are at most
1 + 1/n, so Theorem B.2 bounds the radius by (1 + 1/n)/

√
3.

For large n,

⟨x, y⟩ = r2 + s2 − ∥x− y∥2

2 ≥ 3/2− (1 + 1/n)2

2 > 0.

The origin lies on the boundary of the smallest disk. Otherwise only x, y constrain the radius, and
the disk has diameter xy. But this disk contains the origin exactly when ⟨x, y⟩ ≤ 0, a contradiction.
Its radius is consequently ∥w0∥. From ∥x− w0∥ ≤ ∥w0∥,

∥w0∥2 ≤
(1 + 1/n)2

3 = 1
3 + O(1/n), ⟨w0, u⟩ ≥ r

2 ≥ r − 1
2r

= a.

The last inequality uses r ≤ 1. Similarly ⟨w0, v⟩ ≥ d.

Preserve a margin in every block. Take m = ⌈log n⌉ blocks with dimensions di differing by at
most one, and put λi = di/n. Choose a margin ϵf → 0 slowly enough that ϵ2

f mini di ≫ log m. For
a sufficiently large fixed C, put w = w0 + Cϵf(u + v). Since ⟨u, v⟩ > 0, each inner product increases
by at least Cϵf . The two inequalities therefore have margin Ω(ϵf), while ∥w∥2 ≤ 1/3 + O(ϵf).

After a Haar rotation, every block is a uniform subspace of its prescribed dimension. Apply
Lemma B.3 to u, v, w and their nonzero pairwise sums and differences, then take a union bound
over blocks. Except with probability O(m)e−Ω(ϵ2

f mini di) = o(1), all these projected squared norms
have relative error at most ϵf . For z, z′ ∈ {u, v, w}, polarization gives

|
〈
zi, z′

i

〉
− λi

〈
z, z′〉 | ≤ ϵfλi

4 (
∥∥z + z′∥∥2 +

∥∥z − z′∥∥2) = O(ϵfλi),

where zi, z′
i denote the block projections. A zero sum or difference has zero error. This argument

uses only the individual block marginals and does not require independence between blocks.
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Write ui, vi, wi for their projections to block i. A successful block direction zi ∈ Sdi−1 must
satisfy 〈

zi, ui/
√

λi

〉
≥ a,

〈
zi, vi/

√
λi

〉
≥ d.

The vector wi/
√

λi satisfies both inequalities with margin Ω(ϵf) and has squared norm at most
1/3 + O(ϵf).

Find a suitable codeword in each block. Fix a rotation satisfying the preceding projection
bounds. Every block codeword is independently uniform on Sdi−1. Project to a plane containing
ui, vi, fixing an additional direction before sampling if they are parallel. The vector wi lies in their
span. For large n, di ≥ 4 and 1/di = o(ϵf). A projection in the disk of radius 1/di centered at wi/

√
λi

satisfies both filter constraints, and every point of this disk has squared norm at most 1/3 + O(ϵf).
The density lower bound in Lemma B.4, multiplied by the disk area, gives the conditional success
probability

pi ≥ d−C
i (2/3)di/2 exp(−O(ϵfdi)).

Choose hn = o(n) with hn ≫ nϵf + m log n, and take

ti =
⌈(

(3/2)n/2ehn
)di/n

⌉
codewords in block i. Since di ≍ n/m,

log(tipi) ≥ (di/n)hn −O(ϵfdi + log di)≫ log m.

Conditional on the rotation, the ti codewords are independent, so block failure has probability at
most (1−pi)ti ≤ e−tipi . A union bound over blocks and the rotation failure event gives total failure
probability o(1). Concatenating one successful direction per block with weights

√
λi gives global

inner products at least a, d. Finally, ∏i ti = (3/2)n/22o(n) and ∑i ti = 2o(n), as required.

B.2 Enumerating filter buckets within the space bound

Having proved coverage, we establish the cost bounds (A.3) and (A.4) for every choice of codes.
Lemma A.3 and the 2o(n) total block-code size give 2o(n) preparation work per enumeration, followed
by a polynomial multiple of the output count.

Label every block codeword by its original sampling index. A complete codeword is keyed by
the tuple of these labels, and a prefix fixes the first labels in this tuple. Sorting inner products
for a particular point changes only the order in which labels are visited. Enumeration restricted
to a prefix fixes those labelled block codewords and enumerates the remaining blocks. Set the
bucket capacity to Bcap = 2M + Q. Enumerate the data memberships for a prefix, stopping at the
(Bcap +1)st membership and splitting the prefix if necessary. When the capacity is respected, group
the data by complete codeword and process queries one at a time against the resulting dictionary.
At depth m, a prefix specifies one complete codeword and has at most 2M data memberships, so
splitting terminates.

Let bmax be the largest block-code size and I the number of nodes whose membership count
exceeds Bcap. At each depth, the memberships under distinct visited prefixes are disjoint, and each
such node contains more than Bcap of them. Consequently,

I ≤ mJD

Bcap
, #{visited nodes} ≤ 1 + bmaxI.
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Rescanning the 2M + Q = Bcap inputs at each visited node thus costs at most 2o(n)(M + Q +
mbmaxJD). At a fixed depth, the truncated outputs from distinct prefixes are disjoint subsets
of the JD data memberships, so their total is at most JD. Summing over depths gives O(mJD)
outputs. Query enumeration is performed only at accepted prefixes. These prefixes are pairwise
disjoint, so it reports at most JX memberships in total. Since bmax = 2o(n), these bounds give the
claimed enumeration overhead.

Charge direct comparisons of points with small norm to Cpair. This gives (A.3). Traverse the
prefix tree depth first, generating child prefixes as needed. Store only one bounded bucket, the
prefix stack, and at most K admissible signed indices for each query. This gives (A.4). Codes
and queries are processed sequentially. For each query, maintain a balanced search tree of signed
parent indices. It removes duplicate reports and gives the required lexicographic order by in-order
traversal, preserving the multiplicity of equal vectors at different parent indices.

C Uniform initialization and resource budgets

This appendix specifies the sampling parameters and resource budgets used in Algorithm 4.2, and
verifies their probability bounds.

C.1 Exact uniform sampling in the initial ball

The cell PB = B[−1/2, 1/2)n has volume one and lies in Bn(ρB). For every x ∈ SJ ∪{0}, the entire
cell x +PB lies in the proposal ball and rounds to x. Put NJ = |SJ | and Vprop = volBn(RJ + ρB).
Every target point has proposal probability 1/Vprop, so acceptance has probability NJ/Vprop and
the accepted point is uniform on SJ .

The cells of these target points cover Bn(RJ − ρB). Consequently,

Pr{accept} ≥
(

RJ − ρB

RJ + ρB

)n

− V −1
prop ≥

(
1− n−2

1 + n−2

)n

− n−2n =: αn −→ 1.

Here ρB/RJ ≤ n−2 and V −1
prop ≤ n−2n, so the bound holds for every input basis. Independent pro-

posals give independent uniform accepted values, independently of their waiting times. Conditional
on collecting M values within the fixed proposal budget, the accepted list therefore has distribution
U(SJ)⊗M . The algorithm reports a shortage as failure. Including this outcome, the total-variation
distance from the ideal product distribution is at most the shortage probability.

C.2 Choosing list sizes, capacities, and mixing times

We first bound the cap probability by computable quantities. Let an = Γ(n/2)/(
√

πΓ((n− 1)/2))
and put

p− = an

n− 1(1− b2)(n−1)/2, p+ = p−/b, θ± = p±/τn. (C.1)

The first coordinate Z of a uniform sphere point has density an(1− t2)(n−3)/2, and p = P{Z ≥ b}.
Insert a factor t in this integral, use b ≤ t ≤ 1, and integrate the derivative of (1 − t2)(n−1)/2 to
obtain p− ≤ p ≤ p+.

Recall ξ = 1/[n(J + 1)] and κ = (1− ρ)/2. The cap bounds above give θ− ≤ p/τn ≤ θ+. Define

µ−(M) = 2κMθ−
1 + κ

, µ+(M) = 2(1 + κ)Mθ+
1− κ

, σn = 1− κ

(1 + κ)τn
.
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These bound the second eigenvalue of ELD, the expected degree, and the probability that a parent
sample lies in the next ball. Choose the least integer M ≥ (4/3)n/2 satisfying

UJe−µ−(M)/32 ≤ ξ/2, e−Mσn ≤ ξ. (C.2)

Next choose the least integer K ≥ eµ+(M) satisfying

UJ

(
eµ+(M)

K

)K/2
≤ ξ/2, g0 = µ−(M)

4K
. (C.3)

The two tail bounds come from Theorem 2.4: a sample contributes a Laplacian of norm at most
four and a degree at most two. Consider a lattice whose point-count and degree relative errors are
at most κ and whose Laplacian gap satisfies (3.6). The proof of Lemma 3.5 gives

µmin ≥ µ−(M), max
v

EdD(v) ≤ µ+(M).

The two Chernoff bounds and (C.2)–(C.3) give failure probability at most ξ/2 for each estimate.
On success, λ2(LD) ≥ µ−(M)/2 and the chain has spectral gap at least g0 = µ−(M)/(4K). A
parent sample lies in the target ball with probability at least σn, so the probability of having no
starting state is at most ξ.

The parameter conditions are monotone in the ranges searched and can be solved by doubling
and binary search using O(log M + log K) tests. Since θ+/θ− = 1/b = O(1) and σn = Ω(1), they
give

M = Θ
(
θ−1

− log(UJ/ξ)
)

, K = Θ(Mθ+), g0 = Ω(1).

For the capacity upper bound, a sufficiently large fixed multiple of µ+(M) satisfies its tail condition.
All constants are independent of the lattice, basis, and stage. Allocate the remaining error bounds
as follows.

• Allow at most
NI =

⌈max{2M, 8 log(1/ξ)}
αn

⌉
initialization proposals. Their number of acceptances has mean µ ≥ αnNI ≥ 2M . The scalar
Chernoff bound gives shortage probability at most e−µ/8 ≤ ξ. Thus both numerical factors
in this budget come from the stated tail bound.

• At stage j, run the shared burn-in for tj(ξ) steps, then each of the Qj output trajectories for
sj = tj(ξ/Qj) steps. Burn-in error and the joint output mixing error are each at most ξ.

• Use fresh filter codes at each output step. Allocate ξ/ max(1, sj) to each batch and use

ℓj = ⌈log2(2MQj max(1, sj)/ξ)⌉

independent repetitions.

Split the last list by fixed indices into two batches of M points. For the final difference search, the
probability of missing a pair and the probability of exhausting the time budget are each at most ξ.
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C.3 Choosing filter parameters and bounding their cost

Take m = ⌈log n⌉ and partition the coordinates into m blocks whose dimensions differ by at most
one, placing larger blocks first. Choose polynomial-time computable sequences ϵf , hn satisfying

ϵf → 0, ϵ2
f min

i
di ≫ log m, nϵf + m log n≪ hn ≪ n.

The first two conditions control projection errors. The last provides enough codewords in each
block while keeping the overhead subexponential. For example, ϵf = 1/m and hn = n/

√
m satisfy

them. Fix any such choice, and set

ti =
⌈(

(3/2)n/2ehn
)di/n

⌉
, F =

∏
i

ti.

Lemma B.1 applies, with F = (3/2)n/22o(n) and ∑i ti = 2o(n).
We record the operation counts to specify the budget. Put bmax = maxi ti and

L∗ = 1 +
⌈
log2

(
(2M + Q + 1)(F + 1)

)⌉
,

Aprep = n2 +
∑

i

diti +
∑

i

ti ⌈log2(ti + 1)⌉ ,

PT = n3 + (1 + mbmax)Aprep + m2 + mL∗ + n + L∗.

The n3 term pays for generating a Haar rotation by Gaussian QR decomposition. The three terms
of Aprep pay for applying it, block inner products, and sorting. The streaming proof bounds the
number of scanned prefixes by 1 + mbmaxJD/(2M + Q). Truncated enumeration costs O(m2JD);
sorting and binary search on codeword keys use O(mL∗) operations per membership, exact vector
tests use O(n) per candidate, and a balanced search tree deduplicates signed parent indices in
O(L∗) operations per report. Thus one code costs at most a fixed constant times PT (M +Q+JD +
JX + Cpair).

Choose a polynomial-time computable sequence An = nO(1) with n log n = o(An), for example
An = n2. Equations (A.8)–(A.9) bound all required geometric coefficients by An outside a set of
Haar probability o(1). The covering-radius bound handles all larger radii.

Replace V −1 in (A.7) by c−n, and define

W(M, Q) = M + Q + MQ(3/4)n/2

+ F
[
(M + Q)(3/4)n/2 + MQ(3/4)n + MQ(3/4)n/2/cn],

H(M, Q, ℓ) = CBℓPT AnW(M, Q).

Here CB is an absolute constant in the operation and geometric mean bounds. On a set of lattices
of Haar probability 1− o(1) independent of the input basis, H bounds the expected batch cost of
the stationary chain.

C.4 Converting expected work to time and space budgets

The total time budget for the output queries of stage j is

Bj = ⌈sjH(M, Qj , ℓj)/ξ⌉ . (C.4)
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Charge burn-in separately by its fixed number of full scans. For the final difference search, take
Q = M , ℓ = ⌈log2(2M2/ξ)⌉, and time budget ⌈H(M, M, ℓ)/ξ⌉. Generate and process the codes one
at a time. A batch uses at most

CS

[
(n + m + 1)(2M + Q) + QK + n2 +

∑
i

(di + 1)ti + m2
]

arithmetic storage cells, for an absolute constant CS . The terms store the input vectors and one
bucket with its codeword keys, proposal tables, a rotation, the block codes and their scores, and
the prefix stack.

Remark 4.5 transfers the reference cost bound to the actual output trajectories by Markov’s
inequality and the burn-in coupling. For the final difference search, use the coupling of the endpoint
lists to independent uniform samples instead. All budgets are computed in advance, and exceeding
one causes failure. At every stage, failure of the parent-list conditions, absence of a starting state,
burn-in error, joint output mixing error, filter omission, and budget exhaustion each contribute at
most a constant multiple of ξ. Including initialization and filtering for the final difference search,
the total error is O((J + 1)ξ) = O(1/n). The coupling charges the actual parent list’s joint error
only once per stage. Failure to find a shortest vector is bounded separately by the second-moment
argument in the main text.

All extra budget factors are 2o(n) poly(n, J, Λ), giving the bounds in Theorem 4.3. Remark 4.4
states when these yield the claimed dimension exponents.
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