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Abstract

We give a Monte Carlo algorithm for exact Euclidean SVP on Haar-random lattices with
arithmetic time (3/2)™/2+°(") and space (4/3)"/2+°(") up to polynomial factors in the logarith-
mic condition number of the input basis. The leading exponents match those of heuristic lattice
sieving. For a set of lattices of Haar measure 1 — o(1), the algorithm succeeds with probability
1 —0(1) on every input basis.

Our algorithm regenerates each sieve list by running a Markov chain on the nonzero lattice
points in a smaller ball. The parent list supplies signed increments. Each step reports all admis-
sible proposals and assigns each the same probability, with the remaining probability assigned to
staying put. The resulting chain is symmetric and has uniform stationary distribution. Trajec-
tories using independent transition randomness produce endpoints jointly close to independent
uniform samples once the chain mixes. Matrix Chernoff bounds transfer a Laplacian gap from
the full angular graph to the graph defined by the parent list. The main proof task is to es-
tablish the required graph estimates on Haar-random lattices. We do so by adapting Rogers’s
moment method to centered trace moments and lattice-point counts. Spherical filtering reports
the complete proposal sets and the final short differences within the claimed bounds.
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1 Introduction

A full-rank lattice in R"™ is the set of integer combinations of linearly independent vectors by, ..., by:

L= {Zzibiizl,...,ZﬁEZ}.
=1

Given these vectors as an input basis, the exact Euclidean shortest vector problem (SVP) asks for
a nonzero vector in L of minimum Euclidean length, denoted by A;(L).

Algorithms for finding short lattice vectors have applications in integer programming, algo-
rithmic number theory, and cryptanalysis [ADRS15, Section 1]. In the worst case, exact SVP is
NP-hard under deterministic polynomial-time reductions [Wan26).

Ajtai, Kumar, and Sivakumar introduced lattice sieving to solve exact SVP in 29" time and
space [AKSO1]. Sieving maintains lists of lattice vectors and takes differences of nearby pairs to
obtain shorter lattice vectors. Subsequent work improved the list sizes and the searches for nearby
pairs. With spherical filtering, heuristic sieving attains time (y/3/2)"+0(") = 20.202481.n40(n) 4
space (y/4/3)rto(n) = 20.207518...nt0(n) [NV(8, BDGL16]. These analyses model successive lists as
uniform samples from an annulus [NV08, Section 4.1] [BDGL16, Section 7], but selecting nearby
pairs changes the distribution of their differences.

Provable sieve analyses obtain success guarantees through perturbations and worst-case packing
bounds, with sample budgets above the heuristic list scale [NV08, MV10, PS09]. Discrete Gaussian
sampling (DGS) assigns lattice points Gaussian weights, giving distributions that can be tracked
rigorously. It yields exact SVP in 2"+°(") time [ADRS15]. Recent DGS-based constructions achieve
20-5596n+0(n) time [GFH26a, GFH26b] and 2/2+°(") time and space [Hha26a, Hha26b].

For Haar-random determinant-one lattices, Siegel’s mean value theorem and Rogers’s moment
formulas estimate lattice-point counts from volumes [Sied5, Rogh5]. Pouly and Shen used these
tools with DGS to obtain improved exact-SVP bounds on almost all lattices [PS26]. We attain
the heuristic sieving bounds by using Markov chains to regenerate lists jointly close to independent
uniform samples from successively smaller balls. The geometric estimates establish rapid mixing,
while the construction controls the distributions of successive lists.

1.1 Our result

The input is an arbitrary basis B of the lattice. Our resource bounds retain a polynomial depen-
dence on its logarithmic condition number

tg =1+1log(|Bllx | B~ ),
where ||| denotes the Frobenius norm.

Main result (informal). There is a Monte Carlo algorithm and a sequence of sets of determinant-
one lattices of Haar measure 1 — o(1) with the following property. On every lattice in these sets,
given any input basis, the algorithm returns a shortest nonzero vector with probability 1 — o(1). If
(g = n°W | its arithmetic time and space have respective leading exponents in the dimension n

1 3 1 4
—logy, — =0.292481. .. —logy - = 0.207518. ...
5 08s 5 0.29248 ) 5108, 3 0.207518

Theorem 4.3 gives the formal statement, and Remark 4.4 bounds the input-dependent factors
by poly(n, {5).



Reference Input model  Analysis Time Space

BDGL (batched) [BDGL16] Arbitrary Heuristic  0.29248 0.20752
ADRS [ADRS15] Arbitrary Rigorous  1.00000 1.00000
Gao—Feng-Hu [GFH26b] Arbitrary Rigorous  0.55957 0.50000
Hhan [Hha26b] Arbitrary Rigorous  0.50000 0.50000
Pouly—Shen [PS26] Haar-random Rigorous 0.63269 0.50000
Doulgerakis—Laarhoven [DL26] Haar-random Rigorous 0.29248 0.20752
This work Haar-random Rigorous 0.29248 0.20752

The time and space columns give rounded leading exponents « in bounds of the form gamnto(n)
suppressing input-dependent polynomial factors under each paper’s conventions. For this work,
the displayed exponents assume £ = n°®. The BDGL row uses the batched Nguyen—Vidick
variant described in [BDGL16, Section 7], with its heuristic assumptions on the sieve lists.

Concurrent work and k-tuple sieving. In independent and concurrent work, Doulgerakis
and Laarhoven [DL26] obtain the same leading time and space exponents for exact SVP on Haar-
random lattices. Their construction uses a binary tree of sieve lists and rejection sampling to
maintain independent uniform samples in successive spherical shells. Our approach regenerates
lists by mixing symmetric Markov chains with uniform stationary distributions. This formulation
provides a natural route to k-tuple sieving: a transition uses a signed sum of k— 1 parent vectors as
its increment, with a symmetric admissibility rule preserving the uniform stationary distribution.
We have obtained preliminary results on this extension and are preparing the details for inclusion
in the next update of this preprint.

1.2 Sample costs in provable sieving and DGS

Provable sieving. The provable analyses of AKS and its list and birthday variants use pertur-
bations to ensure that two short outputs differ by a shortest vector [NV08, MV10, PS09]. Their
sample bounds depend on both the number of possible outputs and the probability of useful per-
turbations. Worst-case packing bounds on output counts and on the number of vectors retained for
reduction are exponentially larger than the volume estimates underlying heuristic sieving. Sharper
counts still leave the perturbation cost: increasing the perturbation radius improves the overlap
of two balls whose centers differ by a shortest vector, but enlarges the region containing useful
outputs.

The Pujol-Stehlé analysis quantifies this tradeoff [PS09, Lemmas 3-5 and Section 3.2]. Let £
and 7 be the perturbation and candidate radii in units of the shortest-vector length, and let p be

the overlap probability. The analysis uses
1 n/2+o(n)
2 1 =(1-— .
r>26>1, De ( 1 §2>

Replacing only the candidate count by its Haar volume scale 710" while retaining these con-
straints, gives the birthday sample budget

rn/2+o(n) B < r >n/2+0(n) N % n/2—o(n)
Pe 1—1/(4¢?) =\ 2 ‘

This exceeds our target list size (4/3)"/21°(") before accounting for reduction or list searches.

Nps =



Discrete Gaussian sampling. The DGS-based constructions of Gao, Feng, and Hu and of Hhan
use the sampler of Aggarwal et al. [ADRS15] above the smoothing parameter. It combines samples
along lattices Ly D Ly D --- satisfying [L; : Li11] = 2* and L;12 C 2L;. Hence

2°* = [L; : Liya] > [Li : 2L;] = 2", a>n/2.

Maintaining at least 2% samples already costs 2*/2 time and space, before any final search [ADRSI15,
Definition 5.8 and Corollary 5.10]. Kim’s single-sample construction retains this batch cost [JK26].
Hhan’s coset-difference tree also requires coset tables of size 2"/27°(") to keep its Gaussian signal
above the estimation error [Hha26b, Section 1.1 and Remark 1.2].

1.3 Proof overview

We first construct a Markov chain that generates each list with an approximately uniform product
distribution, assuming geometric estimates for the lattice. We then prove those estimates for Haar-
random lattices using Rogers’s method. Let 7, be the radius of a volume-one ball. The algorithm
starts with independent uniform lattice points in a large ball, decreases the radius by a factor
14 1/n at each stage, and stops at cr,, where ¢ must allow both rapid mixing and a successful
final difference search.

A Markov chain with uniform stationary distribution. Freezing a list of reducers before
generating independent outputs already appears in ListSieve-Birthday [PS09, Section 2]. We use
a fixed parent list as a set of possible increments for a Markov chain. Let D = (y1,...,yar) be
a list of nonzero lattice points in the radius-(1 + 1/n)R ball. The states are the nonzero lattice
points in the radius-R ball. For each signed index (i, s) with s € {—1,1}, form w = v 4 sy;. The
proposal is admissible when w is a state and the angle between v and w is at most 60 degrees plus
O(1/n). Two boundary states of length R have a difference of length R at 60 degrees. The slack in
the parent radius permits the O(1/n) adjustment. The test concerns the current and next states,
rather than the current state and a parent entry. A move may increase or decrease the length.

At each step, report the complete set of admissible signed indices, retaining distinct indices
even when their vectors coincide. Let dp(v) be its size, and fix a common positive integer K >
max, dp(v). Stay at v with probability 1 — dp(v)/(2K); otherwise choose uniformly from the
reported set. Each signed proposal then has probability 1/(2K). Its reverse uses the opposite
sign and has the same probability, so the chain is symmetric with uniform stationary distribution.
Writing Lp for the Laplacian of the graph defined by D and g(Pp) for the spectral gap, we have

_ a(Lp)
2K

Lp
PD—I—ﬁ7 Q(PD)

Thus rapid mixing reduces to a Laplacian lower bound and a degree upper bound.

Regenerating the lists by rapid mixing. For a ball of volume V, form the full angular graph
on its nonzero lattice points using this angular threshold. A cap of half-angle 60 degrees, up to
O(1/n), has spherical measure

p = (sin60°)" () = (3/4)/2*e(m),

The geometric input is that point counts are close to V', all degrees are close to Vp, and the
Laplacian gap is Q(Vp).



For an independent uniform parent list of size M, the expected degree is ©(Mp). The angular
threshold ensures that every edge difference lies in the parent ball. Each sampled parent vector
contributes a bounded positive semidefinite Laplacian. The expected sum is proportional to the
Laplacian of the full angular graph. The matrix Chernoff bound transfers its gap to the sampled
graph. For Mp at least a sufficiently large constant times the sum of the logarithms of the state-
space size and the inverse failure probability, we obtain K = ©(Mp) and A2(Lp) = Q(Mp). The
chain therefore has a constant spectral gap. Thus a list of size p~' = (4/3)"/21°(") times the stated
polynomial factors suffices (Lemma 3.5).

Run trajectories from a common starting state using independent transition randomness. Con-
ditional on D and that state, their endpoints are jointly close to independent uniform samples. The
estimate holds for every starting state, including one selected from D. Coupling successive stages
adds the errors once per stage, so each list remains close to the uniform product distribution at its
radius.

Finding a shortest vector among sample differences. At radius cry,, split the output into
two lists of size M and first analyze independent uniform samples. Let N be the number of
nonzero lattice points in the ball. For a shortest vector v, let K, count its representations v =
x — y by nonzero lattice points in the ball. These representations correspond to lattice points in
the intersection of two radius-cr, balls whose centers are separated by |[v|| = (1 + o(1))r,. The
lattice-point estimates give N = (1 + o(1))¢” and K, > (¢ — 1/4)"/?/poly(n) (Lemma 4.6). For
M > (4/3)™?2, the number Z of sampled pairs with difference v therefore satisfies

EZ =

MK, 1 (16(—1/4) n/2
N2~ poly(n) 9c4 '

A second-moment argument gives success with high probability when this expectation grows expo-
nentially. The joint total-variation bound transfers this guarantee to the algorithm.

Our spectral estimate also requires Vp = (3¢2/4)"/?°(") to grow exponentially at the terminal
radius. Thus we choose ¢ to satisfy

1
102 > 1 (spectral estimate), Ec4 <c?— ) (final difference search).
They hold for ¢ slightly above \/4/3: at ¢ = 4/3, the second inequality is already strict, since
1<13/12.

Implementing the transitions and difference search. Each transition requires the complete
set of admissible signed proposals. Finding one useful list vector is insufficient to implement the
stated transition probabilities. We use the BDGL product filters to report candidates, then test
each candidate against the ball and angular conditions [BDGL16, Laal6]. Fresh repetitions make
the probability of missing any admissible proposal small. The same filters report short differences
between the final lists. Appendix A gives both reporting routines and their cost bounds. Gao, Feng,
and Hu also use BDGL filtering with a rigorously controlled input distribution in their DGS-based
algorithm [GFH26b].

To bound the filtering cost, we need control of every query along the trajectories. We first
mix a common starting state to near uniformity, then compare with trajectories started at one
common uniformly random state, independent of the parent list. By stationarity, each query in
this reference execution is marginally uniform conditional on the parent list. The first two moments



of lattice-point counts then bound the expected numbers of filter memberships and candidate pairs.
Coupling transfers the resulting cost bound to the actual execution.

With lists of size (4/3)™/2+°() and (3/2)"/?t°(") implicit filter directions, these moment bounds
give total time (3/2)™/2+°(") up to the stated polynomial factors. Processing one bucket at a time
keeps space at (4/ 3)”/ 2t+o(n)  with the same convention. The algorithm stops when a prescribed
work budget is exceeded, and Markov’s inequality bounds the probability of this event. Combining
this bound with the sampling and reporting errors proves the algorithmic guarantee under the
stated geometric estimates.

Verifying the geometric estimates by Rogers’s method. To establish the geometric esti-
mates, we expand centered lattice sums according to their integer relations and bound the resulting
geometric integrals, following Rogers’s moment method [Rogh5, Kim22, Kim24, SS19]. Existing
limiting distributions for short-vector lengths and angles, including quantitative extensions, con-
cern the first few or a growing number of short vectors [Sodlla, Sod11b, Kim20, Hol22]. Here
the graph has exponentially many vertices and exponentially small cap neighborhoods, and the
estimates must hold uniformly over its vertices and the prescribed radii. We therefore prove the
required bounds directly from the moment formulas.

For the spectral bound, the continuous spherical-cap walk has a known contraction esti-
mate [LMSY23]. Comparing its two-step averages with those of the full angular graph reduces the
discrete estimate to a trace moment of the comparison error. In the centered Rogers expansion,
terms with a free intermediate position cancel. Gram determinant estimates bound the remaining
integer-relation terms. At a sufficiently large fixed moment order, these bounds give exponential
decay for every fixed ¢ > /4/3 (Lemma 5.9).

The same volume estimates bound centered moments of lattice-point counts in balls. Condition-
ing on a primitive vector gives bounds on lattice-point counts in caps centered at each lattice-point
direction, and a union bound controls all degrees at small and intermediate radii. Covering-radius
estimates handle larger radii. Together with contraction, these bounds verify the full angular
graph estimates on a set of lattices of Haar probability 1 — o(1) independent of the input basis
(Proposition II.1).

Organization. Section 2 records the standard mixing and concentration tools. Part I gives the
sampling algorithm and final difference search assuming the full angular graph estimates. Part I1
proves those estimates through centered trace moments and degree concentration. The appendices
give the filtering implementation, initialization, and explicit parameter choices and budgets.

2 Preliminaries

Computational model. We use an exact real arithmetic model in which arithmetic operations,
comparisons, square roots, logarithms, exponentials, and integer rounding have unit cost. Drawing
an independent uniform sample from [0,1) or a standard Gaussian sample also has unit cost.
We charge the standard polynomial arithmetic costs for sampling from balls and spheres and for
generating random orthogonal matrices. Space is the number of real or integer storage cells used.
The algorithm requires no basis reduction. Following [PS26, Section 3.4], we state the dimension
exponents separately from polynomial factors depending on the input basis. Theorem 4.3 and
Remark 4.4 specify this dependence.



2.1 Lattices and probability notation

All geometric vectors are columns and norms are Euclidean. The input basis B = (by,...,by)
generates L = BZ", with det L = |det B|. Exact SVP asks for a nonzero vector of length

AM(L) = min || .
(L) = min o]
Write B, (t,R) = {z : ||x —t|| < R}, omitting a zero center, and let vol denote volume. We
scale B by (det L)*l/ ™ to make det L = 1 and restore the original scale on output. Let r, satisfy
vol By, (ry,) = 1.

A Haar-random lattice is sampled from the invariant probability measure on the space of
determinant-one lattices, identified with SL,(R)/SL,(Z). The input basis is arbitrary, and the
algorithm uses independent randomness.

Write U(A) for the uniform distribution on A, using counting measure for finite sets, volume
for regions, and surface measure for spheres, each normalized to total mass one. Let £(X) denote
the distribution of a random variable X. Subscripts and conditioning in £ and P specify the source
of randomness.

For probability measures «, 5 on the same space, their total variation distance is
la = Bllpy = sup la(A) — B(A)],

where A ranges over measurable events. On a finite set this is 1 3", |a(z) — B(x)|.

2.2 Markov chains, mixing, and coupling

A Markov chain on a finite state space S is specified by a transition matrix P with nonnegative
entries and ), cg P(v,w) = 1 for every v. Conditional on the current state v, the next state is
drawn according to P(v,-), independently of the earlier states. We represent distributions as row
vectors: an initial distribution o becomes aP! after t steps. In particular, P!(z,-) is the distribution
at time ¢ when the chain starts at z.

A probability distribution 7 is stationary if 7P = w. The chain is reversible with respect to 7
if it satisfies detailed balance,

w(v)P(v,w) = 7(w)P(w,v) (v,w e S).

Summing over v shows that detailed balance implies stationarity. All finite chains used in our
algorithm have symmetric transition matrices, so they are reversible with respect to U(S). When
the graph of positive transitions is connected, this stationary distribution is unique. The spectral
gap quantifies convergence to it.

Definition 2.1 (Absolute spectral gap). For a symmetric transition matrix P on a finite state
space S of size at least two, define

[Pl

f:55R, 720 IfIl
>, fw)=0

9(P) =1~

Here f is a real column vector indexed by S.



The constant vector is an eigenvector of P with eigenvalue one. The absolute gap measures
contraction on the orthogonal subspace of zero-sum vectors. In our chains, every state has holding
probability P(v,v) > 1/2, which makes all eigenvalues nonnegative. Thus g(P) = 1 — \o(P),
where \o(P) is the second-largest eigenvalue. The following bound translates the spectral gap into
convergence in total variation.

Theorem 2.2 (Spectral mixing, Levin—Peres [LPW17, proof of Theorem 12.4, p. 164]). Let P be
a symmetric transition matrix on a state space S of size N > 2, with P(v,v) > 1/2 for every v and
absolute spectral gap at least g > 0. For every state z and integer t > 0,

|Ptz ) - U(S)HTV <lyNe (2.1)

For 0 < e < 1, O(g~*(log N + log(1/¢))) steps suffice for error at most &, uniformly over the
starting state. Since total variation bounds the difference in probability of every event, this estimate
transfers success guarantees for uniform samples to the chain’s output.

To pass from a single endpoint to a list and propagate errors across stages, we use couplings.
A coupling of distributions «, g is a pair of random variables with these marginal distributions.

Proposition 2.3 (Maximal coupling, Levin—Peres [LPW17, Proposition 4.7]). For probability dis-
tributions o, B on the same finite set, there is a pair (X,Y') with these marginals and

P{X 2 Y} = [la = Bllpy -
Every coupling has disagreement probability at least this distance.

For independent samples, the product bound adds the errors in the individual coordinates. If
o, B; are distributions on the same finite space for each i, then

Q Q Q
®ai_®ﬂi SZHai_ﬁiHTv- (2.2)
i=1 i=1 =1

TV

Take independent maximal couplings of the coordinate pairs and apply a union bound.

Errors inherited from earlier stages do not increase when the same randomized procedure is
applied to both input distributions. Let «, 8 be distributions on a finite input space, and let T be
the transition matrix of a randomized procedure from this space to a finite output space, which
may include a failure symbol. Then

[T = BTy < [la = Blipy - (2.3)

Couple the two inputs maximally and use the same randomness in both executions. Whenever the
inputs agree, the outputs agree as well.

2.3 Matrix concentration

We use matrix Chernoff for sampled Laplacians and its scalar case for degrees. Write Ani, and
Amax for the extreme eigenvalues.



Theorem 2.4 (Matrix Chernoff bound, Tropp [Trol2, Corollary 5.2 and Remark 5.3]). Let
Y1,..., Yy be independent real symmetric d x d random matrices with 0 *'Y; <X B,I almost surely,
where By, > 0 and = is the positive-semidefinite order. Put

K- = Amin <Z ]EY;> s Mt = Amax (Z EE) .

)

P{)\min (Z Y) < u—/Q} < dexp(—g‘B) .

If uy > 0, then, for every u > uy,

P{)\max (Z n) > u} <d <6“u+>u/3* .

Then

Part 1
Reducing exact SVP to a spectral gap

3 A Markov chain for sampling from a smaller ball

We maintain a list whose joint distribution is close to that of independent uniform samples from the
current ball. Each stage regenerates the list by independent trajectories in a smaller ball. Since the
starting state is selected from the parent list, the chain must mix uniformly over its starting state.
We reduce this requirement to the Laplacian gap of the full angular graph in Proposition II.1.

At a stage with target radius R, fix a parent list of M nonzero lattice points in the radius-
(1+1/n)R ball. Its signed entries supply the increments of the chain. The state stays within the
target ball, while its norm may increase or decrease from one step to the next. Each stage generates
a full new list, retaining repeated vectors with their multiplicities. A parent point in the target ball
supplies a starting state. Section 4.2 specifies the initialization and radius schedule.

3.1 Symmetry and uniform stationarity

Fix a stage whose smaller ball has radius R, and set

1 T2
=1+ b=1——. 3.1
=1+, 5 (3.1)
Definition 3.1 (Graph defined by a parent list). The state space is S = (L N B,(R)) \ {0}, and
the parent list D = (y1,...,yn) consists of nonzero lattice points of norm at most 7R. A move

from v to w = v £+ y; is admissible if w € S and the angle between v and w is at most arccosb.
With [M] = {1,..., M}, the signed indices of admissible proposals are

Ip(v) ={(@,s):1€[M], se{-1,1}, w=v+sy; €S, (v,w)>b|v]lw]|}. (3.2)

Distinct indices count separately even when they represent the same vector. Let Ap(v,w) count the
proposals from v to w, let dp(v) = |Zp(v)|, and let Lp = diag(dp) — Ap be the graph Laplacian.



The angle in (3.2) is between the states v and w, whose difference is the signed parent entry
sy; = w —v. For fixed v, the allowed directions of w form a spherical cap, whose continuous
analogue is the spherical-cap walk. Every pair of states satisfying the angular condition has its
difference in the parent ball:

2 2 2
lo = w]® < [[ol* + [[w]]* = 26 o]l [w]] < 2(1 - b)R* = 7*R>.

Indeed, the maximum of the middle expression over both lengths in [0, R] occurs when both equal
R, since b < 1/2.

Choosing an admissible proposal uniformly at every step would generally give stationary proba-
bilities proportional to the degrees. To obtain uniform stationarity, we give each signed proposal the
same probability using a common denominator at every state, and assign the remaining probability
to staying put.

Definition 3.2 (Markov chain defined by a parent list). Suppose S # &, and let K be a positive
integer with K > max,es dp(v). Define Pp : S x S — [0,1] by

Ap(v,w)/(2K), w # v,

(3.3)
1—dp(w)/(2K), w=w.

Pp(v,w) = {

The algorithm fixes K in advance and writes L for failure. With the radius and capacity fixed,
one step is as follows. Each call uses independent transition randomness.

1: procedure STEP(D,v)
T <+ all admissible signed indices at v, as in (3.2).
if |Z| > K then
return L
end if
With probability 1 — |Z]/(2K), return v.
Choose (i, s) uniformly from Z.
return v + sy;
end procedure

If 7 is empty, the step stays with probability one. Distinct parent indices count separately, as
in Definition 3.1. Reporting the full set Zp(v) gives exactly (3.3). Stopping at the first admissible
proposal would change this transition rule.

Lemma 3.3 (Uniform stationarity). The matriz Pp is symmetric and stochastic, satisfies
Pp(v,v) > 1/2, and is reversible with stationary distribution m = U(S).

Proof. Every proposal changes the state, so }, ., Ap(v,w) = dp(v). Thus every row of Pp
sums to one, and K > dp(v) gives nonnegative entries and Pp(v,v) > 1/2. Reversing the sign,
(i,s) — (i, —s), is a multiplicity-preserving bijection between proposals from v to w and those from
w to v. Hence Ap, and therefore Pp, is symmetric. The uniform measure then satisfies detailed
balance and is stationary. O

This holds for every fixed list satisfying the capacity condition. If the graph is connected, its
stationary distribution is unique, and Pp(v,v) > 1/2 ensures convergence from every state. The
filtering implementation is coupled to the chain with complete proposal enumeration. Its first
missed proposal is charged to coupling failure.



To apply the mixing bound of Theorem 2.2, it remains to lower-bound gp = g(Pp). Since Pp
is symmetric and Pp(v,v) > 1/2; Definition 2.1 gives

Lp _ Xa(lp)
2K7 gD 2K b

where I is the identity and Ao(Lp) is the second-smallest Laplacian eigenvalue. Our target is
therefore \o(Lp) = Q(K).

Pp=1-

(3.4)

3.2 Transferring the Laplacian gap to a random parent list

We compare the random parent list with the graph that uses every admissible lattice increment.

Definition 3.4 (Full angular graph). The full angular graph has vertex set S, with an edge between
distinct v, w exactly when (v,w) > b ||v|| |Jw]||. Tts Laplacian is Ly. Let S"~! be the unit sphere and
ey the first coordinate vector. Set

V =volB,(R), p= uNUI(Dsrn—l){w’ e1) > b}.

The spherical-cap probability predicts degree Vp. Since b =1/2 4 O(1/n),
p=n"Y2(3/4)"/2e00), (3.5)

Computable bounds on p appear in Appendix C.

Fix 1/2 < p < 1 and put k = (1 — p)/2. The spectral analysis proves the following geometric
input, with Haar probability 1 — o(1) at the required radii: point counts are close to V, all degrees
are close to Vp, and

)\Q(LO) > HVp. (3.6)

The matrix Chernoff bound (Theorem 2.4) transfers these estimates to the chain Pp.
Lemma 3.5 (A random parent list preserves the Laplacian gap). Fiz a lattice and radius satisfying
the point-count, degree, and spectral estimates above. Sample M parent points independently and

uniformly from (LNB,(TR))\{0}. If Mp exceeds a sufficiently large constant multiple of log(|S|/¢),
a capacity K = ©(Mp) can be fized in advance so that, with probability at least 1 — ¢,

mSLXdD(v) <K, Xo(Lp) = Q(Mp), gp > go > 0. (3.7)

The bound gg is computable from the sampling parameters, independent of the list and starting
state, and bounded below by a positive constant depending only on the fized p. Appendix C derives
these parameters.

Proof. Lower-bound the Laplacian gap. Let N, count the nonzero points in the parent ball.
Each sample y;, used with both signs, contributes a random Laplacian X;. Every vertex meets at
most two edges contributed by this sample. For every real vector z, the inequality (2, — 2y)? <

222 4 222 gives
0<z2X;z= Z (zp — zw)2 < 4223
{v,w} contributed by y; v
Here ¢t denotes transpose. Thus 0 < X; <417, and

M
Lp=%"X,, EX;,=-"1I,. (3.8)
2 N,

10



For the second identity, fix an edge {v,w} of the full angular graph. The geometric bound above
puts both w — v and v — w in the parent ball. They are distinct nonzero points. Either choice for
y; contributes the undirected edge once, so

(Xi)vw = —1{% =w — U} - 1{.% =v— U)}, ]E(Xz)vw = _N7+7

where 1{-} denotes the indicator. Nonedges contribute zero. The diagonal is the degree, hence

E(Xw =~ 3 (X = odofv),
wWHV +

with dy(v) the degree of v in the full angular graph. Edges contributed by one sample need not be
independent.

Every X; maps the constant vector to zero. Let the columns of W be an orthonormal basis
of its orthogonal complement, the subspace of coordinate sum zero. Apply Theorem 2.4 to the
independent matrices W' X; W, of dimension N — 1, where N = |S|. Their norms are at most four,
and the smallest eigenvalue of their expected sum is

2M
Hmin = N7+)\2 (LO)

Taking d=N —1 and B>|< =4 gives
Pr{\a(Lp) < fimin/2} < (N — 1)e Hmin/32,

Since Ny = O(7"V) = O(V) and A2(Ly) > kVp, we obtain pimin = Q(Mp) and constants a,a’ > 0
depending only on x such that

Pr{\a(Lp) < aMp} < |Sle=* P,

Upper-bound the degrees. At a fixed vertex, the degree is a sum of M independent variables
in [0, 2] with total mean O(Mp). Choose K = O(Mp) at least u times every such mean, for any
fixed u > e. The upper-tail bound in Theorem 2.4, with d = 1 and B, = 2, bounds the probability
of degree at least K by (e/u)X/? = e=®*(Mp) A zero mean gives degree zero almost surely. A union
bound over vertices gives the required capacity bound. Combining the two estimates with (3.4)
proves the claim. O

Multiplicity is essential here: the edge weights in Lp = ), X; record all parent indices. Storing

equal vectors with their frequencies preserves both the sampling model and (3.8). The spectral gap
of Pp is now reduced to the three geometric estimates for the full angular graph.

4 From uniform lists to a shortest vector

We first turn the spectral gap of Pp into a guarantee for an entire output list. We then give the
algorithm and prove its success and resource bounds.

11



4.1 Joint sampling guarantees from independent trajectories

Lemma 4.1 (Joint sampling from a fixed parent list). Fiz a parent list D satisfying (3.7), a state
z € 8, and an integer Q > 1. Run Q copies of Pp from z with independent transition randomness.
Their endpoints after t steps satisfy

_ ®Q Q —got
Hz(xl,...,XQ | D, z) — U(S) HTV < 2 /ISle. (4.1)
The bound is uniform over D and z subject to these conditions.

Proof. Conditional on (D, z), the endpoint distribution is (Ph(z,-))®*?. By Theorem 2.2, each
factor is within §/[S[e™90" of U(S) in total variation. Apply the product bound (2.2). O

The target product distribution does not depend on D or z, so averaging over pairs satisfying
the hypotheses preserves the bound. In particular, the starting state may depend on the entire
parent list. Taking the single-trajectory error to be €/@Q gives joint error € at a cost of O(log @)
additional steps.

The actual parent list is itself only approximately independent and uniform. Let 7, and 7oyt
denote the total-variation errors of the input and output lists from their ideal product distributions,
counting failure as an additional outcome. By (2.3), applying the same stage to the actual and
ideal input lists preserves the bound 7, on their output distance. If egage is the sum of the error
bounds for failure of the list conditions, failure to find a starting state, mixing, filtering, and budget
exhaustion with ideal input, then

Nout < Min + Estage-

The inherited error is charged once per stage. Appendix C assigns allowances whose sum, including
initialization, is o(1).

4.2 The algorithm: sampling and difference search

Set R; = criry, Sj = (LN By(R;)) \ {0}, and 7; = U(S;). The stopping constant c is fixed by the
analysis of the final difference search below. To choose the initial radius, let pg = 2 3, ||b;]| bound
the radius of the fundamental cell B[—1/2,1/2)". Take the least integer J > 1 such that

Ry > n*max(pp, ). (4.2)
To specify the trajectory lengths without counting the states, use the computable bounds
U; = (2[R; HB’lHFl +1)",  A=1+n+logUs+log(J +1). (4.3)

Here ||[B™!|| . is the Frobenius norm. Every « = Bz € S; has ||z|, < R; |B™}| 5, so |S;| < U;.

Set £ = 1/[n(J+1)]. Compute M, K, gy by the explicit rules (C.2)—(C.3) in Appendix C. These
rules use only the input basis, the dimension, and the fixed constants, and give

M > (4/3)"/2, M = p~!poly(n, J,A), K = poly(n, J,A), go = Q(1).

On a lattice satisfying the geometric estimates, an independent uniform parent list fails (3.7) with
probability at most £ and contains no starting state in the next ball with probability at most &.
These are the only properties of the parameter choices used below. Define

t;(6) = [go ' max{0, log U; +1log(1/(26)}|,  0<d<1, (4.4)

12



By (2.1), this many steps give endpoint error at most §. Let Q; = M for j > 0 and Qp = 2M.
A shared burn-in of length ¢;(£) permits comparison of query costs with the reference execution
defined in Remark 4.5. The subsequent @); trajectories use independent transition randomness for
sj = t;(£/Q;) steps. Lemma 4.1 gives joint output error at most £ uniformly over their common
starting state. Appendix C verifies these bounds and supplies the resource budgets.

Algorithm 4.2 (Sampling and final difference search).

Input: Normalized basis B and the original scale.
Use the radius schedule and trajectory lengths above, and the parameters and budgets in Appendix C.

1: D+ ()
2: while |D| < M do
3: Draw u ~ U(B,,(Rs + pp)) independently.
4  x+ BB 'u+31]
5: if 0 < ||z|| < Ry then
6: Append z to D.
7 end if
8: end while
9: forj=J—-1,...,0do
10: Freeze D and use radius R; for this stage.
11: Z < the first element of D in S;.
12: if no such element exists then
13: return |
14: end if
15: fort=1,...,t;(§) do > Burn-in by full scans
16: Z < StEP(D, 2)
17: end for
18: (X1,...,Xq,) «~ (Z,...,2)
19: fort=1,...,s; do > One batch of filtered queries per step
20: fora=1,...,Q; do
21: X, + STEP(D, X,,) with independent transition coins.
22: end for
23: end for
24: D+ (X1,...,Xq,)
25: end for
26: Split D by index into two lists of M points.
27: Report cross-list pairs (z,y) with 0 < ||z — y|| < Rp.
28: if no pair is reported then
29: return |
30: end if
31: return the shortest reported difference, restoring its scale.

Burn-in scans D. At each output step, spherical filtering reports all admissible proposals for the
whole batch before any transitions are made. The same routine reports pairs for the final difference
search. Each batch uses fresh filter randomness independent of its fixed inputs and transition coins.
Appendix A implements these reporting operations. Any detected subroutine failure or exhausted
resource budget returns L. A missed report or failure to find a shortest vector may instead produce
a nonshortest output.

Theorem 4.3 (Exact shortest vectors in Haar-random lattices). For all sufficiently large n, there is
a measurable set of determinant-one lattices of Haar probability 1 — o(1) such that, for every lattice
in the set and every input basis of that lattice, the algorithm returns an exact shortest nonzero
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vector with probability 1 — o(1) over its own randomness. Its time and space are bounded by
T < (3/2)"?2°0) poly(n, J, A), (4.5)
S < (4/3)M22°0M) poly(n, J, A). (4.6)

The algorithm returns failure if a budget is erhausted. This set of lattices is independent of the
input basis, and the conditional success bound is uniform over this set and its bases. The bounds
include every step of the algorithm. On arbitrary lattices, only the resource bounds are asserted.

Remark 4.4 (Dependence on the input basis). The parameters satisfy J, A = O(nfg), so the poly-
nomial factors in the theorem are bounded by poly(n,fp). To see this, work with the normalized
basis and put A = || B||p and C' = || B!|| ;. The determinant-one condition gives A, C > \/n, while
pB < v/nA/2 and r, = O(y/n). Since log T = ©(1/n), the choice of J yields

J = O(nllogn +log(l+ pg/rn)]) = O(nlp).

Minimality of J also gives R;C < poly(n)AC, hence logU; = O(nfg) and A = O(nlg). In
particular, £g = n°M) suffices for the stated dimension exponents. The success guarantee still
holds for every basis, with the corresponding resource bounds.

Remark 4.5 (Reference execution and budgets). Endpoint mixing controls the output distribution.
To bound the work along the trajectories, we compare their queries with those of a stationary
reference execution.

Fix a lattice and a stage with nonempty state space S, and sample D from the ideal product
distribution of the parent list. Let G be the event that D satisfies (3.7) and contains a starting
state in S. For every D in G, suppose burn-in has total-variation error at most § from U(S), and
let emix be the joint endpoint error from Lemma 4.1.

For every D, define a reference execution with capacity max{ K, max, dp(v)}, starting all output
trajectories at one common U(S) state independent of D. Use independent transition coins and
complete proposal sets. Each query is then uniform conditional on D, though the queries need not
be independent. Let W be the total work of the fresh filtering routines along these trajectories,
without capacity or budget cutoffs. These reports do not determine the reference transitions. If
eqy bounds the probability of any missed proposal along the reference trajectories, an output-query

budget Boyt > 0 gives
EW

TNout < Nin + PT(GC) + 6+ Efilt + Emix + Bf

out
Here nin, 1ot include failure as in Section 4.1. Indeed, couple the input lists, then, on G, couple the
burn-in endpoint to the reference start. With shared coins and filters, the executions agree until
an omission or cutoff. Markov’s inequality controls W, and Lemma 4.1 controls the untruncated
endpoints. Both Pr(G¢) and EW use the unconditioned ideal distribution of the parent list. In

particular, no bound on E[W | G] is needed or inferred.

4.3 Representation counts and the final difference search

The geometric estimates require
3
ZCQ > 1. (4.7)
To determine the constraint on c¢ for the final difference search, we need two quantities: the ball
count Ny = |Sp| and the number K, = Sy N (Sp + v)| of representations of a specified short vector
v as a difference. The first fixes the sampling probability of each point, and the second counts

successful pairs.
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Lemma 4.6 (Counts in balls and representations of short vectors). Fiz ¢ > 1 with ¢ —1/4 > 1.
With Haar probability 1 — o(1), the shortest length lies in [r,n='/" r,n'/™], and simultaneously for
every primitive lattice vector v in this window,

No = (1+o(1))c",
K, > (¢ —1/4)"?/ poly(n).

In particular, the representation bound applies to every shortest vector.

We prove this lemma using a conditional count in the intersection of two balls. The next two
results give unconditional moments and the distribution conditional on a primitive vector.

Theorem 4.7 (Siegel-Rogers moment formulas [Sie45, Rogb5]). Let n > 3 and let L be a Haar-
random determinant-one lattice in R™. For a nonnegative bounded compactly supported Borel func-

tion @, put Xp =3 cp\ oy () and ((n) =3 .51 a™". Then

Erx, = /]R" o(x) dx, Varg,(X,) = C(ln) Z Z /IR" o(ax)p(br) dx.

a>1beZ\0

In particular, for a bounded Borel set A, if Ny = #((L\{0})NA) and V4 = vol A, then ENy = V4
and Var N4 < CVy4 for an absolute constant C.

The displayed second-moment form is recorded in [PS26, Corollary 1]. A modern treatment of the
real-lattice mean formulas is [Kim22].

The count-variance bound. Take ¢ = 1 4. Each integral counts continuous configurations in which
two collinear integer multiples lie in A. Changing variables separately by y = ax and y = bx
bounds it by max(a, |b])”" V4. There are 2(2h — 1) pairs with max(a, |b|) = h, giving Var Ny <
4AVA S s b < 4C¢(2)Va. ]

This formula handles the ball count directly. The region defining K, depends on a lattice vector,
so we condition on a fixed primitive vector. A nonzero vector is primitive if division by an integer
greater than one does not leave it in the lattice.

Theorem 4.8 (Conditioning on a primitive vector, Strémbergsson [Strll, §5.1, (5.1)—(5.3), and
Proposition 5.1]). Let n > 2, let L be a Haar-random determinant-one lattice, and let Lyyiym de-
note its primitive vectors. For every v # 0, there is a conditional probability measure on lattices
containing v primitively, with expectation EPY™, such that every nonnegative measurable H satisfies

1 .
B, Y H(L,v):C(n)/nEg“mH(L,v)dv.
'UELprim

Write h = |lv|| and m = n — 1, rotate so that v = hey, and identify ei with R™. Under this
conditional measure,
L={h(j+wx)er+h Y"z:2e N, jeZ}, (4.8)

where A’ is a Haar-random determinant-one lattice in R™. Conditional on A, the map w : A’ — T,
with T = R/Z, is a uniformly random homomorphism: its values on a lattice basis are independent
uniform points of T.
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The variance case of the following lemma suffices for the representation count. Its higher
moments will also be used for the uniform degree bounds in Section 6.

Lemma 4.9 (Moments of lattice sums with random shifts). Let m > 3, let A’ be a Haar-random
determinant-one lattice in R™, and, conditional on N, let w : N — T be a uniformly random
homomorphism. Fiz a ball B C R™ centered at the origin, of volume U, a constant J1 > 0, and a
measurable function 0 < F(z,t) < J11p(2), all independently of (A',w). Define

Z = Z F(z,w(z)), V:/m/TF(Z’t) dtdz,

2€A\{0}
where dt is Haar probability on T. Then EZ = v, and for every even integer 2 < k < m,
E(Z —v)F < JFE(Ng — U, Np=#((A"\ {0}) N B). (4.9)
In particular, Var Z < CJ?U for an absolute constant C.

Proof. Averaging each shift and applying the first lattice mean gives EZ = v. For higher moments,
use the integer-relation formula and its centering rule (Theorem 5.2 and Corollary 5.3), proved
independently in Section 5.1, retaining the shifts. For linearly independent lattice vectors y1, . .., Y-,
the vector of shifts t = (w(y1),...,w(y,))" is uniform on T": their integer coordinate matrix induces
a surjective homomorphism T™ — T", which preserves Haar probability. The relation term indexed
by A € A, is therefore

k
/]RWLXT‘ EtNU(TT) H F(YASJ’ (Att)j) dY?
j=1

where e; is the j-th standard column vector.

If position j participates in no relation, an integer change of basis separates its Euclidean
coordinate and shift from all other positions. Integrating them contributes exactly v. This term
cancels the corresponding choice of —v in the expansion of (Z — v), as in Corollary 5.3. Only
nonnegative terms with no free position remain. Bounding each factor by Ji11p removes the shifts
and leaves the same centered relation sum for Np, proving (4.9). All rearrangements are justified
by Z¢ < JfNg for a < k < m and the moment integrability in Theorem 5.2. Taking k = 2 and
applying the count-variance bound of Theorem 4.7 gives the last assertion. O

Proof of Lemma 4.6. The ball at the stopping radius has volume ¢". Theorem 4.7 gives

_on VarNo B —ny __
ENy = c", ENg? O(c™™) =o(1).

Chebyshev’s inequality proves the ball estimate. The same mean and variance give the shortest-
length window: the ball of radius ron /™ has expected count 1 /m, so Markov’s inequality bounds
its probability of being nonempty by 1/n. The ball of radius ron'/™ has mean n and variance at
most Cn, so its probability of being empty is at most C'/n. Hence

P{ (L) ¢ [ran™ Y™ ron/™} < (14 C)/n.

Count along lines parallel to the short vector. Fix a primitive v in this window. Write
h =v|l, m =n — 1, rotate to v = hej, and use the conditional representation (4.8). Set

E, = B,(Ry) N B, (v, Ry), iy = vol Ey,.
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On the line A=Yz 4+ Ro, the number of points in E, with shift ¢ is Fy(z,t) = > ez e, (h(j +
t)er +h=1/"2). Let Z, = > zeano Fo(z,w(z)) count the points off the axis Rv. Such a point and its
translate by —v are both nonzero, so K, > Z,. Each line contributes at most J; = 1+2Ry/h = O(1)

points. With p, = y/R% — h2/4, the projected region lies in B = h'/™B,,(p,). For independent
uniform Zy € Band © € T,

0< F, < Ji1p, U = vol B = hvol B,,(py), UEF,(Zy,0) = py.

The last identity follows by averaging the shift ¢: the axial scaling has Jacobian h and the transverse
scaling has Jacobian h~!. Thus EP"™Z, = p,.

Lower-bound the mean. Write z = (h/2 + s)e; + z, where z L e;. The cylinder
[s| < h/n,|l2l* < py — 207 /0

lies in E,, since both squared lengths are at most R3 — 2h?/n + h|s| + s < R3. As h/p, = ©(1),

its volume gives
(n—1)/2
2U 2h?
MvZ(l— 2) > CU/n.

n np?
Using h/r, = exp(O(logn/n)) and the formula for ball volume gives U = (¢ — 1/4)™/2n0M).

Concentrate the count and remove the conditioning. Lemma 4.9 gives
EPT™ (7, — py)? < CJRU.

Thus the conditional probability that K, < ,/2 is at most 4CJU/u?2 < C'n?/U = e %),
uniformly in the window. The expected number of primitive vectors in that window is at most
n. Theorem 4.8 therefore makes the expected number violating this bound exponentially small.
Markov’s inequality gives the bound simultaneously for every primitive vector in the window.
Combining this with the ball count and shortest-length estimate proves the lemma. O

Lemma 4.10 (A shortest vector among differences of uniform samples). Fiz ¢ > 1 such that
2 —1/4>1 and

9 4 2
— —1/4. 4.1
16¢ <c / (4.10)

There is a set of lattices of Haar probability 1 — o(1) such that, on every lattice in the set, two
independent lists of M > (4/3)”/2 independent uniform points in Sy contain a shortest cross-list
difference with probability 1 — o(1).

Proof. Fix a lattice satisfying Lemma 4.6 and a shortest vector v. Let Z count cross-list pairs
whose difference is v. Each pair is uniform on the N02 possible ordered pairs, of which K, succeed.
Therefore

EZ =

MK, 1 (16— 1/9)\"
NZ = poly(n) 9ct '
The mean grows exponentially by (4.10).

To bound the variance, only pairs sharing a sample need attention. Write N = Ny and retain
K, for the number of representations. Among ordered pairs of candidate pairs, M? coincide and
2M?(M — 1) share exactly one sample index. Their joint success probabilities are K,/N? and
K, /N3, respectively: the equation x —y = v determines either endpoint from the other. Candidate
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pairs sharing no index are independent. Bounding each variance or covariance by the corresponding
joint success probability gives

K K 2M
25 v 2 v
VarZ < M55+ 2M (M—l)N3§IEZ(1+N>.

Chebyshev’s inequality and EZ = M?K,/N? therefore imply

Pr{Z = 0} < 1 n 2N 1 n 2 < 1 n 2
T = _— —_— — - —
~EZ MK, EZ K,EZ ~ EZ +EZ

where the last step uses K, > 1. ]

The geometric condition (4.7) and the condition for the final difference search in (4.10) hold
together in the nonempty interval

Vi3 <e< Sj;m. (4.11)

The interval is nonempty because at ¢ = 4/3 the inequality for the final difference search is already
strict: its two sides are 1 < 13/12. Every c in the interval also satisfies ¢ — 1/4 > 1. Fix any such
constant ¢ for the algorithm. Its choice does not affect the leading time and space exponents.

The actual 2M endpoints are jointly close to the independent uniform samples just analyzed, and
splitting them by index adds no distribution error. On a lattice satisfying the preceding estimates,
M(L) = (14 0o(1))r, < Ry, so the explicit threshold for the final difference search includes every
shortest vector. Once the reported differences include a shortest vector, exact comparison returns
a shortest nonzero lattice vector.

4.4 Proof of the main theorem

Proof of Theorem 4.8 assuming Proposition II.1. Intersect the event in Proposition II.1 with the
events for short-vector representations in Lemma 4.6 and filtering costs in Appendix A.4. Each
holds with Haar probability 1 — o(1) independently of the input basis, so their intersection does as
well.

Fix such a lattice and any input basis. Initialization gives an exactly uniform parent list. At
each stage, Lemma 3.5 gives a constant spectral gap, and Lemma 4.1 regenerates a list close to
the uniform product distribution. The error bounds for the list conditions, finding a starting state,
mixing, filtering, and budget exhaustion sum to o(1). The stagewise coupling adds each error once.
Lemma 4.10 adds another o(1) for failure of the final difference search.

Each trajectory takes poly(n,J,A) steps. The shared burn-in scans the parent list at cost
M times a polynomial. For the remaining steps, let F = (3/2)™/22°(") be the number of filter
directions. The first- and second-moment estimates in Appendix A, equation (A.7), bound the
expected batch cost of the stationary chain by 2°™ poly(n, J, A) times

M + F[1+ (3c2/4)~"/2].

Indeed, substitute M = (4/3)"? poly(n,J,A), @ < 2M, and V > ¢*: direct comparisons cost M
times a polynomial, filter memberships and linearly independent candidate pairs cost F' times a
polynomial, and the collinear contribution has the remaining factor (3¢?/4)~"/2. The same bound
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applies to the final difference search with two radius-Ry lists and @) = M. In particular, the term
due to collinear pairs satisfies

FMQ(3/4)"*

% < F poly(n, J,A) (3¢%/4)~"/2.

The condition 3¢2/4 > 1 makes this factor decay. Markov’s inequality, with the polynomial error
allowances of Appendix C, turns expected costs into budgets. Summing over stages proves (4.5).
Streaming requires 2°(") poly(n, J, A)(M +Q+QK) storage. Here Q < 2M and K is polynomial,
so this is (4/3)"/22°(") poly(n, J, A), proving (4.6). The final difference search stores only its shortest
current difference. All failure exits respect the budgets, while the success claim holds on the stated
set of lattices. O

It remains to prove Proposition II.1, which supplies the point counts, degree bounds, and
Laplacian gap at all prescribed radii.

Part 11

A uniform Laplacian gap for the full angular
graph

The Markov chain construction reduces list generation to the geometric estimates in Proposi-
tion II.1. We prove these estimates using centered trace moments and lattice-point counts. The
contraction and degree bounds must hold uniformly over the vertices and radii required by the
algorithm.

Fix a lattice L and radius R. Write Sgp = (LN B,(R)) \ {0}, Ng = |Sgr|, V = (R/r,)", and
v = Vp. Distinct vertices x,y are adjacent when (z,y) > b|z| ||y||. Their adjacency matrix,
degrees, and Laplacian are Ag, dg, and Lo = diag(dg) — Ag. Recall that 7 =1+ 1/n, b=1—172/2,
and p = n~1/2 (3/ 4)"/ 260(1) | Subscripts L on expectations and probabilities refer to Haar-random
lattices.

Recall that 1/2 < p <1 and k = (1 —p)/2.

Proposition II.1 (Geometry of the full angular graph). Fiz ¢ > \/4/3. With Haar probability
1 —o(1), simultaneously at all radii Rj = ctiry,, j >0,

)\2([/0) > K. (IIl)

The same lattices satisfy Np = (14+0(1))V and do(x) = (1 +0(1))v for every vertex. All estimates
are uniform over this infinite grid.

The matrix My = (Ag+1)/v has row sums (do(z)+1)/v. The next lemma reduces the Laplacian
gap to degree concentration and contraction of My on zero-sum vectors.

Lemma II.2 (From contraction and degrees to a Laplacian gap). Suppose Nr > 2 and

do(.%‘) + 1
14

max
rE€ESR

il e RIS uhenever 3 f(a) =0,
Then \o(Lo) > v(1 — €, — p).
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Proof. The identity
Ly =v(I — Mp) + diag(do(z) + 1 —v)

and Cauchy—Schwarz give, for every nonzero zero-sum f,

'L M M,
f 0];Z 7€n7f 02f2176n7|| 0f“21—en—p.
i £ il
Minimize this Rayleigh quotient on the orthogonal complement of the constant vector. O

The limiting continuous contraction is 1/2, so contraction by p leaves a positive gap once the
degree error tends to zero. We prove these two estimates on the radius grid.

5 Spectral contraction from centered trace moments

We first record the identity for centered lattice sums used throughout the proof. We then compare
the continuous spherical-cap walk with the full angular graph.

5.1 Rogers’s formula and centered lattice sums

In the trace expansion below, intermediate points contribute centered lattice sums, while the end-
points remain lattice sums. We therefore need Rogers’s formula with only a specified subset of
coordinates centered. Integer coordinates express both the resulting cancellations and the later
determinant bounds through the same relation matrices.

Definition 5.1 (Relation representatives). For 1 <r <k < n, let A, contain one representative
of each class of matrices A € Z"™* with no zero column and AZ*F = Z", modulo left multiplication
by GL,(Z). A position j participates in a relation if some £ € ZF satisfies A& = 0 and & # 0. Write
F(A) for the set of remaining positions, which we call free.

Theorem 5.2 (Rogers’s formula in integer coordinates [SS22, Theorem 1.5, (1.12)]). Let1 <k <n
and let F : (R")* — [0,00) be bounded, Borel measurable, and compactly supported. Then

k
Ep, > Floy,..zp) =Y Y F(YA)dy.

@1, ep €L\ {0} r=1AcA,; "’

Both sides are finite, and the identity also holds for bounded compactly supported real-valued F.

The source writes F(Y B!), where the columns of B form a basis of a saturated subgroup of
7ZF. Taking A = B!, Smith normal form identifies saturation with AZ* = Z". Setting F to zero
whenever an argument vanishes removes the origin and zero-column terms. For the equivalence
with the classical formula [Rogb5b] and absolute integrability, see [SS22, Section 2 and Remark 2.2].
The integral is independent of the representative: replacing A by GA, G € GL,(Z), amounts to the
substitution Y/ = Y'G, whose Jacobian is one.

Write S; for summation over z; € L\ {0} and |; for integration over x; € R", leaving the other
coordinate labels unchanged. Centering selected coordinates gives the following form of the usual
Rogers cancellation [SS19, proof of Theorem 2.3].
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Corollary 5.3 (Partially centered relation sum). For F' as above and nonempty B C {1,...,k},

k—1
F=Y Y /F(YA)dY.
r=1 AEAT‘,IC
BNF(A)=2

Er [H Si [I(S;—1))
i¢B

JjeB

All expansions are absolutely integrable.

Proof. Choose a compact ball C' containing every coordinate projection of supp F', and put Ng =
#((L\ {0}) N C). Theorem 5.2 applied to 12* gives E; N& < co. The sum of the absolute values
of the expanded terms is bounded by ||F|| . E(N¢ + vol C)*, which justifies the rearrangements
below.

Fix J C {1,...,k} and integrate its positions first. Apply Theorem 5.2 to the remaining
positions and insert an identity block for the integrated ones. In the column order (J¢,.J), this
sends A’ to diag(A’, I ‘ 7)), preserving the product Lebesgue measure. The insertion is a bijection
onto relation classes whose positions in J are free. Indeed, for any such A, if H is generated by its
columns outside J, freeness and AZF = 77 give

7" = H & P Za;.
JjeJ

A basis of H followed by these a; recovers the block form, uniquely up to the unimodular basis
change defining the class of A’. When J is all positions, the block is simply ;. Consequently,

k
F=> > /F(YA)dY.
r=1 AE.ATJC
JCF(A)

EL [H S
it

jeJ

FExpanding the centered coordinates, the coefficient of each relation class is therefore

> (- =1{BnFA) =2}
JCBNF(A)

Full-rank classes have every position free and thus cancel because B # &. O

Corollary 5.4 (Positivity of centered counts). For 1 < k < n and bounded, nonnegative, compactly
supported Borel F : (R")* — R,

F >0.

k
Er [H(Si —1i)

=1

All expanded terms are absolutely integrable. Moreover, ELN]C‘i < 0o for every bounded Borel set C,
where No = #((L \ {0}) N C).

Proof. With B = {1,...,k}, every relation integral remaining in Corollary 5.3 is nonnegative. The
moment assertion follows from Theorem 5.2 applied to 1%’“. O
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5.2 Contraction of the continuous spherical-cap walk

Definition 5.5 (Spherical-cap transition). Let ¢ be uniform probability measure on S"~! and put
a(u,v) = H{{u,v) 2 b},  T(u,v) = a(u,v)/p.

Here T is the transition density with respect to o: (T'g)(u) = [ T(u,v)g(v)do(v) is the expected
value of g after one step from u. For x # 0, write = =/ ||z||. For real square-integrable g, write

191172 () = Bu~og(U)?.

Theorem 5.6 (Mixing of the spherical-cap walk [LMSY23, Corollary 4.7]). For the spherical-cap
walk on S™~1 with threshold b € (0,1) and cap measure p, when nb*> — oo there is B, = (1+0,,2(1))b
such that, for every initial probability distribution o and every integer j > 1,

HaTj B JHTV = \ ;IOg;BZL_l' (5.1)

The error in B, is independent of o and j.

Here o1V is the distribution after j steps of the spherical-cap walk from a. The source’s
parameters d, T, p, P, are denoted here by n,b,0,T. To compare spectra, we convert this total
variation rate into an L? contraction rate.

Lemma 5.7 (Continuous contraction). For every mean-zero h € L*(o),

1Tl 120y < Ballbllrey: B =3 +o(1). (5.2)

Proof. Let IIh = [ hdo be the projection onto constants, and set C,, = \/%log(l/p). Applying
Theorem 5.6 to a point mass at u gives

Sup/ |T7 (u,v) — 1| do(v) < 2C, 327

The kernel is symmetric, so the same bound holds for column integrals. The Schur bound therefore
yields

IT7 = T0|| 2oy g2 < 2C, 857"
Since T is self-adjoint and TTI = IIT = II, we have ||T" — lTHJﬁ_}L2 = ||T9 — || ;2 z2. For each
fixed sufficiently large n, take jth roots and let j — oo to obtain ||T" — II||;2_,72 < (,. Finally,
b=1/24 O(1/n) gives B, = 1/2+ o(1). O

5.3 Reducing lattice contraction to a trace moment

For U ~ o, define

T%(2,%)

T?(u,v) = Ey[T(u,U)T(U,v)], Rp(x,z) = MOQ(x, z) — v

(xz,z € Sg).

The density T2 is the measure of the intersection of two caps divided by p?. The real symmetric
matrix R;, compares this intersection measure with the number of lattice intermediates.
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For m € 4N, set z,,+1 = 21 and define the cyclic indicator

m

Fr(z1,-- s zm) = [T1H{0 < llz]l < RYL{{zi, 2i41) = bzl ||z 3] - (5.3)
i=1
The number of arguments specifies m. Odd positions will be trace endpoints, and even positions
will be intermediate points.

Lemma 5.8 (Contraction from trace moments). If r > 2 is even, 2r < n, and t > 0, then

M 2
Pr, sup M > 624+t
0 1711
>, fl@)=0

27"
< TELTH(RY).

The event is empty when Ngr < 2, and the trace is zero when Nr = 0.

The comparison replaces two lattice averages by spherical averages. The first replacement
produces the matrix Ry. The second produces an integral operator with the same discrepancy
kernel. We control their operator norms by even trace moments, and Corollary 5.4 bounds the
expected continuous trace moment by the lattice trace moment.

Proof of Lemma 5.8. Fix Np > 2 and a nonzero zero-sum f.

Replace the intermediate lattice point by a spherical point. Expanding the discrete square
gives

1Mo fIP = 3 3 F@)f(2) [; TG HTE, z>] ,
x,2 y

2
1 R 1 ~
2> K@ ATHE,2) = B (Z @7, U)) .
All sums range over Si. The expression inside the continuous square naturally defines
1 N ~
h(u) = Nn > f@)T(@ ) =Ex[f(X)T(X,u)], X ~U(SR).

Since |T'| < 1/p, this function is square-integrable. Moreover, [hdo = NS, f(z) = 0. The
continuous square is (N%/V)ER(U)?.

Define the discrepancy between the two intermediate-point averages by
1
Afwv) = o 3 T §T(F0) - T>(w,v) (54)
yESR

Geometrically, p?A is the lattice count in a two-cap intersection, divided by V, minus its spherical
probability. Subtracting the two squares yields

2
Mo 1P - TR = 3 3 AR D). (55)

Since Ry (z,2) = A(Z,2)/V, this is

2
R L (5.
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Replace the remaining lattice average by a spherical average. The definition of i and
Cauchy—Schwarz, applied to f(X) and (Th)(X), give

ER(U)* = Ex[f(X)(Th)(X)],  (ER(U)*)* < Ef(X)*Ex(Th)(X)*.

To apply continuous contraction, expand and subtract the two averages:

TEE A (T)(R)? — By (Th)(W)? = Bysgo [b(U) AU, U)h(U),

where U,U’,W are independent samples from o. The kernels are V=13 T(U,7)T(z,U’) and
T%(U,U"), so their difference is the same A.

Let Dy, be the integral operator with kernel A, used only in this proof. Lemma 5.7 gives

TR ()XY < (83 + |Dul,p EA(D)

Combine this with Cauchy-Schwarz and cancel Eh(U)? when it is positive:

Ngr

S ERU )2 < (B2 4 | DLlop) ES(X)?.

The bound also holds when h = 0. Multiply by Ng, use ||f]|> = NgEf(X)?2, and substitute in
(5.6). We obtain, for this fixed lattice,

1Mo f1* < (87 + IRLlop + [ DL llop) I1F17- (5.7)

Compare the expected trace moments. By (5.7), contraction can fail only if |Rz]| op Tt
| DLl op > - The matrix Ry, and the kernel of Dy, are real and symmetric. For even r, the largest
rth power of an eigenvalue is at most their sum:

IRll, < Tr(Ry),  [[Dillg, < Te(Dy). (5-8)

For Dy, boundedness and symmetry of the kernel ensure square-summability of the real eigenvalues,
so this argument applies for every even r > 2.

Use Fr from (5.3) with m = 2r. Recall that every S; sums over the same lattice L\ {0}, while
I; is unnormalized Lebesgue integration in coordinate ¢. Expanding the cyclic products gives, for
each fixed lattice,

TI'(RZ) = (Vp)QT H 52] 1 H 523 IQJ FRa

(5.9)

Tr(Dy) = (Vp)*r H'2J 1 H S2j — b))

Indeed, each copy of A contributes one centered intermediate position with factor 1/(Vp?). Each
endpoint contributes another factor 1/V: from Rp(z,2z) = A(Z,2)/V in the first trace, and from
replacing a spherical average by a normalized ball integral in the second. The angular factors are
the same in both traces.

In the first line, expand each endpoint operator as Soj—1 = (Sgj—1 —l2j—1) +l2j—1. Choosing the
integral at every endpoint gives the second line. In every other term, first integrate the endpoints at
which ly;_1 was chosen. The resulting function is nonnegative, bounded, and compactly supported,
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and every remaining coordinate is centered. Corollary 5.4 therefore makes the Haar expectation of
that term nonnegative. Since 2r < n, all expansions are absolutely integrable. Together with the
nonnegativity of even trace powers, this proves

0 < E,Tr(D}) < E, Te(RY). (5.10)
Finally, Markov’s inequality and (a + b)" < 2"~!(a" + b") give

2r—1
tr

2”"
< FEL Tr(RY).

Pr{lRellop + 1DLllop >t} < ——EL[lRellop + DLy

5.4 Bounding a fixed trace moment using integer relations
For m € 4N and n > m, put
Qm(R) = Ep Tr(R7/?).

Lemma 5.9 (Fixed trace moment bound). For every fized ¢ > \/4/3, there are m € 4N and v > 0,
depending only on c, such that, for all sufficiently large n and every R > cry,

Qm(R) <e ™.

The moment order is fixed independently of n. Lemma 5.8, applied with order m/2 and ¢t =
p* — B2, then gives

Pr{3f: Y f(z) =0, [Mofll > plIfIl} < ComQum(R), (5.11)

since 5, — 1/2 < p. We first bound each integer relation and then choose m so that their sum
decays exponentially.

Expand the centered lattice sums. Temporarily fix m € 4N and use Fr from (5.3). The first
identity in (5.9), with trace order m/2, and Corollary 5.3 give

1

m—1
S> a JA:/ Fr(Y A)dy, (5.12)
r=1 AcAgn, Rmxr

where every even position participates in each retained relation. All terms are nonnegative, and
the expansion is absolutely integrable for n > m.

Write a; for the columns of A, put a,,41 = a1, and define

h(A) = max |det A;|, DA:maX{detG:

|J]=r

G=0, s =alGa; <1,
a%GaHl > bﬁ/SiSZ’Jrl (1 < ) < m)

An invertible Ay bounds the feasible matrices, so the maximum exists. Both quantities are invariant
under the representative of the relation class.

The next lemma bounds each relation integral using D 4 and counts the relation classes with a
given h(A). After normalization by V"p™, we seek bounds D4 < e9=(1/7)§, with

TM(4/3)™2\ /6, < 1.
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The factors ¢"~™ and (4/3)"™/2 come from V=™ and p~™, respectively. Decay in h(A) will make
the sum over relation classes convergent. The lemma also applies to ball counts, which have no
angular constraints.

Lemma 5.10 (Volume and counting bounds). Let Fr be a Borel indicator invariant under a
common orthogonal transformation of its m arguments and supported on ||z;|| < R for every i. Put
Ja = [Fr(YA)dY, and suppose det(Y'Y) < R?" D, whenever Fr(YA) = 1. For fized m and
n > m, uniformly in r, A, R,

Ja < poly(n)V"h(A)" D2 (A€ A h(A) = h} < Cph™ /4, (5.13)

Here V- =vol B,(R), and the polynomial and C,, depend only on m. The counting bound also holds
for every subfamily of relation classes.

Proof. Let + : R" — R™ be the standard isometric embedding. Scaling and the rotation-invariant
integration formula [SS19, Lemma 5.2] give

H;’l:n—r—i-l ]

__ pnr
Ji=R n
Hj:l w] Rrxr

Fr(Ru(ZA))det(Z'2)"2dz,  w; = j vol B;(1).
Choose J with |det A;| = h(A). On the support, det(Z*Z) < D4 and every column of Z A lies in
the unit ball. Substituting W = ZA; bounds the integral by D%_T)/Qh(A)*” vol(B,(1))". Stirling’s
formula gives the volume bound.

For the count, choose the first column set J attaining h. Cramer’s rule makes the J-columns
of AEIA the identity and every other entry an integer multiple of 1/h in [—1,1]. There are at
most () (2h + 1)(m=7) < Cyh™/4 possibilities. This normalized matrix determines the class: if
A" = UA has the same row space, an integer right inverse C' of A gives U = A’C integer, and the
reverse argument makes U ! integer. O

Bound the Gram determinants. First, Hadamard’s inequality at a largest minor gives
Dy<h(A)2<1 (5.14)
A second elementary bound is
Dy < (1 =021 = On/m)(3/4)r1, (5.15)

Indeed, for positive definite G, scan the vectors G'/2q; in order and retain those that increase rank.
Every retained vector after the first has a nonzero predecessor in the previous span, so its squared
Gram-Schmidt length is at most 1 —b2. The selected integer minor has absolute value at least one.
Singular G has determinant zero.

Writing d = m — 7, the sequential bound gives the exponential base /4/3(3¢%/4)~%2. This
is less than one for large d, but does not improve when m grows with d fixed. For the remaining
ranks, we use all edges of the cycle and the fact that every even position participates in a relation.
The next lemma turns this participation into a determinant bound.

Lemma 5.11 (Determinants of integer kernels). Let A € Z"™*™ satisfy AZ™ = 7", letd =m —1r >
1, and let the columns of B € Z™*¢ form an integer basis of ker(A)NZ™. If B has s nonzero rows
and H is positive definite, then

det(AHA') = det Hdet(B'H™'B),  det(B'B) >s—d+ 1.
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In particular, if H < M\, then
det(AHAY) > det HX\ (s —d +1).

Proof. Take an integer right inverse C' of A. The matrix W = (C, B) is unimodular, since every
integer vector x decomposes uniquely into C' Az and an integer combination of the columns of B.
The upper-left block of W~'HW ~tis AH A!, and the complementary lower-right block of its inverse
is BPH~'B. The complementary-minor identity gives the determinant formula.

Choose d independent rows of B. Each additional nonzero row has a nonzero coeflicient in this
row basis and can replace a corresponding basis row to give a nonzero minor. These s — d row sets
are distinct from one another and from the original basis set. All nonzero minors are integers, so
Cauchy-Binet gives det(B'B) > 1+ s — d. Finally, H~! = A7 gives the stated consequence. [

Let S, be the cyclic shift matrix. The coefficient 1/2 matches the limiting cap threshold.
Normalizing by 1 — (1/2)% = 3/4, set

H=4(I=3Su)(I = §S0)" = §1+3L(Cn),  Qa=—AHA"

For every feasible G, the vectors w; = G/2a; satisfy |lwi]] <1 and ||w; — wiy1|| < 7. Hence

r
TH(GQ) = — (éZ lwill® + 23 flw; — w¢+1||2> <r(}+27?).
i i
Arithmetic-geometric mean yields
Dy < €9/ /det Q4. (5.16)
The factorization gives
det H = (4/3)™(1—2"™)%,  H =< 4(1+1/2)*I =3I.

Every even position participates in a relation, so at least m/2 rows of its integer kernel basis are
nonzero. Lemma 5.11 therefore gives, whenever m > 2d,

det Qa > (4/3)"K4(m),  Kq(m)=e 41 —2"")23"%m/2 —d+ 1), (5.17)

where we used (1 — d/m)™~% > e~?. The factor (4/3)™ cancels the angular normalization in the
exponential base. For each fixed d, the remaining gain K;(m) tends to infinity as m grows through
multiples of four.

Proof of Lemma 5.9. Since 3c¢?/4 > 1, choose a fixed integer D > 2 with
4/3(3¢2/4)7P2 < 1.

Then choose a fixed m € 4N, with m > 2D, large enough that ¢=¢/\/Ky(m) < 1 for every
1<d< D. Set

5_{@MV*, m—r>D,
T (3/4)m/Km—r(m), 1 <m-r< D.
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The determinant estimates give Dy < eOm(1/ ”)5r. Moreover,

by := "™ (4/3)™2\/6, < 1.

For d =m —r > D, this is \/4/3(3¢%/4)~%2; for d < D, it is ¢=¢//Kq(m).
There are only finitely many ranks. Choose a fixed € € (0, 1) sufficiently small that

b= (a/3)25(792 <1 (1< r < m).

Interpolating with (5.14) gives Dy < QOm(l/n)(S;—Gh(A)—%‘ Since V. > ¢* and p =
n=12(3/4)"2e%M) | Lemma 5.10 implies

s < poly(m) (01" h(A4) "1 < poly(n) (1) (4)~

Thus the nonnegative relation expansion satisfies
m—1 )
Qum ( < pOly Z b )n Z B /4—en <e MM
r=1 h>1

for some v > 0 and all sufficiently large n. The sum over h is bounded for all sufficiently large n.
Every choice and constant depends only on ¢ and is independent of R. ]

5.5 Summing the contraction error over all radii
Fix the m supplied by Lemma 5.9. It remains to make the contraction bound simultaneous over
all prescribed radii. Put Ry = cr,, and Vy = ¢”. Lemma 5.9 gives Q,(Rg) = e~ (™).

In a rank-r relation integral, the substitution Y = (R/Ry)Y’ preserves angles and multiplies
volume by (V/Vp)". Normalization therefore multiplies the relation by (V/Vy)"~™. Positivity and
r <m — 1 imply

1%
Qm(R) < 7Qm(Ro) (R > Ro). (5.18)
Since V;j/Vp = 7, the expected number of failing radii bounds the probability of any failure:

P {contraction fails at some R;} < C, , Z Qm(R;) < CW = ¢~ Un),
. -7
j=0

The denominator tends to 1 —e~1 > 0.

6 Uniform degree bounds
It remains to bound the row sums in Lemma II.2. We treat the grid radii c¢r,, < R < n?r, by

conditioning on a primitive vector, and all larger radii by the covering radius. The dividing radius
ensures that the covering error nu(L)/R tends to zero, where u(L) is the covering radius.
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6.1 Small and intermediate radii: conditional moments

Proposition 6.1 (Uniform degrees). Fiz c > \/4/3. With Haar probability 1 —o(1), simultaneously
for all grid radii R = ct/ry, in [crp,n’ry)],

Nr=(1+0(1))V, do(x) = (1+0(1))v (z€ Sg). (6.1)

More precisely, there is a constant n > 0 such that Nr/V and every (do(x) + 1)/v differ from one
by at most e, except on an event of probability e~ "),

The total count follows from E; Ngr =V and Vary,(Ngr) = O(V), by Theorem 4.7. For degrees,
we first bound the conditional cap count of one fixed primitive vector, then average over these
vectors.

Condition on a primitive vector. Vertices on the same ray have the same cap count do(z) + 1,
so it suffices to consider primitive vectors. Apply Theorem 4.8 to the indicator that a primitive
vector in the radius-R ball has a degree deviation larger than the stated tolerance. It gives

1 .
Er#{bad primitive vectors in Sp} = — / PP {the cap count at v is bad} dv.
Bn(R

¢(n)
Here PP"™ is the conditional lattice distribution from that theorem. Thus a uniform bound on the

integrand, multiplied by V', bounds the probability that some direction violates the degree bound.
Fix a primitive vector v, put h = ||v|| and m = n — 1, and rotate so that v = hej.

Count cap points along lines parallel to the fixed vector. Using the conditional represen-
tation (4.8), set

C=fa:0< ol <R o >blal},  Flzt)= Y 1o(hl +ter +h/mz).
JEZ

The value F(z,t) counts cap points on the line h~'/"z 4+ Rv with shift ¢. The count off the axis
Ro is
Z = Z F(z,w(z)).

zeAN'\{0}

The shifts w(z) come from the same random homomorphism. Each line contributes at most J; =
14+ 2R/h points, and only z in B = h'/"B,,(Rv/1 — b?) can contribute. Hence

0 < F(z,t) < J11p(2), U :=vol B = h vol B,,(RV1 —b?),

6.2
UEF(Zy,0) =v, Zy~U(B), ©~U(T) independently. (6.2)

Indeed, integrating over ¢t and summing the axial translates covers the whole axis. The axial
Jacobian h and transverse Jacobian h~! cancel, so the last mean equals volC = v. The first-
moment formula then gives EZ = v. Nonzero multiples of v contribute an additional O(J;) axial
points. Deleting the vertex itself changes the count by one.

Equation (6.2) verifies the hypotheses of Lemma 4.9. We may therefore bound the centered
moment of the count in a cap by a moment of the count in a ball, keeping all dependencies among
the shifts.

Bound the centered moments of ball counts. The conditional estimate must survive the outer
integral over primitive vectors, whose volume is V. We therefore seek a relative moment bound of
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order e~ 1™ /U the factor 1/U offsets most of this volume, and choosing T sufficiently large absorbs
the remaining factor V/U.

For a Haar-random determinant-one lattice A’ C R™ and an origin-centered ball B C R™ of
volume U, write
M(U) =E(Ng —U)*,  Np=#((\'\{0})NB).

Lemma 6.2 (Moments of centered ball counts). For every fired a > 1 and T > 0, there is a fized
even integer k such that, for all sufficiently large dimensions m and every U > a™,

My(U) < UkteTm, (6.3)

Proof. The fully centered relation expansion writes My (U) as a nonnegative sum of integrals Jy4
of ranks 1 < r < k. The proof of Lemma 5.10, with the cap indicators omitted, gives

Ja < poly(m)UTh(A)"DY" 2 #{A: h(A) = h} < CRhM/4,

where D4 maximizes det G subject to G = 0 and a!Ga; < 1 for every column. Hadamard’s
inequality gives Da < h(A)™2 < 1.

Put d = k — r. Full centering makes every row of an integer kernel basis nonzero. Lemma 5.11,
with H = I, therefore gives det(AA') > k—d+ 1. Since Tr(G(r/k)AA?) < r, arithmetic—geometric
mean yields

r d
Dy < (k/r) e '
det(AAY) " k—d+1

Fix T, > T and choose an integer D such that a'=” < e~7*. Then choose a sufficiently large

even k > D so that
d
1—-d € -T
S * 1<d< D).
“ N —gr1 = (I<d<D)

Use 6, = e?/(k—d+1) for d < D and 6, = 1 otherwise. Thus D4 < §, and every a'!~%/5, < e™ .
Since these inequalities are strict, a sufficiently small fixed € € (0,1) preserves

Q=502 < T

Interpolate with D4 < h(A)~2. Since U'~% < ™1~ the volume bound gives
JA — —€ m —em—(1l—e)r
U1 < poly(m) (al d57(~1 )/2) h(A) (A=,
Summing the counting bound over r and h proves

My (U)

— m 2 —€Em —im
AT < poly(m)e~ T th /4 <e Im,

h>1

The sum over h is bounded for all sufficiently large m, uniformly in U. O

Proof of Proposition 6.1. To keep the contribution from the axis polynomial, first exclude lattices
with A\ (L) < r,/2. The first-moment formula bounds their probability by 27". Outside this
event, every primitive vector satisfies h > r, /2. We may therefore restrict the outer integral to
rn/2 < h < R, keeping the original conditional distribution for each fixed primitive vector.
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Fix ¢ > \/4/3, choose constants 1 < a < \/3c2/4 and T > log(4/3), and take the fixed even k
from Lemma 6.2. The ball-volume formula gives, uniformly over the retained vectors and radii,

U > @40 >t I 0@m), L < poly(n)(4/3)"2

1%

Applying Lemmas 4.9 and 6.2 in dimension m = n — 1 yields

(JlU)k Mi(U) _ poly(n)e=T(=1)
v Uk — U ’

E(Z —v)*

vk

<

For r,/2 < h < R < n?r,, the additional axial count is polynomial in n, whereas

v > (3¢2/4)"?n=OM) Tts relative contribution is therefore exponentially small.

Markov’s inequality at relative tolerance e, followed by the outer integral over v, bounds the
probability that some direction violates the degree bound by

9—n 4 poly(n)ek‘nn—T(n—l)(4/3)71/2 <92y poly(n)e—[T—% 10g(4/3)—k77]n.
Choose n > 0 sufficiently small that
kn < min{T — %log(4/3), %log(3c¢*/4), logc}.

This also absorbs the axial contribution and makes the total-count failure probability O(e?"/V)
exponentially small. A union bound over the O(nlogn) grid radii proves Proposition 6.1 for every

fixed ¢ > /4/3. O

6.2 Large radii: the covering radius

For R > n?r,, Voronoi cells compare point counts with volumes uniformly over every direction.
Write p(L) for the covering radius, the supremum over points in R™ of their distance to L. Equiv-
alently, this is the circumradius of a Voronoi cell.

Theorem 6.3 (Random-lattice covering, Ordentlich-Regev—Weiss [ORW22, Corollary 1.4]). There
are absolute constants C,co > 0 such that, for all sufficiently large n, a Haar-random determinant-
one lattice satisfies

IP’L{VOI B, (u(L)) > Cns} < e om,

Since vol B,,(r,,) = 1, this theorem gives
u(L) < (Cng)l/”rn = O(rn)
outside an exponentially small exceptional set.

Proposition 6.4 (Uniform counts at large radii). Suppose det L = 1 and u(L) < Cr,. For all
sufficiently large n, the estimates (6.1) hold uniformly over all real R > n*r,. Moreover, for every
ball,

#(L N Bn(t7 S)) < vol Bn(s + N(L))'

Proof. Put p = pu(L), and let Cy be the volume-one Voronoi cell centered at x. We first give one
count estimate for any convex body K containing a ball B, (a,r), with u < r. Write K © B, (1) =
{y:y+ B,(n) € K} for its inner parallel body. Rounding moves points by at most p, so

KoB,(n) < |J CuCK+Ba(n).
xeLNK
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Convexity and By, (a,r) C K give
a+(1—p/r)(K —a) C K & By(u),
K+ Bu(it) € a+ (14 u/r) (K — a).
Both inclusions follow by taking convex combinations with the contained ball. Taking volumes

yields
(I—=p/r)"vol K <#(LNK) < (14 p/r)"vol K.

Apply this first to K = B,(R), whose inradius is R. For a unit direction u, the closed cap cone
K={z:[lz]| <R, {(z,u) = b}

is convex and contains By, (3Ru/4, R/4): in this ball, (z,u) > R/2, ||z|| < R, and 0 < b < 1/2 for
sufficiently large n. Thus the same estimate applies with » = R/4. Since nu/R = O(1/n) in the
stated range, both counts differ from their volumes by a relative O(nu/R). Removing the origin
gives

N _ d +1 _

VR =14 O(nu/R)+O(V™Y), 0(”“2 =14 O(nu/R)+ 0™,
uniformly in R and the direction. These errors are o(1). Finally, the cells centered in any ball
B (t,s) lie in By, (t, s + u). Taking volumes proves the remaining assertion. O

Complete the spectral estimate for the full angular graph.

Proof of Proposition 11.1. Intersect the covering event, the small- and intermediate-radius degree
event, and the contraction event on the full grid. This intersection still has Haar probability 1—o(1).
On it, all grid radii satisfy the degree condition with €, = 0(1) and the contraction condition with
the fixed p < 1. Lemma II.2 therefore gives, uniformly over these radii,

Xo(Lg) > v(l — e, — p) > kv

for all sufficiently large n. The accompanying point counts and degree estimates follow from the
two radius ranges above. O

Proposition II.1 supplies the geometric input to Lemma 3.5, completing the proof of Theo-
rem 4.3.

Appendices

A Spherical filtering for transitions and difference search

The Markov chain requires all admissible signed proposals at each query state. Its transition
rule depends on the complete proposal set and its size. We use the product filters of Becker,
Ducas, Gama, and Laarhoven to report this set and the short differences between the final lists
[BDGL16, Laal6].

For a fixed parent list and a fixed batch of queries, the reporting routine tests every candidate
exactly. The probability that it completes a batch while omitting any admissible proposal is at
most the assigned error allowance. It returns failure if a capacity or time budget is exceeded. This
coverage guarantee holds for every fixed batch. We bound the expected cost using the reference
execution of Remark 4.5.
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A.1 Reporting all admissible increments

Fix the parent list D = (y1,...,yn) and all @ queries for the current step. For a query v and
a signed parent entry (i,s), put x = —v/R and y = sy;/(TR). An admissible move satisfies
|l — 7y|| <1, hence ||z —y|| <1+ 1/n. We use this distance bound to generate candidates, then
test each candidate against the state-space and angular conditions in (3.2). We compare every data
point of norm below /3/4 with all queries, and every query of norm below +/3/4 with the entire
parent list. The remaining points use the following filters.

Definition A.1 (Filter region). For a unit direction u, let

Eu={z:\3/4<|l2 <1, |z -w/2|? <3/4}. (A1)

For r = ||z||, membership is equivalent to (Z,u) > A(r), where A(r) = r—1/(2r). Points sharing
a filter are candidate pairs.

Following the product-code construction of [BDGL16, Definition 5.1], split the space into
m = [logn| orthogonal blocks whose dimensions differ by at most one. Sample directions in-
dependently in each block, concatenate them with weights proportional to the square roots of
the block dimensions, and apply an independent Haar rotation. The original construction uses
equal blocks. Appendix B proves the coverage property needed for the present block sizes. The
parameters there give

F = (3/2)"/220(M) (A.2)

implicit directions using 2°(" representation space. Every global direction has a uniform marginal
distribution.

Algorithm A.2 (Batch queries with independent product codes).

Input: Frozen parent list D, Q current queries, and 0 < ¢ < 1.

During enumeration, return | immediately if the budget is exhausted or a query has more than K
admissible proposals.

¢ log,(2MQ/C)]

Generate ¢ fresh rotations and block codes, independently of the history and transition coins.

Perform the direct comparisons for points of small norm.

Process each code by prefixes and buckets, testing every candidate exactly against (3.2).

Deduplicate reports of the same (i, s), preserving distinct parent indices even when their vectors coincide.
Order each proposal list lexicographically by (i, s), with —1 before +1.

Execute (3.3) with independent transition coins.

Each output step uses fresh codes. Burn-in still scans the parent list directly.

For every fixed near pair in the outer annulus, one code contains a common filter with probability
at least 1/2, uniformly over unequal block sizes and nearly parallel pairs (Lemma B.1). Repeating ¢
times and taking a union bound over at most 2M () pairs bounds the batch’s missed-pair probability
by (. Conditional on the history at the start of the step, the queries are fixed and the fresh codes
remain independent, so the same bound applies to adaptive trajectories. Couple the implementation
to complete neighbor enumeration by sharing the transition coins. They agree until the first missed
pair or budget failure. The fixed ordering removes any dependence on the filters’ reporting order.

A.2 Reporting short differences between two lists

We now implement the final difference search in Algorithm 4.2. Let Ry = cry,, and let (ai,...,au)
and (by,...,by) be the two final lists of samples from the ball. Use the first list as queries and the
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second as data, report all differences satisfying
0< Hal — b]H < Ry,

and return the shortest. Since the typical shortest length is (1 4+ o(1))r, < Ry, this threshold
includes the shortest differences used in the success argument in Lemma 4.10.

Set x = a;/ Ry and y = b;j/Ry. Both lie in the unit ball, and the target condition is || — y|| < 1.
As in a step of the Markov chain, directly compare pairs with at least one norm below +/3/4 and
use the regions FE, for the remaining pairs. The final difference search uses the directions of the
two samples themselves. The normalization x = —v/R for a Markov chain step uses a minus sign
because the proposal is v + sy;.

After fixing the two lists, independently generate feng = [logs(M?/(end)] fresh codes, where
0 < Cena < 1 is the allowed failure probability for this search. The fixed-pair coverage bound and a
union bound over M? pairs ensure that every target difference is reported with probability at least
1 — Cena- In the batch algorithm, replace the proposal lists by a single shortest nonzero difference
found so far. Repeated reports only repeat a length comparison. The chain’s degree cutoff is not
used. Return the shortest difference after processing all buckets, or fail if none exists or the budget
is exhausted.

For ideal independent lists, a fixed pair is uniform on Sy x Sp. Thus the filter membership
and comparison bounds below apply with both sampling radii equal to Ry and (Q = M. Direct
comparisons contribute the inner-ball term M?(3/4)"/? in expectation. Candidate counts include
equal vectors, whose zero differences are discarded. Coupling the entire final list to the ideal product
distribution transfers coverage, budget, and success events with a single total-variation error.

A.3 Time and space from membership and candidate counts

We first record the deterministic enumeration bound underlying both implementations.

Lemma A.3 (Enumeration with blocks of different sizes [BDGL16, Algorithm 1 and proof of
Lemma 5.1]). Let C; C R% be fized block codes of sizes B; > 1, where Yoidi =n, and let Qror be an
orthogonal matriz. For a fixed target t and real threshold a, all z € Qyot(C1 X - -+ x Cp,) satisfying
(t,z) > a can be enumerated in time

O (’I’L2 + Zdsz + Z Bl 1Og Bz + m(Nout =+ 1)) '

Here Ny is the output count. FEach output gives the original sampling indices of its m block
codewords, without computing the rotated vector. The enumeration may be restricted to a specified
prefix or stopped after a specified number of outputs.

Proof. Use Algorithm 1 of [BDGL16], allowing each level its own size B;. Rotation, block inner
products, and sorting cost O(n?), O(3,; d; B;), and O(Y"; B;log B;), respectively. Keep a prefix only
if its value plus the largest possible suffix reaches a. Every retained prefix therefore has an output
descendant, independently of block sizes. The enumeration visits O(m(Nout + 1)) nodes, where the
added one covers empty output. O

This uses the deterministic enumeration procedure underlying the published average-time
bound.
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Count one filter membership whenever a point z belongs to a filter E,. Group points by
complete codeword, splitting prefixes when their capacity is exceeded and releasing each bucket
after processing it. Let Jp and Jx count memberships for data points and queries, and let Cpair
count exact comparisons, including those for points of small norm. For fixed inputs these counts
depend on the fresh codes. Every choice of codes satisfies

Thateh < 2°™ poly(n, ) (M + Q + Jp + Jx + Cpair), (A.3)
Shaten < 2°0 poly(n, £)(M + Q + QK). (A.4)

Appendix B proves the streaming bounds. The final difference search stores only the shortest
nonzero difference found so far.

A.4 Bounding filtering cost by moments of lattice-point counts

By (A.3), it remains to bound the membership and comparison counts. Use the reference execution
of Remark 4.5. Conditional on L, D, every query X is marginally uniform on S, including when D
fails the gap or capacity conditions.

Write Ng = |S|, let N4 be the number of nonzero parent-ball points, and let Na(L) count
nonzero lattice points in a region A. For fixed regions A, B, the random count >, 14(X)1p(y;)
counts candidate pairs of a query and a parent entry. Conditional on the parent list, the probability
that X € A is N4/Npg. Averaging the number of parent entries in B therefore gives

M M
Ep i 3 1010 = 488, 3 1,()
i=1 ]\f i=1 (A.5)
= o VA(LIN(L)

The expectation averages over the full product distribution of D, without conditioning on the list
satisfying its spectral or capacity bounds. Taking Haar expectation on the right gives the mean
candidate count for random lattices.

Apply Theorem 4.7 and Cauchy—Schwarz to the centered counts: Cov(Na,Np) <
C+vvol A vol B. For the filter regions A = —RFE, and B = 7RE,, the volumes are at most
V(3/4)"? and 7"V (3/4)"/2. Thus

ErNA(L)Np(L) < vol A vol B + C7"V (3/4)"/2. (A.6)

The covariance term accounts for collinear lattice relations. Uniform marginals of the fresh code-
words and linearity of expectation now allow us to sum the mean work over buckets.

On the counting event Np < V and N4 =< 7"V, the first moment bounds the direct comparisons
by O(MQ(3/4)"/?) and filter memberships by O(F (M + Q)(3/4)"/?) in expectation. The second
moment bounds candidate pairs by O(FMQ[(3/4)™ + (3/4)"/2/V]). Substitution in (A.3) bounds
the mean batch cost by 2° poly(n, £) times

(M + Q)+ MQ(3/4)"? + F[(M + Q)(3/4)"* + MQ(3/4)™ + MQ(3/4)"/*/V]. (A7)

Here and below, a bound restricted to the counting event means that the corresponding nonnegative
cost is multiplied by that event’s indicator before expectation. This permits the deterministic
denominator bounds without conditioning the Haar moment formulas.
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These are the cost bounds used in the algorithmic reduction of Section 4.

The lattice estimates must hold on a set independent of the input basis. This follows by
bounding a fixed collection of geometric quantities. For a € {1, 7}, take

No, i) ENgp,(L) EuNg,(L)Nors, (L) A8)
V(3/4)/2 V(3/4)/2 "’ an(V2(3/4)" + V (3/4)7/2) '
The expectations here are over a uniform direction u. Since L = —L, the sign in the query region

does not affect these counts. The three quantities control direct comparisons, memberships, and
candidate pairs, respectively. Their Haar means are bounded by an absolute constant, by the
preceding first- and second-moment estimates. The case a = 1 includes the final difference search.

Take these quantities at every grid radius R < 7n?r,, including the parent radius for each
smaller target ball, and call the resulting collection C,. It has size O(nlogn) and depends only on
n and the fixed ¢. Thus

P C|Cn| . _
{max G(L) > A,} < —— =0(1) ifnlogn =o0(A4,). (A.9)
GeCs, A,
Intersect this event’s complement with the uniform point-count event. The bounds on Npg, N
now control the denominators in (A.5). For any basis and any M, @, ¢, these parameters are only
deterministic coefficients multiplying the same geometric quantities. At large radii, Proposition 6.4
gives bounds uniform over all R > n?r, and directions u. For example, with pu = u(L),

N_ri, (L) < vol Bu(\/3/4R + ) = V(3/4)"/2 exp(O(nu/R)),

since —RE, lies in the ball of radius \/3/4R centered at —Ru/2. The parent filter has the same
bound after scaling. These events cover every required radius. Finally, on each lattice in this set,
apply Markov’s inequality to the reference execution to choose a budget. The coupling after burn-in
transfers the bound on budget exhaustion to the actual execution.

B Coverage and streaming for product filters

This appendix proves the coverage and enumeration guarantees used in Algorithm A.2. The explicit
block parameters and budgets appear in the initialization appendix.

B.1 Covering a near pair with a product filter

We construct a vector of squared norm at most 1/3 + o(1) satisfying both filter inequalities. Its
projections will give success probability at least (2/3)%/227°(4) in a block of dimension d;, which
determines the total number of codewords.

Lemma B.1 (Coverage for a fixed pair). Let x = ru,y = sv, where u,v are unit vectors, r,s €
[V/3/4,1], and ||z — y|| < 1+1/n. There is a random product code with F = (3/2)"/?2°") codewords
and 2°") representation space such that x,y share a filter with probability 1 — o(1), uniformly over
all such pairs. In particular, the probability is at least 1/2 for all sufficiently large n.

We use three standard geometric facts: the first bounds the norm of the constructed vector,
the second preserves the filter inequalities under a random projection, and the third bounds the
probability of sampling a suitable direction.
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Theorem B.2 (Planar Jung theorem [CKW20, Appendix A, Theorem 9]). Every nonempty com-
pact set in R? of diameter D is contained in a closed disk of radius at most D//3.

Lemma B.3 (Random orthogonal projection [DG03, Lemma 2.2]). Let I project onto a uniformly
random k-dimensional subspace of R™, where 1 < k < mn. For every fixred z #0 and 0 < e < 1,

k
2 2
p{ |zl - 3 )

k
. W} < 9e k)12,
n

This is the relative-deviation consequence of the cited lemma at thresholds 1 — ¢ and 1 + €.

Lemma B.4 (Two-dimensional projection of a uniform sphere point [BDGL16, Appendix A, proof
of Lemma A.1]). Let k > 3 and let Z be uniform on S*~1. In orthonormal coordinates on any fized
two-dimensional plane, its projection has density

k—2

7(1 - HZ\|2)(k_4)/21{||zu<1}> z € R?

with respect to two-dimensional Lebesque measure.

Proof of Lemma B.1. Construct a vector satisfying both filter inequalities. Put a = A(r)
and d = A(s). In a two-dimensional plane containing 0,x,y, take their smallest enclosing disk,
with center wg. Orthogonal projection implies wg € span{u,v}. The three distances are at most
1+ 1/n, so Theorem B.2 bounds the radius by (1 +1/n)/v/3.

For large n,

2 2 2 2
e+ — || — 3 2—(1 + 1

The origin lies on the boundary of the smallest disk. Otherwise only z,y constrain the radius, and
the disk has diameter xy. But this disk contains the origin exactly when (x,y) < 0, a contradiction.
Its radius is consequently ||wgl|. From ||z — wpl| < ||wo|,

(1+1/n)? 1

lwol|* < = +0@1/n),  (wo,u) >

r
- 3 3 2 om

The last inequality uses r < 1. Similarly (wg,v) > d.

Preserve a margin in every block. Take m = [logn]| blocks with dimensions d; differing by at
most one, and put A; = d;/n. Choose a margin ¢ — 0 slowly enough that €? min; d; > logm. For
a sufficiently large fixed C', put w = wg + Cef(u+v). Since (u,v) > 0, each inner product increases
by at least C'eg. The two inequalities therefore have margin Q(er), while ||w||* < 1/3 + O(es).

After a Haar rotation, every block is a uniform subspace of its prescribed dimension. Apply
Lemma B.3 to u,v,w and their nonzero pairwise sums and differences, then take a union bound
over blocks. Except with probability O(m)e~ @ minidi) — (1) all these projected squared norms
have relative error at most €;. For z, 2" € {u, v, w}, polarization gives

€fA;
4

[Cain ) = i (2, ) | < =2l + 21 + ||z = £I°) = Olerdo),

where z;, z/ denote the block projections. A zero sum or difference has zero error. This argument
uses only the individual block marginals and does not require independence between blocks.
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Write u;, v;, w; for their projections to block i. A successful block direction z; € S%~1 must

satisfy
<Zz,uz/\/)\7> > a, <Ziavi/\/)\>i> > d.

The vector w;/+v/A; satisfies both inequalities with margin €(e;) and has squared norm at most
1/3 4 O(e).

Find a suitable codeword in each block. Fix a rotation satisfying the preceding projection
bounds. Every block codeword is independently uniform on S%~!. Project to a plane containing
u;, v;, fixing an additional direction before sampling if they are parallel. The vector w; lies in their
span. Forlarge n, d; > 4 and 1/d; = o(e;). A projection in the disk of radius 1/d; centered at w; /v/A;
satisfies both filter constraints, and every point of this disk has squared norm at most 1/3 + O(e¢).
The density lower bound in Lemma B.4, multiplied by the disk area, gives the conditional success
probability
pi > d;9(2/3)%/2 exp(—O(erd;)).

Choose h,, = o(n) with hy, > nef + mlogn, and take
= [ ((3/2)"2em) "]
codewords in block i. Since d; < n/m,
log(tip;) > (di/n)hy, — O(egd; 4 log d;) > logm.

Conditional on the rotation, the t; codewords are independent, so block failure has probability at
most (1 —p;)t < e 'Pi, A union bound over blocks and the rotation failure event gives total failure
probability o(1). Concatenating one successful direction per block with weights v/); gives global
inner products at least a,d. Finally, [];¢t; = (3/2)™/22°(") and Yiti= 20(") " as required. O

B.2 Enumerating filter buckets within the space bound

Having proved coverage, we establish the cost bounds (A.3) and (A.4) for every choice of codes.
Lemma A.3 and the 2°(" total block-code size give 2°(") preparation work per enumeration, followed
by a polynomial multiple of the output count.

Label every block codeword by its original sampling index. A complete codeword is keyed by
the tuple of these labels, and a prefix fixes the first labels in this tuple. Sorting inner products
for a particular point changes only the order in which labels are visited. Enumeration restricted
to a prefix fixes those labelled block codewords and enumerates the remaining blocks. Set the
bucket capacity to Beap = 2M + (). Enumerate the data memberships for a prefix, stopping at the
(Beap +1)st membership and splitting the prefix if necessary. When the capacity is respected, group
the data by complete codeword and process queries one at a time against the resulting dictionary.
At depth m, a prefix specifies one complete codeword and has at most 2M data memberships, so
splitting terminates.

Let bnax be the largest block-code size and I the number of nodes whose membership count
exceeds Bgap. At each depth, the memberships under distinct visited prefixes are disjoint, and each
such node contains more than Be,;, of them. Consequently,

J,
I< m D, #{visited nodes} < 1+ byax!.

cap
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Rescanning the 2M + @) = Bc,p inputs at each visited node thus costs at most 20(”)(M +Q+
MbmaxJp). At a fixed depth, the truncated outputs from distinct prefixes are disjoint subsets
of the Jp data memberships, so their total is at most Jp. Summing over depths gives O(m.Jp)
outputs. Query enumeration is performed only at accepted prefixes. These prefixes are pairwise
disjoint, so it reports at most Jx memberships in total. Since byax = 20(") these bounds give the
claimed enumeration overhead.

Charge direct comparisons of points with small norm to Cpair. This gives (A.3). Traverse the
prefix tree depth first, generating child prefixes as needed. Store only one bounded bucket, the
prefix stack, and at most K admissible signed indices for each query. This gives (A.4). Codes
and queries are processed sequentially. For each query, maintain a balanced search tree of signed
parent indices. It removes duplicate reports and gives the required lexicographic order by in-order
traversal, preserving the multiplicity of equal vectors at different parent indices.

C Uniform initialization and resource budgets

This appendix specifies the sampling parameters and resource budgets used in Algorithm 4.2, and
verifies their probability bounds.

C.1 Exact uniform sampling in the initial ball

The cell Pp = B[—1/2,1/2)" has volume one and lies in B,,(pp). For every x € S;U{0}, the entire
cell x + Pp lies in the proposal ball and rounds to z. Put N; = |S;| and Vprop = vol B, (R + pB).
Every target point has proposal probability 1/Vjrop, so acceptance has probability N;/Virep and
the accepted point is uniform on S;.

The cells of these target points cover B, (R; — pp). Consequently,

Ry —pB\" -1 1-n2\" —2n
Pr{accept} > m — Vprop > m —-n =:0p — 1.

Here pp/R; < n~2 and Vp;(}p < n72", so the bound holds for every input basis. Independent pro-
posals give independent uniform accepted values, independently of their waiting times. Conditional
on collecting M values within the fixed proposal budget, the accepted list therefore has distribution
U(S;)®M. The algorithm reports a shortage as failure. Including this outcome, the total-variation

distance from the ideal product distribution is at most the shortage probability.

C.2 Choosing list sizes, capacities, and mixing times

We first bound the cap probability by computable quantities. Let a,, = I'(n/2)/(y/7L'((n — 1)/2))
and put
Qnp _
- = m(l - bQ)(n 1)/27 p+ =p-/b, 0+ =ps/T". (C.1)
The first coordinate Z of a uniform sphere point has density a,(1 —t2)*=3)/2 and p = P{Z > b}.
Insert a factor ¢ in this integral, use b < ¢t < 1, and integrate the derivative of (1 — t2)(”_1)/2 to
obtain p_ <p <p,.
Recall € = 1/[n(J +1)] and k = (1 — p)/2. The cap bounds above give _ < p/7™ < 0. Define
_ 26M_ 21+ k)M 1-k
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These bound the second eigenvalue of ELp, the expected degree, and the probability that a parent
sample lies in the next ball. Choose the least integer M > (4/3)™/? satisfying

Uge r-MB2 < ¢ero gmMon < ¢ (C.2)

Next choose the least integer K > ey (M) satisfying

. K/2
Uy (MJ}éM)) <&/2, g0 = /1,_4(;(\/[)' (C.3)

The two tail bounds come from Theorem 2.4: a sample contributes a Laplacian of norm at most
four and a degree at most two. Consider a lattice whose point-count and degree relative errors are
at most k and whose Laplacian gap satisfies (3.6). The proof of Lemma 3.5 gives

Mmin = N—(M)’ mgx EdD(U) < H-i‘(M)

The two Chernoff bounds and (C.2)—(C.3) give failure probability at most £/2 for each estimate.
On success, A2(Lp) > pu—(M)/2 and the chain has spectral gap at least go = pu—(M)/(4K). A
parent sample lies in the target ball with probability at least ¢, so the probability of having no
starting state is at most &.

The parameter conditions are monotone in the ranges searched and can be solved by doubling
and binary search using O(log M + log K) tests. Since 6, /0_ = 1/b = O(1) and o,, = Q(1), they
give

M =0(0"og(Us/9),  K=0(Mby),  go=9(1).

For the capacity upper bound, a sufficiently large fixed multiple of p (M) satisfies its tail condition.
All constants are independent of the lattice, basis, and stage. Allocate the remaining error bounds
as follows.

e Allow at most

Ny = [max{QM, 8log(1/§)}w

Qp

initialization proposals. Their number of acceptances has mean p > o, Ny > 2M. The scalar
Chernoff bound gives shortage probability at most e #/® < ¢. Thus both numerical factors
in this budget come from the stated tail bound.

o At stage j, run the shared burn-in for ¢;(&) steps, then each of the @); output trajectories for
s; = tj(£/Qj ) steps. Burn-in error and the joint output mixing error are each at most &.

o Use fresh filter codes at each output step. Allocate £/ max(1,s;) to each batch and use
lj = [logy(2MQ; max(1, 55)/€)]
independent repetitions.

Split the last list by fixed indices into two batches of M points. For the final difference search, the
probability of missing a pair and the probability of exhausting the time budget are each at most &.
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C.3 Choosing filter parameters and bounding their cost

Take m = [logn]| and partition the coordinates into m blocks whose dimensions differ by at most
one, placing larger blocks first. Choose polynomial-time computable sequences ¢, h,, satisfying

e — 0, e? mind; > logm, nee +mlogn < hy, < n.
K]

The first two conditions control projection errors. The last provides enough codewords in each
block while keeping the overhead subexponential. For example, ¢ = 1/m and h,, = n/y/m satisfy
them. Fix any such choice, and set

ti=[ (/22 F= [Tt

Lemma B.1 applies, with F' = (3/2)"/22°(") and ¥, t; = 200",

We record the operation counts to specify the budget. Put b,.x = max;t; and

L =1+ [logy((2M + Q + 1)(F +1))],
Aprep = n? + Z dit; + Z t; |710g2(ti + 1)—‘ ,

Pr =n® + (1 + mbmax) Aprep + m> +mL, +n + L.

The n3 term pays for generating a Haar rotation by Gaussian QR decomposition. The three terms
of Aprep pay for applying it, block inner products, and sorting. The streaming proof bounds the
number of scanned prefixes by 1 4+ mbmaxJp/(2M + Q). Truncated enumeration costs O(m?2.Jp);
sorting and binary search on codeword keys use O(mL,) operations per membership, exact vector
tests use O(n) per candidate, and a balanced search tree deduplicates signed parent indices in
O(L,) operations per report. Thus one code costs at most a fixed constant times Pr(M +Q+ Jp +
JX + Cpair)-

Choose a polynomial-time computable sequence A, = n°1) with nlogn = o(A,,), for example
A, = n? Equations (A.8)—(A.9) bound all required geometric coefficients by A, outside a set of
Haar probability o(1). The covering-radius bound handles all larger radii.

Replace V! in (A.7) by ¢™", and define

W(M,Q) = M + Q + MQ(3/4)"/?
+ F[(M +Q)(3/4)™? + MQ(3/4)" + MQ(3/4)"/? /"],
H(M,Q,l) = CglPp A W(M, Q).

Here Cp is an absolute constant in the operation and geometric mean bounds. On a set of lattices
of Haar probability 1 — o(1) independent of the input basis, H bounds the expected batch cost of
the stationary chain.

C.4 Converting expected work to time and space budgets

The total time budget for the output queries of stage j is

Bj = [s;H(M,Q;,¢;) /€] (C.4)
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Charge burn-in separately by its fixed number of full scans. For the final difference search, take
Q= M, l = [logy(2M?/€)], and time budget [H (M, M, )/£]. Generate and process the codes one
at a time. A batch uses at most

Cs [(n+m+1)2M + Q) + QK +n*+> (di + 1)t; + m?

7

arithmetic storage cells, for an absolute constant Cs. The terms store the input vectors and one
bucket with its codeword keys, proposal tables, a rotation, the block codes and their scores, and
the prefix stack.

Remark 4.5 transfers the reference cost bound to the actual output trajectories by Markov’s
inequality and the burn-in coupling. For the final difference search, use the coupling of the endpoint
lists to independent uniform samples instead. All budgets are computed in advance, and exceeding
one causes failure. At every stage, failure of the parent-list conditions, absence of a starting state,
burn-in error, joint output mixing error, filter omission, and budget exhaustion each contribute at
most a constant multiple of £. Including initialization and filtering for the final difference search,
the total error is O((J + 1)€) = O(1/n). The coupling charges the actual parent list’s joint error
only once per stage. Failure to find a shortest vector is bounded separately by the second-moment
argument in the main text.

All extra budget factors are 2°™) poly(n, J, A), giving the bounds in Theorem 4.3. Remark 4.4
states when these yield the claimed dimension exponents.
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