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Abstract. We study Binary LWE with polynomial modulus in the regime
of a linear number of samples. Prior work of Kirchner and Fouque and
of Herold, Kirshanova, and May (CRYPTO ’15, DCC ’18) gives an al-
gorithm running in time exp(O(n/loglogn)) using O(nlogn) samples,
leaving open whether the same complexity can be achieved with only
m = O(n) samples.

We resolve this problem by showing that the same complexity is achiev-
able with even a sublinear number of samples. Fix any constant a > 1/2,
let ¢ = n**°M be an odd prime, and let m = [n/loglogn]. We give
a randomized algorithm that distinguishes (A, ATs+ e) € L™ X Ly
from a uniformly random pair, for every fixed secret—error pair satisfy-
ing ||s||3 + |le]l3 = O(m + n). Its expected running time and space are
exp (O(n/loglogn)).

A crucial component is a new instantiation of the auxiliary superlat-
tices in the Gaussian—Wagner framework of Ducas, Engelberts, and Loyer
(CRYPTO ’25). These superlattices have sufficiently small smoothing pa-
rameters even when the approximation parameter for the entire output
list is subexponentially small, while still admitting exact shifted discrete
Gaussian sampling within the claimed running time. A Euclidean dual-
minimum argument simultaneously controls the smoothing parameters
of all projected relevant lattices. Combining the resulting short vectors
with an Aharonov-Regev Fourier distinguisher yields the claimed sub-
linear sample LWE algorithm.

1 Introduction

The Learning with Errors problem (LWE) is one of the fundamental average-case
problems underlying lattice based cryptography [32,9]. In its decisional form, one
is given a pair (A, b), where A «+ Zq*™ is uniform, and the goal is to distin-
guish b = ATs +emod ¢q € Zq' from a uniformly random vector independent
of A. Here, s € Z" is the secret, e € Z™ is the error, and m is the number of
available samples. LWE has led to constructions of public key encryption [32],
identity based encryption [17], oblivious transfer [30], attribute based encryp-
tion for circuits [19], predicate encryption for circuits [20], noninteractive zero
knowledge for NP [29], succinct noninteractive arguments for P [13], and fully



homomorphic encryption (FHE) [10]. We refer to [33,28] for surveys of LWE and
its cryptographic applications.

In concrete constructions, one is often interested not only in standard LWE,
but also in variants in which the secret or the error has particularly small coor-
dinates. Small secrets and errors appear in FrodoKEM, whose underlying public
key encryption scheme uses unstructured LWE with secret and error coefficients
sampled from small, bounded distributions [18]. Binary secret LWE, which re-
stricts the secret but not necessarily the error to a binary alphabet, also underlies
the torus LWE components of TFHE [12].

These parameter choices have motivated both hardness reductions and spe-
cialized cryptanalysis. The hardness of binary secret LWE has been established
through reductions from standard LWE [9,24]. For small errors, Micciancio and
Peikert [25] proved hardness even for binary errors when the number of samples
is suitably restricted, including linear sample regimes m = ©(n). Subsequent
work extends this study to biased binary errors [34]. On the algorithmic side,
small secrets and errors have been exploited by algebraic methods [5,34], lattice
decoding and hybrid attacks [6,11], dual lattice attacks [4], and BKW-type algo-
rithms [22]. In particular, the complexity of binary-error LWE depends strongly
on the number of available samples [25,34], making sample complexity an essen-
tial part of the problem.

This work focuses on the regime in which both the secret and the error are
narrow. We use Binary LWE to denote the case s € {0,1}" and e € {0,1}™,
distinguishing it from variants that restrict only one of the two vectors. More
generally, we consider narrow LWE, where the secret and error satisfy ||s||3 +
lel3 = O(n 4+ m). At CRYPTO 2015, Kirchner and Fouque [22] claimed an
exp(O(n/Inlnn)) time algorithm for narrow LWE with polynomial modulus
g, including Binary LWE with only m = ©(n) samples. Their approach refines
the Blum-Kalai-Wasserman (BKW) algorithm [7], which solves Learning Parity
with Noise (LPN) in subexponential time but also requires subexponentially
many samples. To reduce this sample requirement, they employed a sample-
amplification technique originating with Lyubashevsky [23], generating many
new samples by taking short combinations of the original equations. However,
Herold, Kirshanova, and May [21, Section 7.3] subsequently identified a gap in
the statistical analysis of this amplification step: the argument did not establish
that the generated samples were sufficiently close to the distribution required
by the subsequent BKW analysis. Their corrected analysis recovers the slightly
subexponential bound when m = O(nlnn), but leaves the linear sample claim
unresolved [21,15]. Reducing the sample requirement strengthens the result, since
an algorithm using fewer samples can always discard any additional ones.

At CRYPTO 2025, Ducas, Engelberts, and Loyer [15] revisited the Kirchner—
Fouque approach from a modular perspective. Their starting point is the folklore
interpretation of BKW as a combination of Wagner’s algorithm [35], run over the
corresponding dual lattice?, and the Aharonov—Regev Fourier distinguisher [2].

* The dual lattice of £ is £* := {y € spang(L) : (x,y) € Z, Vx € L}.



This suggests studying the Wagner component separately: can it provably gen-
erate sufficiently short lattice vectors in subexponential time?

The connection comes from the lattice interpretation of LWE. An integer
representative of b differs by e from a point in the g-ary lattice £L,(A) =
ATZ" +qZ™. When the error lies within the unique decoding radius, recovering
this lattice point is an instance of bounded distance decoding (BDD) [33,28]. The
dual satisfies ¢Lq(A)* = L7 (A), where LI (A) := {x € Z™ : Ax = 0 mod ¢}.
Given a uniform matrix A, finding a nonzero vector x € £ (A) with [|x|[z < 3
is the Short Integer Solution (SIS) problem, another foundational problem in
lattice based cryptography [3,26]. Its infinity norm variant, denoted SIS*, in-
stead requires ||x||cc < . For an LWE input, such a relation satisfies (b,x) =
(e, x) mod ¢, eliminating the secret and providing the basis for a dual distin-
guishing attack.

Ducas, Engelberts, and Loyer answered the above question by turning Wag-
ner’s algorithm into an approximate discrete Gaussian sampler for random SIS
lattices ﬁé‘ (A). For suitable prime polynomial moduli ¢, their sampler reaches
Gaussian width ¢/ polylog(n) in time exp(O(n/Inlnn)) with only m = n +
w(n/Inlnn) SIS variables. This yields a provable algorithm for SIS® with norm
bound 8 = ¢/ polylog(n). In fact, their result is stronger than finding a single
short vector: the sampler produces a list of lattice vectors whose distributions
and dependencies are controlled through conditional similarity. Their Gaussian—
Wagner framework achieves this through discrete Gaussian lifting and combin-
ing, without relying on sample amplification.

It is therefore natural to ask whether combining this sampler with the Aharonov—
Regev distinguisher settles the linear sample LWE question. However, as ex-
plained in [15, Section 4.3|, the precision available in their subexponential time
sampler is insufficient for a direct application. Here, ¢ is the accuracy parame-
ter in the smoothing conditions used for Gaussian lifting and combining. More
precisely, [15, Theorem 3.3] guarantees that the output list is conditionally g*e-
similar® to independent discrete Gaussian samples on the SIS lattice. Their
subexponential time SIS applications use sufficiently small inverse-polynomial
g, yielding inverse-polynomial conditional error. For LWE, however, the distin-
guisher uses subexponentially many vectors simultaneously, and a straightfor-
ward statistical distance comparison of the entire list with independent Gaussian
samples accumulates this error across the outputs. This requires € to be subex-
ponentially small, of the form e = 27?6 at which point their sampler has ex-
ponential complexity. Although this obstacle resembles the sample-amplification
issue, it is technically different and cannot be removed by increasing the num-
ber of input samples to ©(nlnn). Thus, obtaining the required distributional
accuracy without losing the subexponential running time remained a barrier to
resolving the linear sample question.

These developments lead us to ask:

% see Definition 2.2 for conditional similarity.

6 Here £2 hides polylogarithmic factors: ¢ < 2~ ¢™/(n ™! for some constants co,c1 >0
and all sufficiently large n.



Can Binary LWE with polynomial modulus be solved by a slightly
subexponential algorithm using only m = O(n), or even m = o(n), samples?

1.1 Owur Contributions

We answer the above question affirmatively. For every fixed a > 1/2 and odd
prime ¢ = n®°M we obtain an algorithm with expected time and space
exp(O(n/Inlnn)) using only m = [n/Inlnn| samples. Thus, the slightly subex-
ponential bound is achievable not only with a linear number of samples, but
even with a sublinear number. Our result holds more generally for every fixed
secret and error pair satisfying a bounded norm.

Definition 1.1 (Pointwise Narrow LWE). Let n,m > 1 and ¢ > 2 be
integers, and let B > 1. Set Sp 1= {(s,e) € Z"xZ™ : ||s[|3+|le||3 < B*(n+m)}.
The problem narrow-LWE,, ,,, 4.5 asks to distinguish (A, A"s + e mod q) from
(A,b), where A < Zy*™ and b < Zy" are independent and uniform, for every
fized (s,e) € Sp.

The following theorem gives a more general tradeoff between the number of
samples and the running time. It restates Theorem 4.8, proved in Section 4.

Theorem 1.2. Fix constants B > 1, ¢y > 0, and A > 0. Let m = m(n) and
q = q(n) satisfy 1 < m < cyn, ¢ < n?, and ¢/ > /m Fn, where q is
an odd prime. Assume that T = ml_mlnq — o0. For all sufficiently large n,
there is a randomized algorithm solving narrow-LWE,, ,, o B with completeness
and soundness errors O(n=10). Its expected running time and space are at most
exp((8In2+o(1)) ).

The guarantee is pointwise in (s, e), so averaging over s « {0,1}" and e +
{0,1}™ gives the specialization for Binary LWE. For ¢ = n®t°() with fixed
a > 1/2, the theorem gives exp(o(n)) expected time whenever m = w(n/Inn)
and m = o(n). In particular, m = [n/Inlnn] yields the bound stated above.
Our algorithm first generates short vectors in the lattice £ ([-A | IL,]), and
then applies the Aharonov—Regev Fourier distinguisher [2]. The main ingredient
is a new instantiation of the auxiliary superlattices in the Gaussian—Wagner
framework of [15]. These superlattices have small smoothing parameters even at
exponentially small approximation error, while admitting exact shifted discrete
Gaussian sampling within subexponential time. This yields a relation generator
with the accuracy needed for LWE, without relying on sample amplification.

1.2 Technical Overview

Throughout this overview, assume the parameter regime of Theorem 1.2.



The Gaussian—Wagner framework. We first describe the construction of Ducas,
Engelberts, and Loyer [15] for a systematic SIS matrix B = [Byg | I,] € ZZX(M—").
Partition the rows of By into blocks of sizes bq,...,b,, set ng = 0 and n; =
> i<i Ug and let B; consist of its first n; rows. The projected lattices are £y = ZF

and
L k ng . —
Li=L([Bi|1,]) ={(u,v) € Z" x Z" : Biju+v = 0 mod ¢}.

Thus £, = E(JI-(B), and deleting the last b; coordinates maps £; onto £;_1. In
round ¢, they choose §; = ;- -Z% and form £ = £; + ({0} x S;), where the zero
vector occupies the first k+n;_1 coordinates. This gives £;/L; ~ S;/ qZbi ~ Zgii .

The lifting step has a concrete coordinate description. Let B, denote the
new block of b; rows of Bg. Given a current vector x = (u,v) € £;_1, choose
an integer vector r satisfying r = —B;umod ¢. Then (x,r) € £;, but the new
coordinates r may be much longer than the current Gaussian width. Instead of
retaining this extension, sample z <— Dg, 5, , —r and output x’ = (x,r +12) €
L. The old coordinates are unchanged, while the new block follows a centered
discrete Gaussian on the coset r +S;. When s;,_1 > 1.(S;), the Gaussian masses
of these cosets are nearly independent of r, so lifting approximately preserves
the Gaussian distribution on the whole lattice.

The combining step removes the auxiliary component. We bucket the lifted
vectors x’ according to their cosets in L£}/L;. Since L./L; ~ S;/qZ", there
are pf"’ buckets. Subtracting disjoint pairs (x},x%) from the same bucket gives
vectors x) —x}% in £;. Under the required smoothing conditions, these differences
remain approximately Gaussian, with width increased from s;_; to s; = v/2s;_1.
Starting with 3"V independent samples from Dy . and assuming N > pf" for
every i € [r], round i receives 3" 1IN > 3p,i-’7‘ vectors and retains exactly 3" 'V
outputs. Thus the final list contains N vectors.

The coordinate construction §; = i - 7% admits efficient Gaussian sampling,

but its smoothing parameter n.(S;) is of order (q/p;)+/In(b;/e). Thus, the lifting
condition s;—1 > 1.(S;) requires p; = 2((q/si—1)\/In(1/e)). At the precision
needed for the direct LWE application, ¢ = 27" this forces p; > n?(1) even
in the later rounds, since s;_1 < q. Consequently, the list size constraint pfi <N
limits each round to b; = O(In N/Inn) coordinates. With only r = O(lnn)
rounds, the requirement Y ;_, b; = n forces In N = §2(n). Thus, the required list
size becomes exponential, and the original instantiation loses its subexponential
complexity.

Auziliary superlattices with smaller smoothing parameters. Therefore, a natural
idea is to find a superlattice of ¢Z® with both small smoothing parameters and
sufficiently efficient Gaussian sampling. We retain the same lifting and combining
operations, but replace the coordinate lattice on each new block. For a block
dimension b > 2 and a prime P, sample h + Z%\{0} and set S}, := q(ﬁfg(h))* =
qZ" + $hZ, |Sn/qZ’| = P, where Lf(h) = {z € Z° : (h,z) = 0 mod P}. In
round i, we use S; = Sy, and L, = L£; + ({0} x ;). The quotient now has P



classes, represented by £ah; and labeled by a € Zp. Here, P is the number of
buckets in each round and determines the required list size N. Then, we obtain
Ne(Sn) = O(5Lm (1+4/ M)) with high probability in our parameter regime
(Corollary 3.3). This follows from the large Euclidean minimum of its dual,
which matches Minkowski’s upper bound up to a constant factor, together with
the Euclidean smoothing estimate (Lemma 2.9). Unlike the /., estimate used
in [15], this estimate captures the Euclidean advantage of the new lattice and
yields the division by v/b in the accuracy dependent term.

In particular, at £ = e™™, our smoothing bound is O((q/P¥/*)(1 + /n/b)),
compared with (q/P/?)\/n for the coordinate construction of comparable index.
The dependence on n/b rather than n allows larger blocks to be processed in
later rounds at the required Gaussian widths. With the block sizes chosen below,
all lifting conditions 7:(Sh,) < s;—1 hold while >0 _, b; = n and In P = o(n).
This removes the auxiliary smoothing bottleneck of [15], allowing exponentially
small £ while retaining subexponential complexity. ”

Exact shifted Gaussian sampling. To use the new auxiliary lattices in the lifting
step, we need exact samples from Dg, ;.. Following the coset sampling viewpoint
of [16,8], we decompose S}, into the P cosets C, = qZ’ + Sah. The shifted
Gaussian mass of each coset factors into a product of b one dimensional theta
sums. We use certified evaluations of these sums and rejection sampling to select
a coset with probability proportional to its mass. Conditioned on this coset, the
coordinates can be sampled independently by scaling and shifting exact discrete
Gaussian samples over Z. Theorem 3.6 implements this procedure in the random
bit model with expected time P poly(n,logq) per lift and polynomial expected
auxiliary space in our parameter regime. Crucially, we do not need polynomial
time sampling: the additional factor P per lift is compatible with the overall
subexponential bound.

Applying the sampler to LWE. With the above sampler achieving exponentially
small conditional approximation error, the remaining analysis largely follows the
standard Gaussian Fourier approach of [2[; see also [31].

Given an input (A,b) € Zy*™ x Z;* and the norm bound B, we first use
the above sampler to generate a list of short vectors y; = (w;,v;) € Ly ([-A |
I,.]), using only A. This choice also makes the projected chain start from Z™,
allowing the sampler to operate even when m < n. Each relation satisfies v; =
Au; mod ¢q. For good choices of the matrix and auxiliary lattices, the output
list is conditionally d-similar to independent samples from D LE(-AlL where
-0(n)

n])au”
w=g¢g/Tand d =e¢

For an LWE input b = ATs + e, we have (b,u;) = {((e,s),y;) mod ¢. Un-
der the norm promise ||s||3 + ||e[|3 < B?(m + n), Poisson summation gives an

" The analysis of Lift steps also needs the widths s; > v/21.(£},1). A similar ¢>-dual
minimum argument bounds these parameters simultaneously, allowing the additional
constraints to be satisfied in our parameter regime even for exponentially small
(Corollary 3.13).



cos(%”((e7 s),y)) at least =B (m+n)/7* /(14
e~ "), which dominates the sampler’s approximation error. To detect this bias,
we retain the first M vectors, compute (b, u;) mod ¢ for each one, and estimate

ideal Fourier bias IEW_DLQl (AT

the average T' = ﬁ Zf\il cos(%Tr (b, uz>) to sufficient precision. The distinguisher

2 2 .
1e "B (m+n)/7 " and uniform

outputs LWE if the computed average is at least
otherwise.

A choice of M = exp(O(Inn + (m + n)/72)) suffices and is smaller than the
sampler’s output list, so the Fourier test does not change the overall complexity.
Completeness follows from conditional similarity and a martingale bound. For
soundness, after excluding some bad events, character orthogonality makes the
cosine terms have mean zero and be pairwise uncorrelated under uniform b; a

second moment bound then controls false acceptance.

1.3 Organization of the Paper

Section 2 gives the required lattice and Gaussian preliminaries. Section 3 con-
structs and analyzes the auxiliary superlattices and the resulting Gaussian—
Wagner sampler. Section 4 applies the sampler to the relation lattice and proves
the LWE decision theorem.

2 Preliminaries

2.1 Notations

For every positive integer n, we write [n| = {1,...,n}. We write Z, := Z/qZ,
and when ¢ is prime we also write F, for the finite field. We use a = et9h as
shorthand for e=%b < a < ¢%b. For a finite set S, |S] denotes its cardinality, and
x < S denotes sampling an element uniformly from S and assigning it to z. For
a probability distribution D, z <— D denotes sampling x according to D. For an
abelian group G and a subgroup H C G, we write G/H for the quotient group.
For full rank lattices £ C L', we write |£'/L] for their finite index. For a tuple
x = (21,...,2,) and i € [n], we write x_; = (z1,...,%i—1,Ti41,--.,Ty). The
notation x_g; ;3 is defined analogously.

Vectors are viewed as column vectors. We write 0 for the zero vector and zero
matrix of the relevant dimensions, and I,, for the n-dimensional identity matrix.
For vectors x,y € R™, we write (x,y) for their Euclidean inner product and [|x||2
and ||x||« for their Euclidean and infinity norms. When there is no ambiguity,
we write ||x| in place of ||x||2. We denote by B, (r) = {x € R" : ||x||2 < r} the
closed Euclidean ball of radius r centered at the origin.

All asymptotic statements are with respect to n — oo. We use the standard
notation O(+), £2(-), ©(-), o(-), and w(-). We use In for the natural logarithm and
log for the binary logarithm.

In complexity bounds only, we slightly overload the logarithm notation as
follows. For a rational number x = u/v € Q, written in lowest terms with
v > 0, define log|z| = 1 + [log(1 + |u|)] + [log(1 + v)]. For > 0, we write



logz in place of log|z|. For a rational vector x = (z1,...,2,)" € Q", define
log [|X[|oc = max;c[,) log|z;|. For a rational matrix, log ||Al|« is defined anal-
ogously as the maximum encoding length of its entries. Thus, in complexity
bounds, log z, log ||X||s, and log ||A || denote encoding lengths rather than nu-
merical logarithms.

2.2 Conditional Similarity

For two probability distributions P and () on a countable set {2, their statis-
tical distance is A(P,Q) == 3> |P(w) — Q(w)|. Following [1,15], we use a
pointwise multiplicative notion of similarity. This notion is stronger than sta-
tistical distance and is particularly convenient for analyzing lists produced by
bucket-and-combine algorithms.

Definition 2.1 (Similarity). Let D be a probability distribution on a count-
able set 2 and let 6 > 0. A random variable X € 2 is d-similar to D if, for
every x € 2, Pr[X = 2] = e’ D(x).

If X is é-similar to D, then A(X, D) < e® — 1. In particular, for 0 < § < 1,
A(X,D) < 26.

Definition 2.2 (Conditional similarity). Let D be a probability distribution
on a countable set {2 and let 6 > 0. Random wvariables X1,..., Xy € 2 are
conditionally &-similar to independent samples from D if, for every i € [N] and
every x = (z1,...,xy5) € 2V satisfying Pr[X_; =x_;] >0, Pr[X; =2; | X_; =
r_;] = e D(x;).

Conditional O-similarity is equivalent to being independently distributed ac-
cording to D. Conditional §-similarity also implies that every individual marginal
is 0-similar to D. We record the consequences of conditional similarity needed
below, already observed in [1] and used in [15].

Lemma 2.3 ([1]). Let X1,...,Xn be conditionally §-similar to independent
samples from a distribution D on a countable set §2.

1. Fvery sublist of X1,..., XN remains conditionally §-similar to independent
samples from D.

2. Let F be a sigma-algebra generated by arbitrary functions of (X;);zi. Then,
almost surely, Pr[X; = x | F] = et D(x), x € 2. Consequently, for every
function g : 2 — [-1,1], |E[g(X:) | F] —Expl[g(X)]] < 2(e® — 1) almost
surely.

3. For every event E C 2, Pr[X; € E] < e’D(E), where D(E) := Prx, p[X €

4. For distinct i, j and every event E C 2%, Pr[(X;, X;) € E] < e¥(DxD)(E).



2.3 Basic Lattices

Lattices and duality. Let B = (by,...,bg) € R"** have linearly independent
columns. The lattice generated by B is £(B) := BZF = {Zle zib; : z; € Z}.
We say that B is a basis of £(B). The rank of £(B) is k, and its real span is
spang (L£(B)) = spang (B). When k = n, the lattice is full rank. The determinant
of a rank-k lattice with basis B is det(£(B)) := 4/det(BTB). For a full rank
sublattice £ C £’ in the same ambient space, |£'/L| = det(L)/ det(L').

The dual lattice of £ is £* := {y € spang(L) : (x,y) € Z, Vx € L}. For every
nonzero real a, (a£)* = a~1L£*, and the first Euclidean minimum of £ is A1 (£) =
minye o\ {oy [|]]2-

Projections and Primitive Sublattices For any S C R", we write wg for the
projection onto spang(S) and & for the projection orthogonal to spang(S).

We say M is a primitive sublattice of a lattice £ if and only if M =
spang (M) N L. Primitivity is equivalent to the existence of a Z-module com-
plement N with L = M &N, ie, M+ N = L and M NN = {0}. Let
Q= 77/%,1 (£). The orthogonal projection W*A induces a bijection N' — Q, and
both directions can be computed in polynomial time given the basis of M and
L. The representatives do not depend on the basis of M and L.

g-ary lattices An n-dimensional lattice £ is called g-ary lattice if ¢Z™ C L C Z™.
The following two g-ary lattices are widely used in cryptography and will be used
frequently throughout this work. For a wide matrix A € Z™*™ where m > n,
we define the following two m-dimensional g-ary lattices,

L7(A)={x€Z™: Ax =0mod ¢}
Ly(A)={y€Z™:3Is€Z!st.y=A"smodq}.

It is worth noting that £,(A) = ATZ" + ¢Z™ and L7 (A) and L4(A) are duals
up to ¢ scaling, that is £,(A) = ¢ - (L’qL(A))* and ,qu(A) =q- (Eq(A))*.
Moreover, det(ﬁj(A)) < ¢"™ with equality if and only if A is surjective over

Zq. In particular, when ¢ is prime, equality holds if and only if A has full rank
over Fy. For a full rank A € Z"*™ of the form [A | I,], a basis of £ (A) is

0 I, ,
ql, —A /-

2.4 Discrete Gaussian Measures over Lattices

2
For s > 0, a center ¢ € R%, and x € RY, define psc(x) = exp (—77“"%”2).
When ¢ = 0, we write ps in place of pso. For a countable set S C R¢, define
Ps,c(S) = 2xes Ps,e(X).
Let £ C R? be a lattice, let t € R%, and let ¢ € R?. The discrete Gaussian
distribution over the coset £ + t, with parameter s and center c, is defined by

PrXHDgJA,s,c[X = X] = psll;(céi)t)’ xeL + t. We write DL,S,C = D£+O,S,Ca



Drit,s = Dryt.s,0 , and omit both the center and the parameter when they are
respectively 0 and 1.

The Gaussian distribution respects scaling and translation. Namely, if X <«
Drit,se, then aX + 2z < Dariatiz,|afs,actz fOT every nonzero real a and ev-
ery z € R%. Moreover, discrete Gaussians over Cartesian products factor into
independent coordinates. In particular, Dza ¢ . = ®?:1 Dys.c;-

We use the following consequences of the Poisson summation formula |26,
Lemma 2.8].

Lemma 2.4 ([26]) Let L C R% be a full rank lattice. For every s > 0 and c,t €
B, poell) = iy Syee- " IR0 and T, o)

a _ L(LF—t
Tet(D) 2oyer- € **Iy=tl3 . Consequently, for X « D s, B[e?m#6X)] = %.

The following one-dimensional exact sampler is due to Brakerski, Langlois,
Peikert, Regev, and Stehlé [9, Section 5.1].

Lemma 2.5 ([9]). There is a randomized algorithm that, given s € Q¢ and
c € Q, returns an exact sample from Dy s . in expected time poly(log s,log]c]).

2.5 Bounds on Smoothing Parameters
Micciancio and Regev introduced the following lattice quantity.

Definition 2.6 (Smoothing parameter [26]). For a lattice L and € > 0,
the smoothing parameter is n-(L£) = inf {s > 0: py /5 (L*\ {0}) < e}.

We will repeatedly use the following elementary properties. If 0 < g7 < g9,
then 7., (£) > n.,(L). For every nonzero real a, n.(aL) = |a|n.(L). In particular,
isometric lattices have the same smoothing parameter. Poisson summation gives
both a shifted-mass inequality and the usual smoothing estimate.

Lemma 2.7 ([26]). Let £ C RY be a full rank lattice. For every s > 0 and
c € R4, psc(ﬁ) < ps(L). Moreover, if s > n.(L) for some 0 < ¢ < 1, then

s¢ S,C(L) —
(1- )det( 7 < < pse(L) < (1 +5)7det(£), and hence pps(l:) € {hz, ]

The smoothing parameter of the integer lattice satisfies the following stan-
dard bound.

Lemma 2.8 (|26, Lemma 3.3]). For every d > 1 and ¢ > 0, n.(Z%) <
In(2d(1+1/¢)) ]

™

We next recall the relation between the first Euclidean minimum of a lattice
and the smoothing parameter of its dual.
Lemma 2.9 ([14, Lemma 2.17]). Let £L C R? be a d-dimensional lattice.

" In(1+1/e)/m++/d/(27)
Then, for every e € (0,1), n.(L*) < v D)

10



The smoothing parameter cannot increase under orthogonal projection.

Lemma 2.10. Let £L C R™ be a full rank lattice, let V' C R™ be a linear subspace,
and suppose that wy (L) is a lattice in V. Then, for every € > 0, n.(my (L)) <

Ne(L).

Proof. Under the natural identification of V' with its image in R™, 7y (£)* =

L*NV. Indeed, for every y € V and x € L, (y, 7y (x)) = (y, x). Consequently,

for every s > 0, p1/s (mv(£)*\ {0}) < p1/5 (£*\ {0}), which proves the claim.
O

2.6 Concentration Inequalities
We recall the two concentration inequalities used in the LWE application.

Lemma 2.11 (Chebyshev’s inequality). Let X be a real random variable
with finite variance. Then, for every t > 0, Pr[|X —E[X]| > ] < V%g)()

A sequence Dq,...,D); adapted to a filtration Fy C --- C Fys is called a
martingale-difference sequence if E[D; | F;_1] = 0 for every i € [M].

Lemma 2.12 (Azuma—Hoeffding inequality). Let D1, ..., Dy be a martingale-
difference sequence with respect to a filtration (F;)M,. Suppose that |D;| < ¢;

almost surely. Then, for everyt > 0, Pr Zf\il D; < —t] < exp (—22372,02)

i=1 "1

3 A new instantiation of Gaussian-Wagner in [15]

This section develops the Gaussian—Wagner sampler used in our LWE algo-
rithm. We first construct one-check auxiliary superlattices with small smoothing
parameters and give a shifted Gaussian sampler for them. We then incorporate
these lattices into the lifting-and-combining framework [15] and choose param-
eters that achieve exponentially small conditional approximation error within
subexponential time.

3.1 The random superlattice of ¢Z° and its Gaussian sampler

Random one-check superlattices Let P be prime, let b > 2, and choose h
7%\ {0}. Define £L5(h) = {z € Z° : (h,z) = 0 mod P}, and S, = ¢- (L5(h))" =
qZ" 4+ 4hZ. We have the following facts: |Z°/L5(h)| = P, |Sn/qZ°| = P, and
Si=dq - Lah).

Next, we introduce some basic facts about £5(h) and Sp,.

Fact 3.1 For everyr >0 and b > 1, |Zb N By(r)| < [V27e (% + %)]b.

Proof. The unit cubes centered at the integer points are disjoint and lie in By (r+
Vb/2). Applying the standard bound vol(B,(1)) < (2we/b)%/? proves the claim.

11



The next lemma is a FKuclidean-norm analogue of the counting-and-union-
bound argument used in [17, Lemma 5.3], which proves a high-probability lower
bound on the £,-minimum of a random g-ary lattice.

Lemma 3.2 (Lower bound on A\ (£5(h))). Letyy = 1/(32v/2me), b > 1 and
P > 24% be a prime. Then Pry[\;(L5(h)) < yovb PY/?] < 677,

Proof. Set r = ~ovVbP'/". By Fact 3.1, |Z° N By(r)| < [P'/*/32 4+ /2me/2]" <
[P'/?/32 + P1/Y/8]> < P/6". The condition < P excludes every nonzero point
of PZ". For a fixed z # 0 mod P, Prpso[(h,z) = 0] = % < +. A union
bound over nonzero integer points in the ball proves the claim. a

Applying Lemma 2.9 to the scaled lattice S, = ¢- (Cfs (h)) * gives the following
corollary that we will use below.

Corollary 3.3 (Upper Bound on 7.(Sy)). Under the conditions of Lemma 3.2,
except with probability 6, n.(Sn) < 32y/e - 7 (\/ M +1).

Proof. Since (¢£)* = ¢ '£* and S, = ¢ - (EI%(h))*, the claim follows by com-
bining Lemmas 2.9 and 3.2. a

Next we show that shifted discrete Gaussians over Sy, can be sampled exactly
in expected time P poly(bits), where bits denotes the bit length of the sampler
input.

Exact Gaussian sampling on S}, Write h = (hy,..., k)" € Z% \ {0}. Recall
the disjoint coset decomposition Sy, = |_|a€ZP C,, Cy = qZb + Hah. For a width
s € Q¢ and a center ¢ = (cy,...,¢,)" € QP define the Gaussian mass of the
ath coset by

b
Wal©) = poc(Ca) = [T pose, (42 + Fah; ) - (1)
j=1
Conditioned on the coset index a, the coordinates are independent.
It is useful to rewrite the factors in Equation (1) as one-dimensional theta
sums. Set ¢ = s/q and 4 ; = ¢j/q — ahj/P. For p € R and ¢ > 0, write

O(p,0) =) . cyeXp (—ﬂ'(zgif)z) Then we have W, (c) = ngl O(tha,j,0).

For ©(u,0), we use the following standard fact. When o < 1, the defining
series decays rapidly, and when ¢ > 1, the same holds for its Poisson-dual series.
The proof is deferred to Appendix C

Lemma 3.4. Let p € Q and 0 € Qs¢. Then, for every integer t > 1, a certified
dyadic interval of width at most 27 containing log O(u, o) can be computed in
poly (log |o|, t,log |u|) time and space.

Rather than explicitly normalizing all P computable-real weights, we use
rejection sampling, which is also used in [17,9]. The following elementary lemma
is the key point.

12



Lemma 3.5. Let Wiax(c) == maxaez, Wa(c). Assume ¢, P < 2PV 0 <
s < ¢, % < n°W . One can compute, in a streaming pass over a € Zp, a
positive dyadic rational M(c) such that for every a € Zp, Wy(c) < M(c) and
M(c) < 4Wpax(c). The computation takes P poly(n,b,logq,log|s|,log||c||s)
time and polynomial auxiliary space.

Proof. Note that W,(c) = H?:1 O(tta,j,0), where 0 = s/q, pa,; = ¢j/q—ah;/P.
Set to := [log(4b)]. For every a € Zp and j € [b], apply Lemma 3.4 to compute
an interval of width at most 27% < 1/(4b) containing log ©(jt4,;,0). Summing
these b intervals gives log Wy (c) € [w,,w,] with @, —w, < 5.

Under the encoding convention fixed in the preliminaries, log |o| = O(log |s|+
log ¢) and log|uq,;| = O (logg+ log P +log ||c||o). Since log P = poly(n) and
q/s <n°W) every interval can be computed in poly(n, b,log g, log|s|,log ||c||oo)
time and polynomial space.

Define m(c) = [maxgecz, @q], M(c) = 2™, Clearly M(c) > W,(c)
for every a. Moreover, max,w, < logWpax(c) + 1, and therefore M(c) <
25/ W ax(€) < 4Whax(c). The computation is streaming: after processing a
value of a, only the current maximum of @, needs to be retained. ad

For a proposed a € Zp, set p, = VAI;“((C‘"’)). Although p, is generally irrational,

Lemma 3.4 gives certified dyadic intervals of arbitrary precision for logp, =
log W,(c) —m(c) and hence, by directed exponentiation, for p, itself. To sample
a Bernoulli random variable of parameter p, exactly, interpret a sequence of
independent unbiased bits as the binary expansion of a lazy uniform random
variable U € [0,1]. At precision ¢, maintain certified intervals U € I;, p, €
Jy, each of width O(27%). Accept if I; lies strictly below J;, reject if I, lies
strictly above J;, and otherwise increase the precision. No incorrect decision is
ever made. Moreover, if the comparison remains unresolved at precision ¢, then
|U—pa| = O(27"), which occurs with probability O(27*). Since certified precision
t can be computed in time polynomial in ¢ and the input length, the comparison
halts almost surely and has expected polynomial running time. Thus no rounded
probability is ever used.

The sampler is now particularly simple.

The conditional one-dimensional samples follow by scaling. Namely, if z; <

Dy, s/q.c;/q—ah; /P then qzj + Fah; < Dyzy(q/Pyan; s,c;-

Theorem 3.6 (Exact Gaussian sampler on Sy,). Leth € Z%\ {0}, c € Q°,
and s € Qsq, and assume g, P < 2P0 (") < s < ¢, 1< nPW . Then Algo-
rithm 1 is a randomized algorithm whose output distribution is evactly Ds, s.c-
Its expected running time is Ppoly(n, b,log g, log |sl,log ||c||oo), and its expected
auxiliary space is polynomial in the same parameters.

Proof. Fix a € Zp and X = (x1,...,23) € Cy = qZb + +5ah. In one proposal
iteration, the probability of proposing a, accepting it, and then outputting x is

1. Wale) Tyt Pae; (Z3)  _ pec(x)
P M(c) I=1 ps,c; (aZ+ah;) — P-M(c)
Therefore, conditioned on producing an output, one proposal iteration outputs

. The denominator is independent of x.
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Algorithm 1 OneCheckDGS(h, ¢, P, s, c)

Require: h € Z% \ {0}, c € Q*, and s € Q=0
Ensure: A vector x € S
: Compute M(c) from Lemma 3.5
repeat
Sample a < Zp uniformly
With probability We(c)/M (c), accept a; otherwise reject it
until a is accepted
:for j=1,...,bdo
Sample x; < Dyz+4(q/P)ah
T

> By Lemma 2.5

555

X AL

return x = (z1,...,Tp)

exactly the discrete Gaussian Dg, sc. Repeating rejected proposals does not

change this conditional law.
Yaczp Wale)

The probability of accepting a proposed coset index is pacc = =5 o) >
ngjsf(s) > ﬁ, where the last inequality follows from Lemma 3.5. Hence, the

expected number of iterations is at most 4P.

The preprocessing step of computing M(c) costs P poly(n,b,log q,log|s|,
log ||c|loo)- Each proposal requires one exact uniform sample from Zp and one
lazy Bernoulli comparison. Uniform sampling from Zp is obtained by rejection
from [log P] random bits, and the expected cost of the Bernoulli comparison
is polynomial by Lemma 3.4 and the preceding discussion. Once a coset is ac-
cepted, the b conditional coordinates are sampled in expected polynomial time
by Lemma 2.5 and scaling. Combining these bounds with the expected number
of iterations proves the claimed time and space bounds. a

Remark 3.7 (Relation to prior Gaussian samplers). The quotient-class decom-
position &, = |_|a€ZP qZb + Z4ah is an instance of the general lattice-extension
sampling principle of Espitau, Wallet, and Yu [16]. It is also the rank-one spe-
cialization of the Construction-A codeword sampler of Bollauf, Lie, and Ling [§],
for the one-dimensional code {ah : @ € Zp}. Thus, the coset decomposition itself
is prior art. In the present setting the acceptance probability is at least 1/(4P)
rather than a constant, which is exactly sufficient for the P poly (n, b,log ¢, log|s],
10g ||c||o) cost per lift and the corresponding P2 poly(-) Gaussian-Wagner bud-
get in Algorithm 4.

3.2 The new instantiation of the DEL framework

The lattice chain. Following Ducas, Engelberts, and Loyer [15], we view the
Gaussian—Wagner procedure as a walk through a sequence of projected lattices
and auxiliary superlattices. The only difference is that we replace their coordi-
nate auxiliary lattices by the random one-check superlattices introduced in the
last subsection.
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Let A’ = [A | 1,] € Zg* ™™ A « Zp*™. Fix positive integers b, ..., b,
satisfying "', b; = n, define ng = 0, and n; == 22:1 b;, i € [r]. Foreach i € [r],
let A; denote the first n; rows of A, and set A} == [A; | I,,] € Z;”X(m*"”. Define

Lo=7™, L;:= ﬁ;—(A;) ={(x,y) €Z™ xZ" : Ajxx+y =0mod ¢q}. (2)

Thus L; is the lattice corresponding to the first n; parity checks, and £, =
EqL(A’ ).

For round 4, let P; be prime and sample h; + le’;'i \ {0} uniformly. Define
the one-check lattice on the newly introduced block by Sy, = ¢Z% + %ih,;Z and

embed it into the last b; coordinates as ‘SA} = {(g) 1% € Sp,} C RMTMi-1 x RY:.

The auxiliary superlattice used in round 7 is
Lh=L;+8 CR™™, (3)

Let m; : R™*™ — R™*"i-1 denote the orthogonal projection that deletes
the last b; coordinates. Then we have m;(L}) = £;_1, ker (7Ti|[:/i) =8, L)/L; ~
Sn,/qZb ~ Zp,. In particular, S; is primitive in £}, and £/L; has exactly P;
cosets.

The ith round first lifts every vector from £;_; to £} along the primitive
sublattice 3}, and then combines pairs of lifted vectors lying in the same coset
modulo £;. Their differences belong to £;. Hence the algorithm follows the zigzag

T = Lo B Ly D Ly« Ly Do I LD L, = LE(A).

discrete Gaussian lifting. Algorithm 2 lifts a vector from a projected lattice Q
to the ambient lattice £’ while preserving, up to a small multiplicative loss,
the corresponding discrete Gaussian distribution. In round i of our Gaussian—
Wagner sampler, it lifts vectors from £;_1 to £} along the primitive sublattice
The procedure can be viewed as a blockwise reinterpretation of the GPV
sampling algorithm [17]: rather than reducing a problem in dimension n to in-
stances in dimensions 1 and n—1, the ambient space is decomposed into arbitrary
complementary subspaces, see also [16, Algorithm 2]. For its analysis, we use the
following result from [15, Lemma 3.1], itself a variant of [16, Theorem 1].

Lemma 3.8 (Analysis of DGLift [15]). Let £ C R™ be a lattice and let
Q= Wj(/[ (L") for a primitive sublattice M C L'. Let s > 0 be a real such that a
randomized algorithm A exists that, given ¢ € spang(M), returns a sample from
Dm,s,c. Then DGLIift(Q, L', s,-) (Algorithm 2) is a randomized algorithm that,
given a vector x € Q, outputs a vector x' € L'. It uses one query to A, and all
other operations run in polynomial time.

Moreover, for any reals 6 > 0 and 0 < ¢ < L satisfying s > n.(M), if

2
X1,...,Xn € Q are conditionally §-similar to independent samples from Dg s,

then the distribution of X1,..., X, where X| = DGLift(Q, L, s, X;) is condi-
tionally (6 + 3¢)-similar to independent samples from Dy 5.
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We will use the above lemma with M := &y, defined in Section 3.1, and the
algorithm A will be implemented by Theorem 3.6. In round i, we apply the
lemma with M = S;, @ = £,_1, £ = L. Since §; is isometric to Sp,, the
required shifted sampler is implemented by Theorem 3.6.

Algorithm 2 DGLIift(Q, L', s,x)

Require: Lattices Q, L satisfying Q = wk,t (L") for a primitive sublattice M C L,
s>0,and x € Q
Ensure: x' € £ such that 7 (x') = x
1: Compute the complement N of M
2: Compute the unique y € A satisfying 71, (y) = x > Lifting
3: Sample z < Dag,s,x—y > Sampling
4: return X' =y + z

Combining to a Sublattice We next use a combining procedure that maps dis-
crete Gaussian samples from a lattice £’ to samples supported on a full rank
sublattice £ C £’ in Algorithm 3. The procedure partitions its input vectors
according to their cosets modulo £ and takes differences of appropriately paired
vectors in the same coset. Such differences lie in £, and the discrete Gaussian
convolution lemma [27,25] suggests that their distribution should be close to
D, /3, Algorithm 3 is the combining procedure of [15, Algorithm 3| and has
the following distributional guarantee from [15, Lemma 3.3].

Lemma 3.9 (Analysis of BucketAndCombine [15]). Let £ C L' be full rank
lattices in R™. Let N > 3|L'/L]| be a positive integer, and let § >0, 0 <e < 1,
and s > /2n.(L') be reals. If the input list consists of N random variables
on L' that are conditionally d-similar to independent samples from Dy o, then
Algorithm 3 returns a list of | N/3] vectors from L that are conditionally (46 +
3¢e)-similar to independent samples from D, /zs-

A New Instantiation of the Wagner Gaussian Sampler We are now ready to
present our Gaussian sampler below. Applying the two procedures along the lat-
tice chain gives Algorithm 4. Each round restores one coordinate block, increases
the Gaussian width by a factor of v/2, and retains one third of the list. Thus, r
rounds transform 3"V initial samples on Z™ into N vectors on the final lattice,
provided the smoothing and quotient size conditions below hold.

Theorem 3.10 (Analysis of WagnerGaussianSampler). Let 0 < e < 1/2 and
r > 1 be an integer. If the input parameters satisfy N > P;, so > /In(2m +4)/7
and 2'T sy > max(n.(Sh,), V2n.(LL)) for all i € [r], then Algorithm j outputs
a list of size N consisting of vectors that are conditionally 4" 5e-similar to inde-

pendent samples from Dﬁqi(A'),Q%so'

The proof is similar to that of [15, Theorem 3.2] and is deferred to Appendix B.

16



Algorithm 3 BucketAndCombine(L’, £, L)

Require: Full rank lattices £ C £’ and a list L with N vectors {x;}ieqn in £
Ensure: A list Loy with | N/3]| vectors in £

1: Initialize empty lists L(c) for each coset ¢ € £L'/L

2: fori=1,...,N do > Bucketing
3: Let ¢; = x; mod L

4: Append x; to L(c;)

5: Initialize an empty list Loyt

6: fori=1,...,N do > Combining
7 if |L(c;)| > 2 and |Lout| < [N/3] then

8: Let x1,x2 be the first two elements in L(c;)

9: Append y := x1 — X2 t0 Lout

10: Remove x; and x2 from L(c;)

11: return L,,:

Algorithm 4 WagnerGaussianSampler(A)

Require: Integers n,m,gq;
Full rank matrix A’ = [A | L,] € Zp* ",
Integer parameters N, 7, (P);c(r], (bi)ic)r] With Zie[r] b; = n;
Real parameter sg > 0.

Ensure: A list L, with N vectors in £ (A’)

1: Let Lo :=7Z™.

2: Initialize Lo with 3" N independent samples from D, s, .-

3: Sample independent h; <+ Zl};"v \ {0} and construct £; and L

4: fori=1,...,r do '

5: Let £; be as defined in Equation (2).

6: Let £} be as defined in Equation (3).

7 L, 1+ @.

8: for x € L;_; do > Lift to £}
9: Sample x’ < DGLift(L;_1, £}, si—1,X).

10: Append x’ to L_;.

11: L; + BucketAndCombine(L;, £;, L;_;) > Combine into £;
12: S; < 2 Si—1-

13: return L,.
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3.3 Putting it all together: a Gaussian—Wagner sampler with
exponentially small e

We now choose the parameters of Algorithm 4. There are two different smoothing
constraints. The smoothing parameter of the auxiliary lattice Sy, determines how
many coordinates can be treated in round i, and is therefore directly coupled with
the quotient index P;. By contrast, the smoothing parameters of the projected
relation lattices £; can be bounded uniformly over all prefixes and paid for once
in the initial width sg. We first prove the latter statement using the Euclidean
minimum of the dual lattice. This is the same counting argument as the one
used for Sy, but applied to random systematic g-ary lattices.

Lemma 3.11. Let m,n > 1, and let q be prime such that ¢™/(™+™) > 24 ¢ >
g™/ (M) /m F n. Define vy == 1/(32v/2we). Choose A <+ Zy*™ uniformly and
define A’ = [A | 1,,] € Zp* (™).

Then Pra[M (L (A')*) < yov/m + ng™™/(m4m] < 6= (m+n),

Proof. We have q,CqL (AHY*=[A] In]TZg—l—qZ””*‘”. Set 1 = yo/m + g™/ (M),
The assumption ¢ > ¢™/ (™" /m +n implies r < ¢, so the ball By (1)
contains no nonzero vector of ¢gZ™*". By Fact 3.1, we have |Z™" N By (r)] <

m/(m+n) m .
[\/27re( ﬂ:—i—n + %)]m-l—n < [+ 7\/2271'6]m+n < geFw, where the last in-

equality uses ¢/ (" +m) > 24,

Fix z = (x,y) | € Z™ x Z" that is nonzero modulo ¢. If y = 0 mod ¢, then
z ¢ qL(A’)* unless x = 0 mod ¢. Otherwise, y mod ¢ determines a nonzero
vector u € Zy, and Pra [ATu = xmod q] = g™, because the m columns of A
are independent and uniform. Therefore, Pra[z € ¢£; (A’)*] < ¢~™. A union
bound over the nonzero integer points in By, in(r) gives Pra[Ai(¢L)(A)*) <

T'] S Ggw,+n : q

m
—m

= 6~ (™) Dividing by ¢ proves the claim. ad
Applying Lemma 2.9 gives the following smoothing bound.

Corollary 3.12. Under the conditions of Lemma 3.11, except with probability

6~ (m+n) it holds that ng(ﬁj(A/)) < 32/e ¢/ (ntm) (1 + \/7 W)

Proof. Combining Lemma 3.11 and Lemma 2.9 gives the claimed bound. a

For i € {0,...,r}, recall the definition of £; in Equation (2) and let IT; :
R™+" s R™*7 be the coordinate projection deleting the last n — n; coor-
dinates. Then II;(L,) = L;. Indeed, projecting a vector in L, clearly gives a
vector in £;. Conversely, if (x,y) € £L;, then one can choose the remaining n —n;
coordinates so that the remaining equations are satisfied modulo ¢, thereby ex-
tending (x,y) to an element of £,. We therefore obtain a single simultaneous
smoothing estimate for the whole chain.

18



Corollary 3.13. Let A « Zg*™ be uniform, and assume g™ mtn) > 94 g >
™ M) . Then, except with probability 6~ (™) | simultaneously for ev-

ery i € {0, v}, mo(Ly) < 324/E g (m) (1 N 21<1+1/>)

m+n

Proof. Apply Corollary 3.12 to L, = E;-([A | I,]). This gives the stated bound
for £, except with probability 6~ (™*™) Equations IT;(£,) = £; and Lemma 2.10
then give the same bound for every L;. a

This explains precisely why the smoothing cost of the projected relation
lattices can be paid once. We choose sy above the single bound for £,.. Since
every L; is a projection of £, and the Gaussian width only increases from round
to round, no additional round-dependent cost is incurred by the projected chain.

Choice of parameters. Fix constants ¢y, A, C. > 0, and assume
1<m<cqn, g <n?, q> ¢ " m o, In(1/e) < Cen, (4)

where ¢ is prime, and 0 < ¢ < 1/2. Define and assume that

f—o0, I'soo, InI'=o(f%). (5

T =

-
1 = —
mtn P In f’
In particular, 7 — oo, and hence ¢”/("+") = ¢ > 24 for all sufficiently large n.

The parameter f specifies the target output width ¢/f. We choose s, from
the global smoothing bound, take the number of rounds r to be as large as this
lower bound permits, and adjust sg so that the final width is exactly ¢/ f. Hence

wt . = sy (g R, g (1) 0 =

For i € {0,...,7}, define s; := 2//2s¢. For i € [r], the Gaussian width used in

round i is s;_1, and s, = 27/2s5 = 4.

Define t; := 21In (glq—_l) +Coforielr], T:=5%"_, f,lfw and R = (exp (%”ﬂ,

where Cy > 0 is a sufficiently large absolute constant. Choose a prime P satis-

fying R < P < 2R. Such a prime exists by Bertrand’s theorem. Set P; :== P, i €
[r], N =2P.

Define the ideal block sizes by b; = T @ € [r]. Since }71_, b; = n, set

o) +1, i<¢,

1b:], i> 0

Sy bi=mn, |bi — b;| < 1. For later use, define z; = %, i€ r].

l=n->", 1b;] € {0,...,7 — 1}, and define b; = { . Then

Theorem 3.14 (Gaussian—Wagner sampling with exponentially small
error). Assume (4) and (5), and choose r,so, P, N, (P;)icr], (bi)ic[y] as above.
For all sufficiently large n, except with probability at most exp (—Q (#)) over
uniform A « Zyp*™ and independent h; < z5\ {0}, Algorithm 4 returns a list
of N = 2P vectors in L, = L ([A | L)]) that are conditionally § := 5-4"¢-similar
to independent samples from Dy q/-
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The expected running time and space are P? poly(n,log q) and P poly(n,logq),
respectively, where In P = (41n2 4+ o(1))n/InI". In particular, taking e = e~ "
for any fized ¢ > 0 gives § = e~ (c—o()n,

We prove Theorem 3.14 in three steps. Lemma 3.15 establishes the basic
parameter relations, Lemmas 3.16 and 3.17 verify the smoothing conditions, and
the final argument combines Theorem 3.10 with the per-lift cost of Theorem 3.6.

Lemma 3.15 (Basic parameter relations). For all sufficiently large n, s, <
s0 < V2ss, 5, = q/f, and v = (2/In2 + o(1)) 7. Moreover, t;11 = t; —In2 for
ier—1],t1 =274+0(1), andt, =2In f+O(1). ThusT = (1/In2+ o(1))In T,
InP = (4In2+o0(1)) .

Uniformly for every i € [r],

b, = (1+0(1)) " , and minb; = (Z(

. 6
Tt; i€[r] ) oo (6)

n
TInI’
Furthermore, In P/b; =: x; > 2t; = 41n (q/s;_1) + 2Cy, thus P > 24% i € [r].

Proof. By In(1/e) < C.n, the parenthesized factor in s, is bounded above and
below by positive constants. Hence s, = © (q”/(m+”)). It follows that In (%) =
T—Inf+ O(). Since I' = 7/Inf — o0, we have In f = o(7), and hence
In (fs ) = (1 —o(1))7 — oo. This proves the bound on .

By the definition of r, 2/2 < 7= < 2(r+1)/2 Qubstituting so = ¢/(f27/?)
gives s, < 89 < V/2s,. The identity s, = ¢/ f follows directly.

Since sy = O(s,) and s, = O (¢"/™*+™), we have In (%) =74 O(1), and
hence t; = 27+ O(1). Also, s,_1 = fo’ sot, =2In(v2f)+Co=2In f+O(1).
The recurrence t;41 = t; — In2 follows from s; = V2s;_1.

Since (t;);e[r) is an arithmetic progression with common difference —In 2, an

s (8)+0(L) Byt =20 +001), t, =
2In f+0O(1), we have i (I+0(1)) 7 = (1+0(1))I". Since I — oo, this proves
the bound on 7'. The claimed estimate for P follows from In P = 42 + O(1).

The ideal block sizes sum to n. Since t; < t; = O(7) and T = O(InT),
min; b; = 2 (—£+). Moreover, ¢ < n® implies 7 = O(Inn) and In I" = O(InIn n).
Therefore, —{*+ — oo. The additive rounding error is consequently a uniform
relative o(1) error, proving (6).

For all sufficiently large n, b; < 2& = %—Z Since In P > 4n /T, z; = % >

integral comparison® gives T =

237(/7“2) = 2t;. Finally, t; > ¢, — oo, and hence x; > In24 for every ¢ and all
sufficiently large n. Equivalently, P > 24%. a

8 Let g(z) = (t1 —(z — 1)ln2)_1 for z € [1,r]. Then g is increasing and g(i) =
1/t;. Hence g(i) < [/ g(z)dz < g(i + 1) for every i € [r — 1]. Summing gives

1r12ln( )+ <T< ln( )—i——
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We use the following primitive case consequence of the modularity bound for
the smoothing parameter; see [16, Section 3.1.2]. A proof is given in Appendix A.

~

Lemma 3.16. For everyi € [r], ¢ € (0,1), n-(L]) < max{n.3(S:),ne/3(Li-1)}

We use the above lemma to give bounds on the smoothing parameters of all
rounds.

Lemma 3.17. Ezcept with probability at most 6-(m+7) 4 Sy 60
exp (—.Q (Tl%)), every round i € [r] satisfies si—1 > 1(Sn;), and s;_1

V21 (L))
Proof. By Corollary 3.13, except with probability 6~(™+") simultaneously for
every i € {0,...,7}, n-/3(Li) < 32/e g™ <1—|— 21n(1+3/5)> = %. Since

m—+n

<
2

Si

8i—1 > 80 > Sx, Ney3(Liz1) < =+, 1 € [r].

By Corollary 3.3, 1./3(Sn,) < 32y/eqe™™ (1 + \/21“(1;3/5)), except with

probability 6. The conditions of that corollary follow from Lemma 3.15.

By In(1/e) < Ccn and b; = (1 + o(1))75, we have ln(ll-:—i?)/s) = O(Tt;).
Furthermore, x; > 2t;, and % = exp (%) Dividing the above bound of
Ne/3(Sh,) by si—1 gives n.3(Sw,)/si—1 < O (e734/27%/2 (14 \/Tt;)). For suffi-
ciently large ¢, the right-hand side is decreasing in ¢. Since t; > ¢, = 21In f+O(1),
it is uniformly bounded by O (H'i Vl}‘fl“f> The condition In I" = o(f?) implies

1+vVInT'In f
T

o(1). Hence, for all sufficiently large n, 1. /3(Sn,) < 25, @ € [r].

Since &; is isometric to Sp,, Lemma 3.16, Ney3(Liz1) < 254, and 1. /3(Sh,) <

2t ioe [r] give (L)) < 27 i e [r]. Thus, 7:(Sh,) < *5*. This proves the
two smoothing conditions.

Finally, by b; = (1 + o(l))TLti, Y670 < rexp (—Q (ﬁ)) Since r =
O(lun) and n/(71InI") > Inr, the polynomial factor is absorbed into the expo-
nent, proving the claimed bound. a

With the smoothing conditions established, we can now apply Theorem 3.10.
The remaining argument tracks the output width and list size and bounds the
total cost of the Gaussian lifts.

Proof (Proof of Theorem 3.14). By Lemma 3.15, we have sg > s,. The assump-
tion ¢ > ¢™/("t")/m + 1 is equivalent to ¢™/ (Mt > \/m + n. It follows from

the definition of s, that sy > w for all sufficiently large n. Hence the
initial list can be filled with exact independent samples from Dzm .

For every round i € [r], the quotient £;/L; has exactly P, = P cosets.
Since N = 2P > P;, the list entering round i has size 3" "**1N > 3P;. Thus
Algorithm 3 returns exactly one third as many vectors in every round, and the
final list has size V.

On the event of Lemma 3.17, for every i € [r], we have 2=1/2g, — g, | >
max{n. (Sn, ), V21 (L})}. Therefore, all the smoothing conditions of Theorem 3.10
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hold. The output list is conditionally 5-4"e-similar to independent samples from
D, 9r/24,- By the definition of s, 2r/2gy = 4, which proves the distributional
claim.
It remains to analyze the complexity. For every i € [r], 0 < ;-1 < $p_1 =
q

Va7 < ¢ and Sﬁl < % = ¢7tO) < RO where the last inequality follows

from ¢ < n?. Hence the sampler of Theorem 3.6 implements in expected time
Ppoly(n,logq) for every i € [r].

The complement maps used by DGLift have polynomial bit complexity. More-
over, after the combining step, the difference of two lifted vectors lies in the inte-
gral lattice £;, so denominators introduced by the superlattices do not multiply
from one round to the next. Since r = O(7) = O(Inn), all vectors and all centers
supplied to the Gaussian samplers have polynomial bit-length.

The total number of calls to DGLift is Y./ , |L;—1| = O(3"N). Since r =
O(Inn) and N = 2P, the total expected running time is P2 poly(n,logq). The
largest stored list contains 3" N = P poly(n) vectors, and the coset-weight com-
putation of Theorem 3.6 is streaming. Hence the expected space is P poly(n, log q).

By Lemma 3.15, T = (5 + o(1)) In I". Since R = [¢*"/T] and R < P < 2R,
we obtain In P = 224+ 0(1) = (41n2+0(1)) 2. A suitable prime P € [R, 2R] can
be found by enumerating candidates and applying a polynomial-time primality
test; its cost is at most P poly(n) and is absorbed by the preceding running-time
bound.

Furthermore, » = O(7) = O(Inn). Therefore, for every fixed ¢ > 0, we have
5.4Te—cn — efcn+O(lnn) — ef(cfo(l))n' 0

Remark 3.18 (Limitation of the parameterization). For comparison, outside the
asymptotic regime of Equation (5), suppose that 7 = O(1) while retaining the
same construction and its sufficient smoothing conditions. By the definition of s,
and the assumption In(1/¢) = O(n), s, = © (¢"/(™*™)). Consequently, we have
Lt =0 (gm/(m+m)) = 9, Since so > s, and f > 1, every valid parameter
choice has only r = O(1) Wagner rounds. Because Y ;_, b; = n, there exists some
i € [r] such that b; = £2(n). The smoothing analysis of Sy, in Lemma 3.2 requires
P > 24% and hence In P > b;In24 = 2(n). Thus the resulting running time is
exponential. This proves that the condition 7 — oo, equivalently m = w(n/Inq)
in the sublinear regime, is asymptotically sharp for the present parameterization.

4 Application to sublinear sample Binary LWE

As mentioned in Section 1, our algorithm does not amplify the input LWE sam-
ples. Instead, it generates a list of short vectors which are conditionally simi-
lar to the Gaussian distribution over £ (A’). The right-hand side of the LWE
instance is used only in the final Fourier test. Therefore, the conditional noise-
independence problem arising in sample amplification does not occur here.

The short vectors generated in Section 3 are not independent. For complete-
ness, we use the conditional-expectation consequence of Lemma 2.3. In the uni-
form case, all Fourier phases depend on the same uniform vector, so we first
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exclude zero and signed residue collisions and then apply exact character or-
thogonality.

4.1 Pointwise LWE and its relation lattice

Let ¢ be an odd prime, let A < Zj*™, and fix integer vectors s € Z", e € Z™.
The pointwise LWE distribution associated with (s,e) is b = ATs + e mod q.
The uniform distribution has b < Zg* uniform and independent of A. And
the pointwise narrow LWE additionally needs [|s||? + ][> < O(m + n), see
Definition 1.1.

For a matrix A’ = [—A | I,] € Z*" ™) define its g-ary lattice Ly (A) =

{ (3) € Z™" : —Au+v = 0 mod q}. The matrix A’ is systematic and has

rank n for every A. Since —A is uniform whenever A is uniform, Theorem 3.14
applies directly to A’. The reason for using the systematic form is the following
identity.

Lemma 4.1. Letb = ATs+e. For everyy = <3) € L;(A’), we have (b,u) =

(€)-smot.

Proof. Since y € EqL(A’)7 we have v = Aumod q. Therefore, (b,u) = (ATs +
e,u) = (s, Au) + (e,u) = (s,v) + (e, u) mod q. 0

4.2 Instantiation of the Gaussian—Wagner sampler

We use the following parameterization of Algorithm 4. Set 7 := o Ing, f=m1,

go = e ™, and w := 4. We work in the regime 7 — oo. Thus we have I' = ﬁ =
~=.Hence I' - oo and InI" = (14 0(1)) In 7, so the conditions of Theorem 3.14

InT
are satisfied.
Let P and r be the parameters selected in Section 3.3, and write Ngy = 2P

and dgw = 5-4"¢g. Moreover, by Lemma 3.15, we have InP = (4In2 + o(1)) -

InT
and 7 = (% + o(1))7. Since ¢ < n®M, we have 7 = O(lnn), and therefore
6gw — e—n+O(T) _ e—(l—o(l))n.

By Theorem 3.14, except with probability &, = exp(—§2(—+=)), Algorithm 4,
applied to A’, returns Ng,, vectors in L;- (A’) that are conditionally dgy-similar

to independent samples from D LE(A) W On the same good event, Corollary 3.13

and the parameter selection in Section 3.3 give w > 1., (L (A’)). In the remain-
der, let G denote this good event.

4.3 Fourier bias of an ideal relation

The distinguisher uses the first Fourier coefficient of the relation distribution.
This is the Fourier statistic underlying the dual test of Aharonov and Regev [2]
and the final bias test in BKW-type algorithms [22,21].
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Lemma 4.2. Let L C Z" be a full-rank lattice, let x € 7", and lety <= Dy .

) mw? |z—x/q||?
Then Eexp(%(x, y)) = Z;i; e mzqu; . In particular, this quantity is real

and nonnegative. If w > n.(L), then ]Ecos(f(x7 y)) >

—mw?|x)|?/q2

1+e

€

Proof. Apply Poisson summation to y —— eIVl /w® g2mi(x/a.¥) gyer £. The
common factor w™/det(L) cancels between the numerator and denominator,
giving the first equation. The inequality retains the z = 0 term in the numerator
and uses py/,(£*) < 1+ ¢ in the denominator. O

Choice of parameters for LWE. Now we set the choices of parameters for the
LWE distinguisher.
Set x := (E) € Z™*™ and suppose that [e||* + [|s[|* < B*(m +n) for a fixed

constant B > 1. By w > 7, (£, (A’)) and Lemma 4.2, the ideal Fourier bias
satisfies

o o~ B2 (m+n) /7
Br = EyeDté(A,)_ cos(— q (x,y)) = ?50 (7)
Define 1
= fe_’TBz("H'”)/#, M = ( 20;4_2] ) (8)

4

Since m+n = O(n) and 7 := 2 Ing — 0o, we have n M = O(lun+ %) =
o(7=) = o(In P). Hence M < P < Ny, for all sufficiently large n. Furthermore,

InT

8w = o(u), because In(1/8gw) = (1 —o0(1))n whereas In(1/u) = O(n/72) = o(n).

4.4 The LWE distinguisher

Algorithm 5 GaussianWagnerLWE(A, b, B)

Require: A € Zy*™, b € Z*, and a norm bound B > 1
Ensure: One of LWE and Uniform

1: f<T,e0 e " and A + [-A | L,].

2: Set p 1 7”3 (m+n)/7% and M « {nzo,ufr‘.

3: Run Algorlthm 4 on A’ using the parameters of Section 4.2.

4: Retain its first M outputs y; = (:Z) €Ly (A), i€ [M].

5 fori=1,...,M do

6: i — cos(%(b, u))| < 5&-
M

7: Set T =3

8 if T > 20 then

9 return LWE.

10: else

11: return Uniform.
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The cosine evaluations are carried out using directed interval arithmetic.
Since In(1/u) = O(%), the numerical part takes M poly(n,logq) bit operations
and is asymptotically dominated by the Gaussian Wagner sampler.

4.5 Completeness

Lemma 4.3 (Completeness on the good event). Fizs, e satisfying |le|*+
s[> < B?(m +n), and suppose b = ATs + e mod q. Conditioned on G, Algo-
rithm 5 outputs Uniform with probability exp(—$2(n?°)).

Proof. For i € [M], set Z; = cos(%(b,uﬁ), T:= ﬁZi\g Z;. By Lemma 4.1,
Z; = cos(%’r(x,yﬁ).

Conditioned on G, the retained sublist remains conditionally 6gw-similar to in-
dependent samples from Dﬁé(A/)yw by Lemma 2.3. Let F;—1 == o(Z1,...,Zi—1).
By Lemmas 2.3 and Lemma 4.2, E[Z; | Fi_1] > Br — 2(e%" — 1), and Equa-
tions (7) and (8) give fr > 11‘;(}.

Together with 04 = o), this implies, for all sufficiently large n, E[Z; |
Fi-1] = 3p, i € [M].

Let D, .= Z; — E[Z; | Fi—1], Sk = Zle D;. Then D, is F;-measurable and
E[D; | Fi—1] = 0, so (Sk, Fr)rL, is a martingale. Moreover, Z; € [—1,1], and
therefore E[Z; | F;—1] € [-1,1], |D;] < 2.

If Algorithm 5 outputs Uniform, then the certified approximation guaran-
tee implies T < 2tp. By E[Z; | Fi—1] > 3u, this event implies Sy = MT —
Ei]\il E[Z; | Fi—1] < —15Mp. The one-sided Azuma-Hoeffding inequality there-
fore gives Pr[T < #u] < exp(—(gMg"#) = exp(—(Mp?)) = exp(—£2(n?)).

O

4.6 Soundness

All Fourier phases use the same uniform vector b, so they are not indepen-
dent. We first exclude residue collisions in the short vector list and then use
character orthogonality. For a residue class ¢ € £ (A’)/qZ™", define p. =
PrY(—Dqu(A/)Yw [y ec+ quJrn] and prax = maxc Pe.

Lemma 4.4. We have ppax < exp(—(1 —o(1))(m + n)7).

Proof. Since A’ has rank n, det(L}(A’)) = ¢". For any representative ¢ €
L (A), the standard shifted-mass inequality gives p,, (c+gZ™ ™) < py,(gZ™™)
= p1/f(Z"") by w = q/f. Since f = 7 — oo, it holds that py,¢(Z) = 1+
2> .1 e=™*%* =1+ 0(e~") and hence p1 (2T < exp(O((m+n)e=™17)).

On the other hand, by Poisson summation, it holds that pu(Ly(A)) =

wm#»n * wd . m4n n d

W P (L (A)) > B2 Tt gives pumax < pryp(Z7) ol = puyp (274 I
By definition, mIng = (m + n)7. Therefore, In pmax < O((m +n)e™™") + (m +
n)InT — (m+n)r =—(1—0o(1))(m+n)r. O
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Let C denote the event that the retained vectors are nonzero and pairwise
distinct up to sign modulo ¢: V ¢, 5, y; # 0 mod ¢ and y; # +y,; mod ¢ (¢ # j).

Lemma 4.5. Conditioned on G, we have Pr[=C] < €% Mppyay (1 + 2e% M) =
exp(—2((m +n)1)).

Proof. For one ideal sample from D LA W the probability of the zero residue
is at most pmax. For two independent ideal samples, Prly; = y; mod ¢Z™*"] =
> e P2 < Pmax, and similarly, Prly; = —y; mod ¢Z™""] = > _pep—c < Pmax-
Lemma 2.3 increases the one-coordinate bound by at most e’sv and each two-
coordinate bound by at most ¢?%v. A union bound proves the first inequality.
Finally, In M = O(Inn+ 1) = o((m+n)7), which proves the claimed asymp-
totic bound. a

. . . . u;
Lemma 4.6. Fiz A and a short vector list satisfying C = {<V1> € E;- (A Yiein-
Let b « Z* be uniform. Fori € [M], set Z; == COS(%T<b,ui>), T =4 Zf\il Z;.
Then Ep[Z;] = 0, Ep[Z7] = %, Eu|ZiZ;] = 0 (i # j). Consequently, En[T] =
07 Varb(T) = ﬁ

Proof. By the definition of A, the event C implies u; # 0, u; # +u; in Z".
Every nontrivial additive character of Z;* has mean zero, hence Ep[Z;] = 0. Since
qis odd, 2u; # 0, and Z? = § + %cos(%r(b, u;)) has expectation 1/2. Finally,
Z,Z; = %cos(%”(b,ui—uj))—l—%cos(%”(b,ui—i—uﬁ), soEp[Z;Z;] =0 (i # j). O
Lemma 4.7. Suppose b <= Z* is uniform and independent of A. Conditioned
on G, Algorithm 5 outputs LWE with probability O(n=2°) + exp(—2((m +n)7)).

Proof. Condition on C and on the entire short vector list. If the algorithm outputs
LWE, the certified approximation guarantee implies 7' > % . By Lemma 4.6 and
Lemma 2.11, Prp[T > 12 4] < m = O(n~?%). The bound is uniform over
every fixed short vector list satisfying C. Averaging over the list and adding the
collision probability from Lemma 4.5 proves the claim. a

4.7 The decision theorem

Theorem 4.8. Fiz constants B > 1, ¢y > 0, A > 0. For all sufficiently large
n, let m = m(n) and an odd prime ¢ = q(n) satisfy

1<m<cin, g<n® q¢>¢""™"m+n. (9)

Assume that 7= - Ing — co.

There is a randomized algorithm solving narrow-LWE,, ,,, , B with complete-

ness and soundness errors O(n=1°). Its expected running time is exp((81n2 +
o(1))7) and its expected space is exp((4In2+ o(1))x).

InT InTt
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Proof. Run Algorithm 5. In the LWE case, Lemma 4.3 gives error exp(—§2(n?°))
conditioned on G. In the uniform case, Lemma 4.7 gives an error O(n~2) +
exp(—£2((m + n)7)) conditioned on G.

The failure probability of G is &, = exp(—2(—=)). Since 7 <Ing < Alnn,
2 > Q) = w(lnn). Hence &, = n=“(M, and adding it to the two
conditional error bounds gives completeness and soundness errors O(n~10).

By Theorem 3.14, the Gaussian—Wagner sampler has the expected time
P? poly(n,log q) and the expected space P poly(n,logq).

The Fourier test uses only M < P outputs and costs M poly(n,logq) ad-

ditional bit operations. In P = (41n2 4 o(1))2= by the parameterization in

InT
Section 4.2. Therefore, it gives the claimed time and space bounds.
It remains to verify the specialization. Suppose ¢ = n*te() m = o(n),
and m = (n/Inn)g(n). Then 7 = (1 +o(1)), so 7 = 2-Ing = (a +
o(1))g(n). Moreover, W = po1/2=o(1) 5 o0, where we use a >

1/2 and g(n) = o(In nSZ. Thus (9) holds for all sufficiently large n. Substituting
InT = (1 +0(1))Ing(n) into the general complexity bound proves the stated
specialization.

Finally, for m = n/Inlnn, g(n) = {22 Ing(n) = (1 + o(1)) Inlnn, which
proves the last assertion. O

Remark 4.9 (Sample—time tradeoff ). Suppose that ¢ = n*+°() is an odd prime
for a fixed constant a > 1/2, and let m = (n/Ilnn)g(n), where g(n) — oo
and g(n) = o(lnn). Then m = o(n), 7 = (a + o(1))g(n), and m =
ne—1/2=0(1) _ oo, Taking any fixed A > a, Equation (9) holds for all sufficiently
large n, and Theorem 4.8 gives expected running time exp ((8 In2+0(1)) m) .

This is subexponential whenever m = w(n/Inn) and m = o(n). In particular,
form = [n/Inlnn], g(n) = (1+0(1))Inn/Inlnn and Ing(n) = (14+0(1)) Inlnn,
giving expected running time exp ((8 In2+0(1))

n
Inlnn /)*
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A Proof of modularity bound for the smoothing
parameter

Lemma A.1 (Smoothing under a primitive extension). Let M be a prim-
itive sublattice of a lattice L', and let Q = wx,(L'). Then, for every 0 < e <1,
Ne(L") < max {775/3(/\/1),175/3(@)}. In particular, for every i € [r], n.(L) <

max {775/3(@')7 7)5/3(51‘71)} .

Proof. Let u > max {1./3(M),n./3(Q)}. Since M is primitive in L', restriction
of integer linear functionals from £’ to M is surjective. Equivalently, 7 ((ﬁ’ )*) =
M*, ker (TFM|([/)*) = Q*

For every y € M*, choose y € (L')* satisfying mpm(y¥) = y, and write
Y =Yy +cy,cy € spang(Q). The fiber of maq over y is y + Q*. By orthogonality,
pr (¥ + Q%) = p1(y)pr (Q* + cy). The Gaussian mass of a lattice coset is at
most that of the centered lattice, so p1 (Q* +c¢y) < p1(Q*). Summing over
y € M* gives p1 ((E’)*) < p1(M*)p1(Q¥). By the definition of u, p1 (M*) <
145, p1(Q") < 1+45. Consequently, p1 ((£')*\ {0}) < (1+ %)2—1 = 2?5-1-5 <
€, where the last inequality uses € < 1. This proves the first claim. The second
follows from (3). O

B Correctness of the Gaussian Wagner sampler

We first analyze one iteration of Algorithm 4. This is the analogue of [15, The-
orem 3.1] for the one-check auxiliary lattice.

Theorem B.1 (Analysis of one round of WagnerGaussianSampler). Let § >
0, let 0 < e < 1/2, and fix a round i € [r]. Assume that exact sampling from

IS available for every center c used by Algorithm 2. Suppose that s;—1 >
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max {ng(Shi), ﬂng(ﬁg)}, and that L;_1 consists of N > 3P; random variables
in Li_1 that are conditionally 5-similar to independent samples from Dy, | o, .
Then round i of Algorithm j outputs a list L; of | N/3]| wvectors in L; that are
conditionally 40 + 15e¢-similar to independent samples from Dy, s,, where s; =

V2s;_1.
Proof. By (3), 8; is primitive in L] and 7T‘J§"£ (L) = L£;—1. Moreover, S, is isometric

to Sh,, and therefore 7, (3\1) = 7:(Sn,). The condition s;_1 > 1.(Sn,) therefore
allows us to apply Lemma 3.8. After lifting all elements of L;_1, the list L]
consists of N random variables in £/ that are conditionally ¢ + 3e-similar to
independent samples from Derosi s

By |£;/L;| = P;, N > 3P; guarantees that Algorithm 3 outputs |N/3] vec-
tors. Since s;,_1 > v/2n.(L}), Lemma 3.9, applied with input similarity parameter
0+ 3¢, shows that these vectors are conditionally 4(6+3¢)+3e = 46 + 15e-similar
to independent samples from D Lin/Esi s a

Proof (Proof of Theorem 3.10). The initial list Ly consists of 3" N exact indepen-
dent samples from D¢, s,, and is therefore conditionally 0-similar to independent
samples from this distribution.

For i € {0,...,7}, define §; := 5(4" — 1)e. We prove by induction on i that
L; consists of exactly 3" N vectors in £; that are conditionally §;-similar to
independent samples from D, ,,, where s; = 2i/2g,.

The claim for ¢ = 0 follows from the initialization, since g = 0. Now fix
i € [r] and assume that the claim holds for ¢ — 1. The input list to round
i has size |Li_1| = 3"*f'N > 3N > 3P,. Moreover, s;_; = 20=1/255 >
max {n.(Sh,), V2n- (L)} . Thus Theorem B.1, applied with § = §;_1, shows that

L; consists of % = 3" 7'N vectors that are conditionally 46;_; + 15e-similar to

independent samples from D, s,. Finally, 46,1 +15¢ = 4-5(41—1)e+15¢ = §;.
This proves the induction claim.

Taking i = 7, the final list has size N and consists of vectors in £, = L (A’)
that are conditionally §, = 5(4" — 1)e < 5 - 4"e-similar to independent samples
from D, , , where s, = 27/2s. O

C Proof for calculating O(u, o)

Proof (Proof of Lemma 3.4). Reduce p modulo Z to i € [—1/2,1/2], and set
J=t+3.

First assume that 0 < ¢ < 1. Factoring out the term corresponding to

_92 2 _

the nearest integer gives ©(fi,0) = exp (—TF%) (ZzEZ exp (—ﬂ'Z ;3“‘)) Since
|ii| < 1/2, for every z € Z, 22 — 2zji > |z|(]z| — 1). The parenthesized sum is
therefore between 1 and 1 +23%", -, e”™*~1) < 4 and the contribution of the
terms with |z| > J is at most 23, ; exp (—TF@) < 4dexp (—W%) <

27t=4 Thus, the truncated sum together with the certified tail bound gives a

certified approximation to the logarithm. More explicitly, log (i, 0) = — 02”7’1152 +
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log (ZZGZ exp (—wzQ;Z”‘)). The second term is the logarithm of a number in

[1,4]. Since Vz > 0, In(142) < x, no precision is lost from taking the logarithm.
Now assume that o > 1. By the Poisson summation formula, O(f,0) =

o (1 +23,5, exp(—mo?k?) cos(27rk,a)) . The expression in parentheses is bounded

. _ 27,2 _ 2 .
away from zero, since 22k21 e TR < 22k21 e < %. Hence it belongs

to (35, 15)- Moreover, the contribution of the terms with k& > J is at most
2> sy e~k < ge=mo"T* < 9=1=4 Tt follows that the truncated Poisson se-
ries gives a certified approximation to log ©(fi, o).

In either case, only O(t) terms are evaluated. Standard directed interval al-
gorithms for 7, exponentiation, cosine, and logarithms, with polynomially many
guard bits, therefore give an interval of width at most 27 in poly(log |o|, ¢, log |u|)

time and space. a
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