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Abstract

Homomorphic secret sharing (HSS) enables non-interactive distributed evaluation of
functions on secret-shared inputs. While two-party HSS is well understood, multiparty
constructions remain limited in expressiveness and efficiency.

We present a general framework for constructing multiparty HSS from two-party semi-
private HSS (which in turn can be instantiated using distributed discrete logarithms) via
a new party virtualization paradigm. In a semi-private HSS, some designated inputs may
be fully known to specific servers, while the remaining inputs remain hidden. Starting
from two-party semi-private schemes, we obtain N -party semi-private HSS supporting
compositions of polynomial computations and restricted multiplication straight-line pro-
grams, for N = O(logλ/ log logλ).

We further upgrade semi-private HSS to fully private HSS for functions of polynomial
degree and polynomially bounded Waring rank. As a consequence, we obtain multiparty
distributed point functions with key size polynomial in λ and log |D|, for a domain D
of superpolynomial size. When the underlying two-party scheme supports offline/online
sharing, the resulting multiparty DPFs are programmable.

Our framework admits instantiations under standard assumptions including DCR
and class-group assumptions.
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1 Introduction
Homomorphic secret sharing (HSS), introduced in [BGI16a], is a powerful primitive that
enables a dealer to distribute secret shares of an input among multiple servers such that
each party can locally evaluate a function on its share, and the resulting outputs can be
combined to recover the value of the function on the original input. Informally, HSS allows
distributed computation without interaction during evaluation, and can therefore be viewed
as a distributed analogue of fully homomorphic encryption (FHE) [Gen09].

HSS has emerged as a central building block in modern cryptography. On top of the
natural use-case of secure multiparty computation, it has found applications in constrained
pseudorandom functions [CMPR23,BMO+25], trapdoor hash functions [DGI+19] and more.
The dual primitive of function secret sharing [BGI15] has also been instrumental in the
advance of distributed point functions [GI14, BGI16b], which can be seen as HSS for the
class of point functions, with applications like two-server private database systems [CBM15,
WYG+17] and private set intersection [DRRT18].

Over the past decade, substantial progress has been made in understanding two-party
HSS and FSS, with constructions supporting increasingly expressive classes of functions, and
with improvements in the communication overhead of HSS [BGI17, RS21, OSY21, ILL25a].
In contrast, multiparty HSS remains much more elusive, with few notable exceptions (as
discussed below). In particular, existing results in multiparty HSS have significant limitations
in terms of assumptions, expressiveness, concrete efficiency and the number of supported
parties.

Our contribution.

In this work, we present a new approach to building multiparty HSS based on a party virtu-
alization paradigm. Our framework lifts two-party constructions into the multiparty setting,
yielding both standard HSS as well as more sophisticated variants supporting additional
features like offline/online input sharing. Compared to previous multiparty constructions
from group-based assumptions, our framework allows for more expressive function classes
and in some cases, a larger number of parties. As an application, we obtain the first group-
based constructions of multiparty DPFs with a superpolynomial domain and keys of size
poly(λ, log |D|), for any constant number of parties (or N = λo(1) under subexponential
hardness). For any polynomial number of parties, we obtain DPFs with polynomial domain
M and keys of size poly(λ) ·M ε for any ε > 0.

Our starting point is the notion of semi-private HSS, recently introduced by [MORS25]
(and independently, implicit in [ILL25b]), which can be constructed from distributed discrete
logarithm (DDLog) techniques such as used with the DCR assumption or class groups [OSY21,
RS21,ADOS22]. HSS (in its weaker, private-sharing form) consists of a sharing phase, where
a dealer distributes shares of private inputs to a set of servers, followed by an evaluation
phase, where each server locally evaluates on its share to obtain a shared result. The stan-
dard security notion requires that all the inputs remain hidden from any given (unqualified)
subset of servers holding the shares. In contrast, in a semi-private HSS, some of the inputs
are fully known to some of the servers performing the evaluation.

This relaxation of security allows for constructions supporting more expressive function
classes. In particular, [MORS25, ILL25b] obtain a two-party semi-private HSS for functions
of the form

f(x1, x2) = P(x1) · RMS(x2),

where P captures arbitrary polynomial computations and RMS denotes restricted multipli-
cation straightline programs in which inputs can be multiplied by internal wires, and pairs
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of internal wires can only be added together (this captures e.g. NC1). The P computation
is applied to the semi-private input x1 (which must be known to one of the servers), while
the RMS part is applied to the private input x2 (hidden from both servers)1.

Our first result is the following transformation, obtained by our new party virtualization
technique. We present the result for a constant number of parties, but in some cases we can
support more parties (see Section 2 and Table 1 for details).

Theorem 1 (informal). Let λ be the security parameter and N = O(1). Assuming the
existence of two-party semi-private HSS for P · RMS functions over a ring R, there exists
N -party, semi-private HSS for the class of functions P · RMS · . . . · RMS over R.

Next, we show how to upgrade this to fully private HSS supporting the class of functions
of polynomial degree and with polynomially bounded Waring rank over R. Recall that a
function f : Rn → R has Waring rank r if it can be expressed as a sum of r d-th powers of
linear functions, where d is the degree of f .

Theorem 2 (informal). Let N = O(1) and B = poly(λ). Assuming the existence of two-
party semi-private HSS for P · RMS functions over a ring R, there exists N -party HSS for
the class of functions over R with degree and Waring rank upper bounded by B.

From HSS to DPF. Finally, we show that low-Waring-rank HSS suffices to implement
distributed point functions (DPFs) for any number of parties. This transformation follows
in the same spirit as [BMO+25], who represented point functions as low-Waring-rank poly-
nomials to build a privately puncturable PRF. Through a variant of our main construction,
we also show that the resulting DPF is programmable [BGIK22], meaning that N − 1 of the
keys can be sampled independently, before choosing the last key as a function of these.

Corollary 3 (informal). Let N = O(1). Assuming the existence of two-party semi-private
HSS for P ·RMS functions over a ring R, there exist N -party distributed point functions sup-
porting a superpolynomially sized domain D and with key size poly(λ, log |D|). Furthermore,
if the two-party HSS supports offline-online input sharing, the N -party DPF is programmable.

Instantiations. Plugging in known constructions of semi-private HSS for (bounded-size)
integer computations [MORS25,ILL25b], we can instantiate the above transformations under
a range of assumptions, including decisional composite residuosity (DCR), or assumptions
on class groups.

1.1 Related Work

While two-party HSS and DPFs have seen extensive development, the multiparty setting
remains comparatively underexplored. Here, we focus on the dishonest majority setting,
where up to N − 1 out of N parties may be corrupted.

For HSS, the first multi-party constructions were based on indistinguishability obfusca-
tion [BGI15] and later from learning with errors via spooky encryption [DHRW16], an ad-
vanced form of multi-key fully homomorphic encryption. The work of Chillotti et al. [COS+22,
COSL24] presented several simplifications and improvements over the spooky approach, ob-
taining simpler constructions from LWE, as well as the first four-party HSS using group-
based assumptions. In particular, they observed that in prior two-party constructions based

1What we described is the notion used in [MORS25,ILL25b]. In this paper however, all of our constructions
would also work with a weakened version where x2 can but does not have to be revealed to the second server.
This is in contrast with the first input, which must be known to the first server so it can run the correct
homomorphic evaluation procedure.
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No Committees Committees
Polynomial Parties: O(1) N = poly(λ)
Hardness Degree: poly(λ) O(1)

DPF Domain: M ≤ 2poly(λ) M ≤ poly(λ)
DPF Key Size: poly(λ, logM) poly(λ) ·M ε ∀ε > 0

Subexponential Parties: O(logλ/ log logλ) N = poly(λ)
Hardness Degree: poly(λ) O(logλ/(logN + log logλ))

DPF Domain: M ≤ 2poly(λ) M ≤ 2O((logλ)2/(logN+log logλ))

DPF Key Size: poly(λ, logM) poly(λ) ·M (logN+log logλ)/ logλ

Table 1: Parameter regimes achieved by our construction.

on DCR, the evaluation function for a single homomorphic multiplication is an NC1 function.
This allows the two-party HSS evaluation to be evaluated recursively, obtaining a four-party
HSS for constant-depth circuits. Later, Boyle, Couteau and Meyer [BCM23] improved this
result using complexity leveraging, obtaining four-party HSS for functions computable by
circuits of depth log logλ.

Abram, Roy and Scholl [ARS24] introduced the notion of succinct HSS in the two-party
setting, with applications to sublinear communication MPC and multiparty distributed point
functions. While their DPF constructions allow to generate a large batch of DPF keys with
communication cost sublinear in the batch size, they are limited to point functions with a
domain of size D = poly(λ), and the resulting key size still grows with Ω(

√
D).

Dao et al. [DIJL23] presented a multiparty HSS based on a sparse variant of the learning
parity with noise assumption, supporting homomorphic evaluation of low-degree polynomials
for any polynomial number of parties. However, their construction is inherently noisy, and
in particular does not imply a multiparty distributed point function.

Very recently, Couteau et al. [CKY25] showed that assuming subexponential hardness of
LPN and MQ, one can achieve log∗ λ-party HSS for circuits of depth log∗ λ. When applied
to building DPFs, they obtain a multi-party DPF for any constant number of parties with
superpolynomial domain size.

Compared to these works, our approach differs conceptually and technically. We are the
first to achieve HSS and DPFs for any constant number of parties solely from group-based
assumptions, or through party virtualization techniques. When allowing subexponential
hardness assumptions, we even obtain DPFs that support a superpolynomially sized domain
and N = λo(1) parties, which was only previously known using lattice-based assumptions.

2 Technical Overview
N-party semi-private HSS via party virtualization.

Our main technical contribution is a general compilation technique that lifts a two-party
sp-HSS to a N -party sp-HSS via a process akin to party virtualization (see Fig. 1). At a
high level, we recursively combine a (N −1)-party sp-HSS with a two-party sp-HSS by using
the latter to evaluate the HSS algorithms of the former. That is, the two-party sp-HSS is
used to securely emulate one virtual party inside the (N − 1)-party protocol. This yields a
N -party sp-HSS for functions of the form

f(x1, . . . , xN ) = P(x1) · RMS(x2) · · ·RMS(xN ).

As a warm-up, suppose we have a two-party semi-private HSS for P · RMS, consisting
of a sharing algorithm Share2(x1, x2), where x1 is the semi-private input and x2 the private
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party 1 party j party N − 1· · · · · ·

ShareN−1

x1 xj xN−1

~w1 ~wN−1

Share2

~wjparty j

xN

party N

party j party N

~zj,1 ~zj,2

Eval2(g) Eval2(g)

returns additive shares of
〈f1(x1) · · · fN−1(xN−1)〉j · fN (xN )

g = EvalN−1(·, f1· · ·fN−1)fN (·)
EvalN−1 is run homomorphi-
cally on ~wj , fN is run homo-
morphically on xN , and the
two results are multiplied.

Figure 1: The first N − 1 parties share their inputs using the (N − 1)-party scheme. Then
each one re-shares their resulting share, but this time pairwise with the N th party. They then
pairwise (each j ∈ [1, N −1] with party N) homomorphically evaluates EvalN−1 inside Eval2.
Only party j’s branch is drawn, but summing all output shares over j gives f1(x1) · · · fN (xN ).

input, together with an evaluation algorithm Eval2. We can construct a 3-party semi-private
HSS for P · RMS · RMS as follows.

Sharing: To share inputs x1, x2, x3, we first run Share2(x1, x2) to obtain shares ~w1 and
~w2 of ~w = x1‖x2. Then, we reshare these shares by running Share2(~wi, x3) to get shares
(~zi,1, ~zi,2), for i ∈ {1, 2}. Finally, we output

share1 = ~z1,1

share2 = ~z2,1

share3 = (~z1,2, ~z2,2)

Note that, by the semi-private property, share zi,1 may leak information on ~wi, and
similarly, ~w1 may leak on input x1. This is not an issue, though, since x1 is a semi-private
input, so leaking it to party 1 via the share ~w1 does not compromise semi-private security.
On the other hand, leaking ~w2 to party 2 reveals nothing, as ~w2 is itself an input-hiding
share.

Evaluation: To evaluate on a function f1(x1) ·f2(x2) ·f3(x3), party i proceeds as follows:
Using Eval2, parties i ∈ {1, 2} perform a homomorphic evaluation of the function

(x, y) 7→ Eval2(x, f1 · f2) · f3(y)

on their share ~zi,1.
Meanwhile, party 3 performs a homomorphic evaluation of the same function, once on

each of its shares ~z1,2 and ~z2,2, and adds the results together.
The “inner” Eval2 functions perform the homomorphic evaluation of f1 · f2 on the shares

~zi,1, leading to a share which is then multiplied by f3 in the “outer” evaluation. This ends
up with a sharing the desired result, f1(x1) · f2(x2) · f3(x3).

Notice that each of the Eval2 functions is only used on functions in the class P · RMS,
since the Eval2 algorithm itself is in P, and is always applied to the semi-private input.
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Going beyond two parties.

Above, we obtained a 3-party semi-private HSS for P · RMS · RMS from a two-party semi-
private HSS for P · RMS. Generalising and iterating this process, we can obtain a N -party
semi-private HSS for P · RMS · · ·RMS, where the first input is semi-private (known to the
first party), and the remaining inputs are hidden from all parties. Since each iteration blows
up the computation by a polynomial factor, for now we are limited to multi-party HSS for
N = O(1) parties.

From semi-private to fully private HSS.

We show how to upgrade the security of our semi-private HSS to fully private HSS, albeit
for a more restricted class of functions. Concretely, we want to implement N -party HSS for
the class of functions with bounded Waring rank, i.e. that can be written as:

f(x) =
r∑

i=1

Ai(x)
di ,

where Ai are affine function over Z, di = poly(λ) and r = poly(λ) is the Waring rank of f .
To bypass the semi-private limitation of our initial HSS, a natural starting point is to

additively share the input x into x1 + · · · + xN , and feed each share xi as an input to the
semi-private HSS. Now, even if semi-private security means xi is leaked to the i-th server,
the underlying x remains hidden.

The main challenge, however, is to express the function f(x) as a product of functions of
the shares, i.e. into the form P(x1) ·RMS(x2) · · ·RMS(xN ). When starting with HSS over Z,
we could not see a way to make this translation. However, if we instead start with an HSS
supporting computations over a matrix ring Zm×m, we are able to make it work.

We explain the approach for a simplified case where f(x) = (x1 + · · · + xN )d is a d-th
power of a single linear function. Extending to the more general case with multiple affine
functions is then straightforward. First, encode each share xi as a matrix

Xi =

 xi 0

0 0

 ∈ Z(d+1)×(d+1).

The idea is to iteratively compute f(x) by defining a sequence of polynomials starting
with f0(t) = td and fi(t) = fi−1(t + xi) for i ∈ [N ], which gives fN (0) = (x1 + · · · + xN )d.
Viewing fi(t) as a coefficient vector of the corresponding polynomial in t, by the binomial
theorem it can be seen that the substitution t 7→ t+xi applies a linear map to the coefficients.
This map is given by the following matrix M(y):

M(y) :=


1 y y2 · · · yd

0 1
(
2
1

)
y · · ·

(
d
1

)
yd−1

... 0 1 · · ·
(
d
2

)
yd−2

...
... . . . ...

0 0 0 · · · 1


It can be shown from the binomial theorem that these matrices satisfy a multiplicative

property, M(y1)M(y2) = M(y1 + y2). It follows that, if we use N -party semi-private HSS to
compute Y =

∏N
i=1M(xi) = M(x), we can extract f(x) from the top-right entry of Y .
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From (private) HSS to DPF.

Our bounded Waring rank HSS suffices to implement N -party distributed point functions
(DPFs) with keys of size polylogarithmic in the domain size. This follows immediately from
the observation from [BMO+25] that point functions can be represented as bounded Waring
rank polynomials.

More advanced forms of HSS and DPF.

The above construction yields what we refer to as low-end HSS, namely the notion where
all inputs are shared at once by a dealer. In Appendix B, we also present a transformation
for a stronger form of high-end HSS, where inputs can be shared individually, and shares
additionally support an offline/online decomposition (where some shares can be sampled
before the corresponding input is known).

In this case, our virtualization framework preserves the offline/online property: starting
with a 2-party semi-private, “high-end” HSS, we obtain a N -party semi-private HSS that
also supports offline/online sharing, namely, where up to N − 1 shares of every input can
be sampled ahead of time. This offline/online property also extends to the final private
N -party HSS for functions of bounded Waring rank, which further implies programmable
N -party DPFs.

Beyond a constant number of parties.

We offer a couple of ways to overcome the limitation of our nested, two-to-N party con-
struction, obtaining HSS and/or DPFs for a super-constant number of parties. Firstly, for
functions where the degree d is constant, we can adopt a committee-based approach. The
idea is that, since in the expansion of (y1 + · · · + yN )d, each monomial depends on at most
d variables, we can run an independent d-party semi-private HSS for each subset S ⊆ [N ] of
size at most d. This supports polynomially many parties N = poly(λ) as long as the degree
is d = O(1) (otherwise the number of committees blows up).

Additionally, by employing complexity leveraging techniques and relying on subexpo-
nential hardness of the underlying HSS scheme, the recursive approach can be run with up
to O(logλ/ log logλ) parties while supporting any d = poly(λ). Combining this with the
committee approach, we can alternatively support any N = poly(λ) and a super-constant
function degree.

The resulting tradeoffs and their implications for multi-party DPFs are summarized in
Table 1.

3 Preliminaries
Notation for additive shares. If S ⊆ [n] is a non-empty set of parties, we use the
notation 〈x〉S to signify that the value x is split into |S| additive shares. For each i ∈ S,
we further use the notation 〈x〉(i)S to denote party i’s share of x. Note that the relation
x =

∑
i∈S 〈x〉

(i)
S will, depending on the context, either hold over Z or only over an additive

subgroup of Z.

3.1 Homomorphic Secret Sharing

A Homomorphic Secret Sharing (HSS) scheme allows for one or more secret values to
be shared (usually not additively) while supporting the local evaluation of functions on
the shares (usually resulting in additive “post-homomorphism” output shares). Recent
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works [MORS25] have shown that the homomorphic expressivity can be extended signifi-
cantly if we relax input privacy, and require that each of the inputs is known to exactly
one of the parties: we refer to such inputs as semi-private (note that the joint evaluation of
multiple semi-private inputs is typically known to no party).

The main construction of this paper is a somewhat generic reduction from two-party semi-
private HSS for some class to d-party semi-private HSS for some related class. However, there
is no unified definition capturing all known variants of HSS (with or without setup, secret-key
or public-key, staged/offline-online or not…) which can be lifted from the two-party setting
to the multiparty setting using this technique. We therefore focus our efforts on exemplify
to usefulness of our reduction in two extremes cases:

1. “Low-end” HSS. We put forward a first definition (Definition 5), which is as weak
as possible2 while still allowing the resulting d-party HSS to imply d-DPFs. We posit
such minimality should help simplify the exposition, and make it easier for future
constructions to instantiate the required 2-HSS (even if it means the resulting d-HSS
is weakened in the same way).

2. “High-end” HSS. We put forward a second definition (Definition 22), which addi-
tionally captures some of the properties satisfied by Meyer, Orlandi, Roy, and Scholl’s
[MORS25] construction of 2-HSS. These extra properties yield a much stronger form
of d-HSS and, in turn, of d-DPF.

The body of this paper is dedicated to the “low-end” HSS (hereafter, simply “HSS” by
default), and we refer to the appendix for explanations on how our transforms can be adapted
to “high-end” HSS. Specifically, “low-end” HSS is defined in Section 3.1.1, “low-end” semi-
private HSS in Section 3.1.2, “high-end” (private) HSS in Appendix A.1, and “high-end”
semi-private HSS in Appendix A.2.

Admissible inputs. An annoying technicality plaguing many known constructions of HSS
(including the ones presented in this paper) is that correctness of reconstruction is only
guaranteed provided we compute on small enough values. Most notably, many group-based
schemes use a “B-bounded” model of computation, where we must ensure that every in-
termediary value computed (e.g. by an addition or a multiplication) in the course of the
homomorphic evaluation must remain below a certain bound B. The generally agreed upon
solution is to embed our computation in a much larger ring, and restrict ourselves to small
enough inputs that the value of every computation gate is bounded. This solution affects
little beyond the scheme’s rate and concrete efficiency, and we therefore adopt it in this
paper.

A class of computations C may come with, for each C ∈ C, a set of C-admissible inputs,
i.e. a subset of the domain of C on which correctness is required to hold. Typical examples
are the B-bounded inputs of integer computations (Theorem 12), and the restriction of every
input to a subset S ⊆ R of the ring (Definition 8). Unless specified otherwise, every input
is admissible. Admissibility only restricts correctness: security (in all four definitions below)
is required for all inputs in the domain, since the corrupted parties’ inputs are handed to
the simulator anyway and an honest party’s input should remain hidden even if it is not
admissible.

2This informal statement should not be taken for a claim of minimality in the foundational sense.
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3.1.1 (Private) HSS.

In this section we define what is arguably one of the most bare-bones forms of homomorphic
secret sharing.

Definition 4 (HSS). Let ` ∈ N r {0, 1} be a number of parties. Let R = R(λ) be a ring,
and let n ∈ poly(λ) be an input size. An `-party additive HSS scheme supporting a class
of computations C ⊆ Rn → R is a pair of polynomial-time algorithms HSS = (Share,Eval),
where Share is probabilistic but Eval is deterministic3, with the following syntax:

• HSS.Share(1λ, (y1, . . . , yn)) : On input the security parameter 1λ and an n-tuple of
inputs (y1, . . . , yn) ∈ Rn, the input sharing algorithm Share outputs an `-tuple of
input shares ((y

(1)
1 , . . . , y

(1)
n ), . . . , (y

(`)
1 , . . . , y

(`)
n )).

• HSS.Eval(j, (x(j)1 , . . . , x
(j)
n ), C) : On input a party index j, an input share (x

(j)
i )i∈[n],

and a supported evaluation circuit C ∈ C, the homomorphic evaluation algorithm Eval
returns the jth output share y(j) ∈ R.

We additionally require that HSS satisfy the following notion of correctness, and one of the
two notions of security. If it only satisfies the relaxed notion of semi-private security, we say
HSS is a semi-private HSS scheme.

• Correctness. For any sufficiently large λ ∈ N, for any circuit C ∈ C, any C-admissible
inputs (x1, . . . , xn) ∈ Rn,

Pr
[
y = C(x1, . . . , xn) : y

$← ExpHSS
corr (1

λ, x1, . . . , xn)
]
≥ 1− negl(λ)

where ExpHSS
corr is defined in Fig. 2.

• Security. There exists a p.p.t. algorithm Sim (a simulator) such that, for every set
of corrupted parties Z ( [`] and for any inputs (x1, . . . , xn) ∈ Rn (admissible or
not), the output of the experiments RealZ and IdealZ (Fig. 3) are computationally
indistinguishable.

Experiment ExpHSS
corr

ExpHSS
corr (1

λ, x1, . . . , xn) : // Correctness Experiment

1. ((x
(1)
1 , . . . , x

(1)
n ), . . . , (x

(`)
1 , . . . , x

(`)
n ))

$← Share(1λ, (x1, . . . , xn))

2. For j ∈ [`], z(j) ← Eval(j, (x(j)1 , . . . , x
(j)
n ), C)

3. Output z ←
∑

j∈[`] z
(j)

Figure 2: Correctness of the notion of HSS of Definition 4

3Following the convention that Eval should be deterministic is more convenient in settings such as this
paper’s, where Eval is itself evaluated homomorphically in a recursive fashion.
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Experiment RealZ and IdealZ

RealZ(1λ, x1, . . . , xn) : // Security: Real World

1. ((x
(1)
1 , . . . , x

(1)
n ), . . . , (x

(`)
1 , . . . , x

(`)
n ))

$← Share(1λ, (x1, . . . , xn))

2. Output (x
(j)
1 , . . . , x

(j)
n )j∈Z

IdealZ(1λ, n) : // Security: Ideal World

Output Sim(1λ,Z, n)

Figure 3: Experiments for security in the notion of HSS of Definition 4

3.1.2 Semi-private HSS.

We use HSS with a relaxed notion of privacy: each of the shared values need only be private
from all-but-one parties.

Definition 5 (Semi-private HSS). Let ` ∈ Nr {0, 1} be a number of parties. Let R = R(λ)
be a ring and n1, . . . , n` ∈ poly(λ). An `-party semi-private additive HSS scheme supporting
a class of computations C ⊆ Rn1 × · · · × Rn` → R is a pair of polynomial-time algorithms
HSS = (Share,Eval), where Share is probabilistic but Eval is deterministic, with the following
syntax:

• HSS.Share(1λ, (y1, . . . , y`)) : On input the security parameter 1λ and an `-tuple of semi-
private inputs (y1, . . . , y`) ∈ Rn1 × · · · ×Rn` , the semi-private input sharing algorithm
Share outputs an `-tuple of input shares ((y

(1)
1 , . . . , y

(1)
` ), . . . , (y

(`)
1 , . . . , y

(`)
` )).

• HSS.Eval(j, (x(j)1 , . . . , x
(j)
` ), C) : On input a party index j, an input share (x

(j)
i )i∈[`],

and a supported evaluation circuit C ∈ C, the homomorphic evaluation algorithm Eval
returns the jth output share y(j) ∈ R.

We additionally require correctness and semi-private security, as follows.

• Correctness. For any sufficiently large λ ∈ N, for any circuit C ∈ C, any C-admissible
inputs (x1, . . . , x`) ∈ Rn1 × · · · × Rn` ,

Pr
[
y = C(x1, . . . , x`) : y

$← ExpHSS
corr (1

λ, x1, . . . , x`)
]
≥ 1− negl(λ)

where ExpHSS
corr is defined in Fig. 4.

• Semi-Privacy. There exists a p.p.t. algorithm Simsp (a simulator) such that, for
every set of corrupted parties Z ⊆ [`] and for any inputs (x1, . . . , x`) ∈ Rn1 × · · · ×
Rn` (admissible or not), the output of the experiments RealspZ and IdealspZ (Fig. 5) are
computationally indistinguishable.
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Experiment ExpHSS
corr

ExpHSS
corr (1

λ, x1, . . . , x`) : // Correctness Experiment

1. ((x
(1)
1 , . . . , x

(1)
` ), . . . , (x

(`)
1 , . . . , x

(`)
` ))

$← Share(1λ, (x1, . . . , x`))

2. For j ∈ [`], z(j) ← Eval(j, (x(j)1 , . . . , x
(j)
` ), C)

3. Output z ←
∑

j∈[`] z
(j)

Figure 4: Correctness of the notion of HSS of Definition 5

Experiment RealspZ and IdealspZ

RealspZ (1λ, x1, . . . , x`) : // Semi-privacy: Real World

1. ((x
(1)
1 , . . . , x

(1)
` ), . . . , (x

(`)
1 , . . . , x

(`)
` ))

$← Share(1λ, (x1, . . . , x`))

2. Output (x
(j)
1 , . . . , x

(j)
` )j∈Z

IdealspZ (1λ, (ni)i∈[`], (xj)j∈Z) : // Semi-privacy: Ideal World

Output Simsp(1λ,Z, (ni)i∈[`], (xj)j∈Z)

Figure 5: Experiments for semi-private security in the notion of HSS of Definition 5

3.2 Waring Rank

A function has polynomially bounded Waring rank if it can be expressed as the sum of at most
polynomially many powers of linear functions, and has polynomial degree. As demonstrated
by [BMO+25], such a decomposition can prove useful when evaluating a function in HSS.

Definition 6 (Waring Rank and its variants). Let R be a commutative ring and let
f ∈ R[X1, . . . , XN ] be a polynomial of degree d ∈ N. In the following, let f1, . . . , fr ∈
R[X1, . . . , XN ] denote affine functions4 and α1, . . . , αr ∈ R.

• The Waring rank of f is defined to be the smallest integer r ∈ N such that there exist
affine functions f1, . . . , fr and coefficients α1, . . . , αr satisfying

f(X1, . . . , XN ) =

r∑
i=1

αi (fi(X1, . . . , XN ))d.

We will refer to the set {(f1, α1), . . . , (fr, αr)} as a Waring decomposition of f of rank
r.

• The Mixed-degree Waring rank of f is defined to be the smallest integer r ∈ N such
4We allow affine (instead of linear) functions here because we are concerned with representing inhomoge-

neous polynomials.
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that there exist affine functions f1, . . . , fr and coefficients α1, . . . , αr satisfying

f(X1, . . . , XN ) =

r∑
i=1

αi (fi(X1, . . . , XN ))di , where each 0 ≤ di ≤ d.

We will refer to the set {(f1, d1, α1), . . . , (fr, dr, αr)} as a Mixed Waring decomposition
of f of rank r.

Remark 7 (Waring decompositions over rings). The Waring decompositions of [BMO+25] are
stated over the field Q. However, any such decomposition whose coefficients have denomi-
nators that are invertible in R yields (by mapping each coefficient to R) a decomposition
over R of the same rank and with the same exponents di. In this paper we only ever divide
by integers at most d, so they are valid over any commutative ring in which 1, . . . , d are
invertible, e.g. any field of characteristic 0 or greater than d.

4 From two-party to multiparty semi-private HSS
In this section, we define the class of “`-split functions” C` (Definition 8), then provide
(in Fig. 6) a recursive construction of `-party semi-private HSS for C`. Roughly speaking,
functions in C` have ` inputs, and output the product of ` functions, each applied to a
different input. While the first input’s function may be computed by an arbitrary polynomial-
size arithmetic circuit, all of the other functions must be computed by a logarithmic-depth
arithmetic circuit (or equivalently, by a Restricted-Multiplication Straight-line program, or
RMS [BGI16a, Definition 3.1]).
In Section 4.1, we provide the generic reduction, and in Section 4.2 we show that the starting
point (i.e. the two-party semi-private HSS) can be instantiated from DCR or class groups.

4.1 The reduction from two-party to multiparty

Definition 8 (Split functions). Let R be a ring, let ` ∈ N, and let n1, . . . , n` ∈ N. We define
the class of `-split functions C` as follows:

C` :=
{
Rn1 × · · · × Rn` → R
(x1, x2, . . . , x`) 7→ f1(x1)f2(x2) · · · f`(x`)

∣∣∣∣ f1 ∈ P
f2, . . . , f` ∈ RMS

}
where P is the class of all polynomial-size R-arithmetic circuits (of arbitrary degree), and
RMS denotes the class of restricted-multiplication straight-line programs [BGI16a, Defini-
tion 3.1] over R. We sometimes further parameterise CN by specifying a finite subset S ⊆ R
of admissible inputs (in the sense of Section 3.1). It should then be understood that the
admissible inputs for a function in CN are restricted to Sn1 × · · · × SnN .

N-HSS

// N -party semi-private HSS (as per Definition 5) for the class CN (Definition 8), as
parameterised by input sizes n1, . . . , nN

Requires:

• The classes C2, CN−1, and CN should all be parameterised by the same subset S ⊆
R of admissible inputs, or by none at all. If S is defined, we require {0R, 1R} ⊆ S,
so that the encoded shares w̃i below are admissible inputs of HSS2,i.
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• HSSN−1 = (ShareN−1,EvalN−1) is a (N − 1)-party semi-private HSS (as per
Definition 5) for the class CN−1 (Definition 8), as parameterised by input sizes
n1, . . . , nN−1 .

• For i ∈ [N − 1], let Mi(λ) be a polynomial upper bound on the bit length of the
ith share output by ShareN−1(1

λ, ·) when run on admissible inputs, and let Li(λ)
be a polynomial upper bound on the bit length of the output of EvalN−1(i, ·, ·)
(both exist since these algorithms run in polynomial time). Set mi := Mi, let
Encodei : {0, 1}Mi → Rmi , (b1, . . . , bMi) 7→ (b1 · 1R, . . . , bMi · 1R) be the one-bit-
per-ring-element encoding, and let Decodei : {0R, 1R}Mi → {0, 1}Mi be its inverse.
Finally, fix constants ρi,1, . . . , ρi,Li ∈ R such that every output y of EvalN−1(i, ·, ·)
has a binary representation (b1, . . . , bLi) ∈ {0, 1}Li with y =

∑
k∈[Li]

bk ρi,k (e.g.
ρi,k = 2k−1 for R = Z or Zp, and ρi,k = 2k

′
Eu,v for a matrix ring, where Eu,v is a

matrix unit and k′ the position of the bit within the entry).

• For i ∈ [N − 1], HSS2,i = (Share2,i,Eval2,i) is a 2-party semi-private HSS (as
per Definition 5) for the class C2 (Definition 8), as parameterised by input sizes
mi, nN .

• For i ∈ [N − 1], gi : Rmi → R is the R-arithmetic circuit obtained as fol-
lows. Let Ci : {0, 1}Mi → {0, 1}Li be a boolean circuit computing X 7→
EvalN−1(i,Decodei(X), (f1, . . . , fN−1)), with the output written in binary as
above. Emulate each gate of Ci arithmetically (¬a 7→ 1R − a, a ∧ b 7→ ab,
a⊕b 7→ a+b−2ab) and output

∑
k∈[Li]

ρi,k ·Ci(X)k. On inputs in {0R, 1R}mi every
wire of the emulation is 0R or 1R, so gi(Encodei(s)) = EvalN−1(i, s, (f1, . . . , fN−1))
for all s ∈ {0, 1}Mi . Note that gi ∈ P: it has polynomial size, and no degree re-
striction applies.

HSSN .Share(1λ, ~x = (x1, . . . , xN )) :

1. (w1, . . . , wN−1)
$← ShareN−1(1

λ, (x1, . . . , xN−1))

2. For i ∈ [N − 1], w̃i ← Encodei(wi)

3. For i ∈ [N − 1], (zi,1, zi,2) $← Share2,i(1λ, (w̃i, xN ))

4. For i ∈ [N − 1], sharei ← zi,1

5. shareN ← (zj,2)j∈[N−1]

6. Output (share1, . . . , shareN )

HSSN .Eval(i, sharei, (f1, . . . , fN )) :

1. If i ∈ [N − 1]:
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(a) Parse sharei = zi,1

(b) yi ← Eval2,i(1, zi,1, (gi, fN )) // gi is defined in “Requires”, above.

// yi = 〈〈f1(x1) · · · fN−1(xN−1)〉(i)[N−1]fN (xN )〉
(i)

{i,N}

2. If i = N :

(a) Parse sharei = (zj,2)j∈[N−1]

(b) For j ∈ [N − 1]:
yN,j ← Eval2,j(2, zj,2, (gj , fN )) // gj is defined in “Requires”, above.

// yN,j = 〈〈f1(x1) · · · fN−1(xN−1)〉(j)[N−1]fN (xN )〉
(N)

{j,N}

(c) yN ←
∑

j∈[N−1] yN,j

3. Output yi

Figure 6: Semi-private N -HSS for CN from semi-private (N − 1)-HSS for CN−1 and semi-
private 2-HSS for C2.

Theorem 9. If its requirements are met, then the construction of Fig. 6 is an N -party
semi-private HSS (as per Definition 5) for the class CN (Definition 8), as parameterised by
input sizes n1, . . . , nN . Moreover, if

• SN (s1, . . . , sN ) (resp. SN−1(s1, . . . , sN−1), resp. S2(s1, s2)) denotes the size of the shares
output by HSSN .Share (resp. HSSN−1.Share, resp. HSS2.Share) when run on inputs in
Rs1 × · · · × RsN (resp. Rs1 × · · · × RsN−1, resp. Rs1 ×Rs2),

• CCN (s1, . . . , sN ) (resp. CCN−1(s1, . . . , sN−1), resp. CC2(s1, s2)) denotes the size of the
smallest boolean circuit computing HSSN .Eval (resp. HSSN−1.Eval, resp. HSS2.Eval)
when run on functions of size (s1, . . . , sN ) (resp. (s1, . . . , sN−1), resp. (s1, s2)),

then {
SN (s1, . . . , sN ) = O(N · S2(SN−1(s1, . . . , sN−1), sN ))

CCN (s1, . . . , sN ) = O(N · CC2(CCN−1(s1, . . . , sN−1), sN ))

Proof. The stated efficiency metrics follow from inspection of the protocol. We focus our
efforts on proving correctness and semi-privacy.

• Correctness. Let (x1, . . . , xN ) ∈ Rn1 × · · · ×RnN (or alternatively let (x1, . . . , xN ) ∈
Sn1×· · ·×SnN if the classes C2, CN−1, and CN are all parameterised by the same subset
S ⊆ R defining a set of admissible inputs). Consider the probability experiment of
ExpHSS

corr (1
λ, x1, . . . , xN ):

1. (sharei)i∈[N ]
$← Share(1λ, (x1, . . . , xN ))

2. For i ∈ [N ], yi ← Eval(i, sharei, (f1, . . . , fN ))

3. Output y ←
∑

i∈[N ] yi

Further consider the random variables (wi, w̃i, zi,1, zi,2)i∈[N−1] obtained by inlining the
definition of Share in the above experiment, identifying the algorithmic variables of
Share with random variables defined over the experiment’s probability space. Similarly,
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consider the random variables (yN,j)j∈[N−1] obtained by inlining the definition of Eval.
Consider the following events:

(i ∈ [N − 1]) Ai : “yi + yN,i = gi(w̃i) fN (xN )”

E : “
∑N−1

i=1 EvalN−1(i, wi, (f1, . . . , fN−1)) = f1(x1) . . . fN−1(xN−1)”

Note that each of the Ai (i ∈ [N − 1]) holds with all but negligible probability
by correctness of HSS2,i (its input (w̃i, xN ) is admissible: w̃i ∈ {0R, 1R}mi ⊆ Smi

by the requirement {0R, 1R} ⊆ S, and xN ∈ SnN ), and that E holds with all
but negligible probability by correctness of HSSN−1. Therefore, by a union bound
Pr[E ∩

⋂N−1
i=1 Ai] ≥ 1− negl(λ). Observe, via the following equation, that Pr[

∑
i∈[N ]

yi =

f1(x1) · · · fN (xN )|A1, . . . , AN−1, E] = 1:∑
i∈[N ]

yi =
∑

i∈[N−1]

(yi + yN,i)

=
∑

i∈[N−1]

gi(w̃i) fN (xN ) // we conditioned on (Ai)
N−1
i=1

=
∑

i∈[N−1]

EvalN−1(i, wi, (f1, . . . , fN−1)) fN (xN )

// w̃i = Encodei(wi) ∈ {0R, 1R}mi , so by construction of gi
// gi(w̃i) = EvalN−1(i,Decodei(w̃i), ·) = EvalN−1(i, wi, ·)

=

( ∑
i∈[N−1]

EvalN−1(i, wi, (f1, . . . , fN−1))

)
fN (xN )

= f1(x1) · · · fN (xN ) // we conditioned on E

By the chain rule, Pr[
∑

i∈[N ]

yi = f1(x1) · · · fN (xN )] ≥ 1− negl(λ), hence correctness.

• Semi-Private Security. Let us show that the simulator of Fig. 7 satisfies the notion
of semi-privacy from Definition 5. Let Z ⊆ [N ] be a set of corrupted parties. If N ∈ Z,
consider the following sequence of hybrids:

1. Real world: This is the experiment RealspZ of Fig. 5. In particular, note that RealZ
contains the instructions “For i ∈ [N − 1], (zi,1, zi,2) $← Share2,i(1λ, (w̃i, xN ))”.

2. Hybrid H1,i for i ∈ [N − 1] ∩ Z: In this hybrid, the instruc-
tion “(zi,1, zi,2) $← Share2,i(1λ, (w̃i, xN ))” is replaced with “(zi,1, zi,2) $←
Sim2,i(1

λ,Zi, (mi, nN ), (w̃i, xN ))”. This hybrid is indistinguishable from the pre-
vious one by semi-private security of HSS2, invoked with respect to corrupted
parties {i,N}.

3. Hybrid H2,i for i ∈ [N − 1]rZ: In this hybrid, the instruction “(zi,1, zi,2) $←
Share2,i(1λ, (w̃i, xN ))” is replaced with “zi,2 $← Sim2,i(1

λ,Zi, (mi, nN ), xN )”. This
hybrid is indistinguishable from the previous one by semi-private security of HSS2,
invoked with respect to corrupted parties {N}.

4. Hybrid H3: Note that the previous hybrid contains “(w1, . . . , wN−1)
$←

ShareN−1(1
λ, (x1, . . . , xN−1))”. In this hybrid, it is replaced with “(wj)j∈Z<N

$←
SimN−1(1

λ,Z<N , (ni)i∈[N−1], (xj)j∈Z<N
)”. This hybrid is indistinguishable from

the previous one by semi-private security of HSSN−1, invoked with respect to
corrupted parties [N − 1] ∩ Z.
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5. Ideal world: This is the experiment IdealspZ of Fig. 5. It is code-equivalent to
hybrid H3.

If N /∈ Z, consider the following sequence of hybrids:

1. Real world: This is the experiment RealspZ of Fig. 5. In particular, note that RealZ
contains the instructions “For i ∈ [N − 1], (zi,1, zi,2) $← Share2,i(1λ, (w̃i, xN ))”.

2. Hybrid H1: In this hybrid, we simply remove all the instructions “(zi,1, zi,2) $←
Share2,i(1λ, (w̃i, xN ))” for i ∈ [N − 1] \ Z. Since these lines are never used (as
neither party i nor party N is corrupted in this case), hybrid H1 is perfectly
indistinguishable from the real world.

3. Hybrid H2,i for i ∈ Z: The line “(zi,1, zi,2) $← Share2,i(1λ, (w̃i, xN ))” is re-
placed with “zi,1 $← Sim2,i(1

λ,Zi, (mi, nN ), w̃i)”. This hybrid is indistinguishable
from the previous one by semi-private security of HSS2, invoked with respect to
corrupted parties {i}.

4. Hybrid H3: Note that the previous hybrid contains “(w1, . . . , wN−1)
$←

ShareN−1(1
λ, (x1, . . . , xN−1))”. In this hybrid, it is replaced with “(wj)j∈Z<N

$←
SimN−1(1

λ,Z<N , (ni)i∈[N−1], (xj)j∈Z<N
)”. This hybrid is indistinguishable from

the previous one by semi-private security of HSSN−1, invoked with respect to
corrupted parties [N − 1] ∩ Z (i.e. Z).

5. Ideal world: This is the experiment IdealspZ of Fig. 5. It is code-equivalent to
hybrid H3.

Simulator SimN

Requires:

– SimN inherits the requirements of HSSN

– SimN−1 is a simulator for HSSN−1 with respect to corrupted parties Z<N :=
Z ∩ [N − 1].

– For i ∈ [N − 1], Sim2,i is a simulator for HSS2 with respect to corrupted
parties Zi := Z ∩ {i,N}.

Simulation: On input (1λ,Z, (ni)i∈[N ], (xj)j∈Z):

1. (wj)j∈Z<N

$← SimN−1(1
λ,Z<N , (ni)i∈[N−1], (xj)j∈Z<N

)

2. For j ∈ Z<N , w̃j ← Encodej(wj)

3. If N ∈ Z:

(a) For i ∈ Z<N :
(zi,1, zi,2)

$← Sim2,i(1
λ,Zi, (mi, nN ), (w̃i, xN ))

(b) For i ∈ [N − 1]r Z<N :
zi,2

$← Sim2,i(1
λ,Zi, (mi, nN ), xN )

(c) For i ∈ Z<N , sharei ← zi,1

(d) shareN ← (zi,2)i∈[N−1]
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(e) Output (sharei)i∈Z

4. If N /∈ Z:

(a) For i ∈ Z<N :

zi,1
$← Sim2,i(1

λ,Zi, (mi, nN ), w̃i)

(b) For i ∈ Z<N , sharei ← zi,1

(c) Output (sharei)i∈Z

Figure 7: Simulator SimN for the construction of Fig. 6.

Definition 10 (HSS overhead). Let HSS2 be a two-party semi-private HSS scheme over
some ring R. As in Theorem 9:

• S2(s1, s2) denotes the size of the shares output by HSS2.Share when run on inputs in
Rs1 ×Rs2 .

• CC2(s1, s2) denotes the size of the smallest boolean circuit computing HSS2.Eval.

We say that HSS2 has sharing overhead α and computation overhead β (which may depend
on the security parameter, but not on the input size or the number of gates in the function)
if

S2(s1, s2) ≤ α · s1 +O(poly(λ) · s2)
CC2(s1, s2) ≤ β · s1 +O(poly(λ) · s2).

Corollary 11 (Multiparty semi-private HSS from semi-private two-party HSS). Assume
the existence of a two-party semi-private HSS (as per Definition 5) HSS2 for the class C2
(Definition 8) for every input sizes n1, n2 ∈ N, with sharing overhead α ≥ 1 and computation
overhead β ≥ 1 (Definition 10). Then, for every N ∈ N such that (max(α, β) ·N)N ≤ poly(λ)
(which in particular is satisfied when (1) N = O(1) and α, β ≤ poly(λ), or (2) when N ≤
logλ/ log logλ and α, β ≤ polylog(λ)), there exists a N -party semi-private HSS HSSN for the
class CN . Moreover,

• HSSN outputs shares of size poly(λ)2O(N)(αN)N
∑

i∈[N ] ni;

• HSSN .Eval has computational complexity poly(λ)2O(N)(βN)N
∑

i∈[N ] |fi|.

Proof sketch. HSSN is obtained by applying the construction of Fig. 6 recursively N−2 times,
starting from HSS2; correctness and semi-privacy follow from Theorem 9 by a straightforward
hybrid argument, and the efficiency bounds follow by unrolling the recurrence of Theorem 9.
The full proof is given in Appendix C.1.

4.2 Instantiations from DCR and Class Groups

Recent work on HSS and succinct garbling has constructed semi-private 2-party HSS for B-
bounded integers. This was formulated explicitly in [MORS25], who gave a construction from
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DCR. While [ILL25a] do not formulate semi-private HSS explicitly, they use it in their CPRF
for circuits, which they build from either DCR, or DDH and small exponents over a NIDLS
group [ADOS22] (which includes instantiations from class group). In these constructions,
every gate being emulated requires O(1) exponentiations and distributed discrete logarithms
over a group GG large enough to fit both the plaintext (an integer up to B) and some extra
O(K) bits for encryption overhead, where K is the key size. Each of these operations can
be done with a polynomial-sized circuit.

Theorem 12 ([MORS25,ILL25a]). Assuming either DCR, or DDH and small exponents over
a NIDLS group, there exists a 2-party semi-private HSS for B-bounded integer computation
(R = Z, a set S ⊆ Z of admissible inputs, and C the class of B-bounded split functions, i.e.
those all of whose wires have absolute value at most B on every input in Sn1 × Sn2) with
overhead α = β = poly(K + logB) (Definition 10), where K is the bit size of the secret key.

In [MORS25, ILL25a] the bound B is stated per input rather than per circuit (an input is
admissible for a circuit if no wire exceeds B on it); restricting the class as above is the special
case we need, and it is the form of admissibility that Definition 8 expresses, as required by
the recursion of Theorem 9. This covers the case where R contains scalars. However, we’d
like to use the extra power of split functions over matrices R = Zt×t. This can be built on
top of Theorem 12, but one must take care about the efficiency.

Theorem 13. Assuming either DCR, or DDH and small exponents over a NIDLS group,
there exists a 2-party semi-private HSS for B-bounded split functions on an admissible set
S ⊆ Zt×t, as in Theorem 12 but over R = Zt×t instead of R = Z. It again has overhead
α = β = poly(K + logB), where the sizes of Definition 10 are counted in scalar operations
over Z: an input in Zt×t counts t2, a multiplication of two general matrices counts t3, and
a multiplication in which one operand has a single nonzero entry counts at most t2.

Proof. The obvious approach is to split each value in the split circuit into t2 entries, build an
arithmetic circuit over Z out of them, and run the computation inside Theorem 12. However,
this introduces an extra factor of t3 into the overhead, for all the matrix multiplications.
Instead, we use an optimising circuit compiler that tries to notice when the matrices are
being used to emulate a boolean circuit, as happens when evaluating Ci in Figure 6, which is
the bulk of the computation of the construction. In particular, it notices when multiplications
by constants force a matrix to have at most 1 nonzero entry, and then just represents the
matrix as a scalar from then on. With the encoding of Fig. 6 (one bit per ring element), the
semi-private input of Ci consists of matrices with a single entry in {0, 1}, every wire of the
arithmetic emulation of Ci is again such a matrix, and the final recombination

∑
k ρkCi(X)k

multiplies these by constants with a single nonzero entry. This is exactly the situation the
compiler detects, so the emulation costs O(t2) scalar operations per gate and never a t3

product.

If we assume standard polynomial security, we must set K = poly(λ), which means polyno-
mial 2-party HSS overhead. If instead we assume subexponential security, then we can set
K = polylog(λ) and get significantly lower overhead.

Corollary 14. Assuming DCR, or DDH and small exponents over a NIDLS group, there
is a N -party semi-private HSS for R = Zt×t for B-bounded split functions on an admissible
set S ⊆ Zt×t ( i.e. split functions all of whose wires stay bounded by B on Sn1 × · · · × SnN ),
where B ≤ 2poly(λ) under polynomial security and B ≤ 2polylogλ under subexponential security.
When assuming only polynomial security, this holds when N = O(1), and the scheme has
computation and key size overhead poly(λ)N . When assuming subexponential security, this
holds when N ≤ logλ/ log logλ, and the scheme has computation and key size overhead
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poly(λ) ·2O(N(logN+log logλ)), which is poly(λ) in this regime. Both overheads are independent
of t when sizes are counted as in Theorem 13. If we instead count the number of matrix gates
of the split function, we need to add a multiplicative factor tO(1) (but importantly, not tO(N)),
since the bound of Corollary 11 is linear in the input and function sizes and the recursion of
Fig. 6 only ever emulates boolean circuits. The above also holds when R is set to a quotient
ring of Zt×t, though the admissible set S and the wire bound B are still understood over Zt×t,
before reduction.

Proof. Plug the two party HSS from Theorem 13 into Corollary 11. In both regimes (namely
polynomial security and subexponential security) the bound on B was chosen so that logB
is absorbed by K in the overhead α = β = poly(K+ logB) of Theorem 13, which is therefore
poly(λ) in the polynomial regime, and polylog(λ) in the subexponential regime. The recursion
itself preserves B-boundedness on S up to a polynomial factor: the emulation circuits gi of
Fig. 6 have all wires in {0, 1} except the final recombination, whose value has at most Li

bits, so the split functions handed to HSS2 at each level are bounded by max(B, 2Li); since
the Li are polynomial, this is absorbed in the choice of B in both regimes. If R is a quotient
of Zt×t, have each party quotient its output share locally as a final step.

As one final extension, we show a way of removing the bound on B, for those parameter
regimes of the constructions in the next section (which are very algebraic in nature) in which
the numbers get too big for Corollary 14 (see Remark 18).

Corollary 15. Assuming DCR, or DDH and small exponents over a NIDLS group, there is
a N -party semi-private HSS for R = Zt×t (or a quotient ring thereof) for split functions (but
with NC1 instead of RMS for input after the first) with admissible inputs S = {0R, 1R} ( i.e.
party i’s input ranges over {0R, 1R}ni). The assumptions, N limitations, and overheads are
as in Corollary 14.

Proof. Let ` be an upper bound on the bit length of all fi,j,k(xi) (the (j, k)th entry of party
i’s matrix). Convert each fi,j,k(xi) into a function outputting a polynomial f̂i,j,k(xi)(t),
where f̂i,j,k(xi)(2) = fi,j,k(xi) and all coefficients of fi,j,k are in {0, 1}. Essentially, the
coefficients of f̂i,j,k(xi) are the bit decomposition of fi,j,k(xi).5 Represent each f̂i,j,k as an
(` · N) × (` · N) Toeplitz matrix F̂i,j,k, such that multiplying the matrices corresponds to
multiplying the polynomials. Now put the F̂i,j,k together as blocks of t · ` · N × t · ` · N
matrices, and run Corollary 14. Note that this process leads to a B-bounded split function,
where B = O((t · ` ·N)N ), i.e. logB = O(N log(t`N)). This is O(logλ) for N = O(1) and
O(log2 λ/ log logλ) for N ≤ logλ/ log logλ, so in both regimes B ≤ 2polylogλ as required by
Corollary 14. Finally, take the output shares, convert the Toeplitz submatrices back into
polynomials, then evaluate at 2.

5 From semi-private HSS to HSS
In this section, we show how to upgrade the semi-private n-party HSS of Section 4 to
private n-party HSS (Definition 4), at the cost of restricting the function class. We capture
functions with polynomially bounded degree d and mixed Waring rank r (Definition 6), i.e.
functions of the form f =

∑r
j=1 αjf

dj
j with the fj affine and dj ≤ d. The idea is to express

f(x(1) + · · ·+ x(n)), where the (x(i))i∈[n] are additive shares of the input, as a split function
(Definition 8) of the shares. We provide two possible ways of doing so, each one optimising
for a different parameter:

5This bit decomposition is why we want the functions fi to be defined using NC1 instead of as RMS
programs.
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• Any degree, restricted number of parties. In Section 5.1, we use a single n-party semi-
private HSS for Cn over the matrix ring R(d+1)×(d+1): each fj(x)

dj is recovered as an
entry of a product of n matrices, one per share. This handles any polynomial degree
d, but requires n-party semi-private HSS, and hence inherits the restriction on n of
Corollary 14 (Theorem 16, Remark 18).

• Any number of parties, restricted degree. In Section 5.2, we instead use k-party semi-
private HSS for Ck over R itself, for every “committee” of k ∈ [2,min(d, n)] parties. By
the multinomial theorem, every monomial of (

∑
i hi(x

(i)))dj involves at most dj of the
shares, and is computed by the committee of the parties it involves. This supports any
polynomial number of parties n, but only degree d = O(logλ/ logn), since the parties
must hold shares for all ∼ nd committees (Theorem 19).

Finally, in Section 5.3, we observe (following [BMO+25]) that point functions have polyno-
mially bounded degree and mixed Waring rank, so that either construction yields multiparty
distributed point functions.

5.1 From semi-private HSS for Cd to private HSS for functions of polyno-
mially bounded degree and (mixed) Waring rank

HSS

// n-party HSS (as per Definition 4) for the class of degree-d m-variate functions with
polynomially bounded Waring rank.

Requires:

• spHSS = (Sharesp,Evalsp) is an n-party semi-private HSS (Definition 5) for the
class Cn (Definition 8) as parameterised by (referring to the notations of Def-
inition 8) ` ← n, R ← R(d+1)×(d+1), n1, . . . , n` ← m, and admissible inputs
S ← scalar-to-matrix(R) := {scalar-to-matrix(x) : x ∈ R}. That is, each function
in Cn takes as input an element of (R(d+1)×(d+1))m × · · · × (R(d+1)×(d+1))m︸ ︷︷ ︸

n times

and

outputs an element of R(d+1)×(d+1), and its admissible inputs are those all of
whose matrices lie in scalar-to-matrix(R).

• scalar-to-matrix : R→ R(d+1)×(d+1) maps a scalar x to the (d+1)-by-(d+1) matrix
with x in position (0, 0), and 0 elsewhere.

HSS.Share(1λ, x = (x1, . . . , xm)) :

1. For i ∈ [2, n], x(i) = (x
(i)
1 , . . . , x

(i)
m )

$←Rm

2. x(1) ← x−
∑n

i=2 x
(i)

3. For i ∈ [n], Xi ← (scalar-to-matrix(x(i)j ))j∈[m]

4. (share1, . . . , sharen) $← spHSS.Sharesp(1λ, X1, . . . , Xn)

5. Output (share1, . . . , sharen)

HSS.Eval(i, sharei, f) :
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1. Parse the description of f so as to retrieve (f1, . . . , fr), (α1, . . . , αr), and
(d1, . . . , dr) such that f =

∑r
j=1 αjf

dj
j (c.f. Definition 6).

2. For j = 1, . . . , r:

(a) Wi,j ← spHSS.Evalsp(i, sharei, (gj,1, . . . , gj,n)),
where the (gj,` : (R(d+1)×(d+1))m →R(d+1)×(d+1))`∈[n] are defined as:

gj,`(Z = (Z1, . . . , Zm)):

1. z ← (Z1[0][0], . . . , Zm[0][0])

2. a←

{
fj(z)− fj(0Rm) if ` ∈ [2, n]

fj(z) if ` = 1

3. Output
((

j
i

)
aj−i

)
(i,j)∈[0,d]2

// Wi,j = 〈gj,1(X1) . . . gj,n(Xn)〉(i)[n]

(b) wi,j ← (1, 0, . . . , 0)︸ ︷︷ ︸
d+1

·Wi,j · (
dj︷ ︸︸ ︷

0, . . . , 0, 1,

d−dj︷ ︸︸ ︷
0, . . . , 0)>︸ ︷︷ ︸

d+1

// 〈(fj(x))dj 〉
(i)

[n]

(c) yi,j ← αj wi,j // 〈αj(fj(x))
dj 〉(i)[n] ← αj〈(fj(x))dj 〉

(i)

[n]

3. yi ←
∑r

j=1 yi,j // 〈f(x)〉(i)[n] ←
∑r

j=1 〈αj(fj(x))
dj 〉(i)[n]

4. Output yi

Figure 8: n-HSS for functions of polynomially bounded degree and mixed Waring rank, from
n-spHSS for Cn.

Theorem 16. Let R(λ) be a finite commutative ring. If its requirements are met, then the
construction of Fig. 8 is an n-party HSS (as per Definition 4) for the class of all functions
Rm →R with degree d and mixed-degree Waring rank (Definition 6) at most r.

Proof. • Correctness. We start by establishing a useful lemma.
For a ∈ R, define Ma :=

((
j
i

)
aj−i

)
(i,j)∈[0,d]2

(with the convention that
(
j
i

)
aj−i = 0

if i > j).

Lemma 17. For all (a1, . . . , an) ∈ Rn and for all d′ ∈ [0, d],

(1, 0, . . . , 0)︸ ︷︷ ︸
d+1

·Ma1 · · ·Man · (
d′︷ ︸︸ ︷

0, . . . , 0, 1,

d−d′︷ ︸︸ ︷
0, . . . , 0)>︸ ︷︷ ︸

d+1

= (a1 + · · ·+ an)
d′

Lemma 17 follows from a direct application of the binomial theorem, and is therefore
deferred to Appendix C.2.
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We now resume the proof of correctness. Recall that Xi = (scalar-to-matrix(x(i)k ))k∈[m],
so that step 1 of gj,i(Xi) recovers z = x(i). By correctness of spHSS, the following
equation holds with all but negligible probability∑n

i=1Wi,j = gj,1(X1) · · · gj,n(Xn)
= Mfj(x(1)) ·Mfj(x(2))−fj(0Rm ) · · ·Mfj(x(n))−fj(0Rm )

(1)

Conditioned on the above equation holding, note that∑n
i=1wi,j =

∑n
i=1(1, 0, . . . , 0) ·Wi,j · (0, . . . , 0, 1, 0, . . . , 0)

= (1, 0, . . . , 0) · (
∑n

i=1Wi,j) · (0, . . . , 0, 1, 0, . . . , 0)
= (fj(x

(1)) + fj(x
(2))− fj(0Rm) + · · ·+ fj(x

(n))− fj(0Rm))dj

where the last equation is obtained by applying Lemma 17. Because fj : Rm → R is
affine, fj − fj(0Rm) is linear. Therefore

∑n
i=1(fj(x

(i)) − fj(0Rm)) = fj(
∑n

i=1 x
(i)) −

fj(0Rm). It follows that fj(x
(1)) +

∑n
i=2(fj(x

(i)) − fj(0Rm)) = fj(
∑n

i=1 x
(i)) = fj(x).

In turn, still conditioning on Eq. (1) holding:∑n
i=1wi,j = (fj(x

(1)) + fj(x
(2))− fj(0Rm) + · · ·+ fj(x

(n))− fj(0Rm))dj

= (fj(
∑n

i=1 x
(i)))dj

= (fj(x))
dj

And finally

y =

n∑
i=1

yi =

n∑
i=1

r∑
j=1

yi,j =

r∑
j=1

αj

n∑
i=1

wi,j =

r∑
j=1

αj(fj(x))
dj = f(x) .

• Security. Let Simsp be a simulator (as per Fig. 5) for spHSS. Let Z ( [n] be the set
of corrupted parties (recall that Definition 4 only quantifies over Z ( [n], i.e. there is
at least one honest party). Then the (x(i))i∈Z are (in the real world) additive shares
of x ∈ Rm which hold no information about it. This means that the fact the (Xi)i∈Z
are semi-private inputs to spHSS does not jeopardise x. The simulator can therefore
sample (x(i))i∈Z

$← (Rm)Z , then set Xi ← (scalar-to-matrix(x(i)k ))k∈[m] for i ∈ Z, and
finally run (sharei)i∈Z $← Simsp(1λ,Z, (m, . . . ,m), (Xi)i∈Z).

Remark 18 (Instantiating the requirements of Fig. 8). Corollary 14 yields spHSS over a
quotient ring of Zt×t, but only for B-bounded computations, where B bounds every wire
of the computation lifted to Zt×t. We remark that Fig. 8 can meet this requirement for
R = Zp (with p > d prime, which is needed for the DPF application below) and t = d + 1,
so that R(d+1)×(d+1) is the quotient of Z(d+1)×(d+1) by p. The coordinates of the x(i) and the
coefficients of the affine functions fj are elements of Zp, which we view as elements of [0, p).
We in turn define the set of admissible inputs as matrices of the form scalar-to-matrix(x) for
x ∈ [0, p). Each gj,` is then evaluated over Z. Note that the scalar a of step 2 is bounded
by (m + 1)p2, and so the coefficients of Ma (the

(
v
u

)
av−u) are bounded by 2d

(
(m + 1)p2

)d.
Multiplying at most n of these (d+ 1)× (d+ 1) matrices yields a matrix whose coefficients
are at most (d+ 1)n−1

(
2d((m+ 1)p2)d

)n. Therefore all wires are bounded by B such that

logB = O
(
nd log(mp)

)
.

Thus the gj,` are B-bounded split functions on S = scalar-to-matrix([0, p)) in the sense of
Corollary 14. Since

∑
i∈[n] x

(i) ≡ x (mod p) and f has integer coefficients, reducing the
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output shares modulo p (as in the proof of Corollary 14) yields additive shares of f(x) over
Zp. In the polynomial hardness regime (i.e. n = O(1) and d,m, log p ≤ poly(λ)) this gives
B ≤ 2poly(λ), which Corollary 14 allows in that regime. In the subexponential hardness
regime, the corollary requires logB ≤ polylog(λ), hence d ≤ polylog(λ). Here, we use the
bit-decomposition variant of Corollary 15 (the inputs are now the bits of the x

(i)
j , and the

entries of Ma are computed in NC1 6) to support larger degrees. The same discussion applies
to Fig. 9, except that n replaced by the committee size |S| ≤ d.

5.2 An alternative, committee-based, construction

In this section, we provide an alternative way to build n-party HSS for m-variate functions
with mixed Waring rank r and degree d. As in Section 5.1, the starting point is the ob-
servation that if the input x ∈ Rm is additively secret-shared as x = x(1) + · · · + x(n) with
x(i) ∈ Rm,

f(x) =
r∑

j=1
αj ·

(
fj(x

(1) + · · ·+ x(n))
)dj

=
r∑

j=1
αj ·

( n−1∑
i=1

[fj(x
(i))− fj(0Rm)] + fj(x

(n))
)dj

If we denote hi,j(x
(i))← fj(x

(i))−(1−δi,n)fj(0Rm), the core problem is therefore to allow the
n parties to generate shares of (h1,j(x(1))+· · ·+hn,j(x

(n)))dj , where hi,j(x(i)) need not be kept
private from party i. The core observation of this section is that each of this polynomial’s
∼ ndj monomials depends on at most dj of the x(i). So if party i knows x(i), and the parties
hold semi-private HSS shares of (x(i))i∈S for every subset S of at least two and at most d
parties, the parties can generate shares of each of these monomials (and therefore, by linear
combinations, of f(x)): the monomials involving a single x(i) are computed locally by party
i, the others by the committee S of the parties they involve.

HSS

// n-party HSS (as per Definition 4) for the class of degree-d m-variate functions with
polynomially bounded mixed Waring rank – committee-based construction.

Requires:

• For each k ∈ [2,min(d, n)], spHSSk = (Sharesp
k ,Evalspk ) is a k-party semi-private

HSS (Definition 5) for the class Ck (Definition 8) over R, as parameterised by
input sizes n1, . . . , nk ← m.

• For S ⊆ [n] with elements s1 < · · · < s|S| and i ∈ S, rankS(i) ∈ [|S|] denotes the
rank of i in S (i.e. srankS(i) = i).

• For i ∈ [n] and an affine fj : Rm →R, hi,j : Rm →R denotes z 7→ fj(z)−fj(0Rm)
if i ∈ [n − 1], and hn,j := fj . // hi,j is linear for i < n, so

∑
i∈[n] hi,j(x

(i)) =

fj(
∑

i x
(i)).

HSS.Share(1λ, x = (x1, . . . , xm)) :

1. For i ∈ [2, n], x(i) $←Rm

2. x(1) ← x−
∑n

i=2 x
(i)

6Note that an iterated product of at most d integers of O(log(mp)) bits is in TC0 ⊆ NC1.
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3. For each S ⊆ [n] with 2 ≤ |S| ≤ min(d, n), (sharei,S)i∈S $←
spHSS|S|.Sharesp(1λ, (x(i))i∈S) // x(i) is the semi-private input of party rankS(i)
of spHSS|S|.

4. For i ∈ [n], set sharei ← (x(i), (sharei,S)S3i) // Party i receives x(i) in the clear; it
is semi-private to i in every committee anyway.

5. Output (share1, . . . , sharen)

HSS.Eval(i, sharei, f) :

1. Parse the description of f so as to retrieve (f1, . . . , fr), (α1, . . . , αr), and
(d1, . . . , dr) such that f =

∑r
j=1 αjf

dj
j (c.f. Definition 6).

2. Parse sharei as (x(i), (sharei,S)S3i)

3. For j = 1, . . . , r: // Compute 〈(fj(x))dj 〉
(i)

[n]

(a) If dj = 0: wi,j ← 1 if i = 1, and wi,j ← 0 otherwise. // f0
j = 1.

(b) Otherwise:

wi,j ← hi,j(x
(i))dj +

∑
S3i

2≤|S|≤dj

∑
~k∈[1,dj ]|S|

‖~k‖1=dj

(
dj

k1, . . . , k|S|

)
·

spHSS|S|.Evalsp
(
rankS(i), sharei,S , (gS,j,~k,1, . . . , gS,j,~k,|S|)

)
where, for S = {s1 < · · · < s|S|} and ` ∈ [|S|], g

S,j,~k,`
: Rm → R is the

arithmetic circuit computing z 7→ hs`,j(z)
k` .

// The first term is the S = {i} term of the multinomial expansion of
(
∑

i′∈[n] hi′,j(x
(i′)))dj ; party i computes it locally since it holds x(i). The

committees of size two or more supply the mixed monomials. Powers
of an affine function of the input are computable by RMS programs, so
(g

S,j,~k,`
)`∈[|S|] ∈ C|S|.

(c) yi,j ← αj wi,j // 〈αj(fj(x))
dj 〉(i)[n] ← αj〈(fj(x))dj 〉

(i)

[n]

4. yi ←
∑r

j=1 yi,j // 〈f(x)〉(i)[n] ←
∑r

j=1 〈αj(fj(x))
dj 〉(i)[n]

5. Output yi

Figure 9: n-HSS for functions of polynomially bounded degree and mixed Waring rank, from
k-spHSS for Ck, k ∈ [2,min(d, n)] – committee-based construction.

Theorem 19. Let R(λ) be a finite commutative ring. If its requirements are met and if
nd, r, dd ≤ poly(λ), then the construction of Fig. 9 is an n-party HSS (as per Definition 4) for
the class of all functions Rm →R with degree d and mixed-degree Waring rank (Definition 6)
at most r.

Proof sketch. The proof follows the same lines as that of Theorem 16: correctness follows
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from the multinomial theorem (grouping the monomials of (y1+ · · ·+ yn)
dj by their set S of

non-zero variables) together with a union bound over the polynomially many committees, and
security from a hybrid argument replacing the sharing of each committee S with S ∩Z 6= ∅
by its semi-private simulator. The full proof is given in Appendix C.3.

5.3 Applications to multiparty Distributed Point Functions

Theorem 20. Let n ≤ poly(λ) and R be a field of characteristic 0 or greater than d.
Assuming there exists `-party HSS (Definition 4) for degree-d functions with polynomially
bounded mixed-degree Waring rank (Definition 6) over R, there exist `-party distributed
point functions over R with domain [n]d−1.

Proof. A distributed point function over R is defined as a function secret-sharing

scheme for the class of point functions
{

fα,β : [n]d−1 → R
x 7→ β · (x == α)

}
α∈[n]d−1,β∈R

.

By duality between function secret-sharing and homomorphic secret shar-
ing, it suffices to build a homomorphic secret-sharing scheme for the class{

f·,·(x) : [n]d−1 ×R → R
(α, β) 7→ β · (x == α)

}
x∈[n]d−1

. We convert each position of the

vector α into 1-hot representation, by creating a set of n vectors αi ∈ {0, 1}d−1 where
αj,i = 1 if and only if αi = j. As observed in (the proof of) [BMO+25, Corollary 9], for each
x ∈ [n]d−1 the function f·,·(x) : ((α1, . . . , αn), β) 7→ fα,β(x) can be computed by a function
with polynomially bounded degree and polynomially bounded mixed Waring rank. Indeed:

β · (x == α) = β

[(
d−1∑
i=1

(xi == αi)

)
== d− 1

]
= β [Ax(α) == d− 1] where Ax : [n]d−1 → Z

(αi)i∈[d−1] 7→
d−1∑
i=1

1xi,αi

=
β

(d− 1)!

d−2∏
i=0

(Ax(α)− i)

=
1

(d− 1)!

[
d−1∑
i=0

βci ·Ax(α)
i

]

=
d−1∑
i=0

ci
(d− 1)!

· β ·Ax(α)
i

where the (ci)
d−1
i=0 are the (polynomial-time computable) coefficients of the degree-(d − 1)

polynomial
∏d−2

i=0 (X− i) . This is almost in polynomially-bounded Waring rank form, except
for the multiplication by β (which raises the degree to d). This can be handled using
[BMO+25, Lemma 11].7

AI Disclosure.

No LLM was used at any point during the conception phase of this paper, and the original
manuscript was fully written without AI assistance. Anthropic’s Fable 5 was used as an after-
the-fact external reviewer to help find minor typos and inconsistent notations. Additionally,

7The Lemma is stated for functions over Q, but the only feature of Q it uses is being able to divide by
integers up to d, which are invertible in R by the assumption on its characteristic (Remark 7).
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it was used to transcribe Fig. 1 from a hand-drawn whiteboard figure to a faithful tikz copy.
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A Defining (semi-private) “high-end” HSS

A.1 (Private) “high-end” HSS.

The notion of “high-end” HSS differs from the notion from Section 3.1.1. Firstly, we allow
for inputs to be shared one-by-one instead of all together. Secondly, it supports the notion
of “offline-online” sharing, which allows us to sample all but one of the parties’ input shares
before having to commit to the input being shared.

Definition 21 (“High-end” HSS). Let ` ∈ N r {0, 1}. Let R = R(λ) be a ring and n ∈
poly(λ). An `-party additive HSS scheme supporting a class of computations C ⊆ Rn → R
is a triple of polynomial-time algorithms HSS = (Setup,Share,Eval), where Setup and Share
are probabilistic but Eval is deterministic, with the following syntax:

• HSS.Setup(1λ) : On input the security parameter 1λ, the setup algorithm Setup outputs
a secret key sk.

• HSS.Share(1λ, sk, y) : On input the security parameter 1λ, a secret key sk, and an
input y ∈ R, the input sharing algorithm Share outputs an `-tuple of input shares
(y(1), . . . , y(`)).

• HSS.Eval(j, (x(j)1 , . . . , x
(j)
n ), C) : On input a party index j, the jth shares (x

(j)
i )i∈[n] of

the n inputs (each of which was shared by a separate call to Share), and a supported
evaluation circuit C ∈ C, the homomorphic evaluation algorithm Eval returns the jth

output share y(j) ∈ R.

We additionally require that HSS satisfy the following notions of correctness and security.

• Correctness. For any sufficiently large λ ∈ N, for any circuit C ∈ C, any C-admissible
inputs (x1, . . . , xn) ∈ Rn,

Pr
[
y = C(x1, . . . , xn) : y

$← ExpHSS
corr (1

λ, x1, . . . , xn)
]
≥ 1− negl(λ)

where ExpHSS
corr is defined in Fig. 10.

• Security. There exists a p.p.t. algorithm Sim (a simulator) such that, for every set of
corrupted parties Z ( [`], every q ∈ poly(λ), and any x1, . . . , xq ∈ R, the outputs of
the experiments RealZ(1λ, x1, . . . , xq) and IdealZ(1λ, q) (Fig. 11) are computationally
indistinguishable.8

If HSS satisfies the following optional property, we say that HSS is offline-online.

• Offline-online sharing. We say the input-sharing algorithm Share is offline-online if
there exist p.p.t. algorithms Share1, . . . , Share` with the following syntax and properties:

8A single secret key is used to share all the inputs of the correctness experiment (Fig. 10), which is why
security is required to hold for polynomially many inputs shared under the same key. The case q = 1 is the
usual single-input notion.
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– For i ∈ [2, `], Sharei(1λ, sk, aux`, . . . , auxi+1): On input the security parameter
1λ, the secret key sk, and the auxiliary information (auxj)j∈[i+1,`] output by the
input-sharing algorithms of the parties with a larger index (for i = `, there is
none), the ith input-sharing algorithm Sharei produces an ith input share x(i)

and auxiliary information auxi . The offline algorithms are thus run in the order
Share`,Share`−1, . . . , Share2 (the same order as in Definition 22).

– Share1(1λ, sk, aux2, . . . , aux`, x): On input the security parameter 1λ, the secret
key sk, auxiliary information (auxi)i∈[2,`], and an input x, the first input-sharing
algorithm Share1 produces a first input share x(1).

– Offline-online correctness. For any sufficiently large λ ∈ N, for any sk in
the support of Setup(1λ), and for any x ∈ R(λ), the following distributions are
identically distributed:{

(x(1), . . . , x(`)) : (x(1), . . . , x(`))
$← Share(1λ, sk, x)

}
and 

(x(1), . . . , x(`)) :

(x(`), aux`) $← Share`(1λ, sk)
(x(`−1), aux`−1)

$← Share`−1(1
λ, sk, aux`)

. . .

(x(2), aux2) $← Share2(1λ, sk, aux`, . . . , aux3)
x(1)

$← Share1(1λ, sk, aux2, . . . , aux`, x)



Experiment ExpHSS
corr

ExpHSS
corr (1

λ, x1, . . . , xn) : // Correctness Experiment

1. sk $← HSS.Setup(1λ)

2. For i ∈ [n], (x(1)i , . . . , x
(`)
i )

$← Share(1λ, sk, xi)

3. For j ∈ [`], z(j) ← Eval(j, (x(j)1 , . . . , x
(j)
n ), C)

4. Output z ←
∑

j∈[`] z
(j)

Figure 10: Correctness of the notion of secret-key HSS of Definition 21
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Experiment RealZ and IdealZ

RealZ(1λ, x1, . . . , xq) : // Security: Real World

1. sk $← HSS.Setup(1λ)

2. For k ∈ [q], (x(1)k , . . . , x
(`)
k )

$← Share(1λ, sk, xk)

3. Output (x
(j)
k )k∈[q], j∈Z

IdealZ(1λ, q) : // Security: Ideal World

Output Sim(1λ,Z, q)

Figure 11: Experiments for security in the notion of secret-key HSS of Definition 21

A.2 Semi-private “high-end” HSS.

Definition 22 (“High-end” semi-private HSS). Let ` ∈ Nr {0, 1}. Let R = R(λ) be a ring
and n1, . . . , n` ∈ poly(λ). An `-party additive semi-private HSS scheme supporting a class
of computations C ⊆ Rn1 × · · · × Rn` → R is a triple of polynomial-time algorithms HSS =
(Setup,Sharesp,Eval), where Setup and Sharesp are probabilistic but Eval is deterministic,
with the following syntax:

• HSS.Setup(1λ) : On input the security parameter 1λ, the setup algorithm Setup outputs
a secret key sk.

• HSS.Sharesp(1λ, sk, j, y) : On input the security parameter 1λ, a secret key sk, a party
index j, and a semi-private input y ∈ R, the semi-private input sharing algorithm
Sharesp outputs an `-tuple of input shares (y(1), . . . , y(`)).

• HSS.Eval(j, ((x(j)1,i )i∈[n1], . . . , (x
(j)
`,i )i∈[n`]), C) : On input a party index j, a collection of

input shares ((x
(j)
1,i )i∈[n1], . . . , (x

(j)
`,i )i∈[n`]), and a supported evaluation circuit C ∈ C,

the homomorphic evaluation algorithm Eval returns the jth output share y(j) ∈ R.

We additionally require that HSS satisfy the following notions of correctness and semi-private
security.

• Correctness. For any sufficiently large λ ∈ N, for any circuit C ∈ C, any C-admissible
inputs (x1, . . . , x`) ∈ Rn1 × · · · × Rn` ,

Pr
[
y = C(x1, . . . , x`) : y

$← ExpHSS
corr (1

λ, x1, . . . , x`)
]
≥ 1− negl(λ)

where ExpHSS
corr is defined in Fig. 12.

32



• Semi-Private Security. There exists a p.p.t. algorithm Simsp (a simulator) such
that, for every set of corrupted parties Z ⊆ [`], every q ∈ poly(λ), and any
(j1, x1), . . . , (jq, xq) ∈ [`] × R, the outputs of the experiments RealspZ (1λ, (jk, xk)k∈[q])

and IdealspZ (1λ, (jk)k∈[q], (xk)k : jk∈Z) (Fig. 13) are computationally indistinguishable.9

If HSS satisfies the following optional property, we say that HSS is offline-online with respect
to the first party’s semi-private inputs.

• Offline-online sharing for P1-semi-private inputs. We say the semi-private
input sharing algorithm Sharesp is offline-online for P1-semi-private inputs if there
exist p.p.t. algorithms Sharesp

1 , . . . , Sharesp
` with the following syntax and properties:

– For i ∈ [2, `], Sharesp
i (1λ, sk, aux`, . . . , auxi+1): On input the security parameter

1λ, the secret key sk, and the auxiliary information (auxj)j∈[i+1,`] output by the
input-sharing algorithms of the parties with a larger index (for i = `, there is
none), the ith input-sharing algorithm Sharesp

i produces an ith input share x(i)

and auxiliary information auxi . The offline algorithms are thus run in decreasing
order of party index, Sharesp

` first. This is the order in which auxiliary information
needs to flow in our recursive construction (Fig. 15), where the last party’s offline
algorithm produces auxiliary information consumed by all the others.

– Sharesp
1 (1λ, sk, aux2, . . . , aux`, x): On input the security parameter 1λ, the secret

key sk, auxiliary information (auxi)i∈[2,`], and a semi-private input x, the first
input-sharing algorithm Sharesp

1 produces a first input share x(1).
– Offline-online correctness. For any sufficiently large λ ∈ N, for any sk in

the support of Setup(1λ), and for any x ∈ R(λ), the following distributions are
identically distributed:{

(x(1), . . . , x(`)) : (x(1), . . . , x(`))
$← Sharesp(1λ, sk, 1, x)

}
and

(x(1), . . . , x(`)) :

(x(`), aux`) $← Sharesp
` (1λ, sk)

(x(`−1), aux`−1)
$← Sharesp

`−1(1
λ, sk, aux`)

. . .

(x(2), aux2) $← Sharesp
2 (1λ, sk, aux`, . . . , aux3)

x(1)
$← Sharesp

1 (1λ, sk, aux2, . . . , aux`, x)


9As in the correctness experiment, all inputs are shared under the same secret key. The simulator is given

the inputs that are semi-private to a corrupted party, which the adversary may learn; the case q = 1 with
j1 /∈ Z is the usual single-input notion.
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Experiment ExpHSS
corr

ExpHSS
corr (1

λ, x1, . . . , x`) : // Correctness Experiment

1. sk $← HSS.Setup(1λ)

2. For j ∈ [`]:

• Parse xj as xj = (xj,i)i∈[nj ]

• For i ∈ [nj ], (x(1)j,i , . . . , x
(`)
j,i )

$← Sharesp(1λ, sk, j, xj,i)

3. For j ∈ [`], z(j) ← Eval(j, ((x(j)1,i )i∈[n1], . . . , (x
(j)
`,i )i∈[n`]), C)

4. Output z ←
∑

j∈[`] z
(j)

Figure 12: Correctness of the notion of secret-key HSS of Definition 22

Experiment RealspZ and IdealspZ

RealspZ (1λ, (jk, xk)k∈[q]) : // Semi-private security: Real World

1. sk $← HSS.Setup(1λ)

2. For k ∈ [q], (x(1)k , . . . , x
(`)
k )

$← Sharesp(1λ, sk, jk, xk)

3. Output (x
(i)
k )k∈[q], i∈Z

IdealspZ (1λ, (jk)k∈[q], (xk)k : jk∈Z) : // Semi-private security: Ideal World

Output Simsp(1λ,Z, (jk)k∈[q], (xk)k : jk∈Z)

Figure 13: Experiments for semi-private security in the notion of secret-key HSS of Defini-
tion 22

B Building multiparty “high-end” HSS
In Section 4 we provided a recursive construction of multiparty semi-private “low-end” HSS.
In Appendix B.1, we note that this recursion also works for “high-end” HSS.

In Section 5 we provided a reduction from semi-private to private multiparty “low-end” HSS.
In Appendix B.2, we note that this reduction also works for “high-end” HSS.
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B.1 Semi-private “high-end” HSS: from two-party to multi-party

“High-end” d-HSS

// d-party semi-private “high-end” HSS (as per Definition 22) for the class Cd (Defini-
tion 8), as parameterised by input sizes n1, . . . , nd

Requires:

• The classes C2, Cd−1, and Cd should all be parameterised by the same subset S ⊆ R
of admissible inputs, or by none at all. If S is defined, we require {0R, 1R} ⊆ S.

• HSSd−1 = (Setupd−1,Shared−1,Evald−1) is a “high-end” (d− 1)-party semi-private
HSS (as per Definition 22) for the class Cd−1 (Definition 8), as parameterised by
input sizes n1, . . . , nd−1 .

• Let M(λ) be a polynomial upper bound on the bit length of each share output
by Shared−1(1

λ, ·) on admissible inputs, and L(λ) a polynomial upper bound on
the bit length of the outputs of Evald−1. Set m := M , let Encode : {0, 1}M →Rm,
(b1, . . . , bM ) 7→ (b1 · 1R, . . . , bM · 1R), and let Decode : {0R, 1R}M → {0, 1}M be
its inverse; fix ρ1, . . . , ρL ∈ R such that every output y of Evald−1 has a binary
representation (bk)k∈[L] with y =

∑
k bkρk (as in Fig. 6).

• For i ∈ [d − 1], HSS2,i = (Setup2,i,Share2,i,Eval2,i) is a “high-end” 2-party semi-
private HSS (as per Definition 22) for the class C2 (Definition 8), as parameterised
by input sizes m,nd .

• Convention. Since Definition 22 shares one element of R per call, applying
Shared−1 or Share2,i to a vector denotes independent calls on its coordinates, the
shares being collected coordinate-wise; likewise, running an offline sharing algo-
rithm of HSSd−1 or HSS2,i for an input of s coordinates denotes s independent
runs, whose shares and auxiliary information are collected as s-tuples. Party i’s
share of a vector is thus the tuple of its shares of the coordinates, which is the
collection that Eval of Definition 22 expects.

• For i ∈ [d − 1], gi : Rm → R is the R-arithmetic circuit obtained, exactly as
in Fig. 6, by arithmetically emulating a boolean circuit Ci : {0, 1}M → {0, 1}L
computing X 7→ Evald−1(i,Decode(X), (f1, . . . , fd−1)) and outputting

∑
k∈[L] ρk ·

Ci(X)k; on inputs in {0R, 1R}m it computes Evald−1(i,Decode(·), (f1, . . . , fd−1))
exactly.

HSSd.Setup(1λ) :
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1. sk $← Setupd−1(1
λ)

2. For i ∈ [d− 1], ski $← Setup2,i(1λ)

3. Output (sk, sk1, . . . , skd−1)

HSSd.Share(1λ, s̃k, j, x) :

• If j ∈ [d− 1]:

1. Parse s̃k = (sk, sk1, . . . , skd−1)

2. (w1, . . . , wd−1)
$← Shared−1(1

λ, sk, j, x)
3. For i ∈ [d− 1]:

(a) w̃i ← Encode(wi)

(b) (zi,1, zi,2)
$← Share2,i(1λ, ski, 1, w̃i)

(c) sharei ← zi,1

4. shared ← (zj,2)j∈[d−1]

5. Output (share1, . . . , shared)

• If j = d:

1. Parse s̃k = (sk, sk1, . . . , skd−1)

2. For i ∈ [d− 1]:

(a) (zi,1, zi,2)
$← Share2,i(1λ, ski, 2, x)

(b) sharei ← zi,1

3. shared ← (zj,2)j∈[d−1]

4. Output (share1, . . . , shared)

HSSd.Eval(i, sharesi, (f1, . . . , fd)) // Unchanged from Fig. 6.

Figure 14: “High-end” semi-private d-HSS for Cd from “high-end” semi-private (d− 1)-HSS
for Cd−1 and “high-end” semi-private 2-HSS for C2.

Offline-Online Sharing

// Offline-Online sharing algorithms Shared,1,Shared,2, . . . , Shared,d for the con-
struction of Fig. 14. As prescribed by Definition 22, they are run in the order
Shared,d,Shared,d−1, . . . , Shared,2, then Shared,1.

Requires:

• This construction inherits the requirements of Fig. 14 (in particular its convention
for vector inputs).
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• Shared−1,1, . . . , Shared−1,d−1 are offline-online sharing algorithms for HSSd−1, with
respect to the first party’s semi-private inputs.

• For i ∈ [d − 1], Share2,i,1 and Share2,i,2 are offline-online sharing algorithms for
HSS2,i, with respect to the first party’s semi-private inputs. // Party 1 of HSS2,i

is party i of HSSd, and party 2 of HSS2,i is party d of HSSd.

Shared,d(1λ, s̃k): // Party d is not a party of HSSd−1. It runs first, and its auxiliary
information is consumed by all the other parties.

1. Parse s̃k = (sk, sk1, . . . , skd−1)

2. For i ∈ [d−1], (zi,2, aux2,i) $← Share2,i,2(1λ, ski) // m runs each, one per coordinate
of w̃i.

3. shared ← (zi,2)i∈[d−1] and auxd ← (aux2,i)i∈[d−1]

4. Output (shared, auxd)

Shared,i(1λ, s̃k, auxd, . . . , auxi+1): (for i ∈ [2, d− 1])

1. Parse s̃k = (sk, sk1, . . . , skd−1) and auxd as (aux2,j)j∈[d−1] // auxi+1, . . . , auxd−1 are
the auxiliary information output by parties i+ 1, . . . , d− 1 of HSSd−1.

2. (wi, auxd−1,i)
$← Shared−1,i(1

λ, sk, auxd−1, . . . , auxi+1) // n1 runs, one per coordi-
nate of party 1’s input; for i = d− 1 there is no auxiliary input.

3. w̃i ← Encode(wi)

4. zi,1
$← Share2,i,1(1λ, ski, aux2,i, w̃i)

5. sharei ← zi,1 and auxi ← auxd−1,i

6. Output (sharei, auxi)

Shared,1(1λ, s̃k, aux2, . . . , auxd, x):

1. Parse s̃k = (sk, sk1, . . . , skd−1) and auxd as (aux2,j)j∈[d−1]

2. w1
$← Shared−1,1(1

λ, sk, aux2, . . . , auxd−1, x)

3. w̃1 ← Encode(w1)

4. z1,1
$← Share2,1,1(1λ, sk1, aux2,1, w̃1)

5. Output share1 ← z1,1

Figure 15: Offline-Online sharing algorithms Shared,1,Shared,2, . . . , Shared,d for the construc-
tion of Fig. 14.

Theorem 23. If its requirements are met, then the construction of Fig. 14 is offline-online
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for the first party’s semi-private inputs. Furthermore, the algorithms of Fig. 15 provide an
explicit offline-online sharing mechanism for it.
Proof. Fix s̃k = (sk, sk1, . . . , skd−1) in the support of HSSd.Setup(1λ) and x ∈ Rn1 . Re-
call that HSSd.Share(1λ, s̃k, 1, x) runs Shared−1(1

λ, sk, 1, x) and then, independently for
each i ∈ [d − 1], Share2,i(1λ, ski, 1, w̃i) (coordinate-wise in both cases, by the conven-
tion of Fig. 14). Consider the composition Shared,d,Shared,d−1, . . . , Shared,2,Shared,1 of
Fig. 15. First, (w1, . . . , wd−1) is produced, coordinate by coordinate, by the chain
Shared−1,d−1, . . . , Shared−1,2,Shared−1,1 in the order prescribed by Definition 22, so it is
distributed identically to the output of Shared−1(1

λ, sk, 1, x) by offline-online correctness
of HSSd−1. Second, conditioned on (wi)i∈[d−1], each pair (zi,1, zi,2) is produced by
Share2,i,2(1λ, ski) followed by Share2,i,1(1λ, ski, aux2,i, w̃i), which is distributed identically to
Share2,i(1λ, ski, 1, w̃i) by offline-online correctness of HSS2,i; conditioning is legitimate since
Share2,i,2 is run before, and independently of, w̃i, and the d− 1 pairs are independent given
(wi)i∈[d−1] in both distributions. The two distributions of Definition 22 therefore coincide.
Note that every auxiliary value consumed by party i is produced by a party of larger index
(aux2,i by party d, and auxd−1,j by party j > i), which is why Definition 22 fixes the decreas-
ing order, and that only the P1 property of HSSd−1 and of the HSS2,i is used: the branch
j = d of HSSd.Share is never run offline.

B.2 From semi-private to private “high-end” HSS

“High-end” HSS

// n-party “high-end” HSS (as per Definition 21, instantiated with ` ← n parties and
n← m inputs) for the class of degree-d m-variate functions with polynomially bounded
Waring rank.

Requires:

• spHSS = (Setupsp,Sharesp,Evalsp) is an n-party “high-end” semi-private HSS
scheme (as per Definition 22) for the class Cn (Definition 8), parameterised as
in Fig. 8: ` ← n, R ← R(d+1)×(d+1), n1, . . . , n` ← m, and admissible inputs
S ← scalar-to-matrix(R).

• scalar-to-matrix : R→ R(d+1)×(d+1) maps a scalar x to the (d+1)-by-(d+1) matrix
with x in position (0, 0), and 0 elsewhere.

• PRF is a pseudorandom function with key space {0, 1}λ, input space {0, 1}λ, and
outputs in Rn−1 × ({0, 1}λ)n−1

HSS.Setup(1λ):

1. sksp $← Setupsp(1λ)

2. k
$← {0, 1}λ // This is a PRF key

3. Output (sksp, k)

HSS.Share(1λ, sk, x) :

1. Parse sk as (sksp, k)
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2. Sample id $← {0, 1}λ // Serves as a unique session ida used to re-derive the shares
of x

3. (x2, . . . , xn, R2, . . . , Rn)← PRF(k, id)

4. x1 ← x−
∑n

i=2 xi

5. X1 ← scalar-to-matrix(x1) and (share(1)1 , . . . , share(n)1 )
$←

spHSS.Sharesp(1λ, sksp, 1, X1)
// Fresh randomness. The sharing of X1 is the only one that is not re-derivable
from (k, id); this is what allows it to be produced online in Fig. 17, and it is
needed for the two distributions of offline-online correctness to be identical.

6. For i ∈ [2, n]:

(a) Xi ← scalar-to-matrix(xi)

(b) (share(1)i , . . . , share(n)i )← spHSS.Sharesp(1λ, sksp, i,Xi;Ri)
// Use random tape Ri. Without essentially any loss of generality, we can
assume spHSS.Sharesp indeed uses only λ bits of randomness.

7. For i ∈ [n]:

Set sharei ← (share(i)j )j∈[n]

8. Output (share1, . . . , sharen)

HSS.Eval(i, sharei, f) // Unchanged from Fig. 8, up to regrouping the shares: for each
of the m inputs xt (t ∈ [m]), party i holds the tuple (share(i)t,p)p∈[n] output by Share; for
each p ∈ [n], the collection (share(i)t,p)t∈[m] is party i’s spHSS share of the m-vector of
matrices semi-private to party p, which is the form expected by spHSS.Evalsp.

aWe sample the identifiers at random rather than keep a stateful counter; the only property we use
is that they are pairwise distinct, which holds with all but negligible probability.

Figure 16: “High-end” n-HSS for functions of polynomially bounded degree and mixed War-
ing rank, from “high-end” n-spHSS for Cn.

Offline-Online Sharing

// Offline-Online sharing algorithms Share1,Share2, . . . , Sharen for the construc-
tion of Fig. 16. As prescribed by Definition 21, they are run in the order
Sharen,Sharen−1, . . . , Share2, then Share1.

Requires:

• This construction inherits the requirements of Fig. 16.

• Sharesp
1 , . . . , Sharesp

n are offline-online sharing algorithms for spHSS (with respect
to the first party’s semi-private inputs).
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HSS.Sharen(1λ, sk): // The “session id” id is sampled by Sharen, which runs first, and
passed down to Sharen−1, . . . , Share2 and then to Share1 via auxn, which is why we define
Sharen separately.

1. Parse sk as (sksp, k)

2. Sample id $← {0, 1}λ // Same role as in HSS.Share; it is the only fresh randomness
shared with the other sharing algorithms.

3. (x2, . . . , xn, R2, . . . , Rn)← PRF(k, id)

4. For j ∈ [2, n]:

(a) Xj ← scalar-to-matrix(xj)
(b) (share(1)j , . . . , share(n)j )← spHSS.Sharesp(1λ, sksp, j,Xj ;Rj)

5. (share(n)1 , auxsp
n )

$← Sharesp
n (1λ, sksp)

6. Set sharen ← (share(n)j )j∈[n] and auxn ← (id, auxsp
n )

7. Output (sharen, auxn)

HSS.Sharei(1λ, sk, auxn, . . . , auxi+1): (for i ∈ [2, n− 1])
1. Parse sk as (sksp, k) and auxn as (id, auxsp

n ) // id is read from auxn; the auxiliary
information auxsp

n , auxn−1, . . . , auxi+1 is forwarded to Sharesp
i .

2. (x2, . . . , xn, R2, . . . , Rn)← PRF(k, id)

3. For j ∈ [2, n]:

(a) Xj ← scalar-to-matrix(xj)
(b) (share(1)j , . . . , share(n)j )← spHSS.Sharesp(1λ, sksp, j,Xj ;Rj)

4. (share(i)1 , auxi) $← Sharesp
i (1λ, sksp, auxsp

n , auxn−1, . . . , auxi+1)

5. Set sharei ← (share(i)j )j∈[n]

6. Output (sharei, auxi)

HSS.Share1(1λ, sk, aux2, . . . , auxn, x):
1. Parse sk as (sksp, k) and auxn as (id, auxsp

n )

2. (x2, . . . , xn, R2, . . . , Rn)← PRF(k, id)

3. For j ∈ [2, n]:

(a) Xj ← scalar-to-matrix(xj)
(b) (share(1)j , . . . , share(n)j )← spHSS.Sharesp(1λ, sksp, j,Xj ;Rj)

4. x1 ← x−
∑n

i=2 xi and X1 ← scalar-to-matrix(x1)

5. share(1)1
$← Sharesp

1 (1λ, sksp, aux2, . . . , auxn−1, auxsp
n , X1)

6. Set share1 ← (share(1)j )j∈[n]

7. Output share1
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Figure 17: Offline-Online sharing algorithms for the construction of Fig. 16.

Theorem 24. Let R(λ) be a finite commutative ring. If its requirements are met and PRF
is a pseudorandom function, then the construction of Fig. 16 is an n-party “high-end” HSS
(as per Definition 21, instantiated with `← n parties and n← m inputs) for the class of all
functions Rm →R with degree d and mixed-degree Waring rank (Definition 6) at most r. If
moreover spHSS is offline-online for P1-semi-private inputs, then HSS is offline-online, with
the algorithms of Fig. 17.

Proof. Sharing an input costs one evaluation of PRF and n calls to spHSS.Sharesp, homo-
morphic evaluation costs r calls to spHSS.Evalsp, and party i’s share of an input consists of n
shares of spHSS. Throughout, we follow the convention of Fig. 16 that each of the m inputs
is shared by a separate call to HSS.Share; we write xt,p for the pth additive share of the tth

input xt (so that xt =
∑

p∈[n] xt,p), Xt,p ← scalar-to-matrix(xt,p), and share(i)t,p for party i’s
spHSS share of Xt,p, which is a semi-private input of party p.

• Correctness. Let f : Rm → R be in the class and let (x1, . . . , xm) ∈ Rm. Consider
the probability experiment of ExpHSS

corr (1
λ, x1, . . . , xm) (Fig. 10). Whatever the outputs

of PRF, each call to HSS.Share sets xt,1 ← xt−
∑n

p=2 xt,p, so
∑

p∈[n] xt,p = xt, and every
Xt,p lies in the admissible set scalar-to-matrix(R). After regrouping (c.f. the description
of HSS.Eval in Fig. 16), party i holds, for each p ∈ [n], its spHSS share of the collection
(Xt,p)t∈[m] of m matrices semi-private to party p; this is exactly the input on which
HSS.Eval of Fig. 8 is run, with x(p) ← (xt,p)t∈[m] and

∑
p∈[n] x

(p) = x. By correctness
of spHSS (Definition 22, whose correctness experiment shares the coordinates of each
party’s input one by one, as HSS.Share does), the rest of the argument is identical to
the correctness proof of Theorem 16.

• Security. Let Simsp be a simulator (as per Fig. 13) for spHSS. Let Z ( [n] be the set
of corrupted parties (recall that Definition 21 only quantifies over Z ( [n], i.e. there is
at least one honest party), let q ∈ poly(λ), and let x1, . . . , xq ∈ R be the inputs shared
in the security experiment. Consider the following sequence of hybrids:

1. Real world: This is the experiment RealZ of Fig. 11. In particular, note
that it contains, for each t ∈ [q], the instructions “Sample idt $← {0, 1}λ” and
“(xt,2, . . . , xt,n, Rt,2, . . . , Rt,n)← PRF(k, idt)”, all under the same PRF key k.

2. Hybrid H1: In this hybrid, every evaluation of PRF(k, ·) is replaced with an
evaluation of a uniformly random function F : {0, 1}λ → Rn−1 × ({0, 1}λ)n−1.
This hybrid is indistinguishable from the previous one by pseudorandomness of
PRF (the reduction makes q oracle queries).

3. Hybrid H2: In this hybrid, the experiment aborts if idt = idt′ for some t 6= t′.
This hybrid is statistically indistinguishable from the previous one, since the iden-
tifiers are uniform and the abort probability is at most q2/2λ. Conditioned on
not aborting, the values (xt,2, . . . , xt,n, Rt,2, . . . , Rt,n)t∈[q] are independent and
uniform, so the xt,p (p ∈ [2, n]) are fresh uniform additive shares and each
“(share(1)t,p , . . . , share(n)t,p )← spHSS.Sharesp(1λ, sksp, p,Xt,p;Rt,p)” is a fresh, honestly
randomised sharing (for p = 1 this already holds in the real world).

41



4. Hybrid H3: In this hybrid, the instructions computing (xt,p)p∈Z from xt are
replaced with “(xt,p)p∈Z $← RZ”, and the values xt are no longer used. This
hybrid is perfectly indistinguishable from the previous one: since Z ( [n], some
party p? is honest, and (xt,p)p∈Z are |Z| of the n uniform additive shares of xt
over R, hence uniform and independent of xt (if 1 ∈ Z, this uses p? ≥ 2).

5. Hybrid H4: In this hybrid, the qn instructions “(share(1)t,p , . . . , share(n)t,p ) ←
spHSS.Sharesp(1λ, sksp, p,Xt,p;Rt,p)” are replaced with the single instruction
“(share(i)t,p)t∈[q],p∈[n],i∈Z

$← Simsp(1λ,Z, (p)t∈[q],p∈[n], (Xt,p)t∈[q],p∈Z)”, and the hon-
est parties’ shares are dropped (they are not part of the output). This hybrid is
indistinguishable from the previous one by semi-private security of spHSS (Defi-
nition 22), invoked once, with respect to corrupted parties Z, on the qn queries
(p,Xt,p)t∈[q],p∈[n]: all these sharings are computed under the same key sksp, which
is why we need the multi-input game with arbitrary party indices rather than a
hybrid over t (which would have to reprogram sksp). Note that the simulator is
given precisely the inputs Xt,p which are semi-private to a corrupted party, and
that the previous hybrid samples these without reference to xt.

6. Ideal world: This is the experiment IdealZ of Fig. 11, run with the simulator
Sim of Fig. 18. It is code-equivalent to hybrid H4.

Simulator Sim

Requires:

– Sim inherits the requirements of HSS

– Simsp is a simulator for spHSS with respect to corrupted parties Z.

Simulation: On input (1λ,Z, q):

1. For t ∈ [q] and p ∈ Z:

(a) xt,p
$←R

(b) Xt,p ← scalar-to-matrix(xt,p)

2. (share(i)t,p)t∈[q],p∈[n],i∈Z
$← Simsp(1λ,Z, (p)t∈[q],p∈[n], (Xt,p)t∈[q],p∈Z)

3. For i ∈ Z and t ∈ [q], share(i)t ← (share(i)t,p)p∈[n] // Party i’s share of the tth

input.

4. Output (share(i)t )t∈[q],i∈Z

Figure 18: Simulator Sim for the construction of Fig. 16.

• Offline-online correctness. Assume spHSS is offline-online for P1-semi-private inputs,
and fix sk = (sksp, k) in the support of HSS.Setup(1λ) and x ∈ R. In HSS.Share(1λ, sk, x)
as well as in the composition Sharen,Sharen−1, . . . , Share2,Share1 of Fig. 17, the identifier
id is uniform in {0, 1}λ and (x2, . . . , xn, R2, . . . , Rn) is the same deterministic function of
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(k, id); the shares of X2, . . . , Xn (computed with the random tapes R2, . . . , Rn) are there-
fore identically distributed in both. Conditioned on id, the shares of X1 are output by
spHSS.Sharesp(1λ, sksp, 1, X1) with fresh randomness in HSS.Share, and by the composition
Sharesp

n , . . . , Sharesp
2 ,Sharesp

1 (with the auxiliary information forwarded in the order prescribed
by Definition 22) in Fig. 17; these are identically distributed by offline-online correctness of
spHSS, applied to sksp and X1. This is where it matters that HSS.Share uses fresh random-
ness for X1 rather than an output of PRF. Since, given id, the shares of X1 are independent
of those of X2, . . . , Xn in both distributions, the two distributions of Definition 21 coincide.

C Deferred proofs

C.1 Proof of Corollary 11

Proof of Corollary 11. HSSN is obtained by recursively applying the construction of Fig. 6
N − 2 times, starting from HSS2. In particular, a straightforward hybrid argument handles
correctness and security. It is also straightforward to check that, should the stated share
sizes and computational complexity of Eval be correct, then HSSN .Share and HSSN .Eval
run in polynomial time in the theorem’s parameter ranges. This leaves us with proving the
claimed efficiency bounds.

By Theorem 9 there is an absolute constant c ≥ 1 such that for every k ∈ [3, N ],

Sk(s1, . . . , sk) ≤ c k · S2(Sk−1(s1, . . . , sk−1), sk)

CCk(s1, . . . , sk) ≤ c k · CC2(CCk−1(s1, . . . , sk−1), sk) ,

and by Definition 10 there is a polynomial p such that S2(s1, s2) ≤ αs1 + p(λ)s2 and
CC2(s1, s2) ≤ βs1 + p(λ)s2.

• Bounding SN . Let us now show by finite induction on k = 2, . . . , N that
Sk(s1, . . . , sk) ≤ Ak ·

∑
i∈[k] si, where

Ak :=

{
c k α ·Ak−1 if k ≥ 3

α · p(λ) if k = 2

In particular, note that AN = αp(λ)
∏N

k=3(c k α) ≤ p(λ) cNαNNN .

The induction’s initialisation (i.e. k = 2) holds by inspection: S2(s1, s2) ≤
max(α, p(λ)) · (s1 + s2) ≤ αp(λ) · (s1 + s2). For the inductive step, let k ≥ 3 and
assume the inequality holds up to k − 1. Observe that:

Sk(s1, . . . , sk) ≤ c k (α · Sk−1(s1, . . . , sk−1) + p(λ) sk)

≤ c k

αAk−1

∑
i∈[k−1]

si + p(λ) sk


≤ c k αAk−1

∑
i∈[k]

si ,

where the last inequality uses αAk−1 ≥ A2 ≥ p(λ).
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Combining this inequality with AN ≤ p(λ) cNαNNN yields the desired bound:

SN (s1, . . . , sN ) ≤ poly(λ) 2O(N)(αN)N
∑
i∈[N ]

si .

• Bounding CCN . The desired bound on CCN can be obtained completely analogously,
except we replace α with β, and si with |fi|.

C.2 Proof of Lemma 17

Proof of Lemma 17. First observe that, by the binomial theorem, ∀a, b ∈ R,Ma ·Mb = Ma+b.
Indeed,

(Ma ·Mb) [i][j] =
d∑

k=0

Ma[i][k] ·Mb[k][j]

=
d∑

k=0

(
k
i

)
ak−i

(
j
k

)
bj−k

=
j∑

k=i

(
k
i

)
ak−i

(
j
k

)
bj−k

=
j−i∑
k=0

(
k+i
i

)
ak
(

j
k+i

)
bj−k−i

=
j−i∑
k=0

(
j
i

)(
j−i
k

)
akbj−k−i//

(
a
b

)(
b
c

)
=
(
a
c

)(
a−c
b−c

)
=

(
j
i

)
(a+ b)j−i//by the binomial theorem

So

(1, 0, . . . , 0)︸ ︷︷ ︸
d+1

·Ma1 · · ·Man · (
d′︷ ︸︸ ︷

0, . . . , 0, 1,

d−d′︷ ︸︸ ︷
0, . . . , 0)>︸ ︷︷ ︸

d+1

= (1, 0, . . . , 0)︸ ︷︷ ︸
d+1

·Ma1+···+an · (
d′︷ ︸︸ ︷

0, . . . , 0, 1,

d−d′︷ ︸︸ ︷
0, . . . , 0)>︸ ︷︷ ︸

d+1

= Ma1+···+an [0][d
′]

= (a1 + · · ·+ an)
d′

C.3 Proof of Theorem 19

Proof of Theorem 19. • Correctness. Fix j ∈ [r] with dj ≥ 1. By the multinomial
theorem, for all y1, . . . , yn ∈ R,

(y1 + · · ·+ yn)
dj =

∑
k1+k2+···+kn=dj

k1,...,kn≥0

(
dj

k1, . . . , kn

) n∏
i=1

ykii

Each monomial is characterised by a non-negative vector (k1, . . . , kn) of L1-norm dj .
We can enumerate such vectors by first choosing the set S of non-zero positions (of size
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between 1 and dj), and then assigning each of those positions a positive weight such
that all weights sum to dj . Separating the sets of size one from the others:(

n∑
i=1

yi

)dj

=

n∑
i=1

y
dj
i +

∑
S⊆[n]

2≤|S|≤dj

∑
~k∈[1,dj ]|S|

‖~k‖1=dj

(
dj

k1, . . . , k|S|

) |S|∏
`=1

yk`s` (2)

where s1 < · · · < s|S| denote the elements of S. Now, let x ∈ Rm and consider
the experiment ExpHSS

corr (1
λ, x) of Fig. 2. Consider the random variables (x(i))i∈[n],

(sharei,S)S, i∈S , (wi,j)i∈[n],j∈[r], and (yi)i∈[n] defined by inlining Share and Eval in the ex-
periment, and, for j ∈ [r], S ⊆ [n] with 2 ≤ |S| ≤ dj , and ~k ∈ [1, dj ]

|S| with ‖~k‖1 = dj ,
the event

E
S,j,~k

: “
∑
i∈S

spHSS|S|.Evalsp
(
rankS(i), sharei,S , (gS,j,~k,`)`

)
=

|S|∏
`=1

g
S,j,~k,`

(x(s`))” .

By correctness of spHSS|S| (whose party rankS(i) holds the semi-private input x(i)),
each E

S,j,~k
holds with probability 1 − negl(λ). There are at most nd such S, r such

j, and dd such ~k, all polynomial in λ by assumption, so by a union bound they all
hold simultaneously with probability 1 − negl(λ); condition on this. By definition of
the g

S,j,~k,`
,
∏

` gS,j,~k,`(x
(s`)) =

∏
` hs`,j(x

(s`))k` , so summing the definition of wi,j over
i ∈ [n] and applying Eq. (2) with yi ← hi,j(x

(i)) gives, for every j with dj ≥ 1,

∑
i∈[n]

wi,j =
( n∑

i=1

hi,j(x
(i))
)dj

=
[ n−1∑

i=1

(
fj(x

(i))− fj(0Rm)
)
+ fj(x

(n))
]dj

= fj(x)
dj ,

where the last equality uses that fj is affine and
∑

i x
(i) = x. For j with dj = 0,∑

iwi,j = 1 = fj(x)
0 by construction. Hence

∑
i∈[n] yi =

∑
j αjfj(x)

dj = f(x) with all
but negligible probability.

• Security. This is analogous to the security argument of Theorem 16. Let Z ( [n] be
the set of corrupted parties; since some party is honest, the additive shares (x(i))i∈Z
are uniform in (Rm)Z and independent of x, so handing x(i) to party i reveals nothing
about x (and nothing beyond what semi-privacy of the committees containing i already
allows). The simulator samples (x(i))i∈Z

$← (Rm)Z ; then, for every committee S with
S∩Z 6= ∅, it runs the simulator Simsp

|S| of spHSS|S| with respect to the corrupted parties
rankS(S∩Z), input sizes (m, . . . ,m), and inputs (x(i))i∈S∩Z , obtaining (sharei,S)i∈S∩Z ;
committees with S∩Z = ∅ contribute nothing to the view of the corrupted parties. A
hybrid argument over the polynomially many committees, each step justified by semi-
privacy of spHSS|S|, shows that the output (x(i), (sharei,S)S3i)i∈Z of the simulator is
computationally indistinguishable from the real world.
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