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Abstract

Nonlinear functions such as sign, comparison, and ReLU are commonly evaluated in
CKKS by approximating them with polynomials. The sign jumps at zero, so inputs on
the two sides of zero, however close, must be mapped to outputs that differ by a constant.
Comparison is the sign of a difference, and ReLU and max inherit this requirement when
computed through the sign at high output precision. To distinguish inputs separated by
about 277, polynomial approximation needs ©(p) multiplicative depth, and we show that, in
a standard model where every level must keep the values of these inputs apart above the
noise, its modulus consumption grows to ©(p?) bits. Evaluating the functions from radix-B
digits avoids this cost, but existing methods extract the u digits of a real-valued input one at
a time, with u sequential bootstrappings.

We obtain all u digits in parallel with a single bootstrapping: each digit is produced with
an error of at most one carry from the digit below, and carry look-ahead corrects all carries in
O(logu) depth. For the sign, the same carry look-ahead combines the digits directly, without
recovering them. As a result, close inputs separated by about 277 are distinguished with
©(p) modulus bits instead of ©(p?), using O(log B) depth for table lookups and O(log u)
depth for carry look-ahead, at the cost of ©(u) slots per input. Benchmarks show a 2.04x
speedup for coeflicient-integer digit decomposition at ten radix-64 digits and a 7.83x speedup
for sign evaluation on 1,024 real input pairs at 279 separation. The gain comes from where
the precision is spent: a polynomial must keep the values of close inputs apart at every level,
whereas the digits take only finitely many values, so our circuit, including its bootstrapping,
runs at low precision, and the output precision is raised only at the end.
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1 Introduction

Fully homomorphic encryption (FHE) allows computation on encrypted data. The Cheon—Kim-—
Kim—Song (CKKS) scheme [CKKS17] supports approximate arithmetic over real or complex
values. Nonlinear operations such as sign, comparison, and RelLU, however, are not natively
supported and are typically evaluated through polynomial approximation. Approximating them
to high precision requires resolving their behavior near discontinuities or non-smooth points,
which requires a high polynomial degree and a large multiplicative depth.

Comparison illustrates this: after subtraction and range normalization, it reduces to the
sign of a real value. The approximation polynomial of the sign function can be accurate only
outside a narrow region around zero, and higher precision narrows the inaccurate region further.
Optimized compositions of low-degree polynomials reduce the cost, but the required depth still
grows as that region shrinks [CKK20, LLNK22].

Another approach is to use the finite input precision required by the application. At a chosen
precision, a real value with bounded precision can be represented by an integer with u radix-B
digits. Functions of these digits can then be evaluated by small-domain lookups and combined to
obtain the desired output, rather than approximating the nonlinear function directly over the full



real interval. This requires digit decomposition, which obtains the u digits from the input. Digit
decomposition is also used for large-integer arithmetic and modular reduction [CPL26, KN25].

Each digit can be obtained by a lookup over up to B* values, but the interpolation degree
and required precision of a lookup grow with its domain size. [AKP25] avoids this by obtaining
the least significant digit with a small-domain lookup in a bootstrapping, removing it, and
proceeding to the next. Since each step uses the result of the previous one, extracting u digits
takes u sequential bootstrappings, the most expensive operation in CKKS, so the latency grows
linearly with u.

Our method avoids the sequential extraction by preparing the information for all u digits at
once, in separate slots of one ciphertext, each evaluated by a lookup over a domain whose size
depends only on B, not u. From this information, we obtain every digit or a function of every
digit, and the sign without recovering the digits.

1.1 Technical Overview

Obtaining the digit pairs. Write aq, ..., a,—1 for the radix-B digits of the input. To process
all digit positions in parallel, we obtain each digit directly from the original ciphertext without
removing the lower digits. One multiplication by a fixed polynomial copies the input into u
coefficients of a single ciphertext, each scaled so that a different digit is the leading one, so one
bootstrapping covers every position. The difficulty is that scaling the input for a target digit
also brings the lower digits into the fractional part, which interferes with the lookups.

We control this effect using discretization [KN25]. Discretization rounds the ciphertext to
a fixed grid, turning the fractional part and the ciphertext error into a bounded displacement
on that grid. Let £ denote a bound on this displacement, measured in grid steps. If we use a
B-point grid, which holds only one radix-B digit, the displacement adds directly to the digit,
and the discretized value alone gives no way to estimate it. We therefore use a B2-point grid,
which holds two neighboring digits together. Before discretization, we add a fixed shift of £ so
that the displacement becomes nonnegative. We write the resulting window at position j, which
holds a; and a;j_1 up to this displacement, as

w; = Bbj + c;.

We take B large enough so that the upper digit b; differs from the true digit a; by at most
one carry, that is, b; = a; + §; mod B with 6; € {0,1}. Thus, after discretization, each window
already contains the desired digit up to a single carry bit.

Figure 1 shows how this carry appears. The value c; is aj_1 plus the nonnegative displacement,
minus B if this sum reaches B. If the sum stays below B, (a;_1,c¢;) lies in the diagonal band.
Otherwise, aj_1 is close to B and ¢, is close to zero. Let

H =[B -2&,B), L =10,2¢).
When B > 4€, the diagonal band does not intersect H x L, so
dj = Lu(aj-1)1L(c)),

for every possible window. The carry can therefore be detected using two one-variable range
lookups.

Digit decomposition. The lookups above use the true previous digit a;_1, but the previous
window gives only b;_1. These two values may differ by the previous carry d;_1. Since every
carry is either 0 or 1, each digit position can be described by whether it generates a carry,
propagates an incoming carry, or kills it. This gives a recurrence ; = g; + h;0;_1, where g; and
h; depend only on w; and w;_1.
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Figure 1: The two carry zones. Only the shaded pairs (a;j_1,c;) occur; the dashed box is the
corner triangle widened to the square, and it does not overlap the band on the diagonal when
B > 4€.

Following this recurrence one digit at a time would again take O(u) sequential steps. Instead,
we compute all carries by a parallel prefix scan, as in the carry stage of the Kogge-Stone
adder [KS73|, which takes O(logu) rounds. Once the carries are known, each digit is recovered
by correcting b; with ;. When a function f : Zp — R of each digit is wanted, we use
flaj) = f(b;) +6;[f(bj — 1) — f(bj)]. Both f(b;) and f(b; — 1) are functions of w;, so they are
obtained by lookups in the same bootstrapping.

Direct sign evaluation. We also evaluate the sign without recovering the digits. Whether
the input is negative is determined by a lookup on its most significant digit, so the function
evaluation above at the most significant digit gives it. Whether the input is zero depends on all
digits being zero, which follows a recurrence of the same form as the carry, so both are obtained
by the same scan. The result is a ternary sign.

Modulus consumption of the sign. We compare the cost of our proposed sign evaluation
with that of existing polynomial approximation methods, focusing on modulus consumption. A
polynomial approximation of the sign must keep its values at the two ends of the narrow region
within 27P of zero apart above the noise at every level. Since each level at most doubles the
polynomial degree, this difference grows by at most about one bit per level, so about p levels
are needed, and the scale needed at each level starts at about p bits and drops by at most one
bit per level. Summed over these levels, the modulus consumed is quadratic in p. Our sign
evaluation holds the input at about p bits for only a constant number of levels. The scan then
works on digits, which take finitely many values, so it runs at low precision, and the ternary
output is raised to any output precision afterwards by cleaning, that is, by repeatedly applying
a fixed polynomial that maps each of —1, 0 and 1 to itself and is flat around it, at a cost linear
in that precision.

1.2 Contributions

Parallel digit decomposition in one bootstrapping. The u radix-B digits of an encrypted
input are obtained from one bootstrapping, rather than the u that iterative methods [AKP25,
KN25] spend. With its lookup tables changed, the same circuit returns any function f : Zp — R
of every digit, with no digit restored first. The lookups consume O(log B) levels and the scan
O(logu) levels. The latency thus no longer includes u sequential bootstrappings, at the cost of
©(u) slots per input. The coefficient-integer benchmark shows a 2.04x speedup over [AKP25].



Sign evaluation without digit recovery. Loaded with different tables, the same scan
returns a ternary sign of the rounded input, one value per message. Outside a gap around the
origin whose width Proposition 2 bounds, this value is the exact sign; inside the gap it is either
the sign or 0, unlike a polynomial approximation, which can take any value in [—1, 1] there. To
do so, the scan holds the intercept and slope of an affine map in one complex slot, extending the
three carry states that [CPL26] place on i, % and 0 to an arbitrary real pair.

A O(p) versus O(p?) modulus separation. To decide the sign of inputs as close as 277 to
zero, polynomial approximation needs depth linear in p and, under a standard noise and scale
model, modulus quadratic in p, even when the output needs only a few bits, while our route
uses ©(p) modulus bits for output precision up to about p bits, of which the digit circuit takes
only O((logp)?). Since the number of bootstrappings grows with the modulus consumption, our
method also achieves lower latency in the higher-precision benchmarks reported in Section 5.

1.3 Related Work

Polynomial methods for comparison and related nonlinear functions. [CKK20] study
efficient homomorphic comparison, and [LLNK22] optimize composite polynomial approximations
to the sign function. These methods have also been applied to comparison, maximum, and
ReLU in RNS-CKKS [LLKN21]. When bootstrapping is used, its numerical error can affect the
following sign approximation; [HLKL26] study this interaction explicitly. These works reduce
the cost of polynomial approximation, but the required computation still grows as the input gap
becomes smaller.

Discrete computation and functional bootstrapping in CKKS. Bootstrapping methods
for bits and small integers use the discrete message space of CKKS to evaluate functions over
small finite domains [BCKS24, BKSS24]. Integer arithmetic has been built on this discrete set-
ting [Kim25, Kim26, CPL26]. [AKP25] combines functional bootstrapping with multi-precision
sign evaluation and digit decomposition, and also considers CKKS inputs whose slots already
contain integers. [KN25] independently uses iterative digit decomposition on top of small-integer
bootstrapping [BKSS24], and extends the method to real-valued inputs through discretization
based on modulus switching. In their iterative multi-precision procedures, higher digits are
obtained only after lower digits have been obtained and removed, making the digit extraction
sequential. Our method instead prepares information for multiple digit positions at once and
combines them using a parallel carry computation.

Conversion for homomorphic arithmetic logic units. [GZ26] introduces triangle encoding
for SIMD word arithmetic and obtains amortized constant bootstrapping cost per ciphertext.
[WMGZ26], [SLWL26], and [LMWW26] improve conversion for this encoding. All three are
independent of and concurrent with ours. These works aim at conversion between encodings,
while we aim at digit decomposition and the evaluation of digit functions. They also start
from an arithmetic-encoded ciphertext, while we start from a CKKS ciphertext of a real-valued
input. However, a CKKS ciphertext of a real-valued input can also be transformed into a
form that their methods handle, so their methods also apply to our setting. To cancel the
overflow, [SLWL26, LMWW26] take linear combinations of neighboring digit positions on the
output of a functional bootstrapping, so they need two sequential functional bootstrappings.
In contrast, our window w; = Bb; + ¢; already contains two neighboring digits, so the carry
lookups at all digit positions are evaluated in parallel, and one bootstrapping is enough. Finally,
we also give a method that evaluates the sign without recovering the digits.



2 Preliminaries

2.1 Notations

For a positive integer n, write [n] = {0,...,n — 1}. Let N > 2 be a power of two and @ > 2
an integer, and write R = Z[X]/(X" + 1) and Rg = R/QR. We write |z] = |z + 1/2] for
rounding to the nearest integer and [z]g = z — Q|z/Q] for the representative of z mod Q
in [-Q/2,Q/2), both extended coefficient-wise to polynomials. For a polynomial v with real
coefficients, ||v]|s and ||v]|; are the maximum and the sum of the absolute values of its coefficients,
and (w := exp(2mi/W) is the W-th root of unity. Finally, 1¢(z) is the indicator of membership
in a set C, 1[P] the indicator of a predicate P, and rev, (k) the reversal of the logy, n bits of
kE<n.

2.2 CKKS basics

CKKS [CKKS17] is a fully homomorphic encryption scheme that encrypts a plaintext polynomial
in R. To encrypt a cleartext, the actual data one wishes to encrypt, one must first encode it
into a plaintext in R.

CKKS Encoding. CKKS supports two kinds of encoding, called coefficient encoding and slot
encoding.
Coefficient encoding encodes z = (zi)ie[n] € RY with scaling factor A to

ECdcoefF(z; A) = Z LA . Z{lAXZ cR.
1€[N]

Slot encoding uses the inverse discrete Fourier transform iDFT, where

DFT : RIX]/(XN +1) 5 V2, m(X) > (m (CS;V>>i€[N/2]’

where iDFT is its inverse. Then the slot encoding encodes z € CV/2 with scaling factor A to
Ecdgiot(2;A) := |A - iDFT(2)] € R.

When clear from context, A may be omitted. We say an encoded plaintext m has scale A if
m = Ecdeoeff(2; A) or m = Ecdgiot(z; A) for some z. The linear transforms CtS and StC convert
between these representations.

CKKS Encryption. A CKKS ciphertext has the form ct = (a,b) € Ré, where () > 2 is an
integer called the ciphertext modulus. ct encrypts an encoded polynomial m € R with respect
to the secret key s € R if it satisfies

b+as=m+e (modQ), (1)

for some small error polynomial e € R. In this case, we write ct = Encg(m). We omit the
modulus when clear from context. For a ternary secret key s(X), its coefficients lie in {—1,0,1}
and its Hamming weight is hwt(s) = ||s]|1.

CKKS operations. Throughout, all operations are approximate. CKKS supports the following
operations.

« Rescale: Given ct = Encg(m) where m has scale A, rescaling to a smaller modulus
Q' outputs RSg_,¢(ct) = Encg/(m') where m' has scale A" = %A. Using rational
rescale [CCK125], Q' need not divide Q.



« Key Switching: Given ct = Encg(m) under secret s and a switching key from s to ¢/,
outputs KS,_, ¢ (ct) = Encg(m) under secret s'.

+ Rotation/Conjugation: Given ct = Encg(m) with m = Ecdget(2z) for some z € CV/2,
outputs Rot,(ct) = Encg(m') where m’ = Ecdgot(Rot,(2)), (Rot,(2)); = 2(j+r) mod N/2-
Also, Conj(ct) = Encg(m”) where m” = Ecdgot(Z). Rotation and conjugation need 1 key
switching each [CHK18].

 Addition: For ct = Encg(m), ct’ = Encg(m’) and an encoded plaintext m” € R,

ct +m” = Encg(m +m"), ct + ct’ = Encg(m £ m/).

o Multiplication: For ct = Encg(m) and ct’ = Encg(m') of scales A; and Aj, and an
encoded plaintext m” € Rg of scale Ag, m”ct and Mult(ct, ct’) denote the product followed
by a rescale to Q':

m”ct = Encg (mm”), Mult(ct, ct’) = Encgy (mm'),
both of scale %AlAg. Mult needs one key switching, and m/ct needs none.

Each multiplication followed by its rescale consumes one level of multiplicative depth
and reduces the ciphertext modulus. Once the ciphertext modulus @ is too small to rescale
further, bootstrapping restores ct € RQQ to a ciphertext ct’ € Ré/ for some Q' > @, encrypting
approximately the same message [CHK™18].

2.3 Discrete CKKS

Unlike ordinary CKKS, which approximates real- or complex-valued messages, discrete CKKS
restricts messages to integer representatives of Zy, for an integer W > 2, and supports integer
and Boolean computation. Under the usual slot encoding, addition and multiplication over these
integer representatives are inherited from CKKS as operations over Z C C, with an additional
technique for modular reduction and bootstrapping tailored to Zyy [BCKS24, BKSS24, AKP25,
KN25].

Discretization. Discretization [KN25] rounds the components of a ciphertext so that the
message it encrypts can be read as an element of Zyy .

Definition 1 (Discretization). For positive integers W, Q, Disciyg : Rg — Rq is defined

coefficient-wise by
. Q|W .
Yo X Y { {CH X,
1€[N] 1E€[N] w Q

i.e., each coefficient is snapped to the nearest of the multiples of /W, which we call the grid.
For a ciphertext ct = (a,b) € R2,, we define discretization of the ciphertext as
Discyy,g(ct) := (Discw g(a), Discyyg(b)).

Discretizing the two components does not place the message on the grid exactly: Section 3.4
shows the decrypted value is a grid point up to an integer number of grid steps and a residue
below the grid, both bounded in terms of hwt(s).

Ciphertext reduction and plaintext residues. For ct = (a,b) € Ré and Q' | Q, we
write [ct]g := ([algr, [Dlor) € R%,. Unlike rescale, restriction does not change the scale of the
underlying plaintext. Equation (1) gives the exact relation

[l + [alqrs] g = [m + el (2)

i.e., [ct]g encrypts [m]g approximately.



Algorithm 1 Rooty

Input: A coefficient ciphertext at scale Qo/W whose selected coordinates encode z € Z]V\{,/Q in

the packing above.
Output: Rootyy(ct) = Enc (Ecdgiot((fy)), where (i := (G )iein/2-
1: ct < ModRaise(ct)
2: ct + CtS(ct)
3: return EvalExp(ct)

Functional bootstrapping. For W € Z-g and f : Zw — C, functional bootstrapping in
CKKS [BKSS24, AKP25] takes a coefficient-encoded ciphertext at scale Qo/W whose selected

coordinates encode z € Z]V\(,/ %. Here Qo is the ciphertext modulus at which the bootstrap is
entered. It returns Encg(Ecdgiot(f(2); A)), where f is applied componentwise. Here @ and A
are the modulus and scale of the bootstrapped output. The output scale A need not equal the
input scale Qo/W. It is determined by the output modulus and the chosen bootstrap’s precision.

Functional bootstrapping breaks down into two steps. The first, root production, lifts a
coefficient-encoded ciphertext to slot-encoded roots of unity via three operations (Algorithm 1):
ModRaise lifts the ciphertext modulus, introducing an integer overflow W I with |||~ depending
on the Hamming weight of the secret key; CtS homomorphically converts the coefficient encoding
to the slot encoding; and EvalExp homomorphically evaluates z +— exp(2mixz /W), so that the
integer overflow W I vanishes by periodicity, i.e., exp(2mi(z + WI)/W) = exp(2miz/W).

The second, LUT evaluation, interpolates a target function over these roots. Given Rootyy (ct)
and a public function f: Zy — C, LUT{;V homomorphically evaluates an interpolant of f at the
nodes exp(2mia/W), a € Zy, yielding Enc(Ecdgot(f(2))). Following [AKP25], for real-valued f
we take the interpolant to be the real part of a polynomial of degree W — 1 in the root, and we
evaluate a complex-valued f as its real and imaginary parts, combined by multiplication by 4. Its
evaluation takes [logy W 4+ O(1) levels. All tables evaluated on the same Rootyy(ct) share the
powers of the root [AKP25] and differ only in their public coefficients, which are prepared before
the online circuit. We refer to the composition LUT% o Rooty as functional bootstrapping for
f- When f =id, it returns the integer representatives of z in the slots.

Interpolation near the roots. Root production returns approximate roots ¢y, +n with a
small error 7, rather than the exact interpolation nodes (fj,. Hermite interpolation reduces the
effect of 1 by prescribing derivatives as well as values [AKP25]. For example, an interpolant Py
satisfying

Pr(Gly) = fla),  PHCE) =0

obeys P(¢3, +n) = f(a)+O(|n|?), with a constant depending on Pf. Prescribing the derivatives
up to order k — 1 gives O(|n|¥) at a higher degree, which for a fixed k adds O(1) levels. The
evaluation of P; adds its own CKKS error. These two errors make up the error of a LUT
evaluation.

Cleaning. When the ideal values of a computation lie in a finite set V, the CKKS error of its
output can be reduced by a cleaning polynomial Cl, which fixes each v € V with zero derivative
there. As for the interpolant above, Cl(v + 1) = v + O(|n|?) locally, so each iteration roughly
doubles the number of accurate bits once the error is small enough. For bits, V = {0,1} and
BLEACH [DMPS24] uses 3t2 — 2t3; the precision phase of [CKK20] iterates polynomials of this
kind near +1.

Iterative digit decomposition. One base-B digit at a time can be read by functional
bootstrapping with f = id. Starting from a coefficient encryption of z € ng at scale Q/BY, or



of a real vector after discretization, multiplying by B*~'=J places digit j in the leading position,
the digits above it wrapping around modulo @, and (LUTiéi o Rootp) returns it in the slots. The
digit j is removed before the digit j + 1 is read, since it would otherwise remain as a fractional
tail, displacing the value from the interpolation nodes: StC returns the digit j to the coefficient
domain, and it is subtracted. Running this for j = 0,...,u— 1 gives the u digits [AKP25, KN25],
at u root productions and LUT evaluations and v — 1 StC in as many sequential stages.

3 Digit Decomposition

This section makes the construction of Section 1.1 precise. The input is a CKKS ciphertext
whose slots pack the messages, and the output is a public real-valued function of each restored
digit, in the slots of one ciphertext, obtained with one root production; the identity function
returns the digits themselves. We first obtain the noisy digit pairs (Section 3.1) and describe
their carry recurrence, which a parallel prefix scan computes (Section 3.2). Section 3.3 obtains
all lookup values from one root of period B2, and Section 3.4 bounds the discretization error.
For ease of exposition, we assume integer input; real input uses the same circuit, which then
returns the digits of an adjacent integer (Proposition 1).

3.1 Obtaining the digit pairs

Each message is an integer z € [0, B*) with radix-B digits z = 3¢} a;jB’, and we put a_; := 0.
As in Section 1.1, we obtain for each digit j a two-digit window w; = Bb; 4 ¢; that holds a; and
a;—1 together with an integer error of absolute value below £, whose value Section 3.4 fixes. We
take B > 4&, the condition Section 3.2 needs to recover the digits from these windows.

Placing the digits. Each message enters a single slot and is spread over a block of A :=
2Mog2(u+1)] places, one per digit and the rest padding, whose purpose appears in Section 3.2.
The messages are therefore placed A apart, z, at slot mA, and a single ciphertext carries
M := N/(2A) of them (2n)me(ar), assuming A | N/2. Before discretization, we first multiply by

the fanout polynomial
u—1

F(X) — Z Bu—1-3 . XreVN/2(1+j).
j=0

This spreads the packed value z,, across u coefficients, one per digit j. We call these places
positions, numbering them so that position j is slot mA + 1 + j; the block runs from —1
to A — 2, and every position outside 0,...,u — 1 is padding. Multiplying by B*~'~7 moves
the pair (aj,a;—1) into the two most significant digit positions. Bit reversal is needed since
StC is implemented using the fast Fourier transform, which bit-reverses indices over the N/2
slots [HHC19]. Write D := {mA +1+j:m € [M], j € [u]} for the digit positions. We then
add the shift polynomial

S(X) =& Z XrevN/z(k) + (B + 5) Z XrevN/z(k)'
keD ke[N/2]\D

This places the padding’s high digit at b = 1.

Discretization. The discretization Discp2 ¢, (Definition 1) then rounds every coefficient to
the grid of step Qo/B?. Afterwards, position j holds the window w; at scale Qo/B?, up to a
residue below the grid step:

wj = Baj+aj1+€+¢; (mod B?), ¢ €Z, g <&,

3
=: Bbj + Cj. ( )



Algorithm 2 FormWindows

Input: ct = Encg(Ecdgiot(2')) € R where 2’ € RN/2 supported on {mA : m € [M]}, 2\ = 2.
Output: Coefficient ciphertext ct.w at scale Qo/B?, holding w; from (3) for z, mod B at
coefficient revy/o(mA + 1 + j) and a value in (B, B + 2£) at coefficients revy o(k) for
ke [N/2]\ D.

ct + StC(ct) > scale '/B", Q' the resulting modulus
ct+ F(X) ct+ S(X) > reinterpret at scale Q'/B?
ct < RSQ/%QO (Ct)

ct.w < (Discpe g, 0 KSs5)(ct)

return ct.w

Writing
! +5+6]’
§; = {—B J € {0,1},
bj:(aj+6j) mod B, Cj:aj,1+5+€j—B5j,
for j € [u], with a_; as above. The shift £ keeps aj_1 + & +¢; € [0, B+ 2£), and B > 2€ puts
it below 2B, so d; € {0,1} and ¢; € [B]. (bj,¢j)jep are the noisy digit pairs.

Algorithm 2 summarizes the preparation, with S(X) encoded at the indicated coefficient
scale; Remark 3 of Section 3.4 explains the switch to a sparser secret § in line 4.

3.2 Carry resolution

Determining the carry. By (3), a;j =b; — §; (mod B), so recovering the digits amounts to
determining every d;. Assuming B > 4&, 0; is determined by two one-variable range tests.

Lemma 1. Let L = [0,2€) and H = [B—2&, B), and suppose B > 4E. Ifa € [0, B) and |e| < €&,
and a+ & +¢e = B+ c with 6 € {0,1} and ¢ € [B], then § = 1g(a) 15(c).

Proof. Suppose 6 =1,s0t:=a+E+¢ec>B. Thena=t—(£+¢) > B —2€,s0a € H; and
c=t—B<(B+2f)— B=2&,soce L. Both indicators are 1.

Suppose § =0, s0 ¢ =t. If a ¢ H the product is 0. If a € H, then c =t > a > B —2& > 2€,
the last step by B > 4&, so ¢ ¢ L and the product is 0 again. U

Applied with a = a;j_1, this gives §; = 1y(aj—1) 11(c;) for every j € [u]. The second case is
where B > 4& enters: it is what keeps the two zones from overlapping. Figure 1 depicts it in the
plane of (a;_1,¢;).

The recurrence. Lemma 1 cannot be used directly: its right side needs the true digit a;_1,
while what we hold is b;_1, and the two are related by a;_1 = bj_1 — ;1 (mod B). So we
instead use the indicators of b;. With P := {0}, for b € [B] and § € {0, 1},

1y ((b—6) mod B) = 15 (b) + 6 (1p(b) — 1[b = B — 2E)), (4)

since 1 ((b—1) mod B) and 1(b) differ only at b = 0, where the former is 1, and at b = B —2¢,
where the latter is 1. Substituting (4) into Lemma 1 gives the following recurrence.

Lemma 2. Let B > 4€. For 1< j <u,

dj = 1r(cj) (L (bj—1) + Lp(bj-1) §j-1). (5)



Proof. Lemma 1 with a = aj_1 gives §; = 11(¢j) Lg(aj—1). Since aj—1 = (bj—1 — dj—1) mod B
by (3), applying (4) leaves only 1r(cj)1[bj—1 = B —2€]6;—1 = 0 to show. For this term to
be nonzero we would need bj_1 = B — 2£ and J;,_1 = 1, whence a;_1 = B —2& — 1 and
tj=aj_1+E+c; <B—-1 Thend; =0,s0¢c; =t; > B—-2E —12> 2&, the last step by B > 4£.
Hence ¢j ¢ L, and the term is zero. O

Starting from 6_1 := 0, put
0 :=1(¢))65-1, 5= 1u(by) +1p(b))d;  (0<j <),
so that & follows (5) and 6; = Gj + Pj 61 with
(Gj, Py) = (L (by), Tr(c;) 1p(by)). (6)

Unlike the coefficients of (5), which involve both ¢; and b;_1, both entries of (6) are functions of
the single window wj, so each pair is one lookup on its own slot (Section 3.3). In carry-lookahead
terms, 6; is the carry out of position j before the factor 17(cj41) is applied: it is generated
when b; € H, propagated when b; = 0 and ¢; € L, and killed otherwise.

The initial value 6_1 = 0 is what the padding of Section 3.1 supplies: it holds b = 1, where
1y and 1p both vanish, so the initial value comes from the layout itself, and position 0 needs
no separate handling. Since a_1 = 0, 8y = 0 = &g, so Sj = 0; for every j by (5).

Real input. For a real message z € [0, B*), the windows (3) hold the digits of |z|, with
a_j := |B(z — |z])] its first fractional digit. The true carry dyp = 1y (a—1)11(co) of Lemma 1
is then out of reach, since the circuit sees 17(cp) but not Lz (a—1). Nevertheless, the returned
digits are those of |z| or |z] + 1.

Proposition 1. Let B > 4€ and z € [0, B*). The digits a; := bj — 3]- mod B returned by the
recurrence with initial value oy = 0 satisfy

Z a;B’ = |z] + 6y (mod B),
J€lu]

where 6o = 1 (a—1)11(co) is the true carry at position 0, and this integer differs from z by

-1 < (lz]+60) —2 < %

In particular, if |z — k| < 1/B for an integer k, then |z| + 0o = k; for integer z, a; = a; for
every j.

The carries d; and 3]- differ only on a run of digits equal to B —1; the proof is in Appendix A.1.

Resolving every carry at once. The recurrence for 6; is affine in 6;_;. Writing (g, h) for
the affine map s — g + hs, with intercept g and slope h,

(g,h)*(¢', 1) = (g + hg', hI),

so composing two such maps gives another, and the state stays a pair. Unrolling an affine
recurrence s; = g; + h;jsj—1 gives s; = g;.0 + hj.0 S—1, where (g;.0, hj:0) = (g5, hj) * - - - * (9o, ho);
with s_; =0, s; = gj.0. Applying at (G.0, Pj:0) the composites of (6) and G_1.9 := 0, this gives
6j = Gj;o and

Sj = ]lL(Cj) ijl;o, 0<ji<u. (7)

Computed one after another, the composites (G0, Pj.0) take depth linear in u. Composition
is associative, however, so they may be regrouped into a tree, as in the carry stage of the
Kogge—Stone adder [KS73], and a parallel prefix scan forms all of them in [logy u| rounds.
Round r composes each position j with position j — 2", doubling the block it holds, so after
[log, u] rounds every position holds the composite of a block of length 2108241 > ¢,
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Packing the pairs. Every position of the carry scan holds a pair, and a pair of real numbers
fits in a single complex slot, so all the pairs occupy one ciphertext, one position per slot.

[CPL26] place the three states a carry can be in — generate, propagate, or neither — on the
complex values 1, % and 0; we extend that assignment to an arbitrary real pair. Put

x(g,h):==3(h+ig), g,heR,

so that conjugation recovers g and h by i(x — x) and x + X, respectively. Since 7 is a Gaussian
integer, neither recovery consumes a multiplicative level. We call x(g, k) the symbol of the pair.
Expanding both sides shows that composition is

XX =x+ 0 (X - 1) (8)

For the three carry values, [CPL26] writes x’ — x in place of ¥’ — 3; the two agree exactly when
h? = h and gh = 0.
The pair the scan carries is (6), and its symbol is

& = x(Gj, Pj) = 3(11(c;)1p(bj) + i 1 (by)).

Consecutive positions occupy adjacent slots (Section 3.1), so composing with position j — 2"
is the rotation Rot_or(+), and round r is

§— &+ (€4 &) (Rot_or (€) — 3),

at one rotation, one conjugation and one multiplication per round. We write PrefixScan(ct.£)
for the [logy u] rounds applied to a ciphertext ct.{ of symbols. Every padding position carries
& = 0, which every round leaves unchanged. A position whose block reaches into the padding
composes with ¢ = 0 and returns (G, 0): its slope is 0, so it is a fixed point of every later round,
and its intercept is already the composite Gj.o. When j — 2" < —1, the rotation brings position
j a value from the block of z,,—; (indices modulo M), but the block [j — 2" + 1, j] that position j
already holds then contains position —1, so position j is already a fixed point and is unaffected.

Restoring the digits and evaluating functions of them. After the last round, the symbol
at position j has intercept Gj.o. If the carry itself is wanted, (7) gives it from

Gj—1.0 = i(Rot_1(§) — Rot_1(§)) at position j,

and a multiplication by 1r(c;).
Then any f: Zp — R of the restored digit is

f(@5) = f(bj) + 65 [F (b — 1) = f(b7)]
f(bj) + Gj—1:0 d(wy),
where d(wj) := 11(c;) [f(bj — 1) — f(b;)]. Both f(b;) and d(wj;) are functions of w;, which can

be obtained by lookup. So evaluating f(a;) does not require restoring the digit first. With
f = id, this returns the digits themselves.

9)

Remark 1 (Digit functions within the scan). The right side of (9) needs one multiplication
by d(w;) after the scan, which Algorithm 3 performs. This right side is the intercept of the
composite of (f(b;),d(w;)) with (Gj_1.0, Pj—1:0). Hence, putting ¢; := x(f(b;),d(w;)) and
updating it in every round by (8),

Y=+ (Y + ) (Rot-2r(€) - 3),

gives f(a;) = i(¢; — 1;) after the last round, while the update of ¢ is unchanged. This saves
one level at the cost of one more conjugation and one more multiplication per round.
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Algorithm 3 Digit functions

Input: ct = Encg(Ecdgior(2')) € RE where 2’ € RN/2 is supported on {mA : m € [M]},
2!\ = zm € [0,B"); public f: Zp — R.

Output: Slot values f(a;) at position j of every message, with a; the digits of z,, given by
Proposition 1.

1: ct.w < FormWindows(ct) > Algorithm 2
2: ct.Rw < Rootp(ct.w)

3 (ct.€, ct.f,ctd)  (LUTS,,, LUTL,, LUT%,) (ct.Rw) > (6)
4: ct.§ < PrefixScan(ct.§) > Section 3.2
5: ct.R <— Rot_j(ct.§)

6: return ct.f + i(Conj(ct.R) — ct.R) - ct.d

3.3 Root production and lookups

The scan of Section 3.2 and 9 use the values &;, f(b;) and d(w;), all of which are functions of wj.
One call to Rootgez on the window returns ct.Rw, holding Cgé at position j, on which every one
of those values is a single B%-point lookup. Since §; is complex-valued, this makes four lookups
on a single root (Section 2.3). Algorithm 3 states the route end-to-end.

The iterative digit decomposition of Section 2.3 needs u sequential root productions, whereas
our method uses one root production for all v digit positions. In exchange, each message occupies
A slots instead of one, which lowers throughput, but the latency no longer includes u sequential
root productions. When the number of messages is at most N/(2A), one ciphertext holds all of
them under either method, and only the latency differs. The lookups share the powers of the
root and take O(log B) levels; PrefixScan then takes [logu] levels, and the final multiplication
takes more level.

Remark 2 (B-point lookups on two roots). The values &;, f(b;) and d(w;) can also be formed
from B-point lookups instead of B?-point ones. Running the iterative digit decomposition of
Section 2.3 with two digits on each window gives separate roots of period B for b; and c;, and
lookups on these roots and products then form the values (Algorithm 5 in Appendix B). A
B-point lookup is shallower and more accurate than a B2-point one, but this route needs one
more root production.

3.4 Discretization Error

The windows of (3) assume |e;| < &£, where ¢; is the deviation discretization leaves at position j.
The following theorem bounds that deviation by the Hamming weight of the secret it runs under.

Theorem 1 (Discretization error). Let ct = (a,b) € RQQ decrypt to m := [b+ as]g under a
secret s, and for ¢ € R write rin(c) and rou(c) for the remainders left by the inner and the
outer rounding of Discw g, each bounded by % in every coefficient. Then Discy,g(ct) decrypts to

Discyyg(m) + %E +e (mod @),

where € = iy (b) + Tin(a)s — rin(m) is an integer polynomial and e = 1ou(b) + rout(a)s — rout(m).
In particular ||e||o < (%1 and [le]|oc < M;)H

The proof is in Appendix A.2.

Remark 3 (Switching to a sparse secret). The bound of Theorem 1 grows with hwt(s), so we
switch to a sparser secret § immediately before discretization (Algorithm 2, line 4). Sparse-
secret-encapsulated bootstrapping [BTH22] already performs this switch; we pull it forward,
before discretization, so it costs no extra key switch.
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At W = B?, Q = Qo and s = 3, the value ; in (3) is the coefficient of ¢ at that position
plus the difference between Disc(m) and Baj + aj_1 + £ there, which is 0 or 1, and £ is chosen
to bound it. At the padding, Disc(m) = B + &, so the same bound on the coefficient of
keeps b = 1 there. The term e leaves w; unchanged and perturbs the root’s argument by
27)lelloo/Qo < m(hwt(3) + 2)/Qo, negligible since Qo > hwt(s).

Remark 4 (Realizing the discretization). In [KN25], discretization is realized by switching the
ciphertext modulus twice, each switch instantiated as a Rational Rescale [CCK™25]. Rational
rescale relies on fast base conversion [CHK*19], whose error is added to the coefficients before
they are snapped to the grid and therefore enters e, raising its bound to O(¢grnshwt(s)), where
(rNs is the number of RNS blocks the modulus change spans (Theorem 3.2 of [CCK™25]). Since
that bound is what £ must accommodate, we instead reconstruct each coefficient exactly by
CRT before rounding, which gives Theorem 1 with no fgrns-dependence.

Remark 5 (Probabilistic bound). Theorem 1 is a worst-case bound. Each coefficient of ¢ is a sum
of hwt(s) + 2 rounding remainders; modelling these as independent and uniform on [—%, %], as in
the failure-probability analysis of [BTH22], makes the coefficient a centred Irwin—Hall variable
with hwt(s) + 2 summands. Under this model, at hwt(8) = 32 and N = 2!6 a union bound over
the coefficients gives Pr|e||oc > 14] < 27%09 50 that |e;| < 15 even after the rounding of the
sub-grid part, whereas the worst case [(hwt($) 4+ 1)/2] = 17 would require B > 4 - 19 = 76.

4 Sign Evaluation with Discretized Inputs

Nonlinear functions such as comparison and ReLLU can be computed using the sign function.
Comparison uses the sign of the difference between two inputs, while ReLU(x) = x(1+sgn(z))/2.
For a normalized real input x € [—1, 1], we require the output sgn(z) to satisfy

2] >27 —  [sga(z) - sen(z)| < 27

Here p is the input precision: the requirement above applies to every input at least 277 away
from zero, and ¢ is the required output precision.

To meet this requirement, we first discretize the input and compute the sign from the digit
windows of Section 3, without recovering all digits. Section 4.1 gives the sign circuit and its
correctness, Section 4.2 shows that its modulus consumption is linear in p, and Section 4.3 gives
a quadratic lower bound for polynomial evaluation of the sign.

4.1 Sign evaluation

The sign is not a function of a single digit. When a signed input is represented modulo BY,
whether it is negative is decided by the most significant digit alone, but whether it is zero
depends on all u digits. The method of Section 3 can restore an indicator of each digit being zero,
but only after the scan, so the u positions must then be combined in a further step. Instead, we
derive an affine recurrence whose composites the scan of Section 3.2 computes, so that the scan
returns the sign directly.

Sign recurrence. For a real input y, Algorithm 2 yields the windows (3) of z := y mod BY,
since it works modulo B*. When |y| < B"/2, y is the centered representative [z]gu, so we regard
a residue modulo B/T! as negative when its centered representative is negative. By Proposition 1,
the digits a; that Section 3.2 restores from these windows are those of 2 := |z] 4+ ¢y modulo
B", 50 [2]gj+1 < 0 exactly when a; > B/2. Let f := 1p/o gy, Nj := 1[[Z] gi+1+ < 0] = f(ay) for
j>0,and N_; := 0. Then for j € [u],

Nj = f(bj) +6; [f(b; — 1) — f(b;)]

(10)
= f(bj) + Nj—11r(c;) [f(b; — 1) — f(b5)],
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where the first line is (9). The second holds since dy = 0 and, for j > 1, 3j =1r(cj)Lu(aj—1); if
cj € L, then a;_1 € [0,28) U H, on which 1y agrees with f (see the proof of Proposition 2). As
in (6), the intercept f(b;) and the slope 11 (c;)[f(b; — 1) — f(b;)] of (10) are functions of the
single window w;. The scan of Section 3.2 composes one such affine map per position, and since
N_1 =0, N; is the intercept of the composite over positions 0, ..., j.

N,_1 separates negative inputs from the others, but not zero from positive inputs. Let
Z; = 1[[Z]gs+1 = 0] for j > 0 and Z_; := 1. By definition, Z; = 1[a; = 0] Z;_1, an affine
recurrence with intercept 0 and slope 1[a; = 0]. Each slot of the scanned ciphertext holds one
pair: the intercept and slope of an affine map. To have N; and Z; fit in one such pair, we make
the two recurrences share their slope; with different slopes, a third value would be needed. Since
flx—1)— f(z) = 1[z = 0] — 1[x = B/2], replacing 1[a; = 0] by f(a; —1) — f(a;) changes it only
at a; = B/2, to —1. When Z;_1 =1 and j > 1, we have ¢; € L (see the proof of Proposition 2),
and &j—l =0 ¢ H gives Sj = ]lL<Cj)]lH(&j_1) = 0, SO dj = bj and

Lr(cj) [f(b; = 1) = f(bj)] = f(a; — 1) — f(ay).

At j =0, Gg = bg still holds, but ¢y € L need not, so sharing the slope also introduces the factor
11(co). Abusing notation, we write Z; for the resulting recurrence,

Zj =1r(c) [f(bj = 1) = f(bj)] Zj—1,  Za:=1,

and take
T:=1- 2Nu_1 — Zu—l

as the output. Proposition 2 shows that, despite the resulting differences in Z;, T' is the sign of
y except near zero, where 1" may also be 0.

Proposition 2. Let B be even with B > 4€ and |y| < B"/2 — 1, and let the windows of
z := ymod B" satisfy (3). Then T € {0,sgn(y)}. Moreover, T = sgn(y) if |y| > 2E/B, and
T=0if|yl <1/B.

The proof is in Appendix A.3. When T = sgn(y), we have 1 — T? = 1[y = 0] and
(T'? +T)/2 = 1[y > 0]. To compare reals x and 2/, we input y = 2P(z — 2’), obtained by
reinterpreting the scale; let ¢’ be the value the ciphertext encrypts, and assume |y'| < 2P and
|y' — y| < 1/B. Then the condition |y'| < B%/2 — 1 of Proposition 2 holds once B* > 2PT!. If
x=2a"or |z —2'| > 2P then |y| <1/Bor |y| >1—1/B > 2E/B with sgn(y’) = sgn(y), so
T = sgn(z — 2') by Proposition 2, and 1 — 72 = 1[z = 2'] and (T? + T)/2 = 1[z > 2'].

Evaluating the recurrence. At each position, we pack the pair as the symbol

by = x(f(b5), Lu(ey)[f(bj — 1) = f(by)])-

Since 1); is a function of wj, a lookup on the root of the windows produces 1; at every position,
sharing the windows and the root with Algorithm 3. At the padding, b = 1 gives ¢ = 0. To
match the initial values (N_1, Z_1) = (0,1), we add 11,4, where 15,4 € {0,1}"/2 is 1 exactly at
the padding, so that the padding holds the identity map x(0,1) = %, and then apply PrefixScan.
Only position u — 1 is used, and the composite it holds after the scan covers 2M1°g2u1 < A
positions, which are digit positions of the same message or padding. Writing v for the symbol
at position u — 1 after the scan, we have

T =1+ (20— 1) — (2 + 1)¥,

so no level is consumed after ¢ is obtained. Algorithm 4 summarizes the circuit, which uses one
Rootz2 and one complex-valued lookup, that is, two real lookups.
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Algorithm 4 Sign evaluation
Input: ct = Encq(Ecdgot(2')) € RE where 2’ € RN/2 is supported on {mA : m € [M]} and
2l A = Ym With |y, < B*/2 - 1.
Output: Slot values T at position u — 1 of every message.
1. ct.w «— FormWindows(ct) > Algorithm 2
2: ct.Rw < Rootpgz(ct.w)
3: ct.) < LUTY, (ct.Rw) + Ecdgior (4 1pad)
4
)

: ct.yp < PrefixScan(ct.7))
: return 1+ (2i — 1) ct.yp — (20 + 1) Conj(ct.vp)

Remark 6 (Cleaning the ternary output). Proposition 2 concerns 7" as defined above; the circuit
returns it up to CKKS error. Since T € {0,+£1} for every input within the range, a cleaning
polynomial with ¥V = {—1,0, 1}, suppresses the CKKS error of the output for every such input.
By contrast, the output of a polynomial approximation of the sign is continuous, so on the gap
around zero it takes every value between —1 and 1, and for the inputs mapped away from —1, 0
and 1, applying the cleaning polynomial has no specified target.

4.2 Cost of the Discretized Route

The output precision ¢ depends on the application: comparison needs only a few bits, while
ReLU and max(a, b), which multiply the sign by its input, need g close to p. A larger ¢ is rarely
useful: the error of ReLU inside the gap is already up to 277, so ¢ beyond p helps only when the
sign is multiplied by larger values or used many times, which adds a logarithmic number of bits.
We state the costs for general p and ¢, since the gap and the output precision enter different
parts of the cost. We call (—v,~) with v := 27P the gap: it contains the inputs that are too close
to 0 for their sign to be decided at precision p, and there we only require |sgn(z)| < 1. We run
Algorithm 4 on y = 2Pz as in Section 4.1, with B > 4€ and B“ > 2P™! so that u = O(p/ log B).
By Proposition 2, T' = sgn(x) for |z| > v and T € {0,sgn(x)} C [-1,1] for |z| < v, so T meets
the requirement in exact arithmetic, and cleaning reduces the CKKS error of the evaluated T
below 279,

The cost has four parts: the input stage, which holds the input at p + log, B + O(1) bits
through the fanout and slot-to-coefficient conversion before discretization; the root production of
Algorithm 4, one bootstrap; the window read and prefix scan, of depth O(log B) + [logy u]; and
the cleaning to ¢ bits. Each rescaling adds a rounding noise of canonical norm at most ||eys||can
at every level.

Proposition 3 (Modulus cost of the digit circuit). The values carried by the window reads and the
prefix scan are bounded and their targets lie in a finite set, but lookup errors accumulate through
the scan, so the scan needs O(logu) bits of working precision and its scale is 200°8%) ||e.g| can.
For fixed B, the digit circuit consumes
diei
MSBY = O((log B 4 log u) logu) = O((logp)?).
The proof is in Appendix A.4. The working precision of the digit circuit does not depend on
q: its target values lie in a finite set, and as long as the output is close enough to the target
value, cleaning brings the output to that value with ¢ bits of precision.

Cleaning. For ternary values t € {—1,0,1} we use the cleaning polynomial %(5t3 — 3t%).
Further folding the ternary output to a bit by (72 + T')/2 allows using 3t> — 2t3. Since each
iteration squares the error of the discrete output up to a constant factor, O(logq) iterations
reach ¢ bits of precision. Evaluating each iteration at a scale matched to its output precision
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makes the total consumed modulus a geometric sum, so Mrcr}g'fi“ = O(q); Appendix C gives the

bound including the homomorphic noise of each iteration.

Proposition 4 (Modulus budget of the discretized route). Under the window hypothesis (3),
the discretized route evaluates the sign with v = 27P to output precision q with

Mpsi= ©(p) +O0((logp)*)+ 6(q),
input stage A disit Mclealn
mod mod

which is ©(p) for ¢ = O(p), together with a single root production of precision O(log B + logu)
bits.

Proof. The input stage holds the input at p 4+ logy B + O(1) bits over a constant number of
levels; the other two terms are Proposition 3 and the cleaning bound above. O

4.3 Asymptotic Analysis for Polynomial Routes

Previous methods evaluate the sign by applying polynomials to the real input directly; we call
such a circuit a polynomial route and, to compare it with the discretized route of Section 4.2,
give a lower bound of its modulus consumption. A polynomial route must keep its values at
x = £ apart at every level, while the circuit of Section 4.1 only needs to decide which grid
point its input should land on. We consider the composite polynomial methods of [CKK20]
and their minimax refinement [LLNK22] as the previous state of the art. [CKK20] show that
comparing a,b € [0, 1] with |a — b| > , which is the sign of a — b with gap v, to output precision
q needs O(log(1/v)) + O(log q) compositions of constant-degree polynomials, and that this is
asymptotically optimal. The depth ©(p) is thus paid for the gap, for amplifying the gap margin
to (1), while the output precision costs only ©(logq).

This depth is necessary for any polynomial route. We show that the modulus consumption is
then quadratic; to do so, we bound the separation at every level rather than only at the output.
Write P, for the polynomial in « that the circuit holds at level ¢, with Py(x) = x and Pp the
output, and Ay := sup{|FP(z)| : = € [-1, 1]} for its magnitude. We assume that every product is
rescaled before it is multiplied again, and that all values at level ¢ share one scale Ay and, before
the output, have magnitude at most 1, as for the iterates and powers in composite polynomial
evaluation. The scales need not be RNS primes, so we assume rescaling to an arbitrary bit-length,
as rational rescale [CCK™25] provides.

Define the separation at level € as dsep o := |Py(y) — Pi(—7)|, the relative separation as
0¢ 1= dsep,t/As, and write 8, := log,(0y¢/0p) for its cumulative gain, in bits, up to level £. As
in Section 4.2, a ciphertext at scale A that has been rescaled at least once may carry an error
of size ||ers||can/A in its decoded value. We require correctness for every noise within these
bounds. If the noise at level £ can reach half the separation, it can make two boundary inputs
indistinguishable, and no later computation separates them again. Hence at every level the noise
must stay below the separation, for at least one value if several ciphertexts are present, and we
take P to be that value; for r > 1 bits of margin, ||ers||can/Ar < 27 dgepe- As Ay < 1, we have
dsept < 0g = 27 - 200 = 29F17P 5o the scale must satisfy

logo Ag >71" +p—1—0p, r’ =1+ logy ||exs]|can-

Counting only the rescales, each consuming 2log, Ay — logy Agyq bits from level ¢ to £+ 1, gives
a lower bound on M,qq.

Proposition 5 (Lower bound for polynomial sign evaluation). Under the assumptions above,
let a circuit of depth D evaluate the sign with an output precision q > 1, satisfy ||ers||can/Ar <

16



27 dgep,¢ at every level for some r > 1, and return its output at a scale of r' + O(p) bits. Then
o¢ < 2y /\/1T =42 for every £, so D > p — O(1), and in this model, for any scale schedule,

Muod > S (' +p—1—0,) —0@) > & 4+v'p— 0(p).
<D

Proof. Since Py(7y) — Py(—) is the integral of P; over [—7v,7], dsepe < 27 max|g <y |Fy()],
and as P; has degree at most 2¢, which holds for complex coefficients, Bernstein’s inequality
|P)(x)| < 2¢A,/V/1 — 22 gives the bound on oy; as the output lies within 279 of £1 at £+ and has
magnitude at most 14279, op = (1), so D > p— O(1). The bound on oy gives 0, < £+ O(7?),
so the scale inequality bounds each log, A, separately, regardless of the scale schedule. Summing
the per-level modulus cost gives Myod > > oo ploge Ar +1logy(Ag/Ap), whose boundary term is
—O(p) by the scale inequality at £ = 0 and the bound on the output scale. Since o, < 2, also
0y < p, so every term of the sum is at least ' — 1 > 0, and the terms with ¢ < p — O(1) give the
stated bound. O

Appendix D gives a sharper bound for the iterated constructions in the literature, NewComp
and NewCompG [CKK20] and the domain-extension polynomials of [CKP22al: iterating an odd
polynomial ¢ costs at least p?/ (2K¢), where kg < 1 is the separation gain per level of ¢.

Theorem 2 (Asymptotic separation). Under the noise and cost models of this section, with
1 < q = O(p), every circuit as in Proposition 5 uses Q(p?) modulus bits, and the composite
method of [CKK20] uses ©(p?). Under the window hypothesis (3), the discretized route uses
O(p) modulus bits and one root production.

Proof. The lower bound is Proposition 5. The composite method uses O(p+logq) = O(p) levels,
and a scale of ' +p+ ¢+ O(1) = ' + O(p) bits at every level meets both the scale inequality
and the output precision, so it uses O(p?) bits. The discretized route is Proposition 4. O

Proposition 6 (Bootstrapping precision). In a circuit as in Proposition 5, a bootstrap applied
at level £ must keep its added error below 27" dgep, ¢, and thus preserve at least r +p — 1 — 0 bits,
in particular r + p — 1 bits at the first level. In the discretized route, the root production and
every bootstrap of the digit circuit need only O(log B + logu) bits.

Proof. The noise argument before Proposition 5 applies to any error added at level ¢, including
the error of a bootstrap; the second claim follows from Proposition 3. O

A bootstrap preserves only a bounded absolute precision pgrs, set by its parameters; beyond
it, a high-precision bootstrap such as in [CKSS25] or Meta-BTS [BCC*22] with ©(p/pprs)
bootstraps is needed. A polynomial route therefore needs high-precision bootstrapping and
large scale factors from its first level, while it amplifies the gap margin, whereas the discretized
route needs large scales only for the input stage, and high-precision bootstrapping not before
the cleaning. In the cleaning, the values already lie near {—1,0, 1}, so a bootstrap at standard
precision followed by further cleaning suffices, provided the final cleaning iterations, about 2¢q
bits of modulus, fit between two bootstraps.

Remark 7. (Slot usage) Each message occupies A = 2[1°8:(u4+D1 — ©(u) = ©(p/log B) slots,
against one slot for a polynomial route. Per-value throughput therefore loses a factor ©(p/ log B),
and the advantage of Theorem 2 is lost in an amortized comparison at fixed B; it is a trade-off
of slot usage against modulus budget. Under a latency metric the advantage remains: the
bootstraps of a polynomial route form a sequential chain that batching cannot eliminate.
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Table 1: Digit decomposition of one exact coefficient integer. Time is the mean + sample standard
deviation over five trials; output precision is computed from the worst observed complex target
error. BTS counts actual bootstrap calls.

Ours AKP [AKP25]
Output Output

Digits u Time (s) bits BTS Time (s) bits BTS
2 22.12+1.16 7.74 1 8.20 £0.18 7.94 2

4 23.56 £ 0.60 7.39 1 17.51 £0.37 8.09 4

6 23.18 £0.66 6.25 1 25.77+£0.92 7.17 6

8 23.58 £0.80 7.09 1 36.52 £ 1.06 8.06 8

10 22.25+0.62 6.42 1 45.39 £ 1.21 8.26 10

5 Implementation and Evaluation

Environment and parameters. We compare our circuits with AKP’s iterative digit decom-
position [AKP25] and NewCompG’s polynomial sign evaluation [CKK20]. All implementations
use HEaven/HEaaN2 with eight CPU threads; runs are sequential. We fix N = 26 and B = 64.
Our circuits use a B? = 4096 window, one bootstrapping, and post-bootstrap scale 23, without
output cleaning. For separation 277, the sign circuit uses u = [p/6] + 1 digits, including a guard
digit.

NewCompG evaluates its final f polynomial once. Its ordinary scale is 240 for p < 24 and
246 for p = 30. For p > 36, it uses a high-precision prefix with nominal scale 2°7 and a 112-bit
base modulus, followed by an ordinary tail at scale 248 with a 57-bit base modulus.

Measurements. We measure total latency from encrypted input to encrypted output, including
input conversions, bootstrapping, and final-output computation. Setup, key generation, public-
coefficient preparation, encryption, warmup, and diagnostic decryption and validation are
excluded. We report the mean and sample standard deviation over five trials per setting, reusing
the 25 AKP measurements for the same coeflicient-input workload. BTS counts refer to calls to
the library’s bootstrap routines; their internal branches are not counted separately.

NewCompG starts from a fresh encryption with the post-bootstrap modulus budget. A
preceding bootstrap and its noise are excluded, while bootstraps within the evaluated circuits are
included in both latency and output error. Our circuit uses O(u) slots per input; the reported
timings compare matched workloads without evaluating maximum SIMD throughput.

Accuracy. Observed output precision is —logy emax, where epax is the maximum complex
target error over all tested outputs and five trials at a setting. Every rounded real digit is correct
with finite complex error below 1/2; every sign output has the correct sign with finite complex
error at most 277,

5.1 Digit Decomposition

Digit decomposition uses f(d) = d in our digit-function circuit. For u € {2,4,6,8,10}, both
methods extract all u digits from the same exact encrypted coefficient integer modulo B%; the
largest tested modulus is 6419 = 260,

Our mean latency stays between 22.12 and 23.58 seconds, while AKP’s increases from 8.20
to 45.39 seconds (Table 1; Figure 2, left). AKP is faster at u = 2,4; ours is faster at u = 6,8, 10,
reaching 2.04x at uw = 10. Our circuit uses one bootstrapping, compared with u sequential
bootstrappings for AKP.
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Table 2: Sign evaluation on the same 1,024 real input pairs per trial. Time is the mean +
sample standard deviation over five trials; output precision is computed from the worst observed
complex target error. BTS counts actual bootstrap calls.

Ours NewCompG [CKK20]
Separation Output Output
bits p Time (s) bits BTS Time (s) bits BTS
12 16.63 + 0.73 10.51 1 3.23 + 0.08 7.62 1
18 16.66 + 0.67 9.73 1 4.83+0.12 7.62 1
24 17.74 +0.78 10.03 1 12.09 4+ 0.62 7.62 2
30 17.39 + 0.69 9.58 1 13.76 +0.24 7.62 3
36 17.11 + 0.62 9.73 1 46.07 £0.95 7.62 8
42 17.23 +1.05 9.75 1 74.49 + 3.31 7.62 11
48 16.95 4+ 0.71 9.45 1 89.91 £ 1.99 7.62 13
54 17.26 + 0.66 9.54 1 106.10 £ 2.81 7.62 15
60 16.36 + 0.40 9.48 1 128.06 £+ 2.76 7.62 18

5.2 Sign Evaluation

For p € {12,18,24, 30, 36,42, 48, 54,60}, both methods evaluate sgn(a — b) on the same 1,024
real input pairs per trial, with minimum nonzero separation 27P. Input conversion preserves
the 27P resolution. After discretization, we produce the roots at the precision required by the
B2-point windows and the subsequent lookups and scan. We keep the bootstrap parameters
fixed across all tested p, while increasing the precision of input conversion with p.

Our mean batch latency stays between 16.36 and 17.74 seconds (Table 2; Figure 2, right).
NewCompG is faster at the tested settings with p < 30, and ours at p > 36. At p = 60, the
times are 16.36 and 128.06 seconds, a 7.83x speedup, with one bootstrap for ours and 18 for
NewCompG (14 high-precision and four ordinary).

Observed output precision is 9.45-10.51 bits for our circuit and about 7.62 bits for NewCompG.

Modulus consumption. Outside bootstrapping, cumulative ( consumption is about 768 bits
for our digit circuit and 6,152 bits for AKP at u = 10, and 1,000 bits for our sign circuit and
11,108 bits for NewCompG at p = 60. These are cumulative drops across evaluated segments,
not peak Q or QP.
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(a) Digit decomposition
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Figure 2: Online latency for (left) extracting all u radix-64 digits from one exact coefficient integer
against AKP [AKP25], and (right) sign evaluation on 1,024 matched real input pairs against

NewCompG [CKK20]. Points show means and error bars show sample standard deviations over
five trials; lines are visual guides. In the sign experiment, the minimum nonzero separation is

27P, and NewCompG uses a high-precision prefix for the tested settings p > 36.
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A Omitted Proofs

A.1 Proof of Proposition 1

Proof. Both § and ) satisfy (5), whose coefficients depend only on b;_; and ¢;. Their difference
vj = 0; — 3j therefore satisfies

vy = ]lL(Cj>]1p(bj_1) Vi1, vy = (5[),
and aj = a; + v; (mod B). We show by induction that
ijéo]l[aoz---:aj_l :B—l]

Suppose vj_1 = 1. Then 6;_1 = 1 and bj_; = (aj—1 + 1) mod B, so bj_; = 0 exactly when
aj—1 = B —1, in which case ¢; =€ +¢; — 1 € L. Hence vj = 1[a;—1 = B — 1] vj_1. This is the
carry into position j when d¢ is added to |z], so a; is the digit of |z]| 4 d¢ at position j.

It remains to consider dg, which is 1 exactly when a_; + & +¢9 > B. Write {z} := 2z — |z] €
[0,1). The lower bound follows from (|z] + d9) — z = dp — {2}. If §o = 1, then a_; > B — 2€
because |eg| < &, so {z} >1—2E/B.

Now let |z — k| < 1/B for an integer k. If z > k, then |z| =k and a_; = 0, so 9 = 0 as
E+ey<B. If 2z<k, then |[z] =k—1and a_y = B—1,s0 g =1 as ¢g > —&. Either way,
|z] 4+ 0o = k. For integer z, the case k = z gives dp = 0, hence v; = 0 and a; = qa;. O

A.2 Proof of Theorem 1

Proof. Write Disc := Discyy,g, and for ¢ € Rg let ¢* := L%c], an integer polynomial, so that

Disc(c) = L%C*] Each of the two roundings leaves a remainder,

rin(c) 1= c¢" — %C’ Tout (¢) := Disc(c) — %C*) [rin(c) oo < %, [Tout (¢)[loc < %

Fix representatives of a and b, and let I be the integer polynomial with b+ as = m + Q1.
The inner rounding produces the part of the error that is a multiple of @/W. Applying it to
a, b and m,

b* +a*s —m* = %(b +as —m) + rin(b) + rin(a)s — rin(m)
=WI+e¢g,

where € := 7iy(b) + rin(a)s — rin(m). Since e = b* + a*s — m* — W1, it is an integer polynomial,

and [|rin(@)s]|oo < [[Fin(a)][schwit(s) gives [e]oo < ™2 by integrality [le]|o < [MWHEHLY,

The outer rounding produces the rest of the error:
Disc(b) + Disc(a)s = & (b* + a*s) + Tout(b) + Tout (a)s
— %(m* +WI+e)+rou(d) + rou(a)s
= Disc(m) + QI + %5 +e,
hwt(s)+2

where € := 76ut(b) 4 Tout (a)s — rout(m) satisfies el < 5. Since QI vanishes modulo @Q,
this is the stated form. ]

A.3 Proof of Proposition 2

Proof. Here Z; is the recurrence with the shared slope. By Appendix A.1, v; := §; — Sj € {0,1}
and G; = aj + v; (mod B).
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We first prove the second line of (10). Let j > 1. Since Sj_l < dj—1, the proof of Lemma 2
also gives 17,(¢;)1[bj_1 = B — 2£]d;_1 = 0. Applying (4) to a;_1 = (bj_1 — d;_1) mod B in the
definition of Sj then yields

0j = Lr(¢j)Lu(aj-1)-
Now let ¢; € L. If §; = 0, then a;_1 < 26 — 2, s0 aj—1 < 2£. If 6; = 1, then a;_1 € H
by Lemma 1, so a;—1 € HU{0}. As B > 4&, 1y agrees with f on [0,2€) U H, and hence
Sj = ]lL(Cj)Nj_l.
Next we show by induction on j that

= 1(co) (1[[E]pss = 0] = 1[[E] g = —BI+/2)).

For j = 0, this follows from by = G¢ and f(z — 1) — f(z) = L[z = 0] — L[z = B/2]. For j > 1,
there are three cases.

o If [2]p; =0, then a;_1 =0¢ H, so 3j =0 and b; = a;. Also Sj_l =0and bj_; =0, so
(aj—1,05-1) is (0,0) or (B —1,1). Accordingly, ¢; is £ +¢; or £ +¢; — 1, which lies in L
either way. The slope is therefore f(a; — 1) — f(a;).

o If [£]gs = —B’/2, then as before bj_1 = B/2, so aj_1 € {B/2, B/2 — 1}, which lies outside
H. Thus 6; =0 and ¢; > B/2 > 2&, so the slope is 0.

e Otherwise, Z;_1 = 0.

In the last two cases, the right side is also 0, since [2]g;+1 is not a multiple of B7.

Finally, let n := [Z]pu. By |y| < B%/2 — 1 and Proposition 1, n — y and 2 — z are
congruent modulo B* and differ by less than B", son —y =2 — z € (—1,2€/B). In particular,
n>y—1>-B"/2 so

Ny—1=1[n < 0], Zy—1 =11(co)1[n =0].
Thus T'=sgn(n) if n # 0, and T'=1 — 11(cp) if n = 0. These give the three claims.
o T €{0,sgn(y)}, since T’=0 whenn =0 and y < 0.
o If y<—2E/B, thenn < 0;if y >2E/B, then n > 0 or ¢y ¢ L; either way, T' = sgn(y).

o If |y| < 1/B, then n = 0 by Proposition 1 with £ =0 or k = B*, so T = 0.

A.4 Proof of Proposition 3

Proof. The lookups are evaluated on roots of unity, and their exact values, 1z, 1p, 1, for the
digits and f(b;) and 11(c;)[f(bj—1)— f(b;)] for the sign, lie in {0, £1}, so the entries of the packed
pairs are bounded by a constant c¢. If the entries of two composed pairs lie within € < 1 of their
exact values, then (g, h) * (¢', h') = (g+ hg', hh') lies within (2c+1)e + 2 < (2¢+2)e of its exact
value, so the [logy u] rounds multiply the lookup error by at most uPM); a chain of propagate
pairs (7, 1) shows that growth linear in u does occur. Keeping the output within min{p,1/(4\)}
of its exact value, which meets both conditions of Lemma 3 on the initial error, therefore needs
O(logu) bits, so each of the O(log B) + [logy, u| levels consumes O(logu) + logy ||érs|/can bits,
with u = ©(p/ log B). O
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Algorithm 5 Digit functions from two roots of period B

Input: ct = Encg(Ecdgior(2')) € RE where 2’ € RN/2 is supported on {mA : m € [M]},
2!\ = zm € [0,B"); public f: Zp — R.

Output: Slot values f(a;) at position j of every message, with a; the digits of z,, given by

Proposition 1.

ct.w < FormWindows(ct) > Algorithm 2

ct.Rc < Rootp (B ct.w)

ct.c < (KS,_5 0 StC o LUTY)(ct.Rc)

ct.b « ct.w — ct.c > reinterpret at scale Qo/B

ct.Rb < Rootp(ct.b)

(ct.H,ct.P ct.f,ct.d) « (LUTY LUTY LUTE, LUTI D7) (ct.Rb)

ct.L - LUT 3 (ct.Re)

ct.£ « 3(ct.L-ct.P+ictH) > (6)

ct.d ¢ ct.L-ctd

ct.£ « PrefixScan(ct.§) > Section 3.2

: ct.R < Rot_;(ct.£)

: return ct.f 4+ i(Conj(ct.R) — ct.R) - ct.d

— = =

B Digit Functions from Two Roots of Period B

Algorithm 5 states the route of Remark 2. Rootp on the scaled window returns ct.Rc, an identity
lookup on it and an StC return ¢; to the coefficient domain, and subtracting that from the
window leaves Bbj;, whose root is ct.Rb. 1g(b;), 1p(b;), f(b;) and f(bj — 1) — f(b;) are four
lookups on ct.Rb, 17(c;) is one lookup on ct.Rc, and two multiplications by 17(c;) form the
products.

C Cleaning with Homomorphic Noise

Let Cl be a cleaning polynomial of a constant degree for a finite set V, and fix a radius p > 0
not exceeding the distance from any v € V to another fixed point of Cl. Write 7; for the error of
the i-th iterate as computed and §; := — logy |n;|.

Lemma 3. There is a constant \, depending only on Cl and p, with |Cl(v +n) —v| < An? for
veVand|n < p. If [no| < p, Bo > logy(2X), and the i-th homomorphic iteration adds noise at
most max(An?, 27971, then Bi+1 > min(28; — logy(2)), q), the least k with By, > q is O(logq),

and evaluating the i-th iteration at a scale matched to min(Biy1,q) consumes MEan = ©(q).

Proof. Since n = 0 is a double root of Cl(v + 1) — v, we have Cl(v + 1) — v = 72Q,(n) for a
polynomial Q,, and A := max,cy max|, <, |Qu(n)| gives the first claim. With the noise w; of
the i-th iteration, |n;11] < An? + |w;| < max(2Mn?,279), that is B;41 > min(28; — ¢, ¢) with
c:=1ogy(2)). As By > ¢, the errors decrease, so this holds at every step, and 8; — ¢ > 2¢(By — c)
below the target gives k = O(log ). The noise bound of the i-th iteration is met at a scale of
min(25; —logy A, ¢ + 1) + O(1) < min(B;y1,q) + O(1) bits. Reading the recurrence backward
from B_1 < q gives Br_1-+ < q27' + |c|, so these scales sum to O(q); as each iteration has
constant depth, Mr‘;}gzn = 0O(q), and the last iteration alone needs a scale of Q(q) bits. For
V ={-1,0,1} and CI(t) = 1(5t> — 3t°), the fixed points are {0, £1,4/2/3}, s0o p =1 — /2/3,
and A = 11. O
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D Modulus Bound for Iterated Polynomials

Proposition 7. For an odd polynomial ¢ with |¢| < 1 on [—1,1] and ¢'(0) > 0, let Ky :=
log, ¢'(0)/[logy(deg ¢ + 1)] be its separation gain per level; then ky < 1. If a circuit as in
Proposition 5 brings the relative separation at the gap boundary up to a constant by iterating ¢,
and ¢ satisfies maxy_q 1) |¢| = 1 and 0 < ¢(t) < ¢'(0)t on [0,1], then

2 !

Moa > 35—+~ = O(p).

K¢ )
Proof. Since ¢ is odd and continuous with maximum 1, ¢([—1,1]) = [—1,1], so each iterate
has magnitude 1 and relative separation 2¢°%(v) < 2¢/(0)¥y. Bernstein’s inequality at the
origin gives ¢/(0) < deg¢ < 2% with &4 := [logy(deg¢ + 1)], hence k4 < 1. Fix a constant
0, < 2 that the separation exceeds at the end of the iteration. Then 2¢°*(y) < o, for every
k< K :=(p—1+logyoy)/logy ¢'(0), so the circuit performs the (k + 1)-th evaluation of ¢, on
t = ¢°F(z), in at least 94 levels of its own, as deg ¢ > 3 is odd. At depth ¢ of this evaluation
each value is a polynomial of degree at most 2° in ¢, with the same magnitude over ¢ as over z,
so Bernstein’s inequality on |t| < 0, /2 gives 6, < klog, ¢'(0) +i + O(1). The scale inequality
summed over these levels is then Y, i 04 (" + p — klogy ¢'(0)) — O(p), which is the bound; the
other levels cost at least 0, and the boundary term is as in Proposition 5. O

All values of k4 below take the depth of a degree-d polynomial to be [logy(d + 1)]; an
evaluation by Paterson—Stockmeyer is deeper, so they are optimistic upper bounds.

The family f,. NewComp [CKK20] iterates
"1 (2 ‘
fula) = z%y@)x(l C2Y. degfu=2mt 1,
‘7:

whose derivative is f,(z) = f(0)(1 — 22)" with f/(0) = (2n + 1)4~"(*"). Hence f, is odd and
nondecreasing with f,(+1) = £1, and f,,(t) = [y f2(0)(1 — %)™ ds € [0, f/(0)t] for t € [0,1], so
Proposition 7 applies. Its gain rf, = logy f,(0)/[logy(2n + 2)] is 0.4129 at n = 7 and 0.4326 at
n =15, and Ky, < 1 for every n > 1: by 47(>") < 1/y/7n it suffices that (2n+1)? < 7n(2n+2),
that is (2 — 4)(n? +n) > 1.

The family g, .. NewCompG [CKK20, Alg. 3] first applies d, compositions of a polynomial
g that maps [y,1] into [1 — 7, 1], and then d; compositions of f, that map [1 — 7,1] into
[1 —279,1]; for v = 277, Corollary 3 there gives dy = O(p) and dy = O(log q). Their g satisfies,
for some 0 < § < 1, < g(x) < 1 on (0,6] and g([6,1]) € [1 — 7,1], and is the limit g;"" of
a minimax iteration [CKK20, Alg. 2, Thm. 4], which equioscillates between 1 — 7 and 1 on
[6,1] [CKK20, Lemma 1]; hence max|_j 1] |g,>r | = 1, attained at its first maximum z;, and
g > 0 on (0,1]. It is concave on [0,z;] [CKK20, Sec. 2.2], so g(t) < ¢'(0)t there, and for
t > 21, g(t) <1 =g(r1) < ¢g'(0)r1 < ¢'(0)t; hence Proposition 7 applies to g;°7. For the
polynomials g, := g, 1/4 listed there, whose rounded coefficients put their maxima slightly below
1, kg, = 0.5270, 0.5677, 0.7213, 0.6286 for n = 1,2, 3, 4; the relation g/,(0) ~ 0.98 f/(0)? observed

there for n < 20 gives kg, ~ 2k, in that range, and Proposition 7 gives kg4, < 1 for every n.

Domain-extension polynomials. [CKP22b] compose scaled copies of a domain-extension
polynomial (DEP), which is close to the identity near the origin and maps a wide interval into a
narrower one. Their DEP of degree 2m + 1 is

z 2 \m 2m +1 (2m
d(m)(x):/o (1—E> dt,  Am=— <m>:fr/n(0)a
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80 d(yy(7) = fm(x/Am): the two routes iterate one polynomial in two normalizations. One
application keeps the separation of £+ to first order and divides the magnitude by A,,, so
Ky = K fons and Proposition 7 applies with the same constant.

E Use of Generative Al

We used Claude (Opus 5.5) and Codex (GPT-6 Astra) for supporting assistance with manuscript
drafting and refinement, pseudocode and figure preparation, algorithm and argument review, and
experimental implementation, debugging, and analysis. Inputs included manuscript passages,
code, and execution logs. Representative Codex prompts, translated from Korean, included
“Could you make the writing more academic?” and “Then please revise it. We should make the
comparison fair before benchmarking.” The authors reviewed and revised the resulting material,
tested the implementation, checked reported measurements against execution logs, and take full
responsibility for the paper.
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