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Abstract

We study the computational problem µ-SVP, in which the goal is to find a µ-approximate shortest
non-zero vector in a lattice L, for constant approximation factors µ > 1. Prior to this work, there was
a large gap between the fastest algorithms for this problem whose correctness had been proven and
the fastest heuristic algorithms, whose correctness has not been proven (but which seem to work well
in practice).

We construct a novel sieving algorithm that combines the key tool used in the fastest heuristic
sieving algorithms (faster nearest neighbor subroutines) together with the perturbation argument used
in sieving algorithms with proven correctness. The result is an algorithm whose correctness we prove
and whose running time depends on a simple geometric quantity: the maximal size of certain spherical
codes.

Under a reasonable assumption about the maximal size of spherical codes, our algorithm’s running
time is roughly 20.3066n for large constants µ, which is quite close to the best heuristic running time
of roughly (3/2)n/2 ≈ 20.2925n and much faster than both the previous best known algorithm with
proven correctness, which runs in time roughly 20.802n [Liu, Wang, Xu, and Zheng, 2011] and the very
recent concurrent and independent work showing a 2n/2-time algorithm [Hhan, 2026]. (However, the
algorithm of Hhan also solves µ-SVP for µ = 1, while our algorithm only works for large constant µ.)
Using the best proven upper bound on the size of such spherical codes (which is almost certainly quite
loose), we obtain a running time of roughly 20.6078n, which is much better than the previous best work
but notably slower than the concurrent work of Hhan.
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1 Introduction

A lattice L ⊂ Rn is the set of all integer linear combinations

L := L(b1, . . . , bn) := {z1b1 + · · ·+ znbn : zi ∈ Z}

of linearly independent basis vectors b1, . . . , bn.

The most important computational problem associated with lattices is the Shortest Vector Problem
(SVP), in which the input is a basis b1, . . . , bn ∈ Qn for a lattice L, and the goal is to output a non-zero
lattice vector v ∈ L̸=0 with ∥v∥ as short as possible, i.e., such that

∥v∥ = λ1(L) := min
y∈L̸=0

∥y∥ .

(Throughout the paper, ∥ · ∥ means the ℓ2 norm.)

The µ-approximate Shortest Vector Problem (µ-SVP) is the relaxation of this problem in which the output
can be any non-zero lattice vector v ∈ L̸=0 with ∥v∥ ≤ µλ1(L), for some approximation factor µ ≥ 1.

It is difficult to overstate the importance of this problem in modern cryptography. In particular, the
celebrated work of Ajtai [Ajt04] and Regev [Reg09] showed how to build cryptography under the as-
sumption that (the decision version of) µ-SVP is hard in the worst case for some µ ≤ poly(n). Since
then, there have been innumerable works using these ideas to construct different lattice-based crypto-
graphic schemes, including constructions of powerful cryptographic primitives like fully homomorphic
encryption (FHE) [Gen09, BV11, BV14], identity-based encryption (IBE) [GPV08], attribute-based en-
cryption (ABE) [GVW13, BGG+14, Tsa19], functional encryption [AFV11, GKP+13, ALS16], and many
more. (See [Pei16] for a survey.) Perhaps most importantly, lattice-based cryptographic constructions
are the preferred cryptographic schemes for post-quantum cryptography (that is, classical cryptography
that is secure against adversaries with quantum computers). Indeed, the American National Institute
of Standards and Technology has standardized a lattice-based encryption scheme [ABD+21, Nat24b]
and a lattice-based signature [BDK+21, Nat24a] with the intention of replacing the widespread use of
quantum-insecure cryptography, e.g., in the ubiquitous TLS protocol.

The security of all of these lattice-based constructions depends heavily on the presumed hardness of µ-SVP
for different approximation factors µ. Perhaps the most important regime is when µ is a constant. In fact,
the best algorithms for µ-SVP for nearly all values of µ (including those relevant to cryptography) use the
best algorithms for µ′-SVP for constant µ′ as a key subprocedure, via a highly non-trivial reduction [Sch87,
GN08]. So, the running time of µ-SVP for nearly all values of µ is governed by the running time when µ
is a constant. Therefore, in what follows, we sometimes make little distinction between exact SVP and
µ-SVP for constant approximation factors µ.

The fastest known heuristic algorithm for SVP is the beautiful heuristic sieving algorithm of Becker,
Ducas, Gama, and Laarhoven [BDGL16] (building on much prior work on heuristic sieving [NV08,
MV10, BGJ15, Laa15, LdW15]). This algorithm runs in time (3/2)n/2+o(n) ≈ 20.2925n and uses space
(4/3)n/2+o(n) ≈ 20.2075n. [BDGL16] provide a compelling heuristic argument (and experimental evidence)
that it does in fact solve SVP, though they are unable to provide a proof.1 We will say much more about
how this algorithm works in Section 1.2.4. For now, we note that the security analysis of lattice-based

1Because the only known proof of correctness of this algorithm is heuristic, it is not entirely clear what approximation
factor µ the algorithm actually achieves. It is plausible that the algorithm solves the hardest case of µ = 1, but it seems
plausible that it actually only achieves a small approximation factor greater than one.
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cryptography in practice relies heavily on the assumption that the [BDGL16] sieving algorithm is es-
sentially optimal—i.e., that no algorithm can solve SVP in time significantly faster than 20.2925n.2 For
example, if, say, a 20.15n-time algorithm were found for this problem, some of the schemes standardized
by NIST would be rendered effectively broken in practice.

One might therefore quite reasonably worry that the [BDGL16] sieving algorithm is not actually optimal.
Indeed, the fact that we do not actually know how to prove that this algorithm solves SVP suggests that
our understanding is lacking—both of the algorithm and of SVP itself. In fact, though we think that the
[BDGL16] sieving algorithm solves SVP in time roughly 20.2925n, the best known algorithms with provable
correctness run considerably slower. Until quite recently, the best algorithm that was proven to solve
O(1)-SVP was the 20.802n+o(n)-time sieving algorithm of Liu, Wang, Xu, and Zheng [LWXZ11], building
on the original sieving algorithm of [AKS01]. (We will also have much more to say about the [LWXZ11]
sieving algorithm later. See also [WLW15, AUV19].) Very recently, a new line of works (concurrent and
independent of the present work) has culminated in a 2n/2+o(n)-time algorithm that is proven to solve
exact SVP [GFH26, Hha26b, Kim26, Hha26a], building on work of [ADRS15, AS18b]. However, even
this quite recent line of works on improved algorithms with proofs of correctness is still quite far from
the best running time of heuristic algorithms of (3/2)n/2+o(n) ≈ 20.2925n. Again, in the context of the
security of lattice-based cryptography in practice, the gap between running in time 2n/2 and 20.2925n is
quite significant.

So, one of the long-standing goals in this field is to close this large gap between the best running time of
an algorithm whose correctness we can prove and the best heuristic algorithm.

1.1 Our results

Our main result is to almost close this gap, under a natural and purely geometric assumption. Specifically,
we show the following.

Theorem 1.1 (Informal; see Corollaries 3.8 and 3.9). Under a natural assumption about the maximal size
of spherical codes, there is an algorithm that solves µ-SVP for any constant µ > 1 in time 2.3066n+εµn+o(n),
where εµ is a constant depending on µ with limµ→∞ εµ = 0.

Unconditionally, there is an algorithm that solves µ-SVP for any constant µ > 1 in time 2.6078n+εµn+o(n).

Notice that our running time under this geometric assumption comes quite close to the running time of
(3/2)n/2+o(n) ≈ 20.2925n achieved by the best known heuristic algorithm for large constant µ.

More generally, as we will explain in detail in Section 1.2.5, we obtain an algorithm for µ-SVP whose
running time depends in a relatively natural way on the maximal size of spherical codes A(θ) (with two
different angular distances θ1 and θ2). See Theorem 3.7. The first running time mentioned in Theorem 1.1
is simply what one obtains by assuming that the largest known spherical codes in high dimensions cannot
be improved upon by more than a 2o(n) factor. Alternatively, our algorithm either runs in this time or
the vectors generated by the algorithm will themselves form a better spherical code than the current best
known.3 (We say much more about this assumption and this win-win property in Section 1.3.)

2There does exist some weak evidence to support this assumption. For example, [KL21] prove a matching lower bound for
a restricted class of “sieving-like algorithms.” And, [AS18a] prove a 2Ω(n) lower bound for SVP under complexity-theoretic
assumptions.

3We acknowledge that the reader might think that our geometric assumption is not very different from the heuristic
assumptions made in works like [BDGL16]. However, as we will explain in detail below, the heuristic assumptions in
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If one uses the celebrated bounds on spherical codes due to Kabatjanskĭı and Levenštĕın [KL78], one can
prove that our algorithm solves µ-SVP in time 20.6078n+εµn+o(n), i.e., the second running time quoted in
Theorem 1.1. This running time is already much better than the 20.802n+εµn+o(n) running time of the
algorithm for µ-SVP from [LWXZ11, WLW15, AUV19], which was the best known algorithm for this
problem until very recently. It is significantly worse than the running time of 2n/2+o(n) achieved quite
recently by independent concurrent work in [Hha26a] (using very different techniques). However, we note
that the bound in [KL78] is very unlikely to be the correct answer.

Finally, we note that our algorithm extends in a few different directions.

First, like any SVP algorithm for the ℓ2 norm, our algorithm extends generically to an algorithm for
µ-SVP in any ℓp norm with the same running time (with a different choice of εµ), using the result of
[ACK+21] (which builds heavily on [EV20]). Less obviously, one can obtain an algorithm for µ-SVP and
even µ-CVP (a harder problem) in any norm by observing that the beautiful techniques in [RV22] convert
any sieving algorithm for µ-SVP in the ℓ2 norm into such an algorithm.4 As this is not the topic of the
present work, we do not attempt to prove this formally.

Second, we present a quantum variant of our algorithm with a better running time.

Theorem 1.2 (Informal; see Corollaries 3.12 and 3.13). Under a natural assumption about the maximal
size of spherical codes, there is a quantum algorithm that solves µ-SVP for any constant µ > 1 in time
20.3n+εµn+o(n), where εµ is a constant depending on µ with limµ→∞ εµ = 0.

Unconditionally, there is a quantum algorithm that solves µ-SVP for any constant µ > 1 in time
20.5832n+εµn+o(n).

This running time compares reasonably well with the best known running time of roughly 20.2563n for a
heuristic quantum algorithm for SVP [BCSS23]. Prior to this work, the best known quantum algorithm
that was proven to solve SVP was simply the 2n/2+o(n)-time classical algorithm mentioned above [Hha26a].

1.2 Our techniques

Here, we describe the many ingredients that together make up our algorithm. We note that though there
are many ingredients and they might seem rather technical, the final algorithm is remarkably simple.
This is because these ideas fit together surprisingly nicely in the end. (Admittedly, before coming to our
final algorithm and analysis, the authors tried many different ways of fitting these ideas together that
simply did not work. Indeed, we have been trying to prove a result of this form for over six years.)

The reader who is familiar with the literature on sieving might therefore skip to Section 1.2.5.

[BDGL16] are crucially assumptions about the behavior of the algorithm itself. Specifically, like all sieving algorithms,
the [BDGL16] algorithm generates a long list of lattice vectors via quite a complicated randomized process. The resulting
distribution of vectors is quite hard to analyze—so hard that we do not even know how to rule out that this distribution is
supported entirely on 0. The heuristic assumptions in [BDGL16] say that the resulting lattice vectors “behave like uniformly
random independent vectors on a sphere.” In contrast, our purely geometric assumption is simply about spherical codes—not
about the behavior of our algorithm. And, this win-win property in which our algorithm either solves µ-SVP or outputs an
explicit remarkably good spherical code has no analogue in heuristic sieving.

4The result in [RV22] is stated using the algorithm from [AUV19].
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1.2.1 Sieving algorithms

Our algorithm, like that of [BDGL16] and [LWXZ11, WLW15, AUV19] is a sieving algorithm. Such
algorithms were introduced in the celebrated work of Ajtai, Kumar, and Sivakumar [AKS01] to give the
first 2O(n)-time algorithm for SVP.

The basic idea of a sieving algorithm is as follows. The algorithm first samples a very large number N

of lattice vectors y
(0)
1 , . . . ,y

(0)
N ∈ L from some distribution of lattice vectors such that ∥y(0)

i ∥ ≤ R for
some large but not-too-large radius R > 0. (E.g., one might imagine simply taking random small integer
linear combinations of the basis vectors, in which case R will be bounded in terms of the length of a

basis vector.) If N is large enough, then there must exist many pairs of vectors y
(0)
i ,y

(0)
j with i ̸= j

such that ∥y(0)
i − y

(0)
j ∥ < R. The algorithm finds such pairs and generates a new list y

(1)
1 , . . . ,y

(1)
N ∈ L,

where y
(1)
k = y

(0)
i − y

(0)
j for such a pair y

(0)
i ,y

(0)
j . In particular, notice that y

(1)
i is a lattice vector

with ∥y(1)
i ∥ < R. The algorithm then repeats this “sieving” process on the y

(1)
k , finding pairs of y

(1)
k

that are even closer together and generating a new list y
(2)
1 , . . . ,y

(2)
N of even shorter lattice vectors by

taking differences of such pairs. After doing this many times, generating lists y
(t)
1 , . . . ,y

(t)
N of progressively

shorter lattice vectors, the algorithm simply outputs the shortest non-zero vector in its final list.5

Sieving algorithms differ in their choice of N ; in how they sample the original list of vectors y
(0)
i ; and

in how they implement the sieving procedure, which is the process that finds the pairs y
(t)
i ,y

(t)
j whose

differences form the next list of vectors. In particular, the space complexity of the resulting algorithm is
roughly N . The running time of the resulting algorithm is typically some relatively simple function of N ,
where the particular function depends on the sieving procedure. In particular, prior to this work, all of
the sieving algorithms with proven correctness ran in time roughly N2 because they effectively performed

a brute-force search over the pairs (y
(t)
i ,y

(t)
j ).

1.2.2 Choosing N and the relationship with the kissing number

For the reasons described above, we would like to take N to be as small as possible in our sieving
algorithm. Of course, if we take N to be too small, then we might encounter a situation in which there

simply do not exist pairs y
(t)
i ,y

(t)
j with i ̸= j whose difference is short. In this case, the sieving procedure

will simply fail. In fact, we need there to exist at least N such pairs in order for the sieving procedure
to succeed on the next step, since we need N vectors in the next step. (In reality, sieving algorithms
typically find slightly fewer vectors in the subsequent steps, but this distinction is irrelevant at this high

level.) So, we really want to take N to be large enough to guarantee that most vectors y
(0)
i are likely to

have a nearby vector y
(0)
j .

Heuristic sieving algorithms like [BDGL16] simply assume that the vectors y
(t)
i “behave like” independent

uniformly random vectors on the sphere of the appropriate radius. One can in fact choose the initial set

of vectors y
(0)
i in such a way that we can prove that this holds. However, after running many iterations of

the sieving procedure, we do not know how to prove almost anything about the resulting distribution of

5We have made numerous simplifying assumptions here. For example, we assumed that the pairs are chosen simply to
have ∥y(0)

i −y
(0)
j ∥ < R, whereas in a true sieving algorithm one should take ∥y(0)

i −y
(0)
j ∥ ≤ (1− ε)R for some small positive

ε > 0. We have also assumed that the number of vectors in each list is always N , whereas in typical sieving algorithms this
number decreases slightly after each sieving step. And, we have left out additional details that are relevant to some sieving
algorithms but not ours.
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the y
(t)
i . (For example, we do not even know how to rule out the possibility that this distribution is highly

concentrated on a single vector.) So, we do not know how to prove that some version of this assumption
is true. However, once we make this assumption, it is well known that the number of vectors N needed

to guarantee that most vectors y
(0)
i will be close to another vector y

(0)
j is roughly (4/3)n/2 [NV08]. So,

heuristic sieving algorithms like [BDGL16] typically take N ≈ (4/3)n/2 ≈ 20.2075n, and this is typically
their space complexity.

In contrast, prior work on sieving algorithms with proven correctness took N to be much larger. In

particular, since we have essentially no understanding of the distribution of the vectors y
(t)
i , we must

worry that these vectors form a worst-case configuration of vectors in the ball. This concern leads
naturally to the kissing number τn, which is the maximal size of a subset T ⊆ Sn−1 of the unit sphere

Sn−1 such that all distinct x,y ∈ T have ∥x − y∥ ≥ 1.6 Notice that if our points y
(t)
i happen to form

such a set T , then our sieving procedure will certainly fail. On the other hand, it is not hard to show

that if we take N a bit larger than τn, then there will exist N pairs of nearby points among the y
(t)
i ’s.

Therefore, all prior works on sieving algorithms with proven correctness take N to be larger than the
best known upper bound on τn, so that we can provably say that N ≥ τn. Indeed, Kabatjanskĭı and
Levenštĕın famously proved that τn ≤ 20.401n+o(n) [KL78], and prior work relied on this bound and
therefore took N > 20.401n. Indeed, the fastest known sieving algorithm with proven correctness before
this work required 20.401n+εµn space and 20.802n+εµn time [LWXZ11, WLW15, AUV19] for precisely this
reason.

One rather minor contribution of our work is to simply leave τn as a variable. Indeed, it seems very likely
that the Kabatjanskĭı and Levenštĕın bound is quite loose. (In fact, just very recently the bound has
been improved slightly, though the result has not yet been peer reviewed [Ope26].) It is even plausible
that τn is simply (4/3)n/2+o(n), i.e. the same as the space complexity used by heuristic algorithms
(up to lower-order terms). One can then see (up to small complications that we ignore here) that the
algorithms in [LWXZ11, WLW15, AUV19] can actually take N just slightly larger than τn, so that their
space complexity is 2εµnτn and their running time is 2εµnτ2n. In particular, under the assumption that
τn = (4/3)n/2+o(n), this yields a running time of roughly 20.415n. See Section 1.3 for more discussion.

1.2.3 Perturbations

As we have already alluded to, the major difficulty with sieving algorithms is that we have very little

understanding of the behavior of the distribution of the vectors y
(t)
i generated by the algorithm. In fact,

we have so little understanding of this distribution that we are unable to rule out the possibility that

all of the vectors y
(t)
1 , . . . ,y

(t)
N will simultaneously be 0 with high probability. This is, of course, fatal,

because SVP requires us to output a short non-zero lattice vector.7

Heuristic analysis of sieving algorithms simply assumes that the vectors y
(t)
i are often non-zero. (Indeed,

they assume more than this.) All known sieving algorithms with provable correctness (including our

6Given how we presented things here, we should work with the unit ball and not the unit sphere. But, the kissing number
is defined in terms of the sphere, and in the sequel we work with the sphere. It is also known that the distinction makes
little difference.

7For some additional intuition for why this might be a problem, notice that at the tth step, the sieving procedure generates
vectors of length Rt for some decreasing sequence of radii Rt. And, notice that if Rt < λ1(L), then by definition, all of

the y
(t)
i must be zero. For this reason, heuristic sieving algorithms naturally terminate slightly before we have Rt < λ1(L).

But, one might naturally worry that this phenomenon of only seeing the zero vector occurs a bit earlier, in which case the
algorithm will fail.
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own), use perturbations, which were introduced in the original sieving algorithm of Ajtai, Kumar, and
Sivakumar [AKS01]. The idea here is elegant, though a bit counterintuitive. Instead of running the

sieving procedure on the lattice vectors y
(t)
i themselves, one runs the sieving procedure on perturbed

lattice vectors p
(t)
i := y

(t)
i + x

(t)
i where x

(t)
i is some small noise. So, in effect, the algorithm finds short

perturbed p
(t)
i lattice vectors, rather than finding short lattice vectors directly. One then argues formally

that the sieving procedure “cannot tell the difference” between the case when (y
(t)
i ,x

(t)
i ) = (y,x) for

some lattice vector y and some noise vector x and the case when (y
(t)
i ,x

(t)
i ) = (y + v,x − v) for some

shortest non-zero lattice vector v. In either case, the perturbed vector p
(t)
i = y

(t)
i + x

(t)
i is the same. If

we then output the shortest non-zero vector among the actual lattice vectors y
(t)
i , we can argue that even

if the sieving procedure is adversarial, it simply could not produce vectors that are heavily concentrated

on 0, since from its perspective “the case when y
(t)
i = 0 looks the same as the case when y

(t)
i = v.”

The resulting argument is quite delicate and rather notoriously difficult. One needs to choose the noise

x
(0)
i carefully.8 More significantly, one needs to carefully design the sieving procedure so that the noise

propagates through the algorithm appropriately. At a technical level, one carefully designs the sieving

procedure so that each (y
(t+1)
k ,x

(t+1)
k ) can be written as (y

(t)
i −y

(t)
j ,x

(t)
i ), where y

(t)
j comes from a special

set of “centers” and y
(t)
i is a non-center that occurs in precisely one such pairing. Then, one needs to

make the above informal argument precise. See Section 3.2.

And, this argument is lossy. Indeed, the original [AKS01] sieving algorithm had a running time that was
very large because they were effectively only able to use this perturbation-based argument to show that
a 2−Cn fraction of the vectors would be non-zero, for some large constant C. (For those familiar with the
perturbation argument, what we are really talking about here is the fraction of “good vectors.”) And, for
exact SVP, the fastest known algorithm using this approach still runs in time 22.25n+o(n) [PS09, Muk21],
specifically because of the loss incurred in the analysis of the perturbation step.

However, the line of work in [LWXZ11, WLW15, AUV19] showed that one could make the perturbation
argument much tighter if one is willing to solve µ-SVP for large constant µ. With this relaxation, they
were effectively able to show that at least a 2−εµn fraction of the vectors would be non-zero, for some
constant εµ depending on µ, with εµ → 0 as µ → ∞.9 In effect, this line of work showed that the
perturbation argument “is essentially for free”, in the sense that it only costs us a lower-order term in
the running time if we are willing to solve µ-SVP rather than exact SVP. (Solving µ-SVP for constant µ
is nearly as good as solving exact SVP for nearly all applications, so this is a very profitable tradeoff.)

1.2.4 Speeding up the sieving procedure and the [BDGL16] algorithm

Summarizing what we have said above, prior work [LWXZ11, WLW15, AUV19] has shown how to argue
about perturbations with very little loss, obtaining an algorithm that provably solves µ-SVP in time
2εµnτ2n and space 2εµnτn, where εµ is a lower-order term as µ increases. If one assumes quite reasonably
that τn = (4/3)n/2+o(n), then these algorithms already match the space of the best heuristic algorithms
for SVP (though this had not been stated explicitly in prior work). But, these algorithms fall quite short

8In fact, one typically chooses the noise x
(0)
i first and chooses the y

(0)
i as a deterministic function of x

(0)
i , as we do in

Section 3.2.
9At a technical level, this line of work took the length ∥x(0)

i ∥ of the perturbations to be Cλ1(L) for some constant C
that increases as µ increases, whereas the work on sieving algorithms for exact SVP took this length to be much less than
λ1(L). The result is that ∥y(t)

i ∥ = ∥p(t)
i − x

(t)
i ∥Adi: gpt made me change this + to - will tend to be much larger, but we

lose much less in our argument that the y
(t)
i are non-zero.

6



of the best known running time, which is (3/2)n/2+o(n) ≈ 20.2925n ≪ (4/3)n ≈ 20.415n.

The reason for this remaining gap in running time is simply that the sieving procedures in all known
algorithms whose correctness is proven perform essentially a brute-force search over the roughly N2

pairs among the N vectors, in order to find pairs that are close together.10 In contrast, in the heuristic
sieving literature, a series of beautiful works [BGJ14, Laa15, LdW15] showed how to speed up the sieving
procedure in order to find sufficiently many close pairs of vectors in time much better than N2. This line
of work culminated in [BDGL16], which showed the fastest known heuristic sieving procedure by showing
the fastest known algorithm for finding many close pairs among randomly chosen points on a sphere.

We now describe the [BDGL16] sieving procedure in detail. (Admittedly, our description differs greatly
from that of [BDGL16], and we here focus on details that are relevant to our own algorithm.)

Indeed, the [BDGL16] sieving procedure works by first sampling a spherical code C ⊂ Sn−1 from a
cleverly chosen distribution (formally, a random product code, as in Definition 2.11). One can associate
with each codeword c ∈ Sn−1 a subset Hc ⊆ Rn corresponding to all points whose angle with c is below
some threshold ϕ. Notice that these buckets can overlap. The [BDGL16] algorithm then determines
for each vector in the list the set of buckets Hc that contain the vector and performs brute-force search

among triples (i, j, c) such that y
(t)
i ,y

(t)
j ∈ Hc to find a close pair y

(t)
i ,y

(t)
j .

The final running time of their algorithm therefore ends up being essentially

(Time to generate C) +

N∑
i=1

(Time to compute {c : y
(t)
i ∈ Hc}) + |{(i, j, c) : y

(t)
i ,y

(t)
j ∈ Hc}| .

[BDGL16] choose their code cleverly enough that the time to sample the code is not significant, and so
that the time to find all of the Hc containing y is

2o(n) · |{c : y ∈ Hc}| .

In expectation, this is simply |C| · p(ϕ), where

p(ϕ) := Pr
c∼Sn−1

[the angle between c and y is at most ϕ] ≈ sin(ϕ)n

is exactly the probability that y ∈ Hc for a single uniformly random c ∈ Sn−1 (and arbitrary non-zero
vector y ∈ Rn). (The marginal distribution of a codeword in C is in fact uniform over the sphere.)
Ignoring lower-order terms, this yields an expected running time of

E [TBDGL] ≈ |C| ·
N∑
i=1

(
p(ϕ) + Ec[|{j : y

(t)
i ,y

(t)
j ∈ Hc}|]

)
.

Finally, to guarantee that the sieving procedure finds enough close pairs, [BDGL16] take their code C to
be just large enough that nearly every close pair is likely to land in at least one bucket together.11 This
amounts to taking |C| ≈ 1/p(π/3, ϕ), where

p(θ, ϕ) := Pr
c∼Sn−1

[the angle between c and y and that between c and y′ is at most ϕ] ,

10More accurately, these sieving procedures adaptively choose a sublist of at most τn of the vectors to be centers, and use
a brute force search to find a center that is close to every non-center in the list. So, the running time is roughly Nτn ≈ N2.

11In our algorithm, we actually take many independently sampled copies of the code from [BDGL16] to guarantee that with
high probability every close pair will land in at least one bucket together, but we ignore this distinction in the introduction.
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where y and y′ are arbitrary vectors with angle θ. (π/3 is exactly the angle that guarantees that
∥y − y′∥ ≤ max{∥y∥, ∥y′∥}, which is why it arises here.) Notice that this is what one would require if
the codewords were uniformly random and independent, and [BDGL16] show that this many codewords
is also sufficient for their code.

Plugging this in, we see that

E[TBDGL] ≈
1

p(π/3, ϕ)
·

N∑
i=1

(
p(ϕ) + Ec∼C [|{j : y

(t)
i ,y

(t)
j ∈ Hc}|]

)
, (1.1)

Note that, though this formula is a bit complicated, each term arises relatively naturally.

Up until now, we have not used any heuristics. (This is of course intentional because we wish to compare
to our own heuristic-free running time.) One can finish the analysis of the [BDGL16] sieving algorithm by

applying three heuristics. First, we can simply assume heuristically that the y
(t)
i are not too concentrated

on 0. Second, as we explained above, we can assume that it suffices to take N = (4/3)n/2+o(n) in order
for the number of close pairs to be at least N in each step, so that the sieving procedure continues to
produce lists of progressively shorter non-zero vectors. These two assumptions together imply that the
algorithm does find a non-zero vector with length not much larger than λ1(L). Third, we can assume

that Ec[|{j : y
(t)
i ,y

(t)
j ∈ Hc}|] ≈ Np(ϕ)2, which is what one would expect if the y

(t)
j were sampled

independently from the uniform distribution over a sphere.

After computing p(ϕ) and p(θ, ϕ) as in Lemma 2.9 and setting ϕ := π/3 (which effectively equates the
two summands in parentheses below), we can plug in to Equation (1.1) to obtain

E[TBDGL] ≈
N

p(π/3, ϕ)
· (p(ϕ) +Np(ϕ)2) ≈ (3/2)n/2N · ((4/3)−n/2 + (4/3)−nN) ≈ (3/2)n/2 , (1.2)

as needed.

1.2.5 Our algorithm and its analysis

Finally, we come to our algorithm, as presented in Algorithms 1 and 3. At a very high level, our
algorithm is simply sieving with perturbations in the style of [LWXZ11, WLW15, AUV19] (using ideas
developed in [AKS01, PS09]) but with the sieving process replaced by something like the sieving process
from [BDGL16]. And, as we mentioned above, the final algorithm is remarkably simple in this context.
(Though, again, there are many different variants of every step of this algorithm, and we found many
approaches that did not work.)

Indeed, the algorithm starts by generating perturbations and the initial lattice vectors y
(0)
i in the same

way as [LWXZ11, WLW15, AUV19], as presented in Algorithm 2. Then, as in [AKS01], the algorithm
instantiates an empty list T of “centers” and iterates through the current list of perturbed lattice vectors

p
(t)
i as follows. First, it checks if there is a center that is close to p

(t)
i . If there is, y

(t)
i is paired with this

center as we described above. In particular, we define (y
(t+1)
k ,p

(t+1)
k ) := (y

(t)
i −y

(t)
a ,p

(t)
i −y

(t)
a ) where a is

the index of the nearby center. Notice that this guarantees that our sieving procedure has the property
described in Section 1.2.3, which eventually allows us (in Section 3.2) to prove that the final distribution
is not too concentrated on 0.

However, instead of using brute-force search to look for nearby centers to p
(t)
i , we use the approach

of [BDGL16] that we described in Section 1.2.4. Specifically, we sample a code C ⊂ Sn−1 (essentially
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the same code as the one used in [BDGL16]) at the beginning of the procedure. When we consider a

perturbed lattice vector p
(t)
i , we first find all codewords c such that p

(t)
i is in the corresponding bucket

Hc. We then only look inside these buckets for the first close center that we find.

Just like with the analysis of the [BDGL16] sieving algorithm described in Section 1.2.4, the resulting
sieving procedure finds all nearby centers as long as we take our code C to have large enough size,
|C| ≳ 1/p(π/3, ϕ). This means that the actual input and output behavior of our algorithm is essentially
identical to the behavior of other sieving algorithms with large perturbations, such as those in [LWXZ11,
WLW15, AUV19]. So, once we have established this, we are able to prove that our algorithm will find
an approximate shortest non-zero vector as long as N is a bit larger than τn using a proof that largely
follows prior work (though it is still quite delicate; see Section 3.2).

It remains, of course, to bound the running time of the algorithm. To that end, we first notice that
this particular “center-based” sieving procedure only ever considers pairs in which at least one vector is
a center. And, it stops once it finds a single such pair. So, rather than considering all tuples (i, j, c)

with p
(t)
i ,p

(t)
j ∈ Hc, we only need to consider tuples where j ∈ T is a center and p

(t)
i ,p

(t)
j are not close

(because we only check at most one close pair, and this single check is insignificant in the analysis). So,
the running time of our algorithm is actually better than the running time presented in Equation (1.1).
Specifically, our running time is

T ∗ ≈ 1

p(π/3, ϕ)
·

N∑
i=1

(
p(ϕ) + Ec∼C [|{j ∈ T : p

(t)
i ,p

(t)
j ∈ Hc, αi,j ≥ π/3}|]

)
=

1

p(π/3, ϕ)
·

N∑
i=1

(
p(ϕ) +

∑
j∈T

αi,j≥π/3

Pr
c
[p

(t)
i ,p

(t)
j ∈ Hc]

)

=
1

p(π/3, ϕ)
·

N∑
i=1

(
p(ϕ) +

∑
j∈T

αi,j≥π/3

p(αi,j , ϕ)
)
, (1.3)

where we write αi,j for the angle between p
(t)
i and p

(t)
j , and p(θ, ϕ) defined above.

Furthermore, the set of centers T satisfies the property that any pair p
(t)
i ,p

(t)
j ∈ T of distinct centers must

have angular distance larger than π/3. (If not, then they either would not have been chosen as centers or
they would be nearby vectors that did not land in a bucket together, which is a low probability event.)
In other words, the set of centers T is a spherical code with angular distance π/3 (after projecting the
vectors onto the unit sphere).12

This is actually extremely convenient for our analysis. In particular, a simple bucketing argument
(Lemma 2.13) shows that up to lower-order terms the maximal value of the sum over T in Equation (1.3)
is achieved when T happens to be a spherical code such that αi,j = α for all i, j and some fixed angle
α ≥ π/3. In particular, in this case, p(αi,j , ϕ) = p(α, ϕ) evidently does not depend on i or j. More
interestingly, in this case T is a spherical code that lives inside a cap of radius α. Such codes were studied
in [BM07], where it is shown that one can bound the size of such a code by the maximal size A(ω) of a
spherical code with angular distance ω, for some explicit choice of ω depending on α. (The reader might
notice that τn = A(π/3).)

12To be clear, we are not claiming this as a new observation. This property is commonly used in the analysis of sieving
algorithms, typically to simply show that the number of centers is bounded by the kissing number, so that the number of
input vectors minus the number of output vectors is itself bounded by the kissing number.
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We therefore obtain our final expression for our running time which is

T ∗ ≈ 1

p(π/3, ϕ)
·

N∑
i=1

(
p(ϕ) + max

α≥π/3
A(ω)p(α, ϕ)

)
=

N

p(π/3, ϕ)
·
(
p(ϕ) + max

α≥π/3
A(ω)p(α, ϕ)

)
≈ τn

p(π/3, ϕ)
·
(
p(ϕ) + max

α≥π/3
A(ω)p(α, ϕ)

)
, (1.4)

where in the last step we have set N ≈ τn, which as we discussed earlier is sufficient to prove that our
algorithm solves O(1)-SVP.

This is in fact our final running time (up to lower-order terms such as the 2εµn term that we have ignored
here). And, the reader might notice that Equation (1.4) is quite similar to Equation (1.1). It simply
has N ≈ (4/3)n/2 replaced by N ≈ τn and the Np(ϕ)2 term in Equation (1.1) replaced by the more
complicated maximum over all α. This maximum over all α arises naturally in our context because we

cannot rule out the possibility that our vectors p
(t)
i do in fact come from a spherical code restricted to a

cap of radius α.

The quantities p(ϕ), p(π/3, ϕ), and p(α, ϕ) are well understood and admit simple closed-form approxi-
mations. (See Lemma 2.9.) However, obtaining tight bounds on the kissing number τn or more generally
on the maximum size A(ω) of a spherical code with angular distance ω is a major open problem. So,
it remains to discuss the values of τn and A(ω). Once one understands the behavior of such values, we
get an algorithm whose running time simply depends on the single parameter ϕ, and we can numerically
optimize our choice of ϕ.

(Of course, we are leaving out many important details here. In our actual analysis in the sequel, we must
work with an angle θ that is slightly less than π/3 (so that our vectors actually do get notably shorter
at every step), and we therefore replace the p(π/3, ϕ) term with p(θ, ϕ) and the term τn by the maximal
size A(θ) of a spherical code with angular distance θ slightly less than π/3. This makes essentially
no difference to the running time, assuming that the function A(ω) does not increase too rapidly as ω
decreases. We also largely work with the projections of vectors onto the sphere, rather than the vectors
themselves.)

1.3 On the maximal size A(ω) of a spherical code and our geometric assumption

The maximal size A(ω) of a spherical code with minimum angular separation ω is extremely well studied
but not well understood. In particular, notice that the kissing number τn is equal to A(π/3), so that it
suffices for us to simply consider the function A(ω) in what follows.

Up to lower-order-terms the best known lower bound on A(ω) for constant ω ∈ (0, π/2) is A(ω) ≳
sin(ω)−n, which is what one obtains by sampling roughly that many vectors uniformly at random from
the sphere and then removing the small fraction of these vectors that happen to land within angular
distance ω of each other.

Until just recently, the best known upper bound on A(ω) was the celebrated bound of Kabatjanskĭı and
Levenštĕın [KL78] (see Theorem 2.6). Quite recently, OpenAI claimed a rather small improvement to
this bound [Ope26], the first improvement in nearly fifty years.

So, one can simply plug in the upper bounds on A(ω) from [KL78] to obtain a proven running time
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without any assumptions. This achieves a running time of 20.6078n+o(n). See Corollary 3.8. (One can also
plug in the slightly better upper bounds achieved by [Ope26], but this gives a tiny improvement, and
these bounds are new and not yet peer reviewed.)

However, it seems quite reasonable to guess that our lower bounds on A(ω) are far closer to its true value
than the upper bound. One might even guess that the current lower bounds are essentially optimal so
that one might assume that we simply have A(ω) = 2o(n) sin(ω)−n. We do not claim this as a conjecture,
but we do note that it is a reasonable assumption.13 It is under this assumption that we obtain the
running times quoted in Theorems 1.1 and 1.2.

However, we note that even if one strongly disbelieves our geometric assumption, it still has meaning
in the context of our algorithm. In particular, our algorithm has the stronger property that if it fails
(either because the sieving procedure fails to find close pairs or because the running time is larger than
expected because the search for close pairs was too slow), it must be because the set of centers T forms a
remarkably good spherical code.14 So, if our algorithm fails to find a short non-zero lattice vector in the
desired time, it will succeed in finding an explicit spherical code that is far better than the best known

spherical code. (This is in contrast to heuristic sieving algorithms, which might fail because y
(t)
i = 0 for

all i.) We could therefore equally well present our algorithm as a win-win algorithm: it takes as input
a basis for a lattice and (with high probability) either outputs an approximate shortest vector in the
claimed running time or outputs a better spherical code. We chose not to write the sequel in this way to
avoid added complexity in the presentation, but we nevertheless feel that this is a very strong guarantee
offered by our algorithm.

1.4 Concurrent work

After a version of the present work was submitted but before it was made public, two related preprints
became public: one by Doulgerakis and Laarhoven [DL26] and one by Zhou, Wang, and Wang [ZWW26].
Both works claim a (3/2)n/2+o(n) ≈ 20.2925n-time algorithm with proven correctness for the average-case
variant of SVP in which the input lattice L ⊂ Rn is sampled uniformly at random from the Haar measure.
Note that such a result is incomparable to ours.

The algorithm of Doulgerakis and Laarhoven [DL26] is perhaps more similar to ours, in that it is also a
sieving algorithm roughly in the spirit of [BDGL16]. However, the details appear to be quite different.

2 Preliminaries

For n ∈ N, we denote [n] = {1, . . . n}. For a set S, we write X ∼ S for a random variable X sampled
uniformly from S. We write ∥·∥ for the ℓ2 norm. Unless otherwise stated, all lengths are in the Euclidean
(ℓ2) norm.

13There are two prominent examples in the literature [Ven13, Kla26] in which the authors speculate that a similar as-
sumption is true for lattice sphere packings. However, we are not aware of our specific assumption being stated anywhere.
In fact, there is a conjecture suggesting that A(ω) is just a bit larger than our assumption suggests for values of ω near
π/3 [ST06], though the status of this conjecture is unclear. We could of course have alternatively plugged in the values of
A(ω) conjectured in [ST06].

14More accurately, the centers will either be a good spherical code with distance roughly π/3 or an explicit large subset
of them will form a good spherical code inside a cap with distance π/3, which can then be converted into a spherical code
with distance ω for some ω depending on the radius α of the cap via a simple transformation as described in [BM07].
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We will need the following variant of Grover’s quantum search algorithm [Gro96] with an unknown number
of solutions in Section 3.3.

Theorem 2.1 ([BBHT98], Adapted from Theorem 3). Let L be a list with N ∈ N elements. Let
f : L → {0, 1} be a boolean function such that t :=

∣∣f−1(1)∣∣ is unknown. There exists a quantum

algorithm that finds an x ∈ L such that f(x) = 1 in expected time O
(√

N/t
)
, or reports that t = 0 with

failure probability δ, in time at most O
(√

N log(1/δ)
)
.

2.1 Lattices

We are interested in the following computational problem.

Definition 2.2 (µ-SVP). Let n ∈ N. Given a set B := {b1, b2, . . . bn} ⊂ Qn of n linearly independent
vectors, find v ∈ L(B) with 0 < ∥v∥ ≤ µλ1(L(B)).

We note that given an arbitrary set B′ of n′ ∈ N vectors in Qn, one can find a basis for the lattice L(B′)
of rank ≤ n generated by B′ by using, say, the LLL algorithm [LLL82]. For a lattice L, we define

λ1(L) := inf {r ∈ R : dim(span(L ∩ Bn(0, r))) ≥ 1}

as the length of the shortest non-zero vector in a lattice L. The following result from [Reg04, HPS11]
shows that in order to solve the µ-SVP problem on a lattice L, it is sufficient to find an algorithm that
solves µ-SVP when given a very good approximation to λ1(L) as an input.

Lemma 2.3 (Folklore). Let µ ≥ 1, and suppose that there is an algorithm A with the following guarantee.
Given a basis B of an n-dimensional lattice and a hint λ satisfying

λ1(L(B)) ≤ λ ≤
(
1 +

1

n

)
λ1(L(B)), (2.1)

the algorithm A runs in time at most T (n) and outputs a non-zero vector in L(B) of length at most
µ · λ1(L(B)). Then there is an efficient algorithm A′ that uses A as a subroutine and solves µ-SVP on
n-dimensional lattices in time at most T (n) · n2.

We will use the following lemma to bound the initial length of the lattice vectors our algorithms start
with.

Lemma 2.4 ([NV08], Lemma 3.3). Let (b1, . . . , bn) be an LLL-reduced basis of a lattice L. If s is a
shortest vector of L, then there exists an index i ∈ {1, . . . , n} such that s belongs to the lattice spanned
by (b1, . . . , bi) and ∥bj∥ ≤ 23nλ1(L) for every j = 1, . . . , i.

Therefore an algorithm A that runs in time T (n) and that assumes that the input basis vectors have
length at most 23nλ1(L) implies an algorithm A′ that runs in time n · T (n) without this assumption; A′
merely guesses the i and uses A as a subroutine.
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2.2 A bit of geometry

For any non-zero vectors x,y ∈ Rd, we write d(x,y) for the angular distance between them,

d(x,y) := arccos

(
⟨x,y⟩
∥x∥ ∥y∥

)
.

We define Sn−1 := {x ∈ Rn : ∥x∥ = 1} to be the unit sphere in Rn. For ϕ ∈ [0, π] and v ∈ Rn, we define
Cn(v, ϕ) as a (unit) spherical cap of angular radius ϕ centered at v:

Cn(v, ϕ) :=
{
x ∈ Sn−1 : d(x,v) < ϕ

}
.

We write Cn(ϕ) when the center is clear from context or unimportant.

A spherical code is a finite subset of the sphere, C ⊂ Sn−1. The parameter

θ⋆(C) := min
x̸=y∈C

d(x,y)

is called the distance of the code. To show correctness and bound the complexity of our lattice sieve, we
frequently need upper bounds on the maximum size of any spherical code in n dimensions and of some
distance θ.

Definition 2.5. Let θ ∈ (0, π] and n ∈ N. We define A(n, θ) to be the maximum number of points in
Sn−1 such that the angular distance between each pair of distinct points is at least θ.

We know the following celebrated result (also see [CE03, SZ24]).

Theorem 2.6 (Kabatjanskĭı and Levenštĕın [KL78, Lev79]). Let 0 < θ < π/2 be a constant. Then,

A(n, θ) ≤ ALev(n, θ) := 2RLP(θ)n+o(n),

where

RLP(θ) :=
1 + sin θ

2 sin θ
log2

1 + sin θ

2 sin θ
− 1− sin θ

2 sin θ
log2

1− sin θ

2 sin θ
.

When θ = π/3 this is the well known upper bound on the (geometric) kissing number, usually denoted
as τn.

τn := A(n, π/3) ≤ 20.401414n+o(n).

We will also need an upper bound on the size of spherical codes restricted to a spherical cap.

Definition 2.7. Let 0 < θ ≤ π/2, θ/2 < ϕ and n ∈ N. We define A(n, θ, ϕ) to be the maximum number
of points on Cn(ϕ) such that the angular distance between each pair of distinct points is at least θ.

We will use a result by Barg and Musin [BM07, Equation 9], where they relate the rate of codes on
spherical caps and strips to the rate of codes of a larger distance on the sphere. They show that for
0 < θ < π/2, θ/2 < ϕ ≤ π/2, and for

ω(θ, ϕ) := arccos

(
cos θ − cos2 ϕ

sin2 ϕ

)
, (2.2)
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we have that
A(n− 1, ω(θ, ϕ)) ≤ A(n, θ, ϕ) ≤ A(n, ω(θ, ϕ)). (2.3)

We will frequently use the following probability. Let θ ∈ [0, π] and θ/2 < ϕ < π be constants. Let
u,v ∈ Sn−1 be two arbitrary points such that d(u,v) = θ. We define

p(n, θ, ϕ) := Pr
c∼Sn−1

[u ∈ Cn(c, ϕ) ∧ v ∈ Cn(c, ϕ)] . (2.4)

We also define
p(n, ϕ) := p(n, 0, ϕ). (2.5)

This corresponds to the probability of the event v ∈ Cn(c, ϕ) for a fixed point v ∈ Sn−1 and a uniformly
random point c ∼ Sn−1, and hence

p(n, ϕ) = (sinϕ)n+o(n).

A reasonable assumption is that the kissing number A(n, π/3) is asymptotically upper bounded by
(sin(π/3))−n. The best known lower bounds on A(n, θ) for any constant θ ∈ (0, π/2) are in fact
2o(n) · sin(θ)−n. See Section 1.3 for more discussion.

Assumption 2.8. Let 0 < θ < π/2 be a constant. Then,

A(n, θ) ≤ 2o(n) sin(θ)−n

Lemma 2.9. Let 5/
√
n ≤ θ, ϕ ≤ π/2 with ϕ ≥ θ/2 + 5/

√
n and n ≥ 20. Then,

e−3/β

2πn
· βn/2−2 ≤ p(n, θ, ϕ) ≤ n

2
· βn/2−2 , (2.6)

where

β := 1− 2 cos2 ϕ

1 + cos θ
∈ (0, 1] .

Proof. Without loss of generality let u = e1 and v = e1 cos θ + e2 sin θ. Let

T := {(x1, x2) ∈ R2 : x21 + x22 ≤ 1, x1 ≥ cosϕ, x1 cos θ + x2 sin θ ≥ cosϕ} ⊂ R2 ,

and let x′ := (x1, x2). (The condition ϕ > θ/2 is what guarantees that T is non-empty.) We have

p(n, θ, ϕ) = Pr
x∼Sn−1

[u ∈ Cn(x, ϕ) and v ∈ Cn(x, ϕ)]

= Pr
x∼Sn−1

[(x1, x2) ∈ T ]

=
σn−3
σn−1

∫
T
(1− x21 − x22)

n/2−2dx′

=
n− 2

2π

∫
T
(1− x21 − x22)

n/2−2dx′ , (2.7)

where σm−1 is the surface area Sm−1, and where we have applied the well known recurrence σn−1 =
2πσn−3/(n− 2).

Let α := (1− cos θ) cosϕ/ sin θ be the minimal value that x2 takes in the integrand from Equation (2.7)
when x1 = cosϕ. Notice in particular that β = 1 − cos2 ϕ − α2. A simple check then shows that the
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integrand in Equation (2.7) is maximized when x1 = cosϕ and x2 = α, where its value is exactly βn/2−2.
It follows in particular that the integral is bounded by the area of T times βn/2−2. Noting that the area
of T is at most π gives the upper bound.

For the lower bound, let ε := 1/(n − 2). A quick check shows that T contains the square [cosϕ, cosϕ +
ε]× [α, α+ ε]. Applying Equation (2.7), we see that

p(n, θ, ϕ) ≥ n− 2

2π

∫ cosϕ+ε

cosϕ

∫ α+ε

α
(1− x21 − x22)

n/2−2dx2dx1

≥ ε2 · n− 2

2π
· (1− (cosϕ+ ε)2 − (α+ ε)2)n/2−2

≥ ε2 · n− 2

2π
· (β − 5ε)n/2−2

= ε2 · n− 2

2π
· βn/2−2 · (1− 5ε/β)n/2−2

≥ e−3/β

2πn
· βn/2−2 ,

as claimed, where the last step uses the fact that β ≥ 18/n (which follows from the lower bound on θ
and ϕ).

We will write voln(S) for the n-dimensional volume of a set S ⊂ R. We know that for n ∈ N and R ∈ R,

voln(Bn(R)) =
πn/2

Γ(n2 + 1)
·Rn, (2.8)

where Γ is the gamma function. The following lemma is a slight variant of [ABB+23, Lemma 2.1], whose
proof uses a simple elegant trick due to Zhou [Zho19].

Lemma 2.10. Let n ∈ N. For v ∈ Rn such that ∥v∥ ≤ 2R, consider the lens Bn(R) ∩ Bn(v, R) of angle

ϕ := arccos

(
∥v∥
2R

)
. We have that

√
2n

π
· sin

n+1 ϕ

n+ 1
≤ voln(Bn(R) ∩ Bn(v, R))

voln(Bn(R))
≤ ϕ ·

√
2n+ 2

π
· sinn ϕ (2.9)

Proof. Let Cn(R,ϕ) := {x ∈ Bn(R) : ⟨x, e1⟩ ≥ R cosϕ} . We know from [Li11] that

voln(Cn(R,ϕ)) = voln−1(Bn−1(1)) ·Rn ·
∫ ϕ

0
sinn(α)dα.

We will first bound this integral. For the lower bound, we use a trick from [ABB+23, Equation 3]. Since
∀α ∈ [0, π/2], cosα ∈ [0, 1], we have that∫ ϕ

0
sinn(α)dα ≥

∫ ϕ

0
sinn(α) cos(α)dα = sinn+1(ϕ)/(n+ 1).

Therefore,
voln(Cn(R,ϕ)) ≥ voln−1(Bn−1(1)) ·Rn · sinn+1(ϕ)/(n+ 1). (2.10)
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The upper bound follows from the observation that the integrand is maximized at α = ϕ:

voln(Cn(R,ϕ)) ≤ voln−1(Bn−1(1)) ·Rn · ϕ · sinn(ϕ). (2.11)

The balls Bn(R) and Bn(v, R) are congruent, and therefore the volume of the lens voln(Bn(R)∩Bn(v, R))
is equal to the volume of the union of two disjoint spherical caps congruent to Cn(R,ϕ). Therefore, using
Equation (2.10) and Equation (2.11), we have that

2 · sin
n+1 ϕ

n+ 1
·
(
voln−1(Bn−1(1))
voln(Bn(1))

)
≤ voln(Bn(R) ∩ Bn(v, R))

voln(Bn(R))
≤ 2ϕ · sinn ϕ ·

(
voln−1(Bn−1(1))
voln(Bn(1))

)
. (2.12)

Using Equation (2.8) and Gautschi’s inequality [Gau59], it follows that√
n

2π
≤ voln−1(Bn−1(1))

voln(Bn(1))
≤ 1√

π

(n
2
+ 1
)1/2

.

The result follows by combining this with Equation (2.12).

Given a spherical code C ⊂ Sn−1 and a vector v ∈ Rn, we say v decodes to c∗ ∈ C if c∗ = argminc∈C d(v, c).
Given a parameter α ∈ [0, π], we call the set

C ′ = {c ∈ C : d(v, c) < α} ⊆ C

the α-list decoding of v. We use the following family of list decodable spherical codes from [BDGL16].

Definition 2.11 ((n,m,K)-Random Product Codes). Let n,m,K, b ∈ N such that n = bm. The distri-
bution Rn,m,K on subsets of Rn of size Km is defined as the distribution of codes C of the form

C = Q · (C1 × C2 × · · · × Cm),

where Q ∈ On(R) is a uniformly random rotation over Rn and the sub-codes Ci ⊂
√
1/m ·Sb−1 for i ∈ [m]

are sets of K uniformly random and independently sampled vectors over the sphere
√
1/m · Sb−1.

We will use the following lemma from [BDGL16] which says that there exists a list decoding algorithm
for random product codes.

Lemma 2.12 ([BDGL16], Lemma 5.1). There exists an algorithm that, given the description Q,C1, . . . , Cm

of a random product code C ∼ Rn,m,K , a parameter ϕ ∈ (0, π/2) and a target vector t ∈ Sn−1, returns
the set S = C ∩ Cn(t, ϕ) in expected time

E[TLD(n,K,m, ϕ)] = O (nK +mK logK +mKm · p(n, ϕ))

over the randomness of C ∼ Rn,m,K .

We will also need the following technical results.

Lemma 2.13. Let 0 < θ < π/2 and θ/2 < ϕ. Let T ⊂ Sn−1 be such that for every distinct pair x,y ∈ T ,
d(x,y) ≥ θ. Then we have that for any fixed p ∈ Rn,∑

x∈T
d(p,x)≥θ

p(n, d(p,x), ϕ) ≤ O(n2) sup
θ≤α≤π/2

A(n, θ, α) · p(n, α, ϕ).
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Proof. Notice that the sum over T is the same as a sum over θ-separated points in T \ (T ∩ C(p, θ)).
Let us divide this domain into n2 successive “rings” at an angular radius α from p, and bound the sum
restricted to each such ring with the maximum number of points possible per ring15. Let α1 := θ. For
j ∈ {2, . . . , n2}, let αj be such that

2−jp(n, θ, ϕ) < p(n, αj , ϕ) ≤ 2−j+1p(n, θ, ϕ).

Notice in particular that |{x ∈ T : αj ≤ d(p,x) < αj+1}| ≤ A(n, θ, αj+1). Omitting the dimension n in
the arguments of p and A below for compactness, we have

∑
x∈T

d(p,x)≥θ

p(d(p,x), ϕ) ≤
n2∑
j=1

∑
x∈T

αj≤d(p,x)<αj+1

p(d(p,x), ϕ) + 2−n
2 |T |

≤ n2max
j

A(θ, αj+1) · p(αj , ϕ) + 2−n
2
A(θ)

≤ 2n2max
j

A(θ, αj+1) · p(αj+1, ϕ) + 2−n
2
A(θ)

≤ 2n2 sup
θ≤α≤π

A(θ, α) · p(α, ϕ) + 2−n
2
A(θ)

≤ 4n2 sup
θ≤α≤π/2

A(θ, α) · p(α, ϕ) + 2−n
2
A(θ)

≤ O(n2) · sup
θ≤α≤π/2

A(θ, α) · p(α, ϕ) ,

as claimed, where in the third inequality we have used the fact that p(n, αj , ϕ) ≤ 2p(n, αj+1, ϕ), and
in the fourth inequality we have used the fact that for α ≥ π/2, A(θ, α)p(α, ϕ) ≤ 2A(θ, π/2)p(α, ϕ) ≤
2A(θ, π/2)p(π/2, α).16

Lemma 2.14. For γ ∈ (1/2, 1), let

θ := min

(
arccos

1

2γ
, 2 arcsin

γ

2

)
.

Let p1,p2 ∈ Rn be such that ∥p1∥ , ∥p2∥ ∈ (γR,R] and d(p1,p2) ≤ θ. Then, ∥p1 − p2∥ ≤ γR.

Proof. Assume ∥p1∥ ≤ ∥p2∥. It is sufficient to show that

∥p1 − p2∥
2

∥p1∥
2 ≤ γ2.

Since d(p1,p2) ≤ θ, we have that

∥p1 − p2∥
2 ≤ ∥p1∥

2 + ∥p2∥
2 − 2 ∥p1∥ ∥p2∥ cos θ.

15We use a seemingly crude bound of a cap instead of the ring; however [BM07] show that these are related, and in fact
asymptotically alike.

16The fact that A(θ, α) ≤ 2A(θ, π/2) follows by noting that for any configuration of N = A(θ, α) points in a cap with
angular radius α, at least N/2 of these points must lie in some hemisphere (i.e., some cap with radius π/2). The fact that
p(π/2, ϕ) ≥ p(α, ϕ) follows from the monotonicity of p.

17



For a ∈ (γ, 1], define f(a) := 1 + a2 − 2a cos θ and notice that for r := ∥p1∥
∥p2∥

∈ (γ, 1],

∥p1 − p2∥
2

∥p1∥
2 ≤ f(r).

Since f is a convex function, f(r) ≤ max (f(γ), f(1)). We have that

f(1) = 2(1− cos θ) = 4 sin2
θ

2
≤ γ2,

and that

f(γ) = 1 + γ2 − 2γ cos θ ≤ γ2,

where the inequalities follow because

γ = max

(
1

2 cos θ
, 2 sin

θ

2

)
.

2.3 Good spherical codes

Definition 2.15 ((θ, ϕ, δ, T )-Good Spherical Codes Distribution). Let Codes be a distribution over finite
subsets C ⊂ Sn−1, together with a decoding algorithm ListDecodeC(v) that takes as input v ∈ Sn−1
and runs in time TC(v). We say that the distribution Codes is (θ, ϕ, δ, T )-good if the following hold for
C ∼ Codes:

1. The marginal distribution of every c ∈ C is uniform over Sn−1.

2. ∀v ∈ Sn−1, ListDecodeC(v) = C ∩ Cn(v, ϕ).

3. ∀v ∈ Sn−1, EC [TC,(v)] ≤ T .

4. ∀v,u ∈ Sn−1 such that d(v,u) < θ, PrC [∃c ∈ C : c ∈ C(v, ϕ) ∩ C(u, ϕ)] ≥ 1− δ.

Claim 2.16. Let 0 < θ < π/2 and θ/2 < ϕ < π/2 be fixed constants. For all sufficiently large n ∈ N,
there exists a distribution Codesn,θ,ϕ over finite subsets C ⊂ Sn−1 such that |C| = 2o(n)p(n, θ, ϕ)−1 and
Codesn,θ,ϕ is (θ, ϕ, 1

nn , 2o(n)p(n, θ, ϕ)−1p(n, ϕ))-good spherical codes distribution.

Proof. Let m = poly log(n) be an integer. By possibly increasing n by at most an additive m = poly log(n)
by padding with zeros, we can assume without loss of generality that m | n. Define

K := ⌈(2n2/3
p(n, θ, ϕ)−1)1/m⌉.

Each sample from the distribution Codes consists of n independent samples from Rn,m,K from Defini-
tion 2.11. That is, C =

⋃
j Cj where Cj ∼ Rn,m,K . Clearly

|C| = n ·Km ≤ n · 2m · 2n2/3
p(n, θ, ϕ)−1 = 2o(n)p(n, θ, ϕ)−1.

Moreover, Item 1 is implied by the uniformly random rotation Qj applied to each of the product codes
sampled according to Definition 2.11.
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The decoding algorithm ListDecodeC(v) works as follows. For each j ∈ [n], it runs the list decoding
algorithm from Lemma 2.12 on the jth random product code, and outputs the union of their outputs. It
follows from Lemma 2.12 that the output is as desired in Item 2.

The expected time complexity is as in Item 3:

n · E[TLD(n,K,m, ϕ)] = 2o(n)p(n, θ, ϕ)−1p(n, ϕ).

Lastly for any v,u ∈ Sn−1, d(u,v) ≤ θ and a random product code Cj , [BDGL16, Theorem 5.1] says
that

Pr
Cj

[∀c ∈ Cj : c /∈ C(v, ϕ) ∩ C(u, ϕ)] ≤ negl(n),

over the randomness of the random product code. Since negl(n) < 1
n for all sufficiently large n, and the

n random product codes are independent, we have that

Pr
C
[∀j ∈ [n], ∀c ∈ Cj : c /∈ C(v, ϕ) ∩ C(u, ϕ)] ≤ negl(n)n ≤ n−n,

and Item 4 follows as the converse of this.

3 Faster lattice sieving without heuristics

3.1 Sieving with good spherical codes

In this section we describe our sieving procedure.

Algorithm 1 Our sieving procedure

Input: Dimension n; sieve size γ; cap size ϕ; list of vector pairs S ⊆ L× Bn(R) for some R ∈ R.
Output: A list S′ ⊆ L× Bn(γR+ ε) of pairs for ε := max(v,p)∈S ∥v − p∥.
1: S′ ← ∅
2: W ← ∅
3: θ ← min

(
arccos 1

2γ , 2 arcsin γ
2

)
4: Move all pairs (v,p) ∈ S such that ∥p∥ ≤ γR+ ε to S′

5: Code ∼ Codesn,θ,ϕ
6: for Remaining pairs (v,p) ∈ S do
7: words← ListDecode(Code,p/∥p∥)
8: for c ∈ words such that the table Hc is initialized do
9: if ∃(vc,pc) ∈ Hc such that d(p,pc) < θ then ▷ Search for a center

10: Add (v − vc,p− vc) to S′ and exit the loop ▷ The pair is reduced
11: end if
12: end for
13: if The pair is not reduced then
14: Add (v,p) to W
15: for c ∈ words do
16: Add (v,p) to Hc ▷ If Hc is not initialized, initialize it here.
17: end for
18: end if
19: end for
20: return S′
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Theorem 3.1 (Correctness of the sieving procedure). For γ ∈ (1/2, 1), let 0 < θ < π/2 be as in
Lemma 2.14, let θ/2 < ϕ < π/2 be constant, and n ∈ N. Suppose Algorithm 1 takes as an input a
list S ⊆ L × Bn(R) of vector pairs of size |S| ≤ 2O(n), for some R ∈ R. Let ε := max(v,p)∈S ∥v − p∥.
Then except with probability exp (−Θ(n)) over the choice of the good code Code, it outputs a list S′ ⊂
L× Bn(γR+ ε), such that at the end of the algorithm

1. Every distinct P = (v1,p1), Q = (v2,p2) ∈W is such that d(p1,p2) ≥ θ.

2. |S′| ≥ |S| −A(n, θ).

3. Every pair (v′,p′) in S′ was either a pair in S, or of the form (v−vc,p−vc), where (vc,pc) ∈W ,
and (v,p) ∈ S \W . Moreover ∥v′ − p′∥ ≤ ε and ∥p′∥ ≤ γR+ ε.

Proof. The guarantee on the length of the output follows from Lemma 2.14.

Recall that Code is a sample from a (θ, ϕ, 1
nn , 2o(n)p(n, θ, ϕ)−1p(n, ϕ))-good spherical codes distribution

as in Claim 2.16. Suppose that for fixed P,Q ∈ S, P was processed before Q and we have P ∈W . Then
by Claim 2.16 the probability that when Q is processed, the algorithm does not find P in any table Hj

in Line 9 is at most 1/nn. Therefore Q would not be added to T , except with 1/nn probability. Item 1
follows by a union bound over all 2O(n) pairs of pairs P and Q in S.

From Definition 2.5 and Item 1 it follows that |W | ≤ A(n, θ) except with probability exp(−Θ(n)) over
the choice of Code. Notice that every pair in S processed by Algorithm 1 either results in a pair being
added to S′ in Line 10 of the algorithm or a pair being added to W in Line 14. Item 2 follows from these
observations.

The first part of Item 3 is clear from Line 10. Moreover, ∥p′∥ = ∥p− vc∥ ≤ γR + ε follows from
Lemma 2.14 and the definition of ε using triangle inequality.

Theorem 3.2 (Complexity of the sieving procedure). For γ ∈ (1/2, 1), let 0 < θ < π/2 be as in
Lemma 2.14, let θ/2 < ϕ < π/2 be a constant, and n ∈ N. Suppose Algorithm 1 takes as an input a list
S ⊆ L× Bn(R) of vector pairs of size |S| ≤ 2O(n), for some R ∈ R. Let THS and SHS respectively be the
time and space complexity of Algorithm 1. Then

1. With high probability over the randomness of Code, the running time is

THS ≤ 2o(n) |S| p(n, θ, ϕ)−1
(
p(n, ϕ) + sup

θ<α<π/2
A(n, θ, α) · p(n, α, ϕ)

)
.

2. With high probability over the randomness of Code, the space is

SHS ≤ |S|+ 2o(n)p(n, θ, ϕ)−1p(n, ϕ)min(|S| , A(n, θ)).

Proof. Time Complexity. Let U = S \W , N = |U |, and suppose U = {Pj}j∈[N ]. Let T ∗ ⊂ U be

such that for i ∈ [N ], Pi ∈ T ∗ if and only if it is θ-far from every Pj ∈ T ∗ for j < i. T ∗ is the set W
if we used ϕ = π, |Code| = 1, and a trivial decoder; this corresponds to the case when there is only one
bucket and we are executing the [AKS01] algorithm and does not depend on the choice of the code. From
Definition 2.5 it follows that |T ∗| ≤ A(n, θ).
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Let E be the event that Item 4 of Definition 2.15 holds for every pair (of pairs) in U × U . From our
choice of parameters for the code, and union bound over all pairs of pairs, we have that Pr[Ec] ≤ N2n−n,
where Ec denotes the complement of E. Moreover, conditioned on E, we have that W = T ∗.

For each candidate pair P ∈ S, the algorithm first decodes it using the decoder from Claim 2.16, then
checks all the pairs so far in W that fall within the same buckets as P , then possibly spends some time
adding an unreduced pair to the relevant buckets. Crucially, the loop processing P breaks as soon as P
is reduced. Therefore, the time complexity (conditioned on E) is upper bounded by

THS ≤
∑

(v,p)∈S

TC(p) +
∑

(v,p)∈S

∑
c∈Code

∑
(v′,p′)∈T ∗

d(p,p′)≥θ

1[d(c,p) ≤ ϕ]1[d(c,p′) ≤ ϕ]. (3.1)

Averaging over the code, and using Equation (2.4) and Claim 2.16, we have that

ECode[THS1E ] ≤ |S| 2o(n)p(n, θ, ϕ)−1p(n, ϕ) + |Code|
∑

(v,p)∈S

∑
(v′,p′)∈T ∗

d(p,p′)≥θ

p(n, d(p,p′), ϕ).

Therefore from Lemma 2.13 applied to the second element of the tuples it follows that

ECode[THS ] ≤ 2o(n) |S| p(n, θ, ϕ)−1
(
p(n, ϕ) + sup

θ<α<π/2
A(n, θ, α) · p(n, α, ϕ)

)
+N2p(n, θ, ϕ)−1 Pr[Ec],

and by our choice of parameters and Lemma 2.9 the last term is negligible. This upper bound is concen-
trated by Markov’s inequality.

Space Complexity. We have that

SHS = |S|+
∑

cj∈Code
|Hj | = |S|+

∑
(v,p)∈T ∗

∑
cj∈Code

1[d(c,p) ≤ ϕ].

Therefore following analysis similar to that of the time complexity,

ECode[SHS ] ≤ |S|+ |T ∗| |Code| p(n, ϕ),

and this concentrates by Markov’s inequality.

3.2 Our sieving algorithm

In this section we give our classical algorithm for the µ-SVP problem, for constant µ, that uses the sieve
from the previous section poly(n) times. Indeed, given what we have already done in the previous section,
the remainder of the proof follows prior work closely.

We assume that a guess λ satisfying Equation (2.1) is known as per Lemma 2.3, the input basis is
LLL-reduced, and that every basis vector is of length at most 23nλ as per Lemma 2.4.

We begin with an algorithm from [Reg04, HPS11] that takes as an input a basis B for a lattice and a
perturbation x (an arbitrary vector) and outputs a pair (v,p) such that v ∈ L(B) and p = v+x. Notice
that the vector p is the lattice vector v perturbed with x.
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Algorithm 2 Sample

Input: B = {b1, . . . , bn} and perturbation x
Output: A lattice vector v and its perturbed variant p = v + x

1: Compute v = −x+ (x mod P(B))
2: return pair (v,p := v + x)

Algorithm 3 Our sieving algorithm

Input: Lattice basis B = {b1, . . . , bn}; stopping radius R0; sieve size γ ∈ (1/2, 1); clustering parameter
ϕ ∈ (θ/2, π/2); list size N ; guess λ; and perturbation length factor ε0.
Output: µ-approximate shortest non-zero vector of L(B)

1: S0 = ∅
2: θ ← min

(
arccos 1

2γ , 2 arcsin γ
2

)
3: ε = ε0λ
4: for i = 1 . . . N do
5: Draw x uniformly at random from Bn(ε)
6: Add Sample(B,x) to list S0 ▷ Run Algorithm 2
7: end for
8: R← maxi ∥bi∥
9: j ← 1

10: while R > R0 do
11: Sj ← Sieve(R,Sj−1, γ, ϕ) ▷ Run Algorithm 1
12: R← γR+ ε
13: j ← j + 1
14: end while
15: return any non-zero vector in the first component of Sj−1, fail if none exist.

Every instance of the while loop in Algorithm 3 uses the set Sj−1 to build a set of shorter vector pairs
Sj . It follows from Lemma 2.14 that at the end of each while loop the set Sj contains vector pairs such
that the second element (perturbed vectors) is of length at most R. We have the following lemma about
the number of iterations of the while loop.

Lemma 3.3. When Algorithm 3 is run with a basis such that ∥bi∥ ≤ 23nλ, a constant (in n) ε0 > 0,
γ ∈ (1/2, 1), a guess λ1 ≤ λ ≤ λ1(L(B))

(
1 + 1

n

)
, and R0 ≥ ε0λ

1−γ
(
1 + 1

n

)
, it terminates after O (n)

executions of the while loop.

We now have all the tools to analyze the time and space complexity of Algorithm 3. However, correctness
of the algorithm needs more care. We have tried to make this argument as simple and modular as possible
(at the expense of some looser low-order terms).

We will show in Theorem 3.7 that for a constant ε0 and θ, if the final set of vector pairs Sj−1 at the end
of Algorithm 3 contains a non-zero vector, then that lattice vector is a constant factor approximation to
a shortest non-zero vector in L(B). Therefore, to show correctness of our algorithm, it will be enough to
show that the set Sj−1 contains a non-zero lattice vector with high probability. To that end, we will use
the perturbation trick from [AKS01]. We define good perturbations, and show that for any iteration j,
for a good pair in Sj , in which the lattice vector v is generated from a good perturbation by Algorithm 2,
the probability that this lattice vector is 0 is at most the probability that it is a shortest non-zero vector.
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(a)

−s 0 s

Ts

Bn(0, ε)
Bn(s, ε)Bn(−s, ε)

(b)

−s 0 s
T ′ T

−s

+s

Figure 1: (a) The set Ts = Bn(0, ε)∩Bn(s, ε), together with the translated ball Bn(−s, ε). (b) We define
T = Ts \ (Ts− s) and T ′ = T − s. The sets T and T ′ are disjoint subsets of Bn(0, ε) and are translations
of one another.

Fix some shortest non-zero vector s ∈ L(B), and define

Ts := Bn(0, ε) ∩ Bn(s, ε) and T−s := Bn(0, ε) ∩ Bn(−s, ε), (3.2)

and (see Figure 1)
T := Ts \ (Ts − s) and T ′ := T − s. (3.3)

Definition 3.4 (Good perturbations). A perturbation x ∈ Bn(ε) is called good when x ∈ T ∪ T ′.

Notice that T and T ′ are disjoint, and that

T ′ = T − s

= Ts \ (Ts − s)− s

= T−s \ (T−s − s).

If v ∈ L, we say that a pair (v,v + x) is good if x is good. The following lemma gives a lower bound on
the probability that any perturbation drawn uniformly at random from B(ε0λ) is good.

Lemma 3.5 (Good perturbation and good pair). Consider ε0 > 1
2 and λ, where λ1(L) ≤ λ ≤ (1 +

1
n)λ1(L). For any perturbation x drawn uniformly at random from Bn(ϵ0λ), the probability that x is good
satisfies

Pr
x←Bn(ε0λ)

[x ∈ T ∪ T ′] ≥ 1

NG
,

where NG < 2o(n) · (1− 1/(4ε20))
−n/2.

Proof. Let ε = ε0λ. Notice that (see Figure 1)

voln(T ) = voln(Ts)− voln(Ts ∩ (Ts − s)) = voln(Ts)− voln(Bn(s, ε) ∩ Bn(−s, ε)).

Ts is a lens with angular radius ϕ1 such that cosϕ1 = λ1
2ε , and similarly whenever Ts ∩ (Ts − s) is

non-empty, it is a lens with angular radius ϕ2 such that cosϕ2 =
λ1
ε . From Lemma 2.10 it follows that

voln(Ts ∩ (Ts − s))

voln(Ts)
≤ 2−Ω(n).
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Therefore by Lemma 2.10 we have that

Pr
x←Bn(ε)

[x ∈ T ∪ T ′] =
voln(T ∪ T ′)

voln(Bn(ε))

≥ 2−o(n)
(
1− 1

4ε20

)n/2

,

as claimed.

In the following, we use X
(0)
i = (V

(0)
i , P

(0)
i ) to denote the (random variable corresponding to the) ith pair

in S0, and use X
(j)
i for its descendant in Sj (and similarly for V and P ). Note that any pair used as a

center in say the jth sieving step is discarded in that step, in which case we say that X
(j′)
i = ⊥ for all

j′ > j.

Lemma 3.6. For any i and j, we have

Pr[V
(j)
i = 0 | X(0)

i is good] ≤ Pr[V
(j)
i ∈ {±s} | X(0)

i is good], (3.4)

where the probability is over the randomness of the sampling process for perturbations in Algorithm 3.

Proof. Recall T, T ′ from Equation (3.3). Define a function g(x) over Bn(ε) as follows.

g(x) :=


x+ s, x ∈ T ′

x− s, x ∈ T

x, otherwise

(3.5)

Notice that g is a bijection from Bn(ε) to itself that maps the set T to T ′ and the set T ′ to T . Consider
an algorithm Sieve2 that takes an additional input a shortest non-zero vector s. This algorithm is almost
identical to Algorithm 3 except for one change. After sampling x in Line 3 of Algorithm 3, we toss a fair
coin, and if the coin lands up HEADS then the algorithm replaces x by g(x).

Since g is a bijection, g(x) is identically distributed as x. Moreover, the N perturbations remain inde-
pendent after these replacements. Hence the entire execution, and therefore the output, of Algorithm 3
and Sieve2 have the same distribution. It suffices to prove the required statement for Sieve2.

Consider a vector x sampled in line 5 of Algorithm 3. Without the replacement, the corresponding pair
added to S0 is (v,p), where

p = x mod P(B), v = p− x .

For each j ≥ 0, the call to sieving procedure with input Sj does the following. Each pair (v,p) is replaced
by

(v − vc,p− vc)

for some chosen center (vc,pc) and added to Sj+1 (we can take vc = 0 whenever ∥p∥ ≤ γR+ε), or placed
in one or more buckets as a center, in which case it does not appear in Sj+1.

Thus, after j iterations, a pair (v,p) inserted in S0 has either been discarded in one of these iterations,
or has been replaced by (v−u∗,p−u∗) for some lattice vector u∗, which is the sum of the center vectors
subtracted in the j iterations.
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Now consider how this execution of the algorithm changes for Sieve2. Fix all sampled perturbations, all
randomness used by Algorithm 1, and all coin tosses except the coin belonging to x. We compare the
two executions corresponding to the two outcomes of this coin.

Since g(x)− x ∈ L(B), we have

g(x) mod P(B) = x mod P(B) .

Thus, replacing x by g(x) changes its initial pair to

(v + x− g(x),p) ,

while leaving all other pairs unchanged.

Until this pair becomes a center, changing the first component does not affect any choice made by
Algorithm 1. The choice of a center depends only on the second component p and the pairs already
present in the buckets. Thus, it is reduced using the same centers in both executions, or becomes a center
in both.

Repeating this argument, we see that the pair survives to Sj either in both executions or in neither. If
it survives, u∗ remains the same, and the two possible pairs that we get are

(v − u∗,p− u∗)

and
(v − u∗ + x− g(x),p− u∗) .

Equivalently, we could have postponed this pair’s coin toss until it first became a center, or until we want
to look at the corresponding pair in Sj .

Suppose that the pair survives until Sj and that x is a good vector. Then the two possible lattice
components differ by x − g(x) which is ±s, and each occurs with probability 1/2. Thus, whenever one
is zero, the other belongs to ±s.

Averaging over the randomness fixed above gives the desired result.

Theorem 3.7. Let µ > 1 and ε0 > 1/2 be constants such that

ε0 <
µ(

2 + 1
n

) (
1 + 1

n

) , γ := 1− ε0

µ− ε0
(
1 + 1

n

) (1 + 1

n

)2

,

and θ = min
(
arccos 1

2γ , 2 arcsin γ
2

)
. Let ϕ ∈ (θ/2, π/2) and N := 100n2NGA(n, θ). There exists an

algorithm that solves µ-SVP with high probability in time

TµSVP ≤ 2o(n)NNGp(n, θ, ϕ)
−1

(
p(n, ϕ) + sup

θ≤α≤π/2
A(n, θ, α) · p(n, α, ϕ)

)

and space
SµSVP ≤ 2o(n)Np(n, θ, ϕ)−1p(n, ϕ) ,

where NG < 2o(n)(1− 1/(4ε20))
−n/2 ≈ en/(2µ

2) as in Lemma 3.5.
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Proof. The algorithm runs Algorithm 3, say, n2NG times with these parameters and a truncated LLL-
reduced basis as described in Lemma 2.4 and with a guess λ as satisfying λ1(L) ≤ λ ≤ (1+ 1/n)λ1(L) as
in Lemma 2.3, and R0 := ε0λ/(1 − γ) · (1 + 1/n). It suffices to show that one run of this algorithm has
the desired complexity (up to a factor of NG) and correctly finds an approximate shortest non-zero with
probability Ω(1/(nNG)).

Correctness. By Lemma 3.3, the number of iterations of the while loop in Algorithm 3 is t := O(n).
We claim that, all of the lattice vectors in St have length at most µ · λ1(L). Indeed, for any (v,p) ∈ St,

∥v∥ ≤ R0 + ε0λ

=
ε0λ

1− γ
·
(
1 +

1

n

)
+ ε0λ

≤ µλ1,

where the first inequality follows from Item 3 of Theorem 3.1.

Therefore, for correctness, it suffices to show that at least one of them is non-zero with probability
Ω(1/(nNG)).

By Lemma 3.5 and a simple Chernoff bound, the initial list S0 contained at least N/(2NG) good pairs
with high probability. Let us look at these pairs throughout the execution of the algorithm. In each
iteration, the number of these pairs lost (because they become centers) in Algorithm 1 is at most A(n, θ)
with high probability, by Item 2 of Theorem 3.1. Therefore, by the end of the algorithm there are at
least N/(2NG)−O(nA(n, θ)) ≥ Ω(N/NG) surviving good pairs with high probability. It follows that the
expected number of surviving good pairs is at least N/(nNG).

On the other hand, by Lemma 3.6, we have that

E[|{i : V
(t)
i = 0 and X

(0)
i is good}|] ≤ E[|{i : V

(t)
i /∈ {0,⊥} and X

(0)
i is good}|] .

Adding E[|{i : V
(t)
i /∈ {0,⊥} and X

(0)
i is good}|] to both sides, we see that

N/(nNG) ≤ E[|{i : V
(t)
i ̸= ⊥ and X

(0)
i is good}|] ≤ 2E[|{i : V

(t)
i /∈ {0,⊥} and X

(0)
i is good}|]

It follows by Markov’s inequality that there is at least one non-zero V
(t)
i (that also happens to have X

(0)
i

good) with probability at least 1/(2nNG), and the result follows.

Time and space complexity. The execution time is bounded by O(n) times the sum of the time it
takes to generate N pairs in Line 4, plus the time it takes to sieve in Algorithm 3, where the latter value
is O (n) · THS by Lemma 3.3 and Theorem 3.2, and is the dominant cost. Therefore, we have that

TµSVP ≤ 2o(n)NGNp(n, θ, ϕ)−1

(
p(n, ϕ) + sup

θ<α<π/2
A(n, θ, α) · p(n, α, ϕ)

)
,

as claimed.

Moreover, the space consumed is proportional to the space consumed by the first execution of Algorithm 1
(since the size of the successive lists can only decrease). Therefore,

SµSVP ≤ N · poly(n) + 2o(n)p(n, θ, ϕ)−1p(n, ϕ)N ≤ 2o(n)p(n, θ, ϕ)−1p(n, ϕ)N,

as claimed, where in the last step we have used the fact that p(n, θ, ϕ) ≤ p(n, ϕ) (as is clear from their
definitions).

26



Recall the KL upper bound on the kissing number from Theorem 2.6. We now consider large approxi-
mation factors µ → ∞, in which case θ → π/3 by the choice of θ in Theorem 3.7. By optimizing (in ϕ)
Theorem 3.7 for time, we have the following upper bounds on the time and space complexity.

Corollary 3.8. There is an algorithm that solves µ-SVP in time at most 20.6078n+εµn+o(n) and space at
most 20.6078n+εµn+o(n), where εµ is a constant depending on µ with limµ→∞ εµ = 0.

Proof Sketch. We optimize the complexity expressions in Theorem 3.7 as µ → ∞ to find that they are
minimized at ϕ ≈ 49.1792◦ with α ≈ 64.3560◦.

Under Assumption 2.8 we also get the following corollary.

Corollary 3.9. Suppose that Assumption 2.8 is true. Then, there is an algorithm that solves µ-SVP in
time at most 20.3066n+εµn+o(n) and space at most 20.3066n+εµn+o(n), where εµ is a constant depending on
µ with limµ→∞ εµ = 0.

Proof Sketch. We optimize the complexity expressions in Theorem 3.7 using Lemma 2.9 and Equa-
tion (2.3) under Assumption 2.8, with µ → ∞, to find that they are minimized at ϕ ≈ 58.1844◦ with
α ≈ 68.5293◦.

3.3 The quantum variant of our algorithm

Finally, we sketch how to modify our classical algorithm to obtain a faster quantum algorithm. As
one might expect, the key change is to replace the brute-force search in Line 9 in Algorithm 1 with
Grover’s search algorithm. We first show the quantum analogue of Theorem 3.1 and sketch how to
modify Algorithm 1 and the proof of Theorem 3.1 to obtain this quantum version.

Theorem 3.10 (Quantum Sieving Algorithm). For γ ∈ (1/2, 1), let 0 < θ < π/2 be as in Lemma 2.14,
θ/2 < ϕ < π/2 be a constant, and n ∈ N. There exists a quantum algorithm that takes as an input a list

S ⊆ L × Bn(R) of vector pairs of size |S| ≤ 2O(n), for some R ∈ R. Let θ = min
(
arccos 1

2γ , 2 arcsin γ
2

)
and ε := max(v,p)∈S ∥v − p∥. Then except with probability exp (−Θ(n)) over the choice of the good code
Code, it outputs a list S′ ⊂ L× Bn(γR+ ε), such that at the end of the algorithm

1. Every distinct P = (v1,p1), Q = (v2,p2) ∈W is such that d(p1,p2) ≥ θ.

2. |S′| ≥ |S| −A(n, θ).

3. Every pair (v′,p′) in S′ was either a pair in S, or of the form (v−vc,p−vc), where (vc,pc) ∈W ,
and (v,p) ∈ S \W . Moreover ∥v′ − p′∥ ≤ ε.

4. With high probability over the choice of codes, the time complexity is

T Q
HS ≤ 2o(n) |S| p(n, θ, ϕ)−1

(
p(n, ϕ) +

√
p(n, ϕ) sup

θ<α<π/2
A(n, θ, α) · p(n, α, ϕ)

)
.

5. With high probability over the choice of codes, the algorithm uses SQHS bits of coherently accessible
classical memory, where

SQHS ≤ |S|+ 2o(n)p(n, θ, ϕ)−1p(n, ϕ)min(|S| , A(n, θ)).
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Proof. The algorithm works identically to Algorithm 1, except it uses coherently accessible classical RAM
(c-QRAM) to build the buckets Hj ’s. Moreover, in Line 9 it uses the algorithm from Theorem 2.1 to
search for a reducing pair (with a failure probability n−Cn for a large enough C). The proof of Items 1
to 3 and 5 remains identical to the proof of Theorems 3.1 and 3.2. Time complexity analysis follows
similarly to the proof of Theorem 3.2, except at Equation (3.1) we instead have

THS ≤
∑

(v,p)∈S

TC(p) +
∑

(v,p)∈S

∑
c∈Code

1[d(c,p) ≤ ϕ]

1 +

√√√√√ ∑
(v′,p′)∈T ∗

d(p,p′)≥θ

1[d(c,p′) ≤ ϕ]

 .

Notice that for fixed p, since every codeword is marginally uniform, we have that

ECode

1[d(c,p) ≤ ϕ]

√√√√√ ∑
(v′,p′)∈T ∗

d(p,p′)≥θ

1[d(c,p′) ≤ ϕ]



≤
√
ECode [1[d(c,p) ≤ ϕ]] ·

√√√√√√√√ECode

 ∑
(v′,p′)∈T ∗

d(p,p′)≥θ

1[d(c,p) ≤ ϕ]1[d(c,p′) ≤ ϕ]


=

√√√√√p(n, ϕ)
∑

(v′,p′)∈T ∗

d(p,p′)≥θ

p(n, d(p,p′), ϕ),

where we have used the Cauchy-Schwarz inequality for random variables X and Y with ⟨X,Y ⟩ := E[XY ],
and the rest of the proof follows identically.

By instantiating Algorithm 3 with the quantum sieving procedure from Theorem 3.10 instead of the
classical sieving procedure in Algorithm 1, we immediately obtain the following result.

Theorem 3.11. Let µ > 1 and ε0 > 1/2 be constants such that

ε0 <
µ(

2 + 1
n

) (
1 + 1

n

) , γ := 1− ε0

µ− ε0
(
1 + 1

n

) (1 + 1

n

)2

,

θ = min
(
arccos 1

2γ , 2 arcsin γ
2

)
. Let ϕ ∈ (θ/2, π/2) and N := 100n2NGA(n, θ). There exists a quantum

algorithm that solves µ-SVP with high probability in time

TµSVP ≤ 2o(n)NNGp(n, θ, ϕ)
−1

(
p(n, ϕ) +

√
p(n, ϕ) · sup

θ≤α≤π/2
A(n, θ, α) · p(n, α, ϕ)

)
and uses

SµSVP ≤ 2o(n)Np(n, θ, ϕ)−1p(n, ϕ) ,

bits of coherently accessible classical memory, where NG < 2o(n)(1 − 1/(4ε20))
−n/2 ≈ en/(2µ

2) as in
Lemma 3.5.
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From this, we obtain the following corollaries.

Corollary 3.12. The algorithm from Theorem 3.11 solves µ-SVP in time at most 20.5832n+εµn+o(n) and
uses at most 20.4868n+εµn+o(n) bits of coherently accessible classical memory, where εµ is a constant de-
pending on µ with limµ→∞ εµ = 0.

Proof Sketch. We optimize the complexity expressions in Theorem 3.11 as µ → ∞ to find that they are
minimized at ϕ ≈ 59.9438◦ with α ≈ 75.5099◦.

Corollary 3.13. Suppose that Assumption 2.8 is true. Then, the algorithm from Theorem 3.11 solves
µ-SVP in time at most 20.3000n+εµn+o(n) and uses at most 20.2593n+εµn+o(n) bits of coherently accessible
classical memory, where εµ is a constant depending on µ with limµ→∞ εµ = 0.

Proof Sketch. We optimize the complexity expressions in Theorem 3.11 using Lemma 2.9 and Equa-
tion (2.3) under Assumption 2.8, with µ → ∞, to find that they are minimized at ϕ ≈ 65.5094◦ with
α ≈ 76.5923◦.
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Statement on AI Use

Our algorithm was originally developed without use of AI tools. And, without use of AI tools, we initially
had a proof that the algorithm ran in time roughly 20.37n under Assumption 2.8. We then consulted GPT
Astra, and the AI tool found our current improved analysis, which yields roughly 20.3066n.

We also used AI tools for more minor tasks, such as balancing lower-order terms, creating scripts to find
the optimal value of ϕ and the worst-case value of α, and proofreading.
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