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Abstract—We present the first new infinite family of APN
functions obtained by applying the switching construc-
tion to a known family since the introduction of the
Budaghyan-Carlet-Leander family in 2009. Our construc-
tion is also the first example of an infinite APN family
obtained via the switching construction from an infinite
family of non-power functions. More generally, we study
families of APN functions that can be obtained from
the Budaghyan-Helleseth-Kaleyski family by the addition
of carefully selected perturbation terms. We perturb the
known family by combinations of Frobenius conjugates of
the relative norm and obtain four constructions, naturally
arranged into two switching pairs. One of these families
is EA-equivalent to the Li-Zhou-Li-Qu family, for which
our construction yields a new univariate representation.
Switching it by a norm-derived Boolean term produces a
second family that we prove to be APN in every dimension
where the base family is defined, and we show that this
family is CCZ-inequivalent to all previously known con-
structions. Furthermore, we investigate two other infinite
families that can be switched to one another, conjecture
that they are APN for infinitely many dimensions, and
obtain conditions that can be used to characterize their
APN-ness. The new infinite APN family and the two
conjectured APN families generalize previously known
sporadic APN instances in dimension 10.

Index Terms—Almost perfect nonlinear (APN) func-
tion, vectorial Boolean function, differential uniformity,
secondary construction, switching construction, CCZ-
equivalence, ortho-derivative, finite field.

I. INTRODUCTION

Substitution boxes (S-boxes), or vectorial Boolean
functions, are typically the only nonlinear components
of most modern block ciphers. Their cryptographic
properties determine the resistance of the entire cipher
to various kinds of cryptanalytic attacks. Differential
cryptanalysis, introduced by Biham and Shamir [1] and
known as one of the most efficient attacks that can be
employed against symmetric block ciphers, recovers
information about a cipher by tracking how input
differences propagate to output differences through the

cipher’s S-boxes. The resistance of an S-box F to this
attack is measured by its differential uniformity [2],
which should be as low as possible. Over a field of
characteristic two, this quantity is at least 2, and the
functions attaining the bound are the almost perfect
nonlinear (APN) functions, which offer the best possi-
ble resistance against differential attacks.

APN functions were introduced by Nyberg [2] and
have been studied intensively ever since. For a long
time, the only known examples were power functions
xd, including the Gold [3], Kasami [4], Welch [5]
and Niho [6] mappings, and it was natural to ask
whether every APN function is equivalent to a power
function. Edel, Kyureghyan and Pott [7] answered this
in the negative by exhibiting a quadratic APN function
inequivalent to any power mapping. This construction
was later generalized into the first infinite family of
non-power quadratic APN polynomials [8]. It was sub-
sequently followed by numerous other infinite families
of quadratic APN polynomials [9], [10], [11], [12],
[13], [14], [15], [16], [17]. Despite intense research
over the past few decades, the structure and proper-
ties of APN functions are still not well understood,
and finding new instances and constructions of APN
functions remains a hard and active area of research.
In particular, finding and investigating mathematical
constructions of APN functions, which can shed more
light on the subject, is a fundamental open problem in
the area.

Methods for constructing APN functions can be di-
vided into primary constructions, which produce APN
functions directly, and secondary constructions, which
build new APN functions from existing ones. Almost
all of the known infinite families are primary construc-
tions. Most known sporadic APN instances(that is, in-
stances that can not be explained by the known infinite
families), by contrast, have been obtained by computer
search [18], [19], [20], [21]. Secondary constructions
have also produced sporadic instances but rarely infinite
families; the most influential secondary construction is
the switching construction of Edel and Pott [22]. It
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perturbs a given APN function F by adding a suitable
Boolean function f multiplied by a constant c. The
construction has yielded, among other results, the only
known APN function on F26 that is inequivalent to
both power functions and quadratic functions, as well
as many instances of APN functions in dimensions
seven and eight. In practice, the switching construction
is used by constructing a system of linear equations
based on the starting APN function F and the constant
c that can be solved using linear algebra to determine
the set of all Boolean functions f for which F + cf is
APN. In this sense, the switching construction can be
used computationally to generate new APN functions
starting from a given concrete APN function F .

Extending a secondary construction, such as the
switching construction, to an infinite family is con-
siderably harder. The perturbation term cf(x) must
be parametrized according to the dimension n, and a
mathematical proof that the conditions of the switching
construction are satisfied by this perturbation term must
be given; it is no longer possible to solve a concrete
system of linear equations since the construction must
be generalized to work across infinitely many dimen-
sions.

The only infinite families obtained in this way are
those of Budaghyan, Carlet and Leander from 2009
[23], [24], in which the Gold function x3 is perturbed
by the trace term trn1 (x

9). To the best of our knowl-
edge, no further infinite constructions based on the
switching method have been given since then. In this
paper, we present the first such construction since [23].

More specifically, we present a secondary con-
struction of infinite APN families in even dimension.
Our starting point is the family of quadrinomials of
Budaghyan, Helleseth and Kaleyski (BHK) [15], which
is APN over F2n for n = 2m with m odd and 3 ∤ m.
We perturb these functions by adding terms derived
from the relative norm N(x) = x2m+1 = xx where
x = x2m . Since N(x) ∈ F2m , its Frobenius conjugates
N(x)2

j

again lie in F2m and provide a structured set of
perturbation terms whose total sum

∑m−1
j=0 N(x)2

j

=
trm1 (N(x)) is Boolean-valued. Adding carefully chosen
combinations of these terms to the BHK quadrinomials,
we obtain the infinite families Fl, F1, F2 and F3 over
F2n . We show that the family Fl is CCZ-equivalent
to the one given in [14] by deriving an alternative
univariate representation for the latter family. More
importantly, we prove that the functions in F1 are
APN over F2n for all n = 2m with m ≥ 5 odd and
3 ∤ m, and conjecture that the same is true for the
functions in F2 and F3. We support this conjecture with
computational data for n = 10, 14, 22, 26. Furthermore,

we compute invariants for all functions in dimension
n = 10 and demonstrate that the functions arising from
F1, F2 and F3 are CCZ-inequivalent to any previously
known infinite family. At the same time, we observe
that these functions are equivalent to some of the
sporadic APN instances identified in [25], and therefore
generalize them into infinite families.

The four families under investigation naturally form
two switching pairs: Fl and F1 differ by the Boolean
function β trm1 (N(x)), while F2 and F3 differ by
β2 trm1 (N(x)), where β is a primitive element of F4.
In particular, F1 is obtained from Fl by a switching
construction. To the best of our knowledge, we have
presented the first new infinite APN family obtained
by switching an existing infinite APN family since the
construction of Budaghyan, Carlet and Leander [24],
and the first new infinite APN family obtained by
switching a family of non-power functions.

The remainder of the paper is organized as follows.
Section II introduces the notation and recalls the neces-
sary background, including the known infinite families
of APN functions relevant to this work. In Section III,
we present the new families, prove the APN-ness
of F1, and establish the equivalence of Fl with the
construction of [14]. In Section IV, we study the
equivalence between the new families and previously
known constructions via the differential spectra of their
ortho-derivatives [26], and list representatives of the
resulting equivalence classes.

II. PRELIMINARIES

Let n and m denote positive integers, F2 denote
the finite field with two elements, and F2 denote its
algebraic closure. Let F2n be the finite field with 2n

element. We write F∗
2n = F2n \ 0 for its multiplicative

group. Fixing an F2-basis (α1, . . . , αn) of F2n over F2

allows us to identify the vector v = (v1, . . . , vn) ∈ Fn
2

with the field element v1α1 + · · · + vnαn. We freely
pass between the vector space representation Fn

2 and
the field representation F2n . A mapping F : Fn

2 → Fm
2

is called an (n,m)-function, or a vectorial Boolean
function. In the case m = 1, it is called a Boolean
function. Due to the general nature of the definition,
vectorial Boolean functions find applications in many
areas across mathematics and computer science, and in
particular are used as building blocks for symmetric
block ciphers in cryptography, where they are re-
ferred to as S-boxes, or substitution boxes. Every such
function admits a unique representation in algebraic
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normal form (ANF) as

F (x1, . . . , xn) =
∑
u∈Fn

2

au

n∏
i=1

xui
i , au ∈ Fm

2 ,

where u = (u1, . . . , un) runs through Fn
2 . The al-

gebraic degree deg(F ) is the maximum Hamming
weight

∑n
i=1 ui among all monomials

∏n
i=1 x

ui
i with

a nonzero coefficient au. Functions of algebraic degree
at most 1 are called affine. Equivalently, they satisfy
F (x)+F (y)+F (z) = F (x+y+z) for all x, y, z ∈ F2n .
We call F linear if, in addition, F (0) = 0. Then clearly
a function F is linear if and only if F (x) + F (y) =
F (x+y) for all x, y ∈ F2n . Functions of degree 2 and
degree 3 are called quadratic and cubic, respectively.

When m = n, any (n, n)-function can be seen as
a mapping from F2n to itself. Any such mapping can
be uniquely represented as a polynomial of degree at
most 2n − 1 called the univariate representation of
F :

F (x) =

2n−1∑
i=0

aix
i, ai ∈ F2n . (1)

In terms of (1), the algebraic degree of F equals the
largest binary weight w2(i) of an exponent i with ai ̸=
0. Throughout the remainder of the paper, we consider
only (n, n)-functions. Consequently, the symbol m is
no longer used for the output dimension and instead
denotes the half-dimension whenever n = 2m.

The univariate form is not the only representation
used in the study of APN functions. When n = 2m, fix-
ing an F2m -basis of F2n identifies F2n with F2m×F2m ,
and an (n, n)-function F then corresponds to a pair
F = (f1, f2) of maps f1, f2 : F2m × F2m → F2m .
This is the bivariate representation of F [27]; it
is the natural form for many known families in even
dimension, and we use it in Section III to relate one
of our families to a previously known one. Similarly,
when 3 | n, identifying F2n with F 3

2n/3 gives a
trivariate representation [28]. Known APN families
are commonly described in univariate, bivariate, or
trivariate form. Since we work in dimension n = 2m
with 3 ∤ m, and therefore 3 ∤ n, we do not need to
consider the trivariate families, since they are defined
only in dimensions divisible by 3. We therefore list the
relevant known families in univariate and bivariate form
in Tables II–III. The algebraic degree, the differential
uniformity, and the equivalence relations introduced
below are preserved under these identifications.

Resistance against differential cryptanalysis [1] is
measured by the behaviour of the derivatives of an S-
box. For any function F : F2n → F2n , its derivative
in the direction a ∈ F2n\{0} is DaF (x) = F (a+x)+

F (x). The differential uniformity δF of a function F
is

δF = max
a,b∈F2n ,a̸=0

|{x ∈ F2n : DaF (x) = b}| .

Low differential uniformity corresponds to strong re-
sistance against differential attacks. Since DaF (x) =
DaF (x+a) for every x, the solutions of DaF (x) = b
occur in pairs x, x+ a; hence δF ≥ 2. A vectorial
Boolean function F with δF = 2 is called almost
perfect nonlinear (APN) [2] and therefore provides
optimal resistance against differential attacks. We refer
to [27] as a general reference to APN functions and
their cryptographic properties.

In addition to the differential uniformity, one may
consider the differential spectrum. For a, b ∈ F2n

with a ̸= 0, let δF (a, b) =
∣∣{x ∈ F2n : DaF (x) = b}

∣∣.
The differential spectrum of F is the multiset

DF =
[
δF (a, b) : a, b ∈ F2n , a ̸= 0

]
. (2)

Then DF records the distribution of the number of
solutions to DaF (x) = b over all nonzero input
differences a and all output differences b. Clearly, the
differential uniformity δF is simply the largest value in
DF . Thus, the differential spectrum gives a more fine-
grained description of the differential properties of F .
We use the differential spectrum as an invariant for
distinguishing inequivalent functions.

Due to their large number, (n, n)-functions are
typically considered up to some suitable equivalence
relation that preserves the properties of interest. Dif-
ferential uniformity is preserved by several equivalence
relations, so that a single function gives an entire class
of functions sharing the same differential uniformity.
For this reason, showing that an APN function is gen-
uinely new requires demonstrating that it lies outside of
the equivalence classes of the already known functions.

Let F, F ′ : F2n → F2n , then F and F ′ are
• affine equivalent (respectively linear equivalent)

if F ′ = A1 ◦ F ◦A2 for some affine (respectively
linear) permutations A1, A2 of F2n ;

• extended affine equivalent (EA-equivalent) if
F ′ = A1◦F ◦A2+A for some affine permutations
A1, A2 and some affine mapping A of F2n ;

• Carlet–Charpin–Zinoviev equivalent (CCZ-
equivalent) [29] if A(GF ) = GF ′ for some
affine permutation A of F2n × F2n , where GF =
{(x, F (x)) : x ∈ F2n} denotes the graph of F .

Currently, CCZ-equivalence is the most general non-
trivial relation known to preserve the differential uni-
formity, and therefore classifications of APN functions
are conventionally stated up to CCZ-equivalence.



4

A further notion that we need is that of a 3-to-1 func-
tion. Following [25], we call a mapping F : F2n → F2n

satisfying F (0) = 0 a 3-to-1 function if every nonzero
value in its image has exactly three preimages. In even
dimension, many known quadratic APN families admit
a 3-to-1 representative. Expressing a function in this
normalized form facilitates comparison with existing
classifications and enables faster equivalence testing
using the algorithms developed in [30].

All functions constructed in this paper are quadratic.
Two features make quadratic functions considerably
more tractable than functions of higher algebraic de-
gree. The first is a collapse of the equivalence hi-
erarchy: by a result of Yoshiara [31], two quadratic
APN functions are CCZ-equivalent precisely when they
are EA-equivalent. The second is the linearity of the
symmetric derivative. The symmetric derivative of
F : F2n → F2n in direction a ∈ F2n is

∆aF (x) = F (x+ a) + F (x) + F (a) + F (0). (3)

For any fixed a ∈ F∗
2n , we clearly have ∆aF (x) =

DaF (x)+DaF (0), and since DaF (0) is a constant that
does not depend on x, the differential uniformity of F
can be equivalently expressed using ∆aF (x) instead
of DaF (x). The advantage of using ∆aF (x) is that
∆aF (0) = 0, so that when F is quadratic, ∆aF (x)
is a linear function (instead of just affine), which
significantly simplifies the analysis of the differential
uniformity.

Quadratic APN functions can be associated with
a distinguished companion function, which is the
sharpest invariant currently available in practice [26].
Let F : F2n → F2n be quadratic and APN. The ortho-
derivative of F is the map πF : F2n → F2n deter-
mined by πF (0) = 0 and, for a ̸= 0, by πF (a) ̸= 0
together with

πF (a) ·
(
F (x) + F (x+ a) + F (a) + F (0)

)
= 0, (4)

for all x ∈ F2n , where · is the canonical inner product
on Fn

2 . The mapping πF is well-defined and unique:
the kernel of ∆aF has dimension one, so its image
is a hyperplane of Fn

2 and admits a unique non-zero
orthogonal vector. Canteaut, Couvreur and Perrin [26]
showed that EA-equivalent quadratic APN functions
have affine equivalent ortho-derivatives; together with
[31], this means that every affine invariant of πF yields
a CCZ-invariant of F . We exploit this in Section IV
through the ortho-derivative differential spectrum
(ODDS) DπF

, i.e., the differential spectrum of the
ortho-derivative of F . This is inexpensive to compute; it
separates the known classes of quadratic APN functions
in the dimensions of interest, and distinct spectra certify

CCZ-inequivalence. All computational results reported
below were obtained with Magma [32].

While sporadic instances of APN functions can be
obtained over a concrete finite field F2n (for a specific
value of n) using computational searches, this is typ-
ically only feasible for small values of n in practice.
Finding mathematical constructions of APN functions,
especially so-called infinite families that can provide
the exact form of APN functions for infinitely many di-
mensions n, has thus become an active area of research
and has generated significant interest and engagement
in the research community. Multiple infinite families
have been identified over the past decades (as shown
in Tables I, II and III), but finding new families remains
an open problem, and a rather hard one at that.

Mathematical constructions of APN functions (as
with other types of functions and mathematical objects)
can broadly be divided into two categories. A primary
construction exhibits a function – typically an explicit
polynomial – and establishes its APN property directly,
without reference to any previously known function.
The vast majority of known infinite APN families fall
into this category, as shown in Tables I, II, III.

A secondary construction, on the other hand, pro-
duces APN functions from one or more functions that
are already known to be APN. We emphasize that
the term does not refer to a universal APN-preserving
transformation: apart from equivalence transformations,
no general method is known that produces a new
APN function from an arbitrary APN function without
imposing additional conditions on the starting function
or on the transformation. Known secondary construc-
tions therefore exploit particular structural properties
of the functions involved, and the APN property of the
resulting function must be established under the corre-
sponding conditions. Examples include the switching
construction [22], [23], the isotopic shift [33], and
constructions of APN functions from bent functions
[34].

Such constructions have been successfully used com-
putationally to obtain sporadic APN instances from
given ones in fixed dimensions, but their application
to infinite families is much more limited. To the best
of our knowledge, the only previously known infinite
APN family obtained by switching an existing infinite
family is F (x) = x3+a−1Trn(a

3x9) constructed from
the Gold function x3 by the addition of the Boolean
function Trn(a

3x9) [23]; this is given as family F4 in
Table II. In this paper, we apply the switching approach
to an infinite polynomial APN family and obtain, to
the best of our knowledge, the first new infinite APN
family produced by switching an infinite family other



5

than a power function.
Tables I, II and III present, respectively, the mono-

mial, univariate and bivariate constructions of APN
functions known at the time of writing. We note that
as of very recently, trivariate constructions have also
been introduced [28]. Since trivariate constructions by
definition can only be applied to finite fields F2n where
n is a multiple of 3, and since the families discussed
in this paper are defined only for dimensions n that are
not divisible by 3, we omit them in this survey.

We now describe the switching construction. Two
functions F, F ′ : F2n → F2n are called switch-
ing neighbours if their sum takes values in a one-
dimensional F2-subspace of F2n , i.e. if F ′(x) =
F (x) + uf(x) for some u ∈ F∗

2n and some Boolean
function f : F2n → F2. Searching for Boolean
functions f that keep F ′ APN has been remarkably
successful in small dimensions: it produced the only
APN function on F26 known to be CCZ-inequivalent
both to power functions and to quadratic functions [22],
and it accounts for a substantial share of the sporadic
instances catalogued in dimensions seven and eight
[7], [41], [20], [21]. Extending the method to infinite
families is far harder, because the perturbation f must
be constructed and characterized simultaneously for
all n. Until now, the only infinite family obtained by
switching is that of Budaghyan, Carlet and Leander
[23]; see family F4 in Table II. Since this result is the
direct source of inspiration for the present work, we
state the basic form of family F4.

Theorem 1 ([23], [24]). For every positive integer n,
the function

F (x) = x3 + trn1
(
x9
)

(5)

is APN over F2n , and for n ≥ 7 it is CCZ-inequivalent
to the Gold function x3.

The Gold function x3 is perturbed by a trace term.
Here and throughout, trn1 (x) =

∑n−1
j=0 x2j denotes the

absolute trace function from F2n onto F2. As trn1 (x
9)

is Boolean, (5) is precisely a switching neighbour of
x3 with u = 1.

We close this section by recalling the families to
which we apply the switching construction.

The Budaghyan, Helleseth and Kaleyski (BHK) [15]
family, listed as F11 in Table II, is given in univariate
representation and consists of two sub-cases, G1 and
G2, depending on the choice of the parameter i. While
the two cases produce CCZ-equivalent functions for
n = 10, applying the construction to higher dimensions
results in G1 and G2 that are CCZ-inequivalent to one
another.

Theorem 2 ([15]). Let n = 2m, where m is an odd
positive integer with 3 ∤ m, let x = x2m , and let β be
a primitive element of F4. Then the quadrinomials

G1(x) = x3 + βx2i+1 + β2x3 + x2i+1, i = m− 2,
(6)

G2(x) = x3 + βx2i+1 + β2x3 + x2i+1, i = (m− 2)−1,
(7)

are APN over F2n .

Another infinite family of APN functions, introduced
in [14] and listed as F19 in Table III, is given in
bivariate representation. We denote this family by Fl0 .

Theorem 3. [14] Let m be a positive integer with 3 ∤
m. Then the function Fl0 : F2m × F2m → F2m × F2m

defined by the bivariate representation(
x3 + xy2 + y3 + xy, x5 + x4y + y5 + xy + x2y2

)
(8)

is APN over F2
2m .

One of the families that we construct turns out to be
EA-equivalent to (8), which we establish in Theorem 4
by deriving a univariate representation of Fl0 ; the
remaining families are shown in Section IV to be CCZ-
inequivalent to all known ones.

III. NEW INFINITE FAMILIES OF APN FUNCTIONS
DERIVED VIA PERTURBATIONS OF KNOWN FAMILIES

In this section, we construct new families obtained
as perturbations of a Budaghyan–Helleseth–Kaleyski
(BHK) APN function by means of carefully selected
norm-derived terms x2m+1. We prove that two of them
are APN (one of which is equivalent to a previously
known family, while the other one is completely new).
For the remaining two families, we derive conditions
that can be used to characterize their APN-ness, and
we computationally verify that they are APN for all
admissible dimensions up to 26.

A. Infinite families built on G1(x)

Let m ≥ 5 be a positive odd integer, such that 3 ∤ m.
Consider a finite field F2n with 2n elements, where
n = 2m. Consider the APN function G1(x) (6), i.e.
BHK for i = m− 2.

Let N(x) = x2m+1 be the norm map from F2n →
F2m . Since N(x) ∈ F2m , its Frobenius conjugates
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TABLE I
KNOWN INFINITE FAMILIES OF APN POWER FUNCTIONS OVER F2n

Family Exponent Conditions Algebraic degree Source
Gold 2i + 1 gcd(i, n) = 1 2 [3], [2]

Kasami 22i − 2i + 1 gcd(i, n) = 1 i+ 1 [35], [4]
Welch 2t + 3 n = 2t+ 1 3 [5]

Niho 2t + 2t/2 − 1, t even
n = 2t+ 1

(t+ 2)/2 [6]
2t + 2(3t+1)/2 − 1, t odd t+ 1

Inverse 22t − 1 n = 2t+ 1 n− 1 [36], [2]
Dobbertin 24i + 23i + 22i + 2i − 1 n = 5i i+ 3 [37]

TABLE II
KNOWN INFINITE FAMILIES OF QUADRATIC APN POLYNOMIALS OVER F2n IN UNIVARIATE FORM

ID Functions Conditions Source

F1-
F2

x2s+1 + u2k−1x2ik+2mk+s
n = pk, gcd(k, 3) = gcd(s, 3k) = 1, p ∈
{3, 4}, i = sk mod p,m = p − i, n ≥
12, u primitive in F∗

2n

[9]

F3 sxq+1 + x2i+1 + xq(2i+1) + cx2iq+1 +
cqx2i+q

q = 2m, n = 2m, gcd(i,m) = 1, c ∈
F2n , s ∈ F2n \ Fq , X2i+1 + cX2i + cqX +
1 has no solution x s.t. xq+1 = 1

[10]

F4 x3 + a−1Trn(a3x9) a ̸= 0 [23]
F5 x3 + a−1Trn3 (a

3x9 + a6x18) 3|n, a ̸= 0 [24]
F6 x3 + a−1Trn3 (a

6x18 + a12x36) 3|n, a ̸= 0 [24]
F7-
F9

ux2s+1 + u2kx2−k+2k+s
+ vx2−k+1 +

wu2k+1x2s+2k+s
n = 3k, gcd(k, 3) = gcd(s, 3k) = 1, v, w ∈
F2k , vw ̸= 1, 3|(k + s), u primitive in F∗

2n

[11]

F10 a2x22m+1+1+b2x2m+1+1+ax22m+2+
bx2m+2 + (c2 + c)x3

n = 3m,m odd, L(x) = ax22m + bx2m + cx
satisfies the conditions of Lemma 8 of [33]

[33]

F11 x3 + a(x2i+1)2
k

+ bx3·2m +

c(x2i+m+2m )2
k

n = 2m = 10, (a, b, c) = (β, 1, 0, 0), i = 3,
k = 2, β primitive in F22

[15]

n = 2m, m odd, 3 ∤ m, (a, b, c) = (β, β2, 1), β
primitive in F22 , i ∈ {m − 2,m, 2m − 1, (m −
2)−1 mod n}

F12 atrnm(bx2i+1) + aqtrnm(cx2s+1) n = 2m, m odd, q = 2m, a /∈ Fq , gcd(i, n) = 1,
i, s, b, c satisfy the conditions of Theorem 2

[17]

F13 L(z)2
m+1 + vz2

m+1 gcd(s,m) = 1, v ∈ F∗
2m , µ ∈ F∗

23m
, L(z) =

z2
m+s

+ µz2
s
+ z permutes F23m

[14]

provide a natural source of structured perturbation
terms. Define

P1(x) = β

m−3∑
j=1

N2j (x) +N2m−2

(x) +N2m−1

(x),

P0(x) = βN(x) + β2N2m−2

(x) + β2N2m−1

(x),

where β is a primitive element of F4. Using these
auxiliary functions, we construct the following infinite
families of APN functions:

F1(x) = G1(x) + P1(x), (9)
Fl(x) = G1(x) + P0(x). (10)

We prove that F1(x) is an infinite family of APN
functions CCZ-inequivalent to any known ones so far.
Meanwhile, Fl(x) is contained in the family from

Theorem 3 introduced in [14]. In order to see this, we
first derive a univariate representation of that family.

Lemma 1. Let m be an odd integer such that 3 ∤ m.
The function FL(x, y) = (x3 + xy2 + y3 + xy, x5+
+x4y + y5 + xy + x2y2) (8) from Theorem 3 admits
the following univariate representation over F22m with
respect to the basis (1, β):

Fl0(X) = β2X3 + βX
3
+ β2XX

4
+X4X + β2XX+

+βX2X
2
+X2 +X4 + βX

2
+ β2X

4
,

(11)

where x = x2m , and β is a primitive element of F4.

Proof. Since m is odd, the field F4 is not contained
in F2m , and therefore (1, β) forms a basis of F22m

over F2m . Using the standard basis transformation x =
X + X , y = βX + β2X together with the identities
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TABLE III
KNOWN INFINITE FAMILIES OF QUADRATIC APN POLYNOMIALS OVER F22m IN BIVARIATE FORM

ID Functions Conditions Source

F14 (xy, x2k+1 + αy(2
k+1)2i ) gcd(k,m) = 1, m even, α not a cube [38]

F15 (xy, x22m+23m + ax22my2
m

+
by2

m+1)
x2m+1 + ax+ b has no root in F2m [12]

F16 (xy, x2i+1 + x2i+m/2
y2

m/2
+

bxy2
i
+ cy2

i+1)

(cx2i+1 + bx2i + 1)2
m/2+1 + x2m/2+1 has no

roots in F2m

[39]

F17 (x2i+1+xy2i+y2
i+1, x22i+1+

x22iy + y2
2i+1)

gcd(3i,m) = 1 [13]

F18 (x2i+1 + xy2
i
+ y2

i+1, x23iy+

xy2
3i
)

gcd(3i,m) = 1, m odd [13]

F19 (x3+xy2+y3+xy, x5+x4y+
y5 + xy + x2y2)

gcd(3,m) = 1 [14]

F20 (xq+1 +Byq+1, xry + a
B
xyr) 0 < k < m, q = 2k , r = 2k+m/2, m ≡ 2

(mod 4), gcd(k,m) = 1, a ∈ F∗
2m/2 , B ∈ F2m ,

B not a cube, Bq+r ̸= aq+1

[40]

F21 (xq+1 + xyq + αyq+1, xq2+1 +

αxq2y+(1+α)qxyq
2
+αyq

2+1)

k,m > 0, gcd(k,m) = 1, q = 2k , α ∈ F2m ,
xq+1 + x+ α has no roots in F2m

[16]

F22 (x3+xy+xy2+αy3, x5+xy+
αx2y2 + αx4y+ (1+α)2xy4 +
αy5)

α ∈ F2m , x3 + x+ α has no roots in F2m [16]

β+β2 = 1, β3 = 1, we rewrite FL in univariate form
over F22m :

Fl0(X) = (X +X)3 + (X +X)(βX + β2X)2+

+ (βX + β2X)3 + (X +X)(βX + β2X)+

+ β
(
(X +X)5 + (X +X)4(βX + β2X)+

+ (βX + β2X)5 + (X +X)(βX + β2X)+

+(X +X)2(βX + β2X)2
)
;

Fl0(X) = β2X3 + βX
3
+ β2XX

4
+X4X+

+ β2XX + βX2X
2
+X2 +X4 + βX

2
+ β2X

4
.

Using this univariate representation, we can now
establish the following EA-equivalence.

Theorem 4. Let m ≥ 5 be an odd integer such that
3 ∤ m, and let n = 2m. Let Fl, Fl0 : F2n → F2n be
defined as in (10) and (11), respectively. Then Fl and
Fl0 are EA-equivalent, more precisely

L1(Fl) + L2 = Fl0 , where

L1 = βx+ x4 + β2x̄+ β2x̄4,

L2 = x2 + x4 + βx̄2 + β2x̄4.

Proof. The maps L1 and L2 are linearized polynomials
over F2n . Thus, they define F2-linear maps on F2n , and
it is enough to show that L1 has a trivial kernel and
that the stated identity holds.

Let q = 2m. Since m is odd, F4 ̸⊆ Fq and (1, β) is
a basis of Fq2 over Fq , every X ∈ Fq2 can be written
uniquely as X = a + βb, where a, b ∈ Fq . We can
therefore write L1 as

L1(X) = βX +X4 + β2X̄ + β2X̄4 = β(a+ βb)+

+(a+ βb)4 + β2(a+ β2b) + β2(a+ β2b)4.

Using β3 = 1 and β + β2 = 1, we obtain

L1(X) = βa+ β2b+ a4 + βb4 + β2a+ βb+

+β2a4 + βb4 = a+ b+ β2a4.

Suppose now that X ∈ ker(L1). Then a+b+β2a4 = 0,
or equivalently, a+b+a4+βa4 = 0, Since a+b+a4 ∈
Fq and a4 ∈ Fq , with the basis (1, β) both coefficients
must vanish:

a+ b+ a4 = 0, a4 = 0.

Thus a = 0, and then b = 0. Hence X = 0, ker(L1) =
{0}, and L1 is a linear permutation of F2n .

It remains to verify that L1(FL) + L2 equals Fl0 .
We use that Fl = G1(x) + P0(x), where

G1(x) = x3 + βx2m−2+1 + β2x3 + x2m−2+1, and

P0 = βN(x) + β2N(x)2
m−2

+ β2N(x)2
m−1

.
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Denote N := N(x), then

L1(P0(x)) = β2N +N2m−2

+N2m−1

+ βN4+

+ β2(N2m +N2m+1

) + βN +N2m−2

+N2m−1

+

+ βN4 +N2m +N2m+1

= β2N + βN2;

L1(G1(x)) = βx3 + β2x2m−2+1 + x3 + βx2m−2+1+

+ x12 + βx̄x4 + β2x12 + x̄4x+ β2x̄3 + βx2m−2+1+

+ x3 + β2x2m−2+1 + β2x̄12 + βx̄4x+ x12 + β2x̄x4 =

= β2x3 + βx̄3 + x̄x4 + β2x̄4x.

Hence, L1(G1(x) + P0(x)) = L1(Fl(x)) =

= β2x3 + βx̄3 + β2x̄4x+ x̄x4 + β2N(x) + βN2(x),

and L1(Fl(x)) + L2(x) = Fl0(x). Therefore Fl0 and
Fl are EA-equivalent.

Theorem 4 shows that Fl and Fl0 are EA-equivalent.
Since the APN property is preserved under CCZ-
equivalence, and EA-equivalence is a special case of
CCZ-equivalence, we obtain the following corollary.

Corollary 1. Let m ≥ 5 be an odd integer such that
3 ∤ m, let n = 2m, and let i = m − 2. Let β be a
primitive element of F4. Then the function

Fl(x) = x3 + βx2i+1 + β2x3 + x2i+1 + βN(x)+

+β2N2m−2

(x) + β2N2m−1

(x),
(12)

where x̄ = x2m , and N(x) = xx̄, is APN over F2n .

Now, when we have shown that Fl is APN, we need
the following auxiliary lemmas to prove the same for
F1.

Since m is odd, 3 ∤ (2m − 1), cubing is a bijection
of F2m , and β, β2 /∈ F2m .

Lemma 2. Let c ∈ F∗
2m , f(X) = X3 + X + c ∈

F2m [X], and let T 2 + cT + 1 be its resolvent, with
roots τ, τ−1 (whose product is 1 by Viète’s formula) in
F2. If f has a root in F2m , then τ is a cube in F∗

22m .

Proof. Let X0 ∈ F2m be a root of f , and let Y be a
root of T 2 +X0T +1. Then Y −1 is also a root of the
quadratic since its constant term is 1, and the two roots
have product 1. Their sum is X0, therefore

X3
0 +X0 = (Y + Y −1)3 + (Y + Y −1) = Y 3 + Y −3.

Since X0 is a root of f , we get Y 3+Y −3 = c, meaning
that Y 3 is a root of the resolvent T 2 + cT + 1, hence
Y 3 ∈ {τ, τ−1}. Thus τ or τ−1 is the cube of Y ∈
F∗
22m . Since τ and τ−1 are simultaneously cubes or

non-cubes, τ is a cube in F∗
22m .

Lemma 3. Let n = 2m with m odd and 3 ∤ m. Then
for every a ∈ F∗

2n ,

β2a3 + βa3 + aā+ 1 ̸= 0. (13)

Proof. Since gcd(2m−1, 2m+1) = 1, the group F∗
2n is

the internal direct product of the unit circle U and F∗
2m ;

accordingly, write a = νµ with ν ∈ U and µ ∈ F∗
2m .

Then ā = ν−1µ, and (13) becomes(
β2ν3 + βν̄3

)
µ3 + µ2 + 1 = 0,(

1

µ

)3

+
1

µ
+ β2ν3 + βν̄3 = 0.

Set X := 1
µ ∈ F2m , and c := β2ν3 + βν̄3. A cubic

X3+X+ c = 0 has roots iff its resolvent T 2+ cT +1
admits β2ν3 as a root, since β2ν3 + (β2ν3)−1 = c.
According to Lemma 2, the polynomial X3+X+c = 0
has a root in F2m if and only if β2ν3 is a cube in F∗

2n .
Since 3 ∤ m, the latter never occurs.

We are now ready to prove the APN-ness of the
functions F1. We consider F1 and Fl as switching
neighbours of one another, and verify that the condi-
tions for preserving APN-ness are preserved.

Theorem 5. Let m ≥ 5 be an odd integer such that
3 ∤ m, n = 2m, and i = m − 2. Let β be a primitive
element of F4. Then the function

F1(x) =x3 + βx2i+1 + β2x3 + x2i+1+

+ β

m−3∑
j=1

N2j (x) +N2m−2

(x) +N2m−1

(x),

(14)

where x = x2m , and N(x) = xx̄, is APN over F2n .

Proof. Let A = A(a, x) = a3(x2+x), B = B(a, x) =
a2

i+1(x2i + x), and C = C(a, x) = a2
m+1(x2m + x),

where i = m− 2. For a ∈ F∗
2n , denote by ∆aF (x) =

F (ax) + F (ax + a) + F (a) the derivative of F in
direction a. Then, the corresponding derivatives of the
functions Fl and F1 are

∆aFl(x) = A+ βB + β2A+B + βC+

+ β2(C2m−2

+ C2m−1

), (15)

∆aF1(x) = A+ βB + β2A+B + βC+

+ β2(C2m−2

+ C2m−1

) + βtrm1 (C). (16)

Since C ∈ F2m , we have trm1 (C) ∈ F2.
Let trm1 (C) = 0, then ∆aFl(x) = ∆aF1(x). Since

Fl is APN (Corollary 1), we know that ∆aFl(x) = 0
has at most two solutions for all a ∈ F∗

2n .
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Let trm1 (C) = 1 , then ∆aF1(x) = 0 is equivalent
to ∆aFl(x) = β, i.e.

A+βB+β2A+B+βC+β2(C2m−2

+C2m−1

) = β.
(17)

Since ∆aFl is linear and Fl is APN, every preimage has
size at most two. Hence, equation (17) also has at most
two solutions (which makes at most 4 solutions for
∆aF1 in total). Therefore, F1 can fail to be APN only
if there exist solutions of (17) satisfying trm1 (C) = 1.

Using the decomposition of (17) with respect to the
basis {1, β} of F22m over F2m , we obtain{

C = β2A+ βA+ 1,

β2B + βB = C2m−2

+ C2m−1

.
(18)

Raising the second equation to the fourth power
yields {

β2A+ βA+ C = 1,

β2B4 + βB
4
= C + C2.

(19)

Let x = x0 + βx1 with x0, x1 ∈ F2m and a3 = a0 +
βa1. Then x1 = x+ x̄ and C = aāx1, while x2 +x =
(x2

0 +x0 +x2
1)+β(x2

1 +x1) and x̄+x4 = (x0 +x4
0 +

x1)+β(x1+x4
1). The F2m -component (the coefficient

of 1 in the basis {1, β}) of an element y = y0 + βy1
is y0 = trnm(β2y). Taking that component of the first
equation of (19) (whose left side is trnm(β2A) + C)
gives

a0(x
2
0 + x0) = (a0 + a1)x

2
1 + (a1 + aā)x1 + 1. (20)

For the second equation, B4 = a4(2
i+1)(x2m + x4) =

āa4(x̄+ x4). Denote N := aā, then āa4 = a3N , and,
since N ∈ F2m , the coordinates of a3N are Na0, Na1.
Its 1-component equals Na0(x0+x4

0+x1)+Na1(x1+
x4
1). Equating to C +C2 = Nx1 +N2x2

1 and dividing
by N we get

a0(x
4
0 + x0) = a1x

4
1 +Nx2

1 + (a0 + a1 + 1)x1. (21)

Set w = x2
0 + x0, so x4

0 + x0 = w + w2. From (20),
a0w = R with R = (a0 + a1)x

2
1 + (a1 + N)x1 + 1.

Multiplying (21) by a0 gives a20(w + w2) = a0R +
R2 = a0

(
a1x

4
1 +Nx2

1 + (a0 + a1 + 1)x1

)
. We use

the relative-norm identity

N3 = a3 a3 = (a0 + βa1)(a0 + β2a1) =

= a20 + a0a1(β + β2) + β3a21 = a20 + a0a1 + a21,

and collect the powers of x1 in a0R + R2 =
a0
(
a1x

4
1 +Nx2

1 + (a0 + a1 + 1)x1

)
, s.t.

N3x4
1 + (N3 +N2 + a0N)x2

1 + a0(a0 +N + 1)x1+

+ (a0 + 1) = 0.

Since x1 = C/N , multiplying by N gives

Q(C) := C4 + (N2 +N + a0)C
2+

+ a0(a0 +N + 1)C +N(a0 + 1) = 0,
(22)

as a ̸= 0, a0 ̸= 0. Let S = a0+N+1, then Q(1) = S2,
and Q(N) = NS2, meaning that {1, N} are roots of
(22) iff S = 0. By lemma 3, we know that S ̸= 0 for
every a ∈ F∗

2n .
With a0, S ̸= 0 assume C0 is a root of (22).

If C0 = 0, then trm1 (C0) = 0, so assume C0 ̸= 0.
Since S ̸= 0, we also know that C0 ̸= 1, C0 ̸= N .
Collecting powers of a0 in (22) gives

C0 a
2
0 + (C0+1)(C0 +N) a0+

+
(
C4

0 + (N2 +N)C2
0 +N

)
= 0. (23)

Read this as a quadratic in a0; its leading coefficient C0

and middle coefficient (C0 + 1)(C0 +N) are nonzero
(since S ̸= 0). By the solvability criterion,

trm1

(
C0

(
C4

0 +
(
N2 +N

)
C2

0 +N
)

((C0 + 1)(C0 +N))2

)
= 0.

Clearing denominators gives us the identity

C0

(
C4

0 +
(
N2 +N

)
C2

0 +N
)

((C0 + 1)(C0 +N))2
= C0+

+
C0

(C0 + 1)2
+

NC0

(C0 +N)2
, (24)

where

C0

(C0 + 1)2
=

1

C0 + 1
+

(
1

C0 + 1

)2

;

NC0

(C0 +N)2
=

N

C0 +N
+

(
N

C0 +N

)2

.

Each of them is of the form (·)+(·)2, which has trace 0.
Taking the trace of (24), therefore, leaves us only with
trm1 C0 = 0. Meaning that for every solution C0 of Q
(22), its trace must be equal to 0. Therefore, (17) has
solutions only when trm1 (C0) = 0. Hence, no solution
has trm1 C = 1, so ∆aF1(x) = 0 has at most two
solutions in total, and F1 is APN.

Note 1. We can see that Fl(x)+F1(x) = βtrm1 (N(x)).
Since we are adding a Boolean function to an existing
APN function, families Fl and F1 are related by a
switching construction. Theorem 5 is the first instance
of an APN family constructed entirely using the switch-
ing construction from an existing family since 2009
[24]. It is also the first instance of a family constructed
by switching a non-power family.
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In Section IV, we compute the differential spectra
of the orthoderivatives of the functions from family
F1, and observe that they are distinct from those
of all known infinite families of APN functions that
are defined in that dimension. We can thus conclude
that Theorem 5 gives a new infinite family of APN
functions. Furthermore, Fl and F1 generalize two of
the six sporadic instances from [25]. We also remark
that F2 and F3, discussed in the next section, generalize
another two of the six sporadic instances.

B. Infinite families built on G2(x)

In this section, we study families of functions that
can be obtained from G2 by adding perturbation terms
in the same way that this was done for G1. The
resulting functions prove to be much more difficult
to handle than the ones obtained from G1, and we
have not been able to show that they are APN. We
have confirmed the APN property of the constructed
functions computationally for n = 10, 14, 22, 26, and
conjecture that the families F2 and F3 are APN under
the following conditions. Furthermore, we investigate
their structure and give some characterizations of their
APN-ness. Furthermore, in Section IV, we compute
the differential spectra of their orthoderivatives, and
observe that they are distinct from those of all known
infinite APN families that are defined over the cor-
responding dimensions, and that they generalize two
sporadic instances of APN functions first identified in
[25].

Let m ≥ 5 be a positive odd integer such that 3 ∤ m,
and n = 2m. Consider the APN function G2(x) (7)
over F2n (BHK for i = (m− 2)−1 mod n).

Let N(x) = x2m+1 denote the norm map from
F2n → F2m . Set k = n−6

4 ; we construct Frobenius
conjugates into the following structured perturbation
terms

P2(x) = β

k∑
j=1

N2j (x) +

m−1∑
j=k+1

N2j (x), (25)

P3(x) = β2N(x) +

k∑
j=1

N2j (x) + β

m−1∑
j=k+1

N2j (x).

(26)

Denote N := N(x). Using (25), (26) and BHK (7),
we construct the following infinite families of functions

which we conjecture are APN:

F2(x) = x3 + βx2i+1 + β2x3 + x2i+1+

β

k∑
j=1

N2j +

m−1∑
j=k+1

N2j , (27)

F3(x) = x3 + βx2i+1 + β2x3 + x2i+1 + β2N+
k∑

j=1

N2j + β

m−1∑
j=k+1

N2j ; (28)

where i = (m − 2)−1 mod n, x̄ = x2m , k = n−6
4 ,

and β is a primitive element of F4.
One of the factors contributing to the difficulty of

analyzing the functions is the value i = (m − 2)−1

(mod n), which is given as a multiplicative inverse.
To simplify the analysis, we compute the exact value
of i in terms of k:

Lemma 4. Let n = 2m = 4k + 6 with m odd. Then
the inverse i = (m− 2)−1 mod n is given by

i =

{
3k + 4, for odd k,

k + 1, for even k.
(29)

Proof. Since i = (m − 2)−1 mod n, we have i(m −
2) = 1 (mod 2m). Reducing modulo m yields

im− 2i = 1 (mod m),

2i+ 1 = 0 (mod m),

i =
m− 1

2
(mod m).

Since i must be odd because m is odd, the unique
solution modulo n is m−1

2 if m = 3 (mod 4), and
m−1
2 +m for m = 1 (mod 4).

For a ∈ F∗
2n , denote by ∆aF (x) = F (ax)+F (ax+

a) + F (a) the derivative of F in direction a, and put

A = A(a, x) = a3(x2 + x),

B = B(a, x) = a2
i+1(x2i + x),

C = C(a, x) = a2
m+1(x2m + x),

where i = (m − 2)−1 mod n. Then we observed the
following statements.

Proposition 1. For every a ∈ F∗
2n ,

∆aF2(x) = A+ βB + β2A+B+C + β2h(C)+

+trm1 (C), (30)

∆aF3(x) = A+ βB + β2A+B+C + β2h(C)+

+βtrm1 (C); (31)
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where h(C) =
∑k

j=1 C
2j for k = n−6

4 .

Since m is odd, F4 ̸⊆ F2m , so {1, β} is a basis of
F22m over F2m ; for y ∈ F22m the corresponding coor-
dinates are β2y+βȳ and y+ ȳ. Decomposing (30) and
(31) in this basis yields the following characterizations.

Proposition 2. The function F2 is APN if and only if,
for every a ∈ F∗

2n , the system{
β2A+ βA = C + trm1 C,

β2B + βB = C + h(C) + trm1 C;
(32)

admits only the trivial solutions x ∈ F2.

Proposition 3. The function F3 is APN if and only if,
for every a ∈ F∗

2n , the system{
β2A+ βA = C + trm1 C,

β2B + βB = C + h(C);
(33)

admits only the trivial solutions x ∈ F2.

The two systems share their first equation and differ
only by the term trm1 (C) in the second. In particular,
if trm1 (C) = 0 then ∆aF2 = ∆aF3 and both systems
reduce to {

C = β2A+ βA,

β2B + βB = C + h(C).
(34)

Conjecture 1. Let m ≥ 5 be odd with 3 ∤ m, n = 2m,
and i = (m − 2)−1 mod n. Then the functions F2 in
(27) and F3 in (28) are APN over F2n .

By the computations in the propositions above, Con-
jecture 1 is equivalent to the following three statements
holding for every a ∈ F∗

2n :
(i) system (34) has only the solutions x ∈ {0, 1} in

the case trm1 (C) = 0;
(ii) the system{

β2A+ βA = C + 1,

β2B + βB = C + h(C) + 1;
(35)

has no solutions with trm1 C = 1;
(iii) the system{

β2A+ βA = C + 1,

β2B + βB = C + h(C);
(36)

has no solutions with trm1 C = 1.
Here (i) is common to F2 and F3; the function F2 is
APN if and only if (i) and (ii) hold, and F3 is APN
if and only if (i) and (iii) hold. We note that (ii) and
(iii) are not implied by (i): the solution sets of (35)
and (36) lie in different fibres of the linear map x 7→

A+βB+β2A+B+C+β2h(C), and may be nonempty
or empty independently of one another.

Proposition 4. Conjecture 1 holds for n = 10, n = 14,
n = 22 and n = 26; that is, F2 and F3 are APN
over F210 , F214 ,F222 and F226 . These are all admissible
dimensions n ≤ 26.

Remark 1. The technique of Theorem 5 does not
extend to i = (m − 2)−1. There, the right-hand side
of the second equation is C2m−2

+C2m−1

, and raising
it to the fourth power collapses it to C + C2, while
simultaneously B4 = a2

m+4(x̄ + x4) = a3N(x̄ + x4)
acquires the coefficient a3; the two effects together
produce an equation of degree four in C. Both effects
fail for i = (m− 2)−1.

First, by Lemma 4 the second equation of (34)
involves h(C), and h(C)2

t

=
∑k+t

j=t+1 C
2j is a sum

of k terms for every t, so no Frobenius twist reduces
it to boundedly many terms. Second, the substitution
used for B has no analogue: raising B to a power 2t

transforms its coefficient into a2
t(2i+1), and this equals

a3Ns for some integer s precisely when

2t(2i + 1) ≡ 3 + s(2m + 1) (mod 2n − 1), (37)

which, since gcd(2m − 1, 2m + 1) = 1 and the
congruence modulo 2m − 1 is always solvable in s,
is equivalent to 2t(2i+1) ≡ 3 (mod 2m+1). For i =
m−2 this holds with t = 2, which is exactly the fourth
power used in Theorem 5. For i = (m−2)−1, however,
(37) has no solution t for m ∈ {7, 11, 13, 17, 19, 23},
while for m = 5 its only solution is t = m, which
corresponds to conjugation B 7→ B and hence yields
no new relation.

Note 2. We have F2(x) + F3(x) = β2trm1 (N(x)) and
FL(x)+F1(x)+F2(x)+F3(x) = trm1 (N(x)). Thus the
four functions are related by switching constructions.

IV. DISTINGUISHING THE NEW FAMILIES VIA
ORTHO-DERIVATIVES

To establish that F1, F2 and F3 are genuinely new,
we must show that they are CCZ-inequivalent to all
previously known infinite families of APN functions.
We use the ortho-derivative differential spectrum in-
troduced in Section II, which is at present the most
discriminating invariant that is efficient to compute
[26].

Recall that for a quadratic APN function F , the
ortho-derivative πF is defined by (4), and that the mul-
tiset DπF

obtained by applying (2) to πF is invariant
under CCZ-equivalence. Two quadratic APN functions
with different ortho-derivative differential spectra are
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therefore CCZ-inequivalent. We stress that this does not
work in the other direction: equality of the spectra is
only a necessary condition for equivalence (although in
practice, equality of the differential spectra of the ortho-
derivatives almost always implies CCZ-equivalence of
the corresponding functions, with extremely few excep-
tions).

Our verification proceeds as follows. The admissible
dimensions in our setting are n = 2m with m odd
and 3 ∤ m; the smallest of them are m = 5, 7, 11,
that is, n = 10, 14, 22 (the value m = 9 is excluded
by 3 | 9). For each such dimension, we compute the
ortho-derivative differential spectra of F1, F2, F3 and
Fl, and compare them against each other to establish
that the functions obtained from the families belong to
distinct CCZ-classes. More importantly, for dimension
n = 10, where we have a full classification of APN
functions from the known infinite families available,
we compare the orthoderivative differential spectra to
those of the known families, and observe that the ones
corresponding to F1, F2 and F3 do not match any
instance of a known APN family. In this way, we show
that the constructions are new.

Let m = 5, then n = 10, the four functions
constructed in Section III have the following univari-
ate representations over F210 , where β is a primitive
element of F4:

Fl(x) = x3 + βx9 + β2x96 + x288 + βx33 + β2x264+

+ β2x528,

F1(x) = x3 + βx9 + β2x96 + x288 + βx66 + βx132+

+ x264 + x528,

F2(x) = x3 + βx129 + β2x96 + x36 + βx66 + x132+

+ x264 + x528,

F3(x) = x3 + βx129 + β2x96 + x36 + β2x33 + x66+

+ βx132 + βx264 + βx528.

Table IV lists their ortho-derivative differential spec-
tra, together with those of the two BHK functions
G1 and G2 that they are built on. All six spectra are
pairwise distinct.

To compare the ortho-derivative differential spectra
against those of the known infinite families, we refer to
Table 4 in [25], which lists representatives and ortho-
derivative differential spectra for all known quadratic
3-to-1 APN functions over F210 at the time of writing.
Clearly, the values corresponding to F1, F2, and F3

are absent in that table. Furthermore, we can see from
Table 2 in the same paper, that the ortho-derivative dif-
ferential spectra of F1, F2 and F3, in fact, correspond
to the functions nos. 6, 4, and 3, respectively, which

are identified in [25] as sporadic instances over F210

not corresponding to any infinite APN family known
at the time.

To the best of our knowledge, the only infinite APN
families that have been published since [25] and that
can produce functions for n = 10 are F19, F21, and
F22 from Table III. Family F19 is the construction
given in [14], which we have already discussed, and
which is equivalent to Fl. As to the functions from
families F21 and F22, the authors in [16] under Remark
1 indicate that the instances from these families for
dimensions below n = 12 are CCZ-equivalent to ones
originating from the two constructions being extended
in [16], namely the ones given in [13] and [14]. We can
thus conclude that the functions F1, F2, and F3 can not
be explained by any previously known infinite family
of APN functions. In particular, the family constructed
in Theorem 5 is new up to CCZ-equivalence, and
generalizes one of the sporadic instances given in [25].

TABLE IV
ORTHODERIVATIVE DIFFERENTIAL SPECTRA OVER F210

0ˆˆ637701, 2ˆˆ313131, 4ˆˆ80910, 6ˆˆ14415, 8ˆˆ1395 G1

0ˆˆ626541, 2ˆˆ330336, 4ˆˆ79515, 6ˆˆ10230, 8ˆˆ930 G2

0ˆˆ634041, 2ˆˆ320166, 4ˆˆ78420, 6ˆˆ13020, 8ˆˆ1830, 10ˆˆ60,
12ˆˆ15

Fl

0ˆˆ636591, 2ˆˆ316371, 4ˆˆ78720, 6ˆˆ13740, 8ˆˆ1935,
10ˆˆ165, 12ˆˆ30

F1

0ˆˆ632286, 2ˆˆ322566, 4ˆˆ78540, 6ˆˆ12675, 8ˆˆ1320, 10ˆˆ165 F2

0ˆˆ631911, 2ˆˆ323421, 4ˆˆ78495, 6ˆˆ11775, 8ˆˆ1725,
10ˆˆ210, 12ˆˆ15

F3

V. CONCLUSION

We have presented the first new infinite family of
APN functions obtained using the switching construc-
tion since 2009. This is also the first infinite family to
be constructed by applying the switching method to a
non-power family. We have shown that this new family
is CCZ-inequivalent to all previously known infinite
families of APN functions, and that it generalizes a
previously known sporadic instance over F210 from
[25]. In the process of proving this, we have shown
that our family is a switching neighbor of a family
EA-equivalent to the construction defined by Li, Zhou,
Li, and Qu [14], thereby obtaining an alternative rep-
resentation for the latter family. More generally, we
have shown that both the Li-Zhou-Li-Qu family and
our new infinite family can be obtained by adding
specific perturbation terms to one of the two families
from the Budaghyan-Helleseth-Kaleyski construction
[15]. Furthermore, we have computationally identified
the form of two more families that can be obtained
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from the second Budaghyan-Helleseth-Kaleyski family,
observed that these two new families also form a
switching pair (in the sense that one can be obtained
from the other via the switching construction), and
conducted computations that support the conjecture that
these families are APN. We have derived conditions
that characterize their APN-ness, and have shown that
they generalize two further sporadic instances over
F210 .

The most immediate open problem is to establish
the APN property of the conjectured families F2 and
F3. More generally, it would be interesting to deter-
mine whether the same norm-derived switching can be
applied to other primary APN constructions in even
dimension, and to characterize the classes of APN
families that admit perturbations of this type. It would
also be of interest to determine whether richer combi-
nations of norm and trace terms give rise to additional
CCZ-inequivalent families, and whether an analogous
mechanism can be developed in odd dimension.
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