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Abstract. The isogeny graphs of superspecial abelian surfaces with
maximal real multiplication were first studied by Charles, Goren, and
Lauter in 2009, when they constructed the RM-CGL hash function on
these graphs and proved that they are Ramanujan. As a consequence,
these graphs enjoy optimal expansion properties, which are either absent
or difficult to establish in other higher-dimensional isogeny graphs.

In this paper, we take a closer look at these graphs from a cryptographic
perspective, and attempt to demonstrate that they are the natural gen-
eralization of the supersingular ¢-isogeny graph to dimension two.

To this end, we tackle two algorithmic problems: We design and im-
plement the RM-KLPT algorithm to solve the algebraic pathfinding
problem in these isogeny graphs by solving a norm equation in ideals
of a quaternion algebra over a real quadratic field. Further, we revisit
the RM-CGUL hash function, provide a proof-of-concept implementation,
and showcase that knowledge of the initial surface’s algebraic descrip-
tion leads to a second-preimage attack on the hash function through our
RM-KLPT algorithm.

RM-KLPT resembles the one-dimensional KLPT algorithm much more
closely than KLPT? does. This is due to the existence of a higher-
dimensional analogue of the Deuring correspondence in the RM setting,
which yields significantly shorter paths (~ p3) compared to KLPT2.
Finally, we conclude by discussing potential cryptographic constructions
that may be built from RM-KLPT.
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1 Introduction

Starting with the devastating attacks on SIKE [CD23; Mai+23; Rob23], in which
a lemma of Kani [Kan97] on embedding a one-dimensional isogeny into a higher-
dimensional one played a significant role, higher-dimensional generalizations of
elliptic curve isogenies have become a major driving force in isogeny-based cryp-
tography in recent years. Constructive techniques [PR23; Rob25] emerging from
these attacks have proven crucial both for improving existing schemes, such as
SQIlsign [Bas+25b; Dar+24; Nak+24], and for enabling new cryptographic con-
structions such as the PRISM signature scheme [Bas+26; Bas+25a] and the
effective group action framework PEGASIS [Dar+25a]. However, the resulting
protocols are one-dimensional in the sense that they rely on the hardness of
computing endomorphism rings of supersingular elliptic curves, and they use
higher-dimensional isogenies primarily as a tool for computing one-dimensional
isogenies more efficiently.

Moving to higher dimensions has the advantage that the corresponding en-
domorphism ring problem is believed to be harder than that for supersingular
elliptic curves. This allows one to work with smaller characteristics, which ad-
mit faster finite field arithmetic. In fact, higher-dimensional isogenies had already
been studied in the field prior to the SIKE attacks, primarily from the perspec-
tive of generalizing the supersingular isogeny graph to higher dimensions.

The situation, however, becomes substantially more complicated, as it is not
clear what the natural analogue of supersingular elliptic curves and their iso-
genies should be in the higher-dimensional setting. While isogeny graphs of su-
perspecial abelian varieties have been the primary focus [CDS20; FT19; Tak18],
LeGrow, Ti, and Zobernig [LTZ23] also considered graphs of supersingular non-
superspecial abelian surfaces, though these do not generalize the one-dimensional
graphs. Unfortunately, these higher-dimensional approaches fail to provide the
strong expansion properties available in the one-dimensional setting. Indeed, al-
though the graph of superspecial abelian varieties remains connected, it fails to
be Ramanujan in general [JZ26]. Nevertheless, it still exhibits reasonable expan-
sion properties [FS22] and, when equipped with a level structure, is conjectured
to be weakly Ramanujan for ¢ = 2,3 in dimension two [DR26]. On the other
hand, the graph of supersingular non-superspecial abelian surfaces is not even
connected, and the question of its expansion properties within a connected com-
ponent was left open in [LTZ23].

Beyond graph-theoretical studies, efforts have been made in generalizing al-
gebraic methods in dimension one to dimension two. The most famous example
is generalizing the KLPT algorithm [Koh+14], which solves the path-finding
algorithm on the supersingular ¢-isogeny graphs, to superspecial (¢, ¢)-isogeny
graph of abelian surfaces through the KLPT? algorithm [Cas+25]. Despite the
successful generalization, one major drawback of [Cas+25] and even its improve-
ment [PRS26] is that the output size is significantly higher than that of KLPT,
which complicates the task of generalizing schemes like SQIsign [DF+20] to this
setting. As a consequence, we either need more efficient algorithms or a different
choice of higher dimensional analogues of supersingular isogeny graphs.
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Another graph that is much less considered in the isogeny community is the
{-isogeny graph of superspecial abelian surfaces with real multiplication (RM),
introduced by Charles, Goren, and Lauter in 2009 [CGL09]. In this setting, su-
perspecial abelian varieties of dimension g are equipped with a real multiplication
by a totally real field K of degree g, that is, with an embedding of the ring of
integers R into the endomorphism ring of the variety. In the same paper, the
authors show that when the field K has strict class number 1, these graphs are
Ramanujan. As an application, they leverage these graphs to propose an ana-
logue of their well-known one-dimensional CGL hash function [CLG09], which
we refer to as RM-CGL. Besides the Ramanujan property, the algebraic perspec-
tive on these graphs provides a higher-dimensional extension of the well-known
Deuring correspondence in dimension one. The RM version of this correspon-
dence was studied by Nicole in 2005 [Nic05], albeit with applications to Hilbert
modular forms in mind. The one-dimensional Deuring correspondence has seen
numerous applications in isogeny-based cryptography, and this RM extension ap-
pears to be the first higher-dimensional instance with comparable cryptographic
potential. This motivates the question of whether the RM isogeny graph is a
more natural analogue of the 1-dimensional setting. As a fundamental algorith-
mic tool, we are particularly interested in the following question on this graph:

The algebraic pathfinding problem:
Given the endomorphism rings (or equivalent algebraic information) of vertices
on the RM isogeny graph, can we do pathfinding on this graph?
If yes, what is the expected output length?

The closer analogue to the Deuring correspondence naturally motivates the
problem of looking for a real multiplication preserving version of algebraic pathfind-
ing. One might hope that, since the problem seems close to the one-dimensional
counterpart, statements from elliptic curves translate better to the real multi-
plication setting than to the general superspecial setting.

1.1 Owur contributions

All of the implementations referred to below are written in SageMath [Sage]. We
provide implementations in two separate repositories:

— RM-KLPT: https://gitlab.com/Mickanos/real-multiplication
— RM-CGL: https://github.com/Nicswansonwaterloo/RMIsogenies

The RM-KLPT algorithm. We refine the Ibukiyama-Katsura-Oort corre-
spondence [IKO86] with real multiplication, and then provide an analogue of the
KLPT algorithm in this refined framework: Given the IKO description (g1, a1)
and (g2, az) of two principally polarized superspecial abelian surfaces with real
multiplication by a real quadratic field K = Q(v/d) of small discriminant and
strict class number 1, our algorithm solves the following system of equations:


https://gitlab.com/Mickanos/real-multiplication
https://github.com/Nicswansonwaterloo/RMIsogenies
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yar = azg’,
s o gm (1)
V927 = g,
where £ is a rational prime that is inert in K and + lies in M2(Oq) for some fixed
maximal order Oy in B, ~, the quaternion Q-algebra of discriminant p.

While the framework we work in looks similar to the two-dimensional vari-
ant of the KLPT algorithm [Cas+25], our algorithm is spiritually much closer to
the original KLPT algorithm [Koh+14]. Indeed, after finding an initial isogeny
(91,a1) = (g2,a2) that is compatible with the real multiplications, our problem
turns into a norm-finding problem over a quaternion algebra over K; in fact,
the quaternion algebra we need to consider is precisely the K-scalar extension of
the quaternion algebra B, o that underlies the KLPT algorithm in dimension 1.
Having established all steps for this translation, the main remaining technical
work of the construction of our RM-KLPT algorithm lies in the adaptation of
the techniques from [Koh+14] to our base field K. In the end, we show that
the output isogeny is of size ~ p3. We also implement the RM-KLPT algo-
rithm to demonstrate its practicality, and we provide experimental evidence for
the heuristics of Section 5. It is highly important to note that this asymptoti-
cally matches the output length of the 1-dimensional KLPT algorithm, whereas
KLPT? variants produce much longer paths [Cas+25; PRS26]. This shows that
working with superspecial abelian varieties with small real multiplication might
be the most promising higher dimensional generalization of supersingular elliptic
curves.

A concrete realization of the RM-CGL hash function. We revisit the
RM-CGL hash function introduced in [CGL09]. Unlike RM-KLPT, it does not
require knowledge of endomorphism rings nor their associated algebraic data. We
show how to represent and transport real multiplication with standard (d, d)-
and (¢, ¢)-isogeny computations, allowing us to traverse RM isogeny graphs in
dimension two using well-known isogeny algorithms [Dar+425b; LR16]. We also
provide a theta-coordinate based implementation of RM-CGL for K = Q(v/5)
and ¢ = 2.

A second preimage attack on the RM-CGL hash function. Finally, we
leverage our RM-KLPT algorithm to break the second preimage resistance of
the RM-CGL hash function when given the algebraic data associated with the
initial vertex. This shows that the starting surface in the RM-CGL hash function
needs to be chosen carefully, similarly to how the original CGL hash function
[CLGO09] in dimension one should be instantiated with a supersingular elliptic
curve of unknown endomorphism ring (cf. [Eis+18; Eis+20]). Note that this is
a strict advantage over the KLPT? algorithm, which fails to break the second
preimage resistance of the corresponding hash function [CDS20] since it produces
a ‘bad’ chain of (¢, £)-isogenies with high probability, as discussed in [Cas+25,
Section 5.4].
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1.2 Outline

In Section 2 we give the necessary preliminaries for this work. In Section 3 we
introduce the definitions of superspecial abelian surfaces with real multiplica-
tions, their isogenies and the resulting isogeny graph. In Section 4 we define the
algebraic path-finding problem in both the IKO framework (Problem 4.13) and
the quaternion language (Problem 4.18), and we show that Problem 4.13 reduces
to Problem 4.18. In Section 5 we introduce our main algorithm RM-KLPT that
solves Problem 4.18, for which we generalize many 1-dimensional KLLPT subrou-
tines. In Section 6 we describe an instantiation of the RM-CGL hash function
from [CGL09], and we show an algebraic second preimage attack on this hash
function. Finally, we discuss some future directions in Section 7.
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2 Preliminaries and notation

2.1 Superspecial abelian surfaces

A superspecial abelian surface over IF,2 is an abelian surface that is isomorphic to
a product of two supersingular elliptic curves. While all such surfaces are isomor-
phic due to a theorem of Deligne [Shi79, Theorem 3.5], we can equip them with
principal polarizations and only consider between them the polarized isogenies
w: (A, N) = (A, X)) of reduced degree degrd(y) € N. With this we can separate
these surfaces into (polarized) products of two supersingular elliptic curves, of
which we find ©(p?), and into superspecial Jacobians of genus-2 curves, of which
we find ©(p?). We provide more background on these surfaces in Appendix A.1.
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2.2 Quaternion algebras

The quaternion algebra B o is a Q-algebra of dimension four defined with re-
spect to a prime number p. In particular, if p = 3 mod 4, the algebra B,
admits a basis (1,1, j,1j) such that i> = —1, j2> = —p and ij = —ji. In this arti-
cle we will mainly work in the matrix algebra Ms(Bp o) of 2 X 2-matrices with
entries in B .. For more details on quaternion algebras, see Appendix A.2.

2.3 The strict class group of a number field

To ensure that our isogeny graphs with real multiplication will be Ramanujan,
we want to enforce that the quadratic field K has strict class number 1. In
Appendix A.3 we provide more background on the strict class group of a number
field, including a proof of the following statement:

Corollary 2.1. The real quadratic field K = Q(\/;i) has strict class number 1 if
and only if it has class number 1 and the following equivalent conditions holds:

(i) Every totally positive unit in Ry is a square in Rj;.
(ii) The fundamental unit ex is neither totally positive nor totally negative.

Moreover, in this case d is a prime with d Z 3 mod 4, i.e. d =2 or d = 1 mod 4.

2.4 Notation

Throughout the paper we fix a real quadratic field K = Q(+/d) of strict class
number 1 and discriminant dg; note that, by Corollary 2.1, we have dx = d
unless d = 2 (for which dx = 8). We let R denote the ring of integers of K and
ax € {Vd, HT‘@} its standard generator, i.e. Ry = Zaxk]. We write R}; for the
totally positive elements in Ry, and RIX{’Jr =RigN R} for the totally positive
units in Ry . Furthermore we fix a prime p > 5 that is unramified in K, i.e.
ptd, and let N 5 ¢ # p denote another prime that is unramified in K. Finally,
we fix a supersingular elliptic curve Ey over IF,» of known endomorphism ring

Op = End(Ep).

3 Superspecial abelian varieties with real multiplication
and their isogeny graphs

In this section, we first introduce superspecial abelian surfaces with real multipli-
cation and their isogenies, and then we discuss the resulting real multiplication
isogeny graphs from [CGL09] in dimension two.
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3.1 Superspecial abelian surfaces with real multiplication

Definition 3.1. ([CGL09, Section 2.2]) A superspecial abelian surface with real
multiplication by K, or K -superspecial surface for short, is a triple (4, ¢, \) such
that

— A is a superspecial abelian surface over F,

— t: Rg — End(A) is a ring embedding, and

— At A — AV is an Rg-equivariant principal polarization with respect to the
induced embedding ¢V: Rx < End(A4Y), i.e.

Aow(z) =u(z)Y o\ forall v € Rg.
Definition 3.2. Let (Aj,t1, A1), (Aa, 2, A2) be two K-superspecial surfaces:

— A morphism of abelian surfaces ¢: A; — As is called a K -linear morphism
if it is Rx-equivariant, i.e.,

pou(z)=1(x)op for all x € R.

A K-linear morphism is called a K -linear isogeny if its underlying morphism
of abelian surfaces is an isogeny. If, in addition, it is polarized with respect
to A1 and Ao, it is called a polarized K -linear isogeny.

A K-linear isogeny

P (Ala[’lv)\l) — (AQ,L27)\2)

is called a K -linear equivalence if its underlying morphism of abelian surfaces
is an isomorphism. It is called a K-linear isomorphism if it additionally
preserves the principal polarizations.
— Two K-superspecial surfaces are called equivalent (resp. isomorphic) if there
exists a K-linear equivalence (resp. a K-linear isomorphism) between them.
Two K-linear isogenies ¢1: (A,¢,A) = (A1,t1, A1), 02: (A, 1, \) = (Asz, 12, \2)
are called equivalent (resp. isomorphic) if there exists a K-linear equivalence
(resp. a K-linear isomorphism)

a: (A1,t1,A1) = (Aa,t2,A2) such that @y = ao .

For a given K-superspecial surface (A,¢,\), any unit v € Ry induces an-
other K-superspecial surface (4,¢,:(u)Y o Ao w(u)), together with the K-linear
isomorphism

t(u™): (A, N) = (A, u(u)Y o Mo w(u)). (2)

The assumption that K has strict class number 1 implies that the real multi-
plication ¢ actually already determines the principal polarization A on A uniquely
up to the K-linear isomorphisms coming from «(R}) as above. This is shown in
[CGL09, Section 2.2] in the language of schemes (see also [Nic05, pp. 73-74]),
but we will also provide an algebraic proof later in Corollary 4.14.
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To define a notion of degree for a K-linear isogeny ¢: (A1, t1, A1) — (Asz, 2, A2),
we write

=AY Aot (Aay 2, A2) = (A1, 01, M)

for the reverse K-linear isogeny ¢ of ¢. The following lemma shows that this
reverse isogeny generalizes the one-dimensional notion of dual isogenies for an
adjusted definition of the degree; it follows from [CGL09, p. 6] (see also [Nic05,
Section 2.5.3]), but we will independently derive it in Corollary 4.11.

Lemma 3.3. Let ¢: (A1,t1, A1) — (Ag, 12, A2) be a K-linear isogeny. Then we
have ¢ o € 11(R}), p o @ € 1a(R};) and

n(@op)=15"(po @)
The above allows us to define the degree of a K-linear isogeny:

Definition 3.4. ([CGL09, Section 2.2.2], [Nic05, Section 2.5.3]) Consider a K-
linear isogeny ¢: (A1, t1,A\1) — (A2, t2, A2). Then the K-degree of ¢ is defined
as degi () =11 (P o @)

Remark 3.5. The K-linear isogeny ¢ has integer degree deg;‘(l’)‘2 (p) € Ny if
and only if it actually is a polarized isogeny of reduced degree deg?(l’)‘2 ().

The multiplicativity of the degree follows from a straightforward calculation:

Lemma 3.6. For two K-linear isogenies (A1, 11, A1) = (A, 12, A2) LN (As, L3, A3)
we have deg)[‘<1”\3 (o) = deg’}?’)‘f“ (¥) - deg}\g”\z ().

Since the real multiplication determines the polarization uniquely up to K-
linear isomorphism, it seems natural to omit it from our notation and write
(A, ). We must, however, resolve the ambiguity in the K-degree arising from the
K-linear isomorphisms in Equation (2). To this end, we leverage the fact that
polarizations are uniquely determined up to a unit: For any K-linear isogeny
@w: (A,ta) = (B,tp) together with Ry-equivariant polarizations Mg 1, A42 on
(A,1a) and Ag1,AB2 on (B,ip), we can find a unit u € Ry such that

deg;}A,l,)\B,l((ﬂ) _ u? _deg;\(A,m/\B,z (4,0)

Importantly, our assumption that C1* (K) is trivial shows (cf. Corollary 2.1) that
this is equivalent to the equality of ideals

degy® 1 () - Rc = degy* ™ () - Ric,

thus motivating the following definition:

Definition 3.7. Let ¢: (A1,t1) — (A2, t2) be a K-linear isogeny. We say that
¢ has K-degree degy () = I for an ideal I C R if and only if, for a/any choice
of K-linear polarizations A; on (A;,¢;), we have deg;‘(l”\Q(go) -Ri =1.
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3.2 RM isogeny graphs and their Ramanujan property

We are now ready to introduce the RM isogeny graph(s). In addition to our
notations and conventions from Section 2.4, we let [ C Rx denote a prime ideal
above ¢, i.e. INZ = (Z.

Definition 3.8. The RM isogeny graph Gi(p,!) is the (directed multi-)graph
consisting of

— vertices the set of equivalence classes of K-superspecial surfaces over [z,
and

— edge set containing, for each vertex pair (v1, va), edges v1 — vy corresponding
to the number of K-linear isogenies v; — vy of K-degree [ up to equivalence.

Remark 3.9. Due to the scaling isomorphisms (2), Corollary 2.1 and Lemma 3.3
(cf. Corollaries 4.11 and 4.14), two K-superspecial surfaces are equivalent if and
only if they are isomorphic. However, these notions differ for isogenies: Two K-
linear isogenies ¢, 1) are equivalent if and only if there is a u € R} such that
t2(u) o p and 9 are isomorphic. In particular, ¢ and ¢2(u) o ¢ are equivalent for
any u € Ry, but they are isomorphic if and only if u € {£1}.

These RM isogeny graphs have been studied extensively in [CGL09, Sec-
tions 3-4]; we summarize their properties in the following theorem, which is a
combination of the results in loc. cit. (specialized to dimension 2) and mostly
well-known results on Ramanujan graphs. For completeness we provide a more
extensive discussion in Appendix B, where we also explain how the special struc-
ture of G (p,£) allows for more straightforward spectral-theoretic arguments
than a general analysis of the graph’s Laplacian.

Theorem 3.10. The RM isogeny graph Gx (p, [) has the following properties:

(a) Gx(p, ) has n = @(p>d>®/?) vertices.

(b) Gk (p,1) is (out-)regular of degree £/ + 1 where f = f(I|{) € {1,2} denotes
the inertia degree of [ (over £).

(c¢) The adjacency matrix A of Gk (p,[) (for a fixed vertex numbering) is self-
adjoint with respect to a suitable inner product (cf. Equation (7)).

(d) Gx(p,!) is a Ramanujan graph: It has the eigenvalue ¢/ + 1 with multiplicity
1, and all other of its eigenvalues lie in the interval

[—Qx/Ff : 2\/27] :
In particular, Gi (p,[) is connected with diameter at most

2log,s (n) + 2log,s (72) + 1.

Remark 3.11. To use the real multiplication isogeny graph Gk (p, ) in practice,
we would like to have strong expansion properties, so that vertices are not too far
apart and random walks mix reasonably fast. Theorem 3.10 highlights a notable
obstacle that we want to avoid to this end: If the prime ¢ splits as £ = [ - [5,
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then the spectral expansion of Gk (p,!;) in Theorem 3.10 is noticeably worse
than in the inert case; for example, our diameter bound turns into® roughly
4log,(d3/* - p) + c instead of 2log,(d*/* - p) + c. For this reason we will choose
our real multiplication such that the rational prime £ is inert in K from now on;
for simplicity we will then write G (p,¢) == Gk (p,{RK).

Similarly to the 1-dimensional setting, it also seems desirable to avoid small
cycles for optimal mixing times. We provide in Proposition B.11 of Appendix B
an easily verifiable criterion that ensures that our graph G (p, £) does not contain
any loops or multi-edges.

4 The algebraic side: Refining the IKO correspondence
with real multiplication

In this section, we take an algebraic look at the K-superspecial surfaces and their
K-linear isogenies we defined in Section 3. By adopting the Ibukiyama—Katsura—
Oort (IKO) correspondence [IKO86] and refining it with real multiplication, we
show that the geometric path-finding problem in Gk (p,£) can be translated to
a matrix equation akin to the one solved in the KLPT? algorithm [Cas+25] (cf.
Equation (4) and Problem 4.13).

While this equation is generally much harder to solve than in dimension one,
as indicated by the output length of KLPT? [Cas+25; PRS26], the additional
condition of K-linearity enables us to translate the geometric objects to a quater-
nion K-algebra. Through this, we reduce solving the KLPT?-like equation to a
norm finding problem in a quaternion ideal in Theorem 4.20, thus simplifying the
algebraic path finding problem significantly by enabling an approach analogous
to the one-dimensional KLPT algorithm [Koh+14].

4.1 Real multiplication in the IKO framework

Recall that the isomorphism classes of principally polarized superspecial abelian
surfaces are all represented by E3 equipped with different principal polarizations
A € PPol(E3), as discussed at the end of Section A.1. Therefore, our restriction to
superspecial abelian surfaces allows us to make use of the IKO correspondence for
principally polarized superspecial abelian surfaces as described in [Cas+25]. Via
this TKO correspondence (or TKO framework), our surfaces can be represented
as 2 X 2-matrices over the endomorphism ring Oy = End(Ey):

Proposition 4.1. ([Cas+25, Section 2.3]) Let A¢ denote the product polariza-
tion on E2. Then the map \ /\51)\ =: g defines a bijection

PPol(E2) — {(2 j) | 5,t € Zso,2 € Op, st — 22 = 1} C GLy(Op).

5 One might instead want to consider the ‘combined’ graph G (p,l1,l2). According
to [CGL09, Theorem 4.2] this graph is regular of degree 2¢ + 2, and all its other
eigenvalues are bounded above by 4v/¢; in particular, this graph has less edges per
vertex (unless £ = 2) and worse expansion properties than in the inert case.
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Moreover, for any two A1, Ay € PPol(E?2) we have
(Eg,)\l) &~ (Eg,)\g) <= Ju € GL2(Op): grn, = u™ - g, - u,

and the polarized isogenies (EZ, A1) — (E3, \2) of reduced degree N € N corre-
spond bijectively to matrices v € M3(Oyp) such that v*gx,v = N - gx, -

This motivates us to also translate real multiplications to the IKO framework:

Lemma 4.2. Let A € PPol(EZ) be a principal polarization, and let a € My(O)
such that Z[a] 2 Rg. Then the embedding to: Rx — M2(Oy), ax — a defines
a real multiplication on (EZ, \) if and only if

gra = a“gy.

Proof. By the discussion in [Cas+25, p. 9] (which is also implicit in Propo-
sition 4.1), a* represents the endomorphism (" dual to the endomorphism ¢
represented by a. Since ¢, (k) determines ¢, uniquely, the claim follows. a

The above results allow us to only work with matrix equations in M3(Oy):

Definition 4.3. We define a (superspecial) K—-RM pair to be a pair (g, a) where
g = gn € GL2(0Op) is the g-matriz of some A\ € PPol(E?), and the matrix
a € M5(Op) defines a real multiplication ¢, on (E?, \) according to Lemma 4.2.
Note that, with respect to the Rosati involution v :== g~'v*g on My(Op) induced
by g, the condition ga = a*g is equivalent to a being fixed by said Rosati
involution, i.e. a = af = g~ 'a*g.

Remark 4.4. Note that the K-RM pair (g, a) lives in the algebraic world, that
is, it is hard to compute it from the geometric description of a vertex of Gk (p, £).
Without the extra real multiplication it was shown that computing the g-matrix
associated to a principally polarized superspecial surface is equivalent to endo-
morphism ring computation (in an appropriate sense) under the generalized
Riemann hypothesis [PRS26, Theorem 4.12]. Furthermore, the proof of this
equivalence goes through an isomorphism End(A) & M5(Oy), and this allows
us to translate our knowledge of the real multiplication between the different
descriptions.

Naturally, the notion of K-linear isogenies also translates to matrices. First,
we record the following criterion for a matrix v € M2(Op) to represent an isogeny
E2 — EZ.

Lemma 4.5. An endomorphism ¢: EZ — E? is an isogeny if and only if its
matrix representation v € Ma(Qy) satisfies that v € Ma(Bp o0)*

Proof. If ~ is invertible, then clearing the denominator of the inverse yields a
matrix § € M3(Op) and an integer n € N such that v§ = n = dv. For the
morphism v: E2 — EZ represented by & we then have

pop=[n]=7op.
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The first equality shows that ¢ is surjective, and due to the second the kernel
ker(p) C EZ[n] is finite, so ¢ is an isogeny.

Conversely, if v is not invertible, then we find a nonzero matrix 6 € M2(QOyg)
such that §y = 0; therefore the nonzero endomorphism v represented by &
satisfies ¥ o ¢ = 0, i.e. ¢ cannot be surjective. a

Second, we classify the matrices in Ma(Qg) that represent K-linear mor-
phisms, which is immediately verified from the definitions.

Lemma 4.6. Let (g1,a1) and (g2,a2) be two K—RM pairs with g; = gy,, and
consider a morphism ¢: (E2,t1,\1) — (EZ,t2,\2) with ¢; :== 14,. Then ¢ is
K-linear if and only if its matrix representation v € My (Oy) satisfies ya; = az7.

Definition 4.7. We define a (K -)RM-homomorphism (g1,a1) — (g2,a2) (be-
tween two K—RM pairs) to be a matrix v € M2(Op) representing a K-linear
morphism, i.e. v satisfies

yar = az”y.
Moreover, we define a (K-)RM-isogeny (g1,a1) — (g2,az2) to be a (K-)RM-
homomorphism v € M»(Oy) that also satisfies v € Ma(Bp,o0)™ (cf. Lemma 4.5).

4.2 The underlying quaternion algebra and the K-degree

In the following result we use the IKO framework to establish the quaternion
world in which our RM objects live. Explicitly, we associate to a K-RM pair
(g9,a) a quaternion K-algebra whose standard involution is induced by g. For
the proof of this statement we need the following small additional calculation,
which is easily verified:

Lemma 4.8. Let g = (£ }) with z € B, » and s,t € Q with st — Nrd(z) = 1.
Then the matrix 8 = (§ {) satisfies 8*8 = sg.

Proposition 4.9. Let (g,a) be a K-RM pair. Then the centralizer Cent®(a) of
a in Ms(Bp,) is isomorphic to the quaternion K-algebra Bj o, ® K, and the
Rosati involution 4 = g~!4*g restricts to the unique standard involution on
this quaternion K-algebra. In particular, the reduced norm on Cento(a) is given
by

Cent’(a) = K, ¢ cfe = ecl.

Proof. The element a gives an embedding Rx — M>(Op) and thus an em-
bedding K — Ms(B, o). Applying the double centralizer theorem (Proposi-
tion A.16), we see that Cent’(a) = Centyy, (s, ) (K) is a four-dimensional central
simple algebra over K, i.e. a quaternion K-algebra.

As M5(Q) contains” a field isomorphic to K, the Skolem—Noether theorem
(Proposition A.15) yields an v € Ma(Bp o)™ with K C o™ M5(Q)a, and there-
fore

a B, o = CentMQ(Bpm)(afle(Q)a) C Centpg,(s, ) (K) = Cent’(a).

" Indeed, for a®> = d we find (9¢) € M2(Q); computing a suitable conjugating element
in the Skolem—Noether theorem, one can compute the centralizer of a from the one
of this matrix explicitly.
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Since B, ~, embedded via the conjugation by «;, lies in the centralizer Cento(a)7
we get the K-algebra homomorphism

Bpoo ® K — Cento(a)7 LRy — a tBa-,

and this map is injective because Bp .o ® K is simple. As the domain and
codomain both have K-dimension four, we thus have found the desired iso-
morphism.

Next, we check that the Rosati involution restricts to a K-linear automor-
phism of Cent’(a): By definition we have af = a, and for any ¢ € Cent®(a) we
further find

cta=cta’ = (ac)" = (ca)’ = alef = acl,

so ¢t lies in Cent® (a) again and the Rosati involution -T acts K-linearly on
Cento(a). Now, let us show that the elements fixed by - are exactly the scalars
in K: Due to Lemma 4.8 we can find a matrix 5 € M3(B,, o) such that sg = 5*3
for the top-left entry s € Zs of g. For any element h € M5(B, ) we then have

BRI~ =By~ h*gB~" = 5B h*s™' 5" = (BhBT')Y, 3)

i.e. hf = h happens if and only if ShB~! is Hermitian. In particular, due to
a' = a we first see that ag = SaB~! is a Hermitian square root of d, so we find
anr € Q and a z € B), o such that ag = (¢ %, ), where necessarily z # 0 since d
z f
fy
by z,y € Q and f € B, ~, commutes with ag if and only if the product

5— re+zf rf+yz
wi=(2 0 5T

is square-free. Moreover, any other Hermitian matrix § = ( ), parametrized

is Hermitian. This forces Zf € Q, i.e. f =tz for some ¢ € Q (from the diagonal
entries) and further rt + y = « — r¢ (from the anti-diagonal entries). Therefore
y = x — 2rt and we obtain

d=(zx—rt)+t-as € Q+ Qag = Q(ap),

Sym*(Cent®(ag)) := {0 € Cent’(ag) : 6* = 6} = Q(ap).

Finally, Equation (3) shows that the Rosati-invariant elements Sym'(Cent’(a))
of Cent’(a) satisfy

Sym'(Cent’(a)) = 87" - Sym*(Cent’(ag)) - 8 = 57" Q(ag)B = K.

This proves that the Rosati involution - indeed induces the standard involution
on Cent’(a), and the result follows by uniqueness of this standard involution
(Proposition A.12). O

Knowing the structure of the centralizer of a, we can show that there are no
nonzero singular K-RM homomorphisms:
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Corollary 4.10. Every nonzero K-RM homomorphism is an isogeny.

Proof. Let v: (g1,a1) — (g2,a2) be a K-RM homomorphism. Applying the
Skolem-Noether theorem (Proposition A.15) to the embeddings K — Ms(Bp )
given by mapping the generator of Ry to a;, i = 1,2, we find an invertible
matrix § € Ma(B, o) such that az = §~'a;8. Clearing denominators to as-
sume § € Mo(Op), Lemma 4.5 hence shows that we have a K-RM isogeny®
0: (g2,a2) — (g1,a1), and 6y € Cent(ay) is nonzero since ¢ is invertible. More-
over, Cento(al) = By 0 @ K is a division algebra by Proposition 4.9 since K is a
real quadratic field and B, « is ramified at oo (cf. [Voi21, Proposition 14.6.7]),
so 0 is invertible in Cent” (a1) € Ma(Bp,oo). Thus v € Ma(By )™, i.€. v is an
isogeny by Lemma 4.5. O

As previously described in the geometric setting in Section 3.1 (cf. Lemma 3.3),
we arrive at a notion of degree for K-linear isogenies:

Corollary 4.11. Let v: (g1,a1) = (g2, a2) be a K-RM isogeny. Then the map

¥ =977 g2: (92,a2) = (91,a1)
is a K-RM isogeny. Furthermore we have ¥y € R&al), Yy € R&az), and, with
respect to the RM embeddings induced from each a;,
Ly (37) = tg, (49)-
Proof. In view of Lemma 4.5 we see immediately that v is indeed a K-RM
isogeny; in particular, 47 is nonzero (as it is an isogeny). Now applying the
Rosati involution induced by g1, we have
(N =97 0 = 917 (91177 92) 91 = g1 927 = A
and Proposition 4.9 yields 4y € Q(a;). Furthermore 4y € M3(Oy) is integral
over Z by [Voi21, Corollary 10.3.3], which yields 7y € Rg(q,)-

Next, let us show that 77 is totally positive: Since 7y € Rg(q,) is integral,
we find t,n € Z such that (77)? — t3y +n = 0. To prove that 7y lies in R&al),
we need to show that ¢ and n are both non-negative. By Lemma 4.8 we find
B1, B2 € Ma(Bp o) and s1,s2 € N such that s; - g; = 85 5;. Setting § = Boy Bt
and s := s15; *, we obtain

5-0%0 =518, By Y BaBayBy = s181 YV 92981 !
=181 By By Y g2y B = Bugr 2B = BBy
Thus s - §*0 also vanishes at the polynomial z? — tz + n, and hence 6*§ satisfies
(6%6) — L(6%0) + & = S% ((s- §%0)% —t(s-6%0) + n) =0.

Via a straightforward calculation it now follows that g > (0 and :—2 >0, and in
view of s > 0 we deduce that 5+ is totally positive.

8 Alternatively we could have invoked the much stronger Theorem 3.10 here.
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Due to ¥ = v we symmetrically get 73 € R& as)’ Finally, since ~ is an
RM-isogeny, we have

VY = Year by (77)) = taz (0, (37))7s
and canceling ~y from the right yields the desired equality ¢, ' (37) = ¢} (v3). O

Definition 4.12. The K-degree of a K-RM isogeny v: (g1,a1) — (g2,a2) is

defined as deg%%*(y) == 15 (57) € Rj;. For completeness (cf. Corollary 4.10)

we set deg¥?(0) := 0. We omit the matrices g1, g» in the exponent if they are

clear from the context.

Note that, by definition, any K-RM homomorphism ~: (g1,a1) — (g2,a2)
satisfies the equation

Y 927 = 91 - ta, (degi? (7). (4)

In particular, a K-RM isogeny is polarized if and only if its K-degree lies
in N (cf. Remark 3.5), and solving the equation system (1) translates to the
problem of finding a K-linear isogeny of /-power K-degree:

Problem 4.13. Given two K-RM pairs (g1,a1) and (g2,a2), find a K-linear
isogeny v € Hom((g1,a1), (92, a2)) of K-degree deg9:9?(y) = (¢, where £ € N is

a fixed prime number inert in K and such that { < p.

While the definition of K-RM homomorphisms does not explicitly link them
to the g-matrices of the domain and codomain, the K-linearity of the corre-
sponding polarizations still imposes a strong restriction, leading to the degree
equation (4). In fact, under our assumption that C17(K) = 1, the real multi-
plication determines the g-matrix uniquely up to units in R}, as hinted at in
Section 3.1.

Corollary 4.14. Suppose that we have two K-RM pairs (g1,a) and (g2, a) with
the same matriz a € Ms(QOy). Then there is aw € Ry such that go = tq(u)*g1tq(u).

Proof. Since both K-RM pairs have the same matrix a, the identity matrix
defines an RM-isogeny Id2: (g1,a) = (g2,a). From Corollary 4.11 we therefore
deduce

R > deg ' (Id2) = 15" (97 ' 92),

and analogously we obtain 1; (g5 *g1) € Rjz. Thus ¢, (g7 'g2) € Ri", and due
to Corollary 2.1 we find a u € R} such that ¢, (u)? = gy *go. Finally, this yields
g2 = g1 ta(u) - ta(u) = ta(u)* - g1 - ta(u) since (g1, a) is a K-RM pair. O

Remark 4.15. Knowing that the real multiplication essentially determines the
polarization on our K-superspecial surface, it is natural to ask, conversely,
whether one can compute all real multiplications that turn a given superspecial
surface into a K-superspecial surface. In Appendix D we discuss how, as long as
d is sufficiently small, one can effectively enumerate all such real multiplications.
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4.3 The Deuring correspondence with RM

In this section, we introduce the quaternion version of the path-finding problem
(Problem 4.18), and in our main theorem (Theorem 4.20) we show that we can
reduce Problem 4.13 to Problem 4.18. Table 1 contains a simple comparison of
the quaternion language and the IKO framework, which summarizes relevant
results from Section 4.2 and Section 4.3.

Quaternion language IKO framework
endomorphism 0
algebra Bpoo @ K Cent”(a)
. . standard involution Rosati involution
involution _ + 1 o«
e a—a':=g "a’g

endomorphism|Eichler orders R C By o @ K
rings of discriminant p

Cent(a) = Cent®(a) N M2(Oo)
v € M2(Qp) such that
yai = azy

Table 1. Geometry/arithmetic objects in two algebraic languages.

isogenies left R-ideals

Let (g1,a1) and (ge,az) be K-RM pairs. We write Hom((g1, a1), (ge, az)) for
the set of K-RM homomorphisms from (g1, a1) to (g2, a2). This Hom set has a
natural structure of an Rx-module, via multiplication by ¢4, () on the right or,
equivalently, by ¢4, (2) on the left, for any = € Ry.

Proposition 4.16. Let (g,a) be a K-RM pair. Then
Cent(a) == Cent®(a) N My(Oy)

is the ring Hom((g, a), (g,a)) of K-linear endomorphisms, and it is an Eichler
order of discriminant p in Cent’(a). Moreover, the reduced norm form of Cent(a)
coincides with the K-degree of RM-homomorphisms.

Proof. [Nic05, Theorem 2.5.27] shows that Cent(a) is an Eichler order of discrim-
inant p, and the other claims follow from Proposition 4.9 since, for v € Cent(a),
5 =~ is the conjuagte of v as a quaternion in Cent’(a). O

If v € Hom((g1, a1), (92, a2)) is nonzero, we set L, := Hom((gz, a2), (g1, a1))7-

Lemma 4.17. With notations as above, I, is an integral left Cent(a)-ideal of
norm? deg (7).

Proof. This is analogous to [Nic05, Lemma 2.5.16]; while we make a different
choice on sides, the proof may be adapted in a straightforward fashion. a

9 As we assume that K has strict class number 1, we may always represent the norm
(ideal) of a quaternion ideal by a totally positive algebraic integer; we refer to such
an integer as the norm of the ideal, which is well-defined modulo totally positive
units, i.e. as a class in Rt /R ™.
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We may now introduce the quaternion version of the pathfinding problem:

Problem 4.18. Let I be an integral ideal in By oo ® K such that the left order of
I is an FEichler order of discriminant p which contains i and j. Compute z € I
such that Nrd(z)/N(I) = £° for some e € N, where £ € N is a small prime inert
in K such that £ < p.

Before we reduce Problem 4.13 to this problem, we observe that it is straight-
forward to compute a K-RM pair (go, ag) such that Cent(ag) satisfies the hy-
pothesis of Problem 4.18.

Lemma 4.19. For the real quadratic field K = Q(v/d) of strict class number 1,
there is a K-RM pair (Id2, a), where a € Ms(Z) may be computed in polynomial
time. Then, Cent(a) = Opte(Ri)-

Proof. Once we have found a € My(Z), then Centyz, s, )(M2(Q)) = By o - Id2
immediately shows that Cent(a) contains i-Ids and j - Id2, so that Cent(a) has
the correct shape (in view of Proposition 4.16).

If d = 2 we may choose a = (1 1), so let us assume d > 2; due to Corol-
lary 2.1 we then know that d is a prime such that d = 1 mod 4.

By [Neu99, Theorem 1.1.1] there thus exist z,y € Z such that d = 22 + 2.
Moreover, since d is odd, exactly one of z,y is odd. We assume, without loss of
generality, that 2 | y, and write © = 2s 4+ 1 and y = 2¢ with s,t € Z. Now we

simply set
o= <S;L1 t > € My(Z),

—S

and check that this satisfies the minimal polynomial of ax = 1+T‘/E. Indeed, a
clearly has trace 1, and we further have

det(a) = =7 ((29)* + 45+ (21)%) = =} (2” — 1 +9%) = 15,

Finally, note that we can find the above decomposition of d as a sum of two
squares in polynomial time with Cornacchia’s algorithm since d is a prime. O

Theorem 4.20. Problem 4.13 reduces to Problem 4.18 in polynomial time.

Proof. Let (g1,a1) and (go, az2), £, e be as in Problem 4.13. We first show that
we can compute an ideal I, whose left order contains i,j which corresponds to
some vy € Hom((g1, a1), (g2, az)): Without loss of generality we may assume that
Cent(ay) contains i and j, as otherwise we can apply Lemma 4.19 to compute
a K-RM pair (go, ap) with this property, solve Problem 4.13 twice and combine
the solutions.

To compute one such ideal I,, we start with computing a basis of the
space Q - Hom((gs, a2), (g1,a1)) by solving a system of linear equations. A Z-
basis of Hom((g2,a2), (g1,a1)) may then be computed efficiently using [Mic08,
Lemma 3.1]. Likewise, we may compute v € Hom((g1, a1), (92, a2)) and deduce
a basis of 1.



18 M. Chen, T. Decru, P. Kutas, M. Montessinos, S.A. Spindler, N. Swanson

Now, solving Problem 4.18 gives z € I, such that degy(z) = ¢°N(I,). We
claim that & = yZi,, (degx (7)) ™! is a solution to Problem 4.13.

By construction of I, there exists a v € Hom((g2,a2), (g1,a1)) such that
z = vv. By multiplicativity of the degree, degy (v) = ¢¢. Then,

Z=g,'2"01 =91 'V 920, Vg = 0.
It follows that vZ = Y30 = 14, (degy (V))V = Diq, (degg (7y)). Therefore we have
0 = v € Hom((g1,a1), (g2,a2)) and degy (0) = degy (v) = £°. m|

5 Finding paths in the quaternion world: The RM-KLPT
algorithm

This section is dedicated to solving Problem 4.18. Accordingly, we make the
following assumptions (see also Section 2.4): K is a totally real quadratic field
with trivial strict class group Cl+( ) = 1, and p is an unramified prime such
that p = 3 mod 4. Finally, Ry is an Eichler order of discriminant p in By, oo ® K
which contains i and j such that i = —1, j2 = —p, and ij = —ji.

Let us first give the RM-KLPT algorithm. We note that the named sub-
routines used are described in more detail below. Both the subroutines and the
structure of the algorithm are similar to those of the KLPT algorithm, as de-
scribed in [DF+-20].

Algorithm 1: RM-KLPT

Input: An integral left Ro-ideal I

Input: A prime number ¢ € N inert in K

Output: Some z € I such that Nrd(z) = ¢°*N(I) for some e € N

J,x < EquivalentPrimeIdeal(]) ; // N;=N(J)
eo + max (0, [log,(p) + log,(log(p)) —log,(Nk/o(N))/21);

7 < RepresentAlgebraicInteger(Rx,{°Ny);

C, D + IdealModConstraint(J,n);

1 < StrongApproximation,(Ns,C, D, Rk); // Nrd(u) = £
return nux=1N(I)

[=2 L BN VU R R

Theorem 5.1. Assuming Heuristics 5.4, 5.5, 5.7, 5.8, 5.10, 5.13 and 5.14, Al-
gorithm 1 is correct and runs in polynomial time. Assuming that d is constant,
the input I lies in a uniformly random class of left Ro-ideals, and £ < p, the
output is a polarized RM-isogeny of expected degree £¢ = O(p?).

We will prove Theorem 5.1 after we describe all of its subroutines. Combining
it with Theorem 4.20, we get



RM-KLPT: Algebraic Pathfinding for Superspecial RM Surfaces 19

Corollary 5.2. Let (g1,a1) and (g2,a2) be K-RM pairs, with K having strict
class number 1, and let £ be a rational prime that is inert in K. Then an RM-
isogeny from (g1,a1) to (ga2,a2) of K-degree a power of ¢ may be computed in
polynomaial time assuming Heuristics 5.4, 5.5, 5.7, 5.8, 5.10, 5.13 and 5.14.

Subroutines. We shall need the following subroutines, most of them analogous
to those of the KLPT algorithm:

EquivalentPrimeIdeal(]): Given a fractional ideal I in B, ® K, computes
an element x € I of reduced norm Ny - N;, with N; € R}E a prime element.
Outputs J, z, where J =1 Nil See Section 5.1 for a detailed discussion.

SumOfSquares(x): Given a totally positive z € R;g, returns a,b € Ry such
that a? + b? = x, or L if such a,b do not exist. See for instance [Mur+24,
Algorithm 4.1] for a polynomial-time algorithm for this task.

RepresentAlgebraicInteger(M): Given a totally positive M € RJ[( lying in
the norm image Nrd(Rg) of Ry, output € Ry of norm M. See Section 5.2
for a detailed discussion.

IdealModConstraint(l, 3): Given anideal I of B, o ®K of prime norm N; € R}
and some £ in the left order of I, finds C, D € R such that 5(Cj+ Dk) € I.
This algorithm is completely analogous to its eponym from [DF+20], the
computation happens in the finite residue field of Ny, and then some lifts C'
and D are chosen freely.

StrongApproximation,(N,C, D): Given a prime element N € R}, C,D € Ry,
find p € R such that Nrd(u) is a power of £, and p = A(Cj+ Dk) mod NRg
for some A\ € Rg. See Section 5.3 for a detailed discussion.

Proof (of Theorem 5.1). Algorithm 1 runs in polynomial time by Lemmas 5.6,
5.11 and 5.16 below.

After Line 1, we have J = I%, and Ny = Nrd(x)/N(I) is prime. Line 2
computes eg such that N g(fNy) > p*(logp)?, ensuring that Line 3 be-
haves correctly by Lemma 5.11. By construction of IdealModConstraint and
StrongApproximation, we have nu € J and Nrd(nu) = N j¢¢o+er,

It follows that nuxz—1N(I) lies in I, has reduced norm N (I)¢¢0+e1. That is,
Algorithm 1 is correct.

It remains to estimate the size of the output. Let a = Nk /g(Ny). By con-
struction, we have

max (1, plog(p)/va) < £°° < fmax (1,plog(p)/va) .

Combining Heuristic 5.7 and the assumption that £ < p, the expectation of £
is asymptotically O(y/p/ Vad).

By Lemma 5.6, the expectation of « is O(dp). Then, the output p on Line 5
has degree O(poz%d) by Lemma 5.16, and thus the final isogeny has degree

O(p3d?); as the size of d is assumed to be constant, we get an output of ex-
pected degree (¢ = O(p3). O
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Remark 5.3. A natural candidate for generalisation of Algorithm 1 is to accept
as input totally positive prime elements ¢ € R}} that are not inert rational
primes. While most of the methods can be adapted in a straightforward manner,
difficulties arise within the StrongApproximation subroutine. The crux of the
matter is that for a general ¢ € Rj{{, the two real embeddings of ¢¢ become
increasingly imbalanced in size as e grows. The estimates in Lemma 5.16 ensuring
that £¢ — M is totally positive for M € R}; are then no longer valid.

Experimentally, we find that in such circumstances, Algorithm 1 may provide
an output of size O(p®) in reasonable time. However, it is likely that an apt
modification of Algorithm 5 would reduce this bound.

5.1 Finding an equivalent prime ideal

This subroutine is a direct analogue of the subroutine of the same name in the
original KLPT algorithm, except it must now be done over the real quadratic
field K. We adopt a similar approach as for the rational version.

Algorithm 2: EquivalentPrimeIdeal

Input: I a fractional left Ro-ideal and a prime ¢ € Rg
Output: (J,z), where = € I has norm N(I)Ny, with Ny € Rg prime and
such that £ is not a square in Rx /NyRk, and J = [N?I)

Let L be the rank 8 Z-module I with quadratic form

4(@) = tric o (Ned(2) /N (D));
2 Let x1,...,zs be an LLL-reduced basis of L;
3 for ai,...,as in ZN[—1,1] do
4 T Zle a;iTi;
5 if Ny :=Nrd(z)/N(I) is prime in Rix and £ is not a square mod N; then
6 y R
7
8
9

=

N(I)
return (J, )
end
end

Heuristic 5.4. Let I be an ideal in By, .c @ K representing a uniformly randomly
sampled left ideal class of a fixed Fichler order of discriminant p, and let { be a
prime in Ry . Let q be the quadratic form x — trgo(Nrd(z)/N(I)) (independent
of the choice of I within a left ideal class). Let (x1,...,x3) be an LLL-reduced
Z-basis of I with respect to q. Then, with overwhelming probability, there exists
e € I of the form e = Z?:l eix;, with |e;| <1, such that N = Nrd(e)/N(I) is a
prime in Ry, and (%) =—1.

Heuristic 5.5. Let I, q and x1,...,xs be as in Heuristic 5.4. Then, there exists
a constant B, independent of p and d, such that for 1 < i < 8, the expectation

f %#W is bounded from above by B.
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Lemma 5.6. Algorithm 2 is correct and terminates in expected polynomial
time. The expected size of Nk /(N (J)) is asymptotically O(dp) for I lying in
a uniformly random class of left ideals (with respect to a fixed Eichler order of
discriminant p).

Proof. According to Proposition 4.16, the order Cent(a) = Cent’(a) N Ma(Oy)
has discriminant p. By Heuristic 5.4, the algorithm outputs a correct result. The
search step takes a constant amount of tries and the LLL reduction may be done
in polynomial time as the rank of the lattice is constant.

Since the order has discriminant p, the determinant of the Gram matrix
associated to the norm form Nrd(x)/N () is p?/16. The Gram matrix associated
to the quadratic form ¢(x) := trg/g(Nrd(x)/N(I)) on L as defined in Step 1
then has determinant d*(p?/16)2. Since (x1,...,7s) is an LLL-reduced basis,
Heuristic 5.5 implies that the expectation of maxi<;<g¢(x;) is bounded from
above by 23/4B7/84/2p1/2 1f follows by construction that if e is the output of
Algorithm 2 with input I, the expectation of g(e) is O(d'/?p'/?). Since the norm
Nrd(e)/N(I) is totally positive, we get

Ngo(Nrd(e) /N (1)) < (trK/@(Nrd(e)/N(I)))Q.
It follows that Ng/q(Nrd(e)/N(I)) has expectation O(dp). O

As we expect the norm of the ideal computed by Algorithm 2 to not have
a large variance, and to never be larger than p?log(p)?, we state the following
heuristic:

Heuristic 5.7. Let I be an ideal in By oo @ K representing a uniformly randomly
sampled left ideal class of a fixed FEichler order of discriminant p. Then, the

expectation of max(1, p(log(p))/\/ Nk o(Ns)) is asymptotically 6(\/]3/\/&)

5.2 Representing algebraic integers

Since we assume that R¢ contains the usual quaternion basis, finding an element
of norm M € R} in Rg reduces to finding b, 7, s,t € Ri such that

b2+ 72 4 ps? +pt? = M.

In Algorithm 3, a crucial step is to sample points (z1, 22) € Z? contained in a
parallelogram in R?, determined by the target norm M := M; + o g My, namely:

0<z1+agz < Ml/p+()(KM2/p,
0<2z14+agz < Ml/p-i-aKMg/p.

()
Such sampling can be implemented by, for instance, computing a linear trans-
formation T sending the parallelogram above to the unit square S = [0,1]2, and
then sampling vectors in [0,1]2 N TZ?. We denote this sampling procedure by
SampleParallelogram(M ), which returns a uniformly random pair (21, 23).
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Algorithm 3: Sample_s_t

Input: M € R} totally positive
Output: s,t € Ry such that M — ps® — pt? is totally positive
21, z2 + SampleParallelogram(M);
2 4 21 + 220K;
if (z) is not a prime ideal in Rk then
‘ Go to Step 1;
end
if (%) #1 then
‘ Go to Step 1;
end
s,t + Sum0fSquares(z);
return s,t

© 00 g O U AN W N =

[y
o

Since CI(K) = 1 by our assumption, Ry is a principal ideal domain. We
introduce the following heuristic, which is an analogue of the assumption made
in [Koh+14, Section 3.1] on integers represented by a quadratic form to have a
cleaner runtime analysis of the algorithm.

Heuristic 5.8. Let z := z1 + zoa where 21, 29 < SampleParallelogram(M).
The probability of an ideal (z) generated this way being a prime ideal in Ry is
the same as for random ideals of the same norm. Among the ideals (z) that are

prime, the probability of (z) satisfying ((—5) =1is 3.

Lemma 5.9. Let M € R} be totally positive with Ng (M) > cp? for a small
constant ¢ that is determined by ak. Algorithm 3 is correct and terminates in
expected polynomial time.

Proof. Let z be as defined in Step 2. The parallelogram equations given by
Equation (5) are equivalent to ensuring that z and M — pz are both totally
positive. The algorithm samples such z until z can be written as a sum of squares
in Rg by enforcing that (z) is a prime ideal in Ry and that <%) = 1. The
correctness of Algorithm 3 is then clear.

Each of the steps in this algorithm can be done efficiently, and the main thing
is to estimate the expected repetition of Step 1. By Landau’s prime ideal theorem
[Lan03], the probability of random ideals a C Ry with Nk g(a) < N being
prime can be estimated by % By Heuristic 5.8, we can estimate the probability
of () being a prime ideal by m. Since Nk g(z) < Nk o(M/p), this
probability is bounded below by m. Therefore, the expected repetition
of Step 1 is less than 2log Nk (M /p). As long as the parallelogram defined

by Equation (5) contains enough points in Z?2, this algorithm will terminate
Nrk/o(M/p)

in expected polynomial time. Since the parallelogram has area — g one
Ngo(M . .
needs to ensure that % > 2log N (M /p). This requires that M > cp?

for some constant ¢ depending on a . O
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Algorithm 4: RepresentAlgebraicInteger(M)

Input: M € R}} totally positive
Output: x = b+ ri + sj + tk such that b, 7, s,t € Rk and Nrd(z) = M
$,t < Sample_s_t(M);
2« M — ps® — pt?;
if (2) is not a prime in Rk then
‘ Go to Step 1;
end

if () # 1 then
‘ Go to Step 1;
end

b, r < Sum0fSquares(z’);
return b+ ri+ sj + tk

© 000 g O TN W N

[y
o

We introduce a heuristic similar to Heuristic 5.8 for 2’ generated in Step 2
of Algorithm 4.

Heuristic 5.10. Let 2/ := M — ps®> — pt* where s,t < Sample_s_t(M). The
probability of ideals (z') generated this way being a prime ideal in Ry 1is the
same as for random ideals of the same norm. Among the ideals (2') that are

P

prime, the probability of (z') satisfying (%) =1is 3.

Lemma 5.11. Let M € R} be totally positive with Ny (M) > (log? p)p>.
Then Algorithm 4 is correct, and terminates in expected polynomial time.

Proof. The proof follows that of Lemma 5.9. The only difference lies in the esti-
mation of the probability of ideals (2") being prime. Since Nk /q(2") < N (M),
by Heuristic 5.10, we can use m as a lower bound of this probability.
This means that the expected repetition of Step 1 is 2log Nk o(M). This re-

quires that Neejo(M/p) (2log Nk /o(M/p))(2log N /o(M)); the condition we

2c
have on Ny /q(M g(ensures that this holds, and then the algorithm terminates in
expected polynomial time. a

5.3 Strong approximation by an element of £-power norm

Our version of strong approximation over a real quadratic field is, again, very
close to the version over the rational numbers. The only technical difficulty is
adjusting the so-called Petit-Smith trick [DF+20, Remark 4] that is crucial in
obtaining the 6(p3) bound in the original KLPT algorithm. We start by showing
how a certain problem appearing in StrongApproximation, can be viewed as a
closest vector problem (CVP):
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Proposition 5.12. Assume that £ is a small rational prime integer and that we
have \,C, D € Rk such that ¢¢* — p(A\2C?% + A\2D?) is divisible by N. Then one
can find a solution (s,t) of

00 —p((AC + Ns)> + (AD + Nt)>) =0 (mod N?)
such that try,q((AC 4+ Ns)? + (AD + Nt)?) is minimal in polynomial time.

Proof. The equation ¢°* — p((AC + Ns)? + (AD + Nt)?) = 0 (mod N?) can be
rewritten as —p(2ANsC + 2ANtD) = pA2C? 4+ pA2D? — ¢¢1 (mod N?). Since we
assume that ¢¢* — p(A\2C?% + \2D?) is divisible by N, there exists B € Ry such

e 22 22
that £2=P( g +A°D7) — B. Thus the equation

—p(2ANsC + 2ANtD) = pA\*C? + pA?D? — ¢°*  (mod N?)

can be rewritten as —p(2AsC + 2XtD) = B (mod N).

This is a linear equation in s,t so its solution set consists of the sum of a
particular solution (sg,%o) and a solution (s1,t1) to the homogeneous equation
—p(2AsC+2AtD) =0 (mod N). Note that the solution set (s1,%1) to the homo-
geneous equation forms a lattice L where elements in (x,y) € R% are endowed

with Euclidean norm 4/trg g(2z? + y2). Now observe that
(AC + Ns)? 4+ (AD + Nt)? = (\C' + Nsg + Ns1)? + (AD + Nto + Nt,)?,

as (s,t) = (so+s1,to+t1). Hence the field trace of this quantity can be viewed as
the square of the Euclidean distance from (AC'+Nsg, A\D+ Ntg) to (—Nsy, Ntq).
Minimizing this trace amounts to solving a closest vector problem for the lattice
N L, which is a lattice of dimension 4. In such a low dimension, the CVP can
be solved in polynomial time with the BKZ algorithm and Babai’s rounding
algorithm. O

We now analyze the StrongApproximation, algorithm (Algorithm 5). To
prove that it is correct and runs in polynomial time, we state two heuristics:

Heuristic 5.13. Assume that N is the norm of the ideal output by Algorithm 2
with input an ideal in By, o ® K representing a uniformly randomly sampled left
ideal class of a fixed Fichler order of discriminant p, and that C' and D are lifts
of uniformly random elements of Ry /NRk. Then, there exists a constant B € N
such that the first and last Minkowski minima my and my of the lattices encoun-
tered in Step 4 (i.e., the solution set to —p(2ANsC + 2ANtD) = 0 (mod N?))
satisfy

M~ B

mq
Heuristic 5.14. If the input of Algorithm 5 is as in Heuristic 5.13, and M is
sampled as in Line 4, the probability that (M) is a prime ideal in Ry is the same
as for random ideals of the same norm. Among the ideals (M) that are prime,
the probability of (M) satisfying ( =1isi

=1 1
(M) ) — 2°



RM-KLPT: Algebraic Pathfinding for Superspecial RM Surfaces 25

Algorithm 5: StrongApproximation,

Input: A totally positive prime N € R} with Niko(N)=a, C,D € Rk
Output: 4 € Ro such that Nrd(p) = ¢°* for some e; € N, and
u=ACj+ Dk) mod NRy for some A € Rg
1 Set e1 € N such that £t > poz%d and such that £°1 /p(C? 4 D?) is a quadratic
residue modulo N;
2 Set A € Rx/NRy such that \* = ¢! /p(C? + D?) mod N;
3 while True do

4 Sample s,t € Rk as described in Proposition 5.12 such that
M =11 — p((A\C + Ns)*> + (AD + Nt)?) = 0 mod N?;
5 if M is prime in Rk then
6 S < sum0fSquares(M/N?);
7 if S# 1 then
8 Sample (b, 1) < S;
9 return \(Cj+ Dk) + N(b+ri+ sj+tk)
10 end
11 end
12 end

Remark 5.15. Heuristic 5.13 is needed as we would like to provide CVP bounds,
which for a balanced lattice are close to the bound on the shortest vectors.
However, if the lattice is very skewed, then CVP errors can be close to the second
minima, and thus would provide a worse bound. This heuristic is implicitly
present already in the original SQIsign when the Petit-Smith trick is applied
[DF+20, Remark 4].

Lemma 5.16. Under Heuristics 5.13 and 5.14, Algorithm 5 is correct and ter-
minates in expected polynomial time.

Proof. The proof is very similar to its rational counterpart in KLPT. What has
to be checked is that the bound set in Step 1 is accurate. In order to not run
into an infinite loop, we need to set bounds such that M, as defined in Step 4, is
totally positive, since otherwise it can never be written as a sum of two squares.
Once we ensure that M is totally positive, Heuristic 5.14 ensures that the number
of loops is polynomial in log p.

In order to show that the bound for ¢°! is correct we have to calculate the
determinant of the lattice L that appears in Proposition 5.12, which is the col-
lection of (s,t) pairs satisfying

—p(2AsC +2XtD) =0 mod N,

endowed with the Euclidean metric /trg/q(z% +y*). By observing that for
any choice of s there is a corresponding ¢, one has an Rx-module basis of the
form (1,u), (0, N), which implies that the determinant of L is ad?. Note that
the actual CVP instance of Proposition 5.12 deals with the lattice N L, whose
determinant then is ad?.
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By Heuristic 5.13, the CVP error can be bounded by the square root of
the determinant (we have a dimension 4 lattice, but we care about the square
distance), which shows that M will be totally positive with the provided choice
of £¢1. a

6 On the RM-CGL hash function

The algebraic description of K-superspecial abelian varieties through RM-pairs
allows us to find paths in Gk (p,l) using RM-KLPT; however, just as in the
one-dimensional setting, it is unclear how to do so given only geometric repre-
sentations of two arbitrary vertices. Nevertheless, we can still compute outgoing
edges in G (p, ) directly from a tuple (A, ¢, A). In this section, we explain how
to perform these computations concretely, and we build the RM-CGL hash-
function.

Recall that Gx (p, 1) is an (¢f + 1)-regular Ramanujan graph, where f is the
inertia degree of [ over £. Any graph with good expansion properties naturally
indicates a hash function construction by taking seeded non-backtracking walks
through the graph and outputting the final vertex.

Formally, let V denote the vertex set of G (p, [) and let vg € V be any starting
vertex. At the first step, exclude one fixed outgoing edge from vg; thereafter,
exclude the dual of the edge just traversed. By fixing a deterministic rule labeling
the remaining ¢/ edges by {0, ..., ¢/ —1},'9 a message parsed as an ¢/-ary string
m = my - --m, then determines a non-backtracking walk

vo = oy 22 I g
The RM-CGL hash function is then defined as

H:{0,....07 =1} —V, M= Mmq- My —> Uy

6.1 Implementing the RM-CGL hash function

To evaluate H in practice, we must choose suitable parameters, concretely spec-
ify the data representing vertices, and compute isogenies between them while
retaining the real multiplication.

We first choose p to be coprime to d and ¢, and also take ¢ to be inert in
K, both for the stronger expansion discussed in Remark 3.11 and also so that
we may utilize existing efficient (¢, £)-isogeny algorithms described in [Dar+25b;
FT19; LR16]. With this choice, the RM-CGL hash functions resembles the genus-
2 hash function of Castryck, Decru, and Smith [CDS20], which similarly encodes
messages as walks through the polarized (2, 2)-isogeny graph and outputs invari-
ants of the final PPAS. Our construction similarly uses (¢, £)-isogenies, but each
PPAS admits RM and restricts outgoing edges to those with Ry -stable kernels.

10 For example, order the edges lexicographically by their binary encodings.
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Remark 6.1. In the unrestricted polarized (¢, £)-isogeny graph, excluding dual
edges does not prevent the kernel of the next isogeny from intersecting that of
the preceding dual. This yields “bad extensions” from composite kernels isomor-
phic to Z/(?Z x (Z/¢Z)* and leads to trivial collisions, which is why Castryck,
Decru, and Smith explicitly exclude them [CDS20, Section 7.1]. For consecutive
K-linear isogenies ¢p: A — B and ¥: B — C, however, ker ¢ and ker ) are one-
dimensional over Rx/¢Rk = F,2 in B[f]. Non-backtracking makes these lines
distinct, hence their intersection is trivial and ker(v o ) = (Z/(?Z)?, automati-
cally excluding such bad extensions.

To concretely represent our vertices, we may use the same models for PPASs
used in the unrestricted (¢, £)-isogeny graph, together with data specifying the
real multiplication. The embedding ¢: Rx < End(A) is determined by the single
endomorphism o = ((ak), where Rx = Z[ak]. Under our strict class number
one assumption, ax = (1 ++/d)/2 when d # 2. Note that the map o € End(A)
is not a polarized N-isogeny for any positive integer N when d # 2.

In this context, an (¢, £)-isogeny ¢: (4, \) — (A4’, ), is compatible with the
RM determined by o and ¢’ precisely when ¢’ o p = poog. Computing ¢’ from ¢
and o is a familiar problem in oriented supersingular isogeny graphs [Arp+23];
here, we first show that stability of ker ¢ under o guarantees the existence of a
unique compatible o”.

Proposition 6.2. Let (A,:, A\) be a K-superspecial surface with ¢ = t(ak).
If o: (A,A) — (A’,)) is a polarized (¢, £)-isogeny with o(ker ¢) C ker ¢, then
there exists a unique embedding ¢': Rx — End(A’) making (A4’,/,\) a K-
superspecial surface and ¢ a K-linear isogeny.

Proof. Due to the stability condition o(kerp) C ker ¢, the kernel of ¢ is con-
tained in ker(¢ o o). By the universal property of isogenies, this map factors
uniquely though ¢, yielding a ¢’ € End(A’) such that ¢’ o p = poo. It re-
mains to show that ax +— o’ defines an embedding ¢': Rx — End(A’) that is
compatible with \'.

Let m(z) be the minimal polynomial of ax. The identity ¢’ o p = p oo
gives m(c’) o ¢ = p om(o) = 0. Since ¢ is surjective, m(c’) = 0. Using that m
is irreducible over @, the minimal polynomials of ax and ¢’ agree, and so the
assignment oy — o’ indeed defines an embedding ¢': Rx — End(A4").

Lastly, we have to show that " is Rxg-equivariant, i.e. that (¢/)Y o\ = XN oo”.
Since ¢ is a polarized and ¢ is Ri-equivariant, we have ¢¥ o X o ¢ = ¢\ and
oY o A = )oo. Taking the dual of ¢/ 0 ¢ = ¢ o o, we obtain

? o ((0) o N)op=0"o(tN) = (N oo =¢" o (N oo')op.

Canceling the isogenies ¥ and ¢ then gives the desired compatibility and
(A, N) defines a K-superspecial surface determined uniquely by o’. O

Proposition 6.2 shows that evaluating o on A[¢] suffices to determine the ker-
nels of K-linear (¢, £)-isogenies. To enumerate all outgoing edges from a vertex,
one can enumerate all /3 + ¢? + ¢ + 1 maximally isotropic subgroups G of A[/]
and restrict to the 2 + 1 Ry-stable ones by checking o(G) C G.
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Remark 6.3. Filtering maximally isotropic subgroups for o-stable ones only re-
quires the action of o on A[f], rather than its evaluation on arbitrary points. For
a walk of fixed length 7, one can therefore begin with a basis of A[¢"] and the
action of ¢ on this basis, then transport both along the walk. Each /f-isogeny
loses one level of -power torsion, leaving enough data to select the next kernel.
Choosing p with ¢" | p + 1 makes this torsion rational. Although this approach
may be more efficient for fixed-length walks, we instead retain data sufficient to
evaluate o on arbitrary points, allowing walks of arbitrary length.

To evaluate o on arbitrary points, we cannot directly use the usual algorithms
for polarized isogenies, since o is not a polarized (N, N)-isogeny when d # 2.
We instead work with the polarized d-isogeny 7 = 1(v/d), which determines o
through

1471
2

when d = 1 (mod 4). This allows us to represent the RM data using polarized
isogeny algorithms: given P € A(F,2), choose any @ with [2]Q = P and compute

o(P)=0([2Q) = Q+7(Q).

Thus, an RM vertex can be represented uniquely by (A, \) together with a (d, d)-
endomorphism 7.

The kernel of 7 determines 7 up to post-composition by polarized auto-
morphism, but such an automorphism may not be K-linear. Hence, additional
auxiliary data is needed to represent a vertex up to K-equivalence. For example,
7 and —7 share the same kernel but determine the conjugate RM embeddings

given by
a:L(H—Q‘/E> and a’:L(l;ﬁ).

These represent the same RM vertex precisely when there is a polarized auto-
morphism f of (A4, \) satisfying f o0 = ¢’ o f. We therefore retain auxiliary
information alongside the kernel to resolve this ambiguity. The following propo-
sition shows that the action of 7 on A[n] suffices, where n > 3 is any integer
coprime to dfp.

T=20—1, o

Proposition 6.4. Let (A,¢,A\) be a K-superspecial surface, let 7 = L(\/E), and
let n > 3 be coprime to d¢p. Then (A,:,\) is uniquely determined up to K-
isomorphism by (A, A\, ker 7,7 [ af5))-

Proof. Suppose another RM embedding ' on (A, \) gives 7/ = //(v/d) with the
same kernel and action on A[n]. As p is unramified in K, 7,7’ are separable
polarized (d, d)-isogenies, so ker(7) = ker(7’) yields 7 = ur’ for some polarized
automorphism u of (A, \).

Since n is coprime to d, the restriction of 7/ to A[n] is a bijection. Thus the
equality 7 [gp,)= 7" |a[n) implies that w |4, is the identity. As n > 3 and p is
coprime to n, [Mil08, Proposition 1.14.4(b)] gives v = [1]. Hence 7 = 7/, and
therefore ¢ = ¢/. O
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Proposition 6.4 shows that a vertex of Gi(p,£) can be represented by the
tuple (A, A\, ker 7,7 [4},)), for n > 3 coprime to dfp. However, this is just one
representative of the K-equivalence class that defines the vertex, and the output
of the RM-CGL function should ideally be invariant under K-equivalences. Thus,
at the final step of the walk, one would like to compute invariants analogous
to the j-invariant in dimension one. Such invariants are known as Gundlach
invariants; for K = Q(v/5), explicit expressions as quotients of Hilbert modular
forms are given in [MR20, Theorem A.9].

In our implementation, we instead obtain a unique output by enumerating
polarized isomorphisms originating from (A, ), transporting RM data accord-
ingly, and selecting the lexicographically smallest encoding. This yields a unique
representative of the K-equivalence class reasonably quickly, without requiring
an explicit conversion from our representative to the Gundlach invariants.

Our proof-of-concept theta-coordinate-based implementation for K = Q(v/5),
¢ =2,p= 226 and n = 3 hashes a length 388 4-ary string in about 40 seconds'!.
For details on this implementation, see Appendix C.

6.2 An algebraic second preimage attack on RM-CGL hashing

We now leverage our RM-KLPT algorithm to break the second preimage re-
sistance of the RM-CGL hash function if we know the endomorphism ring of
the starting vertex, analogously to the one-dimensional case [Eis+20]. This is
in contrast to the general KLPT? algorithm: While the latter also finds a chain
of (¢, £)-isogenies, the corresponding hash function [CDS20] requires the chain
to compose to an (¢¢, £¢)-isogeny to prevent trivial collisions coming from “bad
extensions”. While the chains produced by KLPT? contain bad extensions with
overwhelming probability [Cas+25, Section 5.4], non-backtracking walks in the
RM isogeny graph automatically avoid them (see Remark 6.1).

Per the discussion in Remark 4.4, we assume that our endomorphism ring
knowledge translates to knowledge of the corresponding K-RM pair (g, a) of the
starting vertex. With this setup, we obtain the following result:

Corollary 6.5. Under the heuristics of Theorem 5.1, the RM-CGL hash func-
tion is not second preimage resistant if the K-RM pair (g, a) of its starting vertex
s known.

Proof. Let (A,t,\) be a K-superspecial surface, and let
p=po-opr: (A4, A) = (Ak, Lk, Ak)

be the non-backtracking chain of polarized K-linear (¢, ¢)-isogenies encoding a
given message m, with ¢ inert in K as in Section 6. As discussed in [Cas+25,
Section 5.3(ii)], our knowledge of g allows us to adapt the IsogenyToMatrix
algorithm [Cas+25, Algorithm 6] to compute both the matrix v € Ma(Qq) rep-
resenting the isogeny ¢ and the target g-matrix g corresponding to (Ax, Ax).

1 Timed on an Apple M4 MacBook Pro using rm_cgl . py from our RM~CGL repository
with default parameters.
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I correspond-

Moreover, from the K-linearity we can directly compute ay = vyay~
ing to the real multiplication ¢y on (Ag, A\g).

We now apply the reduction of Theorem 4.20 and our RM-KLPT algo-
rithm (Algorithm 1), as in Corollary 5.2, with the additional restriction that
StrongApproximation, (Algorithm 5) in Step 5 returns a p such that its norm
satisfies £°0 - Nrd(p) = ¢¢ with e Z k (mod 2); since Nrd(u) only needs to be
sufficiently large, this restriction is easily achievable. We therefore obtain a ma-
trix v € M2(Op) of K-degree ¢, where e # k (mod 2), encoding a polarized
K-linear isogeny from (A, ¢, A) to (Ak, tk, Ak).

As discussed in [Cas+25, Section 5.3(i)], we may now apply'? the generalized
MatrixToIsogeny algorithm [Cas+25, Algorithm 5] to translate 4’ into a chain
of polarized K-linear (¢,£)-isogenies. Finally, we remove backtracking and call
the resulting chain . Each cancellation removes a factor of [¢], reducing the walk
length by two without changing the endpoint. Thus ) still has length of opposite
parity to k, so it encodes a different message with the same hash value. a

7 Future work

The one-dimensional Deuring correspondence plays a significant role in isogeny-
based cryptography. It lies at the core of the SQIsign family of constructions,
ranging from the original one-dimensional SQIsign [DF+20], to the newer vari-
ant SQIsignHD [Dar+-24], and more recent two-dimensional approaches such
as [Bas+25b; Nak+24].

With the RM-KLPT algorithm at hand, one natural direction is to construct
an analogue of one-dimensional SQIsign in the RM setting. This, however, comes
with several technical challenges. For instance, RM-KLPT would need to be
generalized to finding paths between two random vertices, without requiring the
path to pass through a distinguished starting vertex. In addition, an efficient
ideal-to-isogeny algorithm would need to be developed, among other ingredients.

Another direction is to explore higher-dimensional variants of SQIsign, such
as SQIsignHD, SQIsign2D-West, SQIsign2D-East. The core idea behind these
constructions is the ability to represent a short one-dimensional isogeny by em-
bedding it into an isogeny of higher dimension (typically two or four). In the RM
setting, short isogenies between two vertices can likewise be found, for instance
via the EquivalentPrimeIdeal algorithm (Algorithm 2). The challenge is then
to embed such isogenies into higher-dimensional ones, ideally without exceeding
dimension four.

We leave the investigation of SQIsign variants in the RM setting for future
work. Beyond these natural SQIsign analogues, many other one-dimensional con-
structions may admit meaningful generalizations in this setting.

As our current techniques are limited to real quadratic fields of strict class
number 1 and small discriminant, another natural direction for future work is
to extend our computational framework to more general settings.

12 This application requires the reduced norm of ~" in M, (Op) to be a square, which
is satisfied since this reduced norm is exactly Ng q(deg (7)) = (£9)%.
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A Further background

A.1 Superspecial abelian surfaces

In the following we fix a prime p > 5. We assume some familiarity with elliptic
curves and isogenies over finite fields (see [Sil09] for the main definitions and
results) as well as the definition of an abelian surface; note that we will only
encounter abelian surfaces that are isomorphic to products of two elliptic curves.
An isogeny ¢: Ay — Ay between two abelian surfaces over F,2 is a morphism
of varieties inducing a surjective group homomorphism A;(F,) — As(F,) with
finite kernel, and an isomorphism is an isogeny that admits an inverse isogeny
under composition. An endomorphism of A is a morphism A — A of abelian
surfaces'®, and we write End(A) for the ring of endomorphisms of A.

Definition A.1. A superspecial abelian surface is an abelian surface A over F .

such that A is isomorphic over F, to EZ for some supersingular elliptic curve Eq
over 2.

The following result shows that the choice of the curve Ejy in the above
definition does not matter; unfortunately, however, it also shows that we only
have one isomorphism class of superspecial abelian surfaces.

Theorem A.2. (Deligne, [Shi79, Thm. 3.5]) For any supersingular elliptic curves
Ey, Es, E3, B4 over Fp2 there is an isomorphism Ey X Ey = E3 X Ey.

To properly separate such surfaces into different isomorphism classes, one en-
dows them with (principal) polarizations. For our purposes the following slightly
imprecise definition will be sufficient, as we use the Ibukiyama—Katsura—QOort
correspondence [IKOS86] as described in [Cas+25] to translate the concept into
a more palpable notion in Section 4.

Definition A.3. Let A be an abelian surface. A polarization A\: A — AV is
an isogeny that is induced by an ample divisor on A. If the degree of A (as a
morphism of surfaces) is equal to 1, the polarization \ is called principal, and
we call the pair (A, \) a principally polarized abelian surface, or PPAS for short.

We now restrict our attention to isomorphisms — and, more generally, to
isogenies — that are compatible with polarizations:

Definition A.4. Let (A1, A1) and (Az, A2) be two PPASs. A polarized isogeny
w: (A1, A1) — (Aa,X\2) is an isogeny ¢: A; — Ay such that there exists an
integer N € N satisfying

N)\l :SDVO)\QOSD.

The integer N is called the reduced degree degrd(y¢) = N of ¢, and we call ¢ an
N-isogeny. If N =1, ¢ is called an isomorphism of PPASs'*.

13 The induced group homomorphism may fail to be surjective or of finite kernel.
1 Tn this case, ¢ is invertible and ¢~ is again a 1-isogeny.
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Finally, let us consider the classification of isomorphism classes of superspe-
cial principally polarized abelian surfaces. We can view the problem in two ways.
First, the following result describes representatives of the isomorphism classes
of superspecial PPASs, together with canonical principal polarizations for each
representative:

Theorem A.5. ([Cas+25, Section 2.2], [CDS20, Proposition 1]) Every super-
special principally polarized abelian surface over Fp. is either the product of
two supersingular elliptic curves over )2, equipped with the product polariza-
tion, or the Jacobian of a genus-2 curve over IF,2, equipped with a canonical
polarization coming from the Abel-Jacobi map. Moreover, there are @ (p?) dif-
ferent (polarized) products up to isomorphism, and ®(p?) different superspecial
Jacobians.

The second approach is to relate everything back to a base point: Fix a
supersingular elliptic curve Ey, and let (A,\) be a superspecial PPAS. By
Definition A.1 and Theorem A.2, there exists an (unpolarized) isomorphism
¢: B2 — A of abelian surfaces. With this data, one can show that
N o= <pv oloyp
defines a principal polarization'® on EZ, and ¢ now defines an isomorphism
of PPASs (E3,)\) — (A, )). For this reason the classification of isomorphism
classes of superspecial PPASs comes down to understanding the set PPol(E3) of
principal polarizations on E?, as well as when two principal polarizations on E2
define isomorphic PPASs. We will utilize this viewpoint from Section 4 onward.

A.2 Quaternion algebras

Let K be a field of characteristic different from 2. If a,b € K*, we consider the
K-algebra

b
(%)zK@M@M@Kﬁ

with multiplication defined by the following rules:

i’=a P*=b  ij=-ji
Definition A.6. A quaternion algebra over K is a K-algebra isomorphic to
(a?b) for some a,b € K*.

Ezample A.7. The matrix algebra Ms(K) is a quaternion algebra over K. In-
deed, we get an isomorphism My (K) = (%) from the following mapping:

10 i 01 .y
0-1) ! 10) 7
A quaternion algebra isomorphic to My(K) is called split, and any non-split

quaternion algebra is a division algebra.

15 If the ample divisor D on A induces ), then the pullback of D along ¢ is an ample
divisor on Eg that induces X
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Observe that if L is a field extension of K, (a?b) QL ~ (“Tb) . In particular,

if B is a quaternion algebra over K and L is an extension of K, then By, = By L
is a quaternion algebra over L.

Definition A.8. Let B be a quaternion K-algebra and let p be a prime (finite
or archimedean) of K. Then we say that B ramifies at p if Bx, is not split.

Ezample A.9. ([Piz80, Proposition 5.1]) Let p be a prime. The quaternion algebra
By« ubiquitous in the theory of superspecial abelian varieties is defined as the
quaternion Q-algebra which ramifies at p and at co. We have the following:

BQ,OO =~ <_1(’@_1>

B, o =~ if p=3mod4
D, ( Q p

—2,—p> .
By oo =~ if p=>5mod 8
P, < Q p

—q,— P .
By s if p=1mod 8
4 ( Q ) 3

where, in the last case, ¢ = 3 mod 4 and p is not a quadratic residue mod q.

Definition A.10. Let A be a K-algebra. An involution ~: A — A is a K-linear
map such that:

1=1;
—a=aforac A

— Ba = af for a, B € A.

An involution is further called standard if the following is true for all o € A:

—aa € K.

Example A.11. The quaternion algebra (aKb) admits a standard involution de-

fined by i = —i and j = —j.

Proposition A.12. ([Voi2l, Sections 3.2, 3.4]) A quaternion algebra admits a
unique standard involution, which is referred to as conjugation. In particular,
such a standard involution is always of the form described in Example A.11.

Quaternion algebras are the degree 2 example of the larger class of central
simple algebras:

Definition A.13. A K-algebra A is called central simple if it satisfies the fol-
lowing properties:

— A is central. That is, Cent(A) == {a € A: af = Ba for all 3 € A} = K.
— A is simple. That is, the only two-sided ideals of A are A itself and (0).
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Ezample A.14. Let B be a quaternion algebra over K. Then for g € N, My(B)
is a central simple algebra.

Central simple algebras have a lot of strong properties, two of which are the
following:

Proposition A.15.(The Skolem—Noether theorem, [Voi21, Thm. 7.7.1]) Let
A be a simple K-algebra and let B be a central simple K-algebra. Suppose
that f,g: A — B are (necessarily injective) homomorphisms. Then there exists
T € B* such that f(a) = T~ 'g(a)T for all a € A.

Proposition A.16.(The double centralizer theorem, [Voi21, Prop. 7.7.8]) Let
B be a central simple K-algebra and let A be a simple subalgebra of 5. We write

Centg(A) ={8 € B: fa=apf for all o € A}
for the centralizer of A in B. We then have the following:

—_

. Centp(A) is a simple K-algebra

. dimg (B) = dimg (A) - dimg (Centp(A))
. Centg(Centg(A)) = A

. Cent(A) = Cent(Centp(A))

=W N

A.3 Strict class groups

Let K be a number field. Recall that the class group Cl(K) of K is defined as
the quotient Ix / Pk of the group I of fractional ideals of K by the subgroup
Pk of principal fractional ideals of K, i.e. the subgroup of fractional ideals of
the form aRy for some a € K*.

Definition A.17. Let PI'(|r denote the subgroup of principal fractional ideals
generated by totally positive elements, i.e. any I € PI}|r can be written as I =
a - Ry for some a € K such that o(a) > 0 for any real embedding o: K — R.
Then the quotient C1T(K) := I/ Pyt is called the strict class group or narrow
class group of K.

It is well-known that the class group of K is finite (see, for example, [Neu99,
Theorem 1.6.3]). Going through the definitions, one can derive from this also the
finiteness of the strict class group via a well-known exact sequence. We denote
by KT the totally positive elements in K, and by R[X(’+ the totally positive
elements in Rj.

Proposition A.18. We have an exact sequence'®

1= RY/RET — K* /KT — CIT(K) = CI(K) — 1

where the first map is induced by the inclusion Ry < K*, the middle map by
sending a € K* to the class of aRy in C1T(K), and the last map by identifying
CIK) = Ix/Px = C1T(K)/(Pg/P;’) as a quotient of C1"(K) according to the
third isomorphism theorem. In particular, C17(K) is finite.

16 Meaning that at every group, the image of the incoming homomorphism is equal to
the kernel of the next map.
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Proof. 1t is clear that all maps are well-defined, that the first map is injective, and
that the last map is surjective with kernel P/ PI'(*'. Moreover, the assignment
a — aRk clearly induces isomorphisms Px & K*/Ry and Pt & K+ /R;{“
since Ryy™ = K* N Ry. From this we immediately see that R)%/Ry" is the
kernel of the middle map K*/K+ — CI*(K), and that the image of this middle
map is Pr/Pj;, so the sequence is indeed exact.

Furthermore, note that both quotients K*/K* and R)/Ry" are finite:
Letting o1, ..., 0, denote the real embeddings ¢;: K — R, we immediately see
that K7 is the kernel of the group homomorphism

K* = (Z/2Z)", a > (sgno;(a))i_;. (6)

Thus K+ has finite index in K>, and the finiteness of C17(K) follows from the
finiteness of Cl(K).
O

Definition A.19. The order of the strict class group C17(K) is called the strict
class number of K.

From now on we restrict our attention to real quadratic fields K = Q(\/&),
where d > 1 is a square-free integer. To limit the square-free d for which we
can have strict class number 1, we use the following result on the 2-torsion of
CIT(K) that goes back to Gauss’ genus theory.

Lemma A.20. ([KP22, Section 1], [Bro74, Section 2]) The 2-torsion of the
strict class group C17(K) of K = Q(v/d) satisfies

# CIT (K)[2] = 2¢(dx) -1

where w(dg) denotes the number of distinct prime factors of dg. In particular,
the strict class number of K is odd if and only if d is a prime with d # 3 mod 4.

To close out this section, we now focus on the case of strict class number 1.
Recall that, by Dirichlet’s unit theorem [Neu99, Theorem 1.7.4], we can find a
fundamental unit e € Rj; such that Ry = +eZ . With this preparation, we
can describe when such fields have strict class number 1:

Corollary A.21. K = Q(\/d) has strict class number 1 if and only if it has
class number 1 and the following equivalent conditions hold:

(i) Every totally positive unit in Ry is a square in Rj;.
(ii) The fundamental unit i is neither totally positive nor totally negative.

Moreover, in this case d is a prime with d Z 3 mod 4, i.e. d =2 ord = 1 mod 4.

Proof. Let 01,09: K < R be the real embeddings of K, and let us first argue
the equivalence of the three statements: Since N ,g(ex) = o1(ck) - 02(cK)
and [Ng/g(ex)| = 1 (due to the integrality of ), we immediately obtain the
equivalence between (ii) and (iii).
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Further, if (i) holds, then R]X(’+ = £2Z, and hence the totally negative units
are given by R[X(’_ = —aﬁ(Z; thus ex ¢ :I:aﬁ(Z is neither totally positive nor totally
negative, i.e. claim (ii) holds.

Next, let us assume that (ii) holds; our goal is to show that (i) holds and
that C1T(K) = {1} if and only if C1(K) = {1}. By assumption the four elements
{£1,+ex} C R) show that both the sign homomorphism (6) and its restriction
to Ry are surjective. As the respective kernels are K and R[X(’Jr, we obtain

Ry /Ri™ = (2/22)° = KX /K™,

and the exact sequence from Proposition A.18 shows that C17(K) = CI(K).
Furthermore we see that R;(’Jr has index 4 in Rj; as the subgroup of squares
e% = RX* C Ry°" also has index 4 in R, we deduce claim (i).

Finally, the claim on the shape of d follows immediately from Lemma A.20
since 1 is odd. O

B On RM isogeny graphs

In this section we provide a more thorough account of the RM isogeny graphs
Gk (p, 1) introduced in Section 3.2.

B.1 Vertices, edges and the Ramanujan property

First we want to determine the number of vertices of G (p, [), for which we need
the following asymptotic for the Dedekind zeta function (x(s) of K at s = —1.
We provide a full proof at the end of this appendix (see Corollary B.15), after
giving more background on this zeta function and its functional equation.

Lemma B.1. The Dedekind zeta function (x of K satisfies |Cx(—1)| = ©(d*/?).

Proof sketch. The functional equation of (x yields (x(—1) = di(ﬂﬁ(;(@),
and from the definition and the absolute convergence of the infinite product
representation of (x(2) one can derive 1 < (x(2) < (g(2)? = 7*/36. 0

With the more general analysis performed in [CGL09, Proposition 3.6] we
can now immediately derive an asymptotic vertex count for Gi (p, [); note that
this asymptotic can be turned into explicit bounds through the proof of Corol-
lary B.15.

Proposition B.2. The number n of vertices of G (p, [) satisfies n = @ (p>d®/?).
Proof. Specializing [CGL09, Proposition 3.6(2)] to dimension 2 gives
5 1Sk (=D (p—1)* <n <120 [Ce(=1)]- (p° + 1),

and the claim follows from Lemma B.1. O
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Having understood the number of vertices better, let us turn our attention
to the edges. As in the one-dimensional setting we are again dealing with regular
graphs, meaning that all vertices have the same number of outgoing edges:

Proposition B.3. ([CGL09, Proposition 3.6(1)]) The graph G (p,!) is regular
of degree ¢/ + 1, with f = f(I|¢) € {1,2} the inertia degree of [ (over ).

Proof sketch. The equivalence classes of I-isogenies defined on a K-superspecial
surface (A4,t,\) correspond to the maximal cyclic subgroups of A[l] & (R /I)2.
As Ry /lis a finite field of order £/, the claim follows. O

Now again let f := f(I|¢) € {1,2} denote the inertia degree of [ above ¢.
Furthermore let V = {[A1,t1, 1], ..., [An, tn, An]} be the vertex set of G (p, ).
Define the quantities

w; == |Endg (A;, 1, i)™ Jui(RE)|

where End g (4;, ¢, A;) is the ring of K-linear morphisms (A;, t;, A;) — (A4, ti, Ai)-
We obtain on CY an inner product via sesquilinear extension of

(A, v ALy [Ay 5, M) = - 0 (7)

This inner product captures the failure of Gi (p,[) to be undirected, i.e. the
failure of its adjacency matrix to be symmetric, in the following sense:

Proposition B.4. ([CGL09, Proposition 3.2]) The quantities w; are finite, and
the adjacency matrix A of G (p, 1) is self-adjoint'” with respect to the weighted
inner product (7). In particular, for any two vertices z,y € V the distance from
x to y coincides with the distance from y to x, and A is diagonalizable with real
eigenvalues.

Proof. The first two claims are contained in [CGL09, Proposition 3.2], although
we also provide a finiteness proof in Lemma B.7. From the self-adjointness we
see that there is at least one edge v; — vy in G (p, ) if and only if there is
at least one edge vy — vy for any vy, ve € V; lastly, the final claim is a direct
consequence of the spectral theorem for self-adjoint matrices. a

Importantly, the use of the weighted inner product (7) allows us to capture
the Ramanujan property even in the directed case:

Theorem B.5. ([CGL09, Theorem 4.2]) The adjacency matrix A of Gk (p,[)
has the eigenvalue ¢/ 4+ 1 with multiplicity one, and all other of its eigenvalues

lie in the interval
[—2\/?1‘ , 2\/67] .

In particular, Gk (p, ) is connected.

17 As an operator v — A - v on C¥Y = C™.
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Comments on the proof. The proof of this statement in the undirected case is
given in [CGL09, Theorem 4.2], and it also works in the directed case; the only
change is that the adjacency matrix is not symmetric anymore (i.e. not self-
adjoint with respect to the standard inner product), but this defect is fixed by
instead considering the inner product (7) as in Proposition B.4. Note that the
connectedness follows from the fact that the (out-)regularity degree has multi-
plicity one as an eigenvalue, since the connected components of the graph define
linearly independent eigenvectors to this eigenvalue.

Since we defer the main work of the above proof to [CGL09, Theorem 4.2], let
us emphasize also that this proof of Theorem B.5 requires that the real quadratic
field K has strict class number 1.

B.2 Distances in RM isogeny graphs

The Ramanujan property of G (p,[) gives us strong control over distances in
this isogeny graph. This can be deduced from general spectral analysis of the
graph’s Laplacian, but the self-adjointness of A allows for a more direct spectral
approach. Indeed, in view of Proposition B.4, the following result is a straight-
forward adaptation of [BS25, Theorem 31], where we write w,, = w; for a vertex
xr = [Ai)Li))\i] eV.

Proposition B.6. Let X,) C V be two sets of vertices in Gk (p,l), and let
N € Ny such that there is no path of length at most N between any x € X and
any y € Y. Then

N < QIOgef (\/%Ty . CV)
where, for any vertex set Z C V, ¢z = > .z w; " gives the weighted sum of
vertices in Z.

As the weighted vertex sums in the above result are somewhat opaque, we
shed some light on them by bounding the weight factors w; in the 2-dimensional
setting:

Lemma B.7. For any K-superspecial surface (A, ¢, A) we have
1 <|Endg (4,6, N)*/u(R)| < |Aut(A,N)/{£1}| < 36,
where Aut(A, \) denotes the group of polarized isomorphisms (A4, ) — (4, A).

Proof. According to Lemmas 3.3 and 3.6 the K-linear degree map deg;‘(’)‘ induces
a group homomorphism Endg (A, ¢, \)* — R?J”. Moreover, for any u € Ry we
find deg;‘é)‘(b(u)) = u?, so we further obtain a group homomorphism

degy: Endg (A, 0, \)*/u(R)) — RYT/RE2.

Now suppose that the class of a K-linear endomorphism ¢ € Endg (A, ¢, \)* lies
in the kernel of the degree homomorphism degy .
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Then we find a unit u € Ry such that deg;‘(’k(gp) =u? = deg;‘(’A(L(u)), and
the multiplicativity of the K-degree yields

degi M (pou(u™)) =1.

Therefore ¢ o t(u™1) lies in the group Autx (A4,t,\) of K-linear polarized auto-
morphisms of (4, ¢, A); due to Autg (A, ¢, \)Ne(Ry) = {£1} we thus see that the
kernel of degy is isomorphic to Autx (A, ¢, A)/{£1} by the second isomorphism
theorem.

Moreover, as we assume K to have strict class number 1, the codomain of
deg is trivial (cf. Corollary 2.1(i)), and thus the kernel embedding

Autg (4,0, \)/{£1} = Endg (A, ¢, \)*/u(R})

is an isomorphism. Since Autg (A, t, A)/{£1} embeds into Aut(A,\)/{%1}, we
obtain the middle inequality.

Finally, the reduced automorphism group Aut(A, A)/{=£1} has order at most
36 according to [FS22, Figures 2&3] as we assume p > 5, which immediately
gives the last inequality. a

The above control on the weight factors now gives us a bound on the diameter
of our graph:

Corollary B.8. The diameter of Gk (p,!) is at most
2log,s (n) + 2log,s (72) + 1.

Proof. Let d be the diameter of Gk (p,!), and pick two vertices z,y € V at
distance d. Then Proposition B.6 is applicable with X = {z}, Y = {y} and
N =d — 1, and the bound follows in view of Lemma B.7. O

As in the case for general Ramanujan graphs, we do not expect the above
diameter bound to be tight (see also the experiments in [Sarl8]). Moreover,
we can prove that at least ‘most’ vertex pairs are already at distance at most
logys (n). To formalize this, we follow the same approach as [Sar18, Theorem 1.5]
and [BS25, Corollary 34]:

Corollary B.9. Let € > 0 and fix an integer N € N with
N > (14 ¢€)logys(n).

Further pick a vertex x of G (p,) and let V(xz, N) CV denote the set of vertices
in G (p, 1) to which there is no path from x of length at most N. Then

[V(x, N)| < 144 - w, - n'~°
Proof. Applying Proposition B.6 with X = {z} and Y = V(z, N) gives

(14 €)logys(n) < N < 2log,s (\/%Ty n) )
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4

so taking powers to base ¢/ yields n'T¢ < mn? Rearranging for cy = cy(q,n)

in view of Lemma B.7, we thus obtain

a5 V@, N)| < cpeny <4-wy-n'""

O

Remark B.10. Note that the estimate [V(x, N)| < 36 - cy(,,n) above is quite
crude, but sufficient for an asymptotic growth bound with respect to n. Also
note that, except for the precise analysis of the weight factors w;, all of the
above results can easily be extended to arbitrary dimensions.

B.3 Avoiding loops and multi-edges in RM-isogeny graphs

Another issue that may potentially increase minimal distances between vertices
in the graph is the existence of multi-edges and loops. For this reason we analyze
how we may choose our parameters such that both loops and multi-edges do not
oceur in Gi(p,£); note that in dimension 1 this has been analyzed in [Gha24,
Section 3] via the language of Brandt matrices, which would also be at our
disposal as explained in [CGL09, Section 3.1].

Proposition B.11. Assume that we have d > 16¢2, and that d is a quadratic
residue modulo p. Then the following holds:

—If (ﬂ) =1 for all t € ZN [0,2v/4), then Gk (p,¢) has no loops.
I (t2 402 ) =1for all t € ZN[0,2¢), then Gk (p,£) has no multiple edges.

Proof. As explained in [CGL09, Subsection 4.3], a loop in Gk (p, £) would yield a
CM extension M = K (v/t2 — 4() for some t € Rk, and a multi-edge would yield
a CM extension M = K (\/t2 — 442) for some t € R . In particular, t* — 4¢ resp.
— 4¢? would have to be totally negative, i.e. both embeddings o1, 09: K — R
would satisfy o;(t)? < 4¢¢ for i,e € {1,2}.
Our goal now is to ensure that every t € Ry such that o;(t?) < 4¢2 is an
integer. To this end we write t = a 4+ bv/d, where 2a, 2b € Z, to obtain

126]V/d = |o1(t) — 02(t)| < |o1(t)] + |o2(t)] < 2- VA2 = 4¢

Therefore the 1nteger 2b has to satisfy [2b] < (40)/Vd = \/16£2/d < 1, and we
obtain t € QN R =
Finally, since we derived this CM extension from a K-linear endomorphism,
it would have to embed into the quaternion algebra B, oo ® K by Proposition 4.9.
As p splits in Q(v/d) by the assumption that d is a quadratic residue modulo
p, this would imply by [Voi21, Proposition 14.6.7] that a prime ideal above p in
K does not split in M = K(y/m). However, due to Galois theory this in turn
forces p to be inert in Q(y/m), contradicting our respective assumption that m
is a quadratic residue modulo p.
O
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B.4 The Dedekind zeta function of a real quadratic field at s = —1

To close out this section, we provide some background on the Dedekind zeta func-
tion, with the goal to prove the asymptotic |Cx(—1)| = ©(d*/?) of Lemma B.1
for a totally real field K = Q(v/d). This background aims to be sufficient for our
desired statement; a more comprehensive treatment of the occurring objects can
be found in [Neu99, Sections VII.1-5] and [Zag81, Chapters 4, 11].

Definition B.12. ([Neu99, Def. VIL5.1 & Prop. VIL5.2], [Zag81, p.96]) The
Dedekind zeta function (i of a number field K is defined as

Cr(s) = Z[RK ca)”?

a

where the sum runs over all non-zero integral ideals a of K. This expression
converges absolutely in the half-space Re(s) > 1 and uniformly in Re(s) > 144
for every 6 > 0. Moreover, it can also be expressed as the (absolutely convergent)

infinite product
1

w0 =1

where the product runs over all prime ideals p of R.

Importantly, the Dedekind zeta function (x admits an analytic continuation
to C\ {1}, and it satisfies a functional equation. For our purposes, we do not
need to know the precise definition of the analytic continuation, so the following
result will be sufficient since the analytic continuation is unique by the identity
theorem.

Proposition B.13. ([Neu99, Corollary VII.5.11]) The Dedekind zeta function
Cx of a number field K has a unique analytic continuation to C \ {1}, and
for s ¢ {0,1} this continuation (again denoted by () satisfies the functional
equation

Cre(1 = 5) = ldzel*7/% (cos %) "7 (sin 5) ™ Le(s)" - Cie ()

where r; denotes the number of real embeddings K — R, ry = %(n— r1) denotes

the number of pairs of (non-real) complex embeddings K — C, and
L¢(s) =2(2m)7°I'(s) where I'(s) = / e Yy tdy
0

denote the L-function of C and the I'-function, respectively.

We specialize the above functional equation to a real quadratic field and
s = 2 for our application:

Corollary B.14. Let K be a real quadratic field. Then we have

Cr(—1) = 2= d3l® - (x(2).
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Proof. For the real quadratic field K we have r1 = n = 2 and r; = 0, and
integration by parts gives I'(2) = fooo e Yy dy = 1. Thus we further obtain
Lc(2) = 555 - I'(2) = 55, and the claim follows from Proposition B.13. O
Arguably the most important example of a Dedekind zeta function is the
Riemann zeta function ( = (g, which admits the infinite product expansion

¢s)=]1[ - _1p_s (Re(s) > 1).

Furthermore, it is well-known that

=Y n2=T

n>1

which can easily be verified via contour integration and Cauchy’s residue theorem
(applied to the meromorphic function f(z) = mcot(nz) - 272), for example.

Having reduced the analysis of (x(—1) to (x(2), we can now work with the
infinite series and product representations to obtain the desired asymptotic given
in Lemma B.1:

Corollary B.15. Let K = Q(\/d) be a real quadratic field (with d € N square-
free). Then 1 < (x(2) < 7*/36 and

Led®? < (i (—1) < &d¥2.

47t
Proof. For the lower bound we use the power series expression to immediately
get
CK(2) = Z[RK : Cl]_2 > [RK : RK]_2 =1.

a

For the upper bound we make use of the absolute convergence of the infinite
product representation of (x(2): We write

=1l ==
Ppn\p RK Pl

by grouping for each prime p € N the prime ideals p of Ry that lie above p. Now,
for each such prime ideal p | p, we have [Ri : p] > p,s0 1 —[Ri :p] =2 > 1—p~2.
As there are at most two prime ideals lying above p, we obtain

2 <] (; _1p_2)2 = (2 = /36,

Lastly, the bounds on (x(—1) follow immediately from Corollary B.14 in view
of d < dg < 4d. 0
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C RM graph traversal implementations

We describe a proof-of-concept implementation of the RM-CGL hash function
and, more generally, traversal of the graph Gx (p, ¢) for K = Q(v/5) and £ = 2. As
described in Section 6, graph edges are computed with (2, 2)-isogenies, while RM-
data is represented by (5,5)-isogenies. Our implementation represents PPASs
using level-two theta coordinates. We recall the necessary features as they arise
and refer the reader to [Dar+25b; LR22] for details.

C.1 Vertex representation

Throughout the appendix, we write A for a principally polarized abelian surface,
leaving its principal polarization implicit. Recall from Proposition 6.4 that, after

writing
1 5
7 =1(V5) =20 -1, 0:L< +\[>,

2

a representative of an RM vertex may be encoded by (A, ker7,7 [4(3). We
represent the three components of this tuple as follows:

— We represent A by its theta null point O4 = 6(0), where
0: A(F,2) — P3(F2)

is a level-two theta coordinate map, so that 6(P) = 6(—P). When A is a
Jacobian of a genus-2 curve, these coordinates determine any point up to
sign. When A splits as a product F; X FEs, the coordinates identify a pair
(P, Q) with (P, +Q), with the signs chosen independently. To resolve this
additional sign ambiguity, we also retain the elliptic factors and lift theta
coordinates to pairs of elliptic points.

— We represent ker 7 = (P, Q) C A[5] with (8(P),0(Q),0(P + Q)). Since theta
coordinates do not distinguish a point from its negative, 8(P) and 6(Q) alone
cannot distinguish P 4+ @ from P — @. The auxiliary point 6(P + Q) records
the relative signs of the generators and allows us to efficiently compute for
any a,b € Z the point 8(aP + bQ) using the differential-addition algorithms
of [Dar+25b].

— We represent 7 |4[3) by an ordered basis (P, P2, P3, Py) of A[3] for which
7 acts by the matrix introduced below in Equation (8). To use the same
differential-addition algorithms, we store the theta coordinates of the four
basis points and their six pairwise sums:

(0(Pi)i<ica and  (0(Pi + Pj))i<i<j<a-

Our implementation never has to check whether an arbitrary PPAS A admits
RM by K. Instead, we begin at a vertex with known RM and push it through
K-linear (¢,)-isogenies. We take our initial PPAS to be Ay = E3, where Ej is
any supersingular elliptic curve.
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Under the identification End(A4g) = My (End(E)y)), specifying RM by a Rosati-
symmetric endomorphism oy with minimal polynomial 22> — z — 1 amounts to
finding a Hermitian 2 x 2 matrix over End(Ey) with the same minimal polyno-
mial. We take

00:((1)1), and thus 7'0:200—1:<21?>.

Interestingly, because both matrices have integer entries, they can be represented
using only multiplication maps on Ey, without knowing End(Ej).
In our chosen representation, the initial kernel is

ker g = {(2P, P) : P € Ey[5]},

so it can be constructed directly from the 5-torsion of Ey. To specify the action
on 3-torsion, choose a symplectic basis (Ps,Q3) of Ey[3]. With respect to the
resulting symplectic basis ((Ps3,0), (0, P3), (@3,0),(0,Q3)) of Ap[3], the action
70 | 4,[3) 18 given by

1

o O
—= NN OO

(®)

OO =N
—

2
00—
0 2

C.2 Recovering and evaluating RM

To compute the outgoing edges at a given vertex (A, ker 7, 7 | A[g]), we enumerate
all (2,2)-isogeny kernels H C A[2] and retain those stable under o. Although
the vertex representation stores 7 rather than o, we compute the action of o on
A[2] from 7 as follows. For each generator P € H, choose @ € A[4] such that
2Q) = P. Since 1 + 7 = 20, we have

o(P)=20(Q) =Q+7(Q),

so H is stable under o if and only if Q + 7(Q) lies in H for each generator P.

This test requires evaluating 7(Q), but our vertex representation stores the
kernel of 7 and its action on A[3], rather than an explicit map. We begin by
constructing the quotient ¢g: A — B = A/G by the stored kernel G = ker ; we
then compute an isomorphism u: B — A to recover the endomorphism.

To compute this quotient, we use the kernel-sum formula of Lubicz and
Robert [LR22, Corollary 4.5, Equation (9)] with 5 = 1+1+1+ 1+ 1. We
fix an affine lift O A€ IF?)Q of O 4. In our notation, the formula becomes

Op ~ 6:54 + 2 Z E%,
Te(G\{0})/{+1}

where powers are taken coordinate-wise. In the terminology of Lubicz and Robert,
Ry is an excellent lift of 6(T) relative to O4.
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To compute the summands, choose arbitrary affine lifts Ry € IF;Q and write

Rr = ArRy. Although Ar may lie in an extension field, the formula only requires
cr = )\5T. Starting from Ry, we use differential addition to compute lifts Rop
and Rsr. Replacing Ry by ArRyp scales these lifts by )\4T and )\%, respectively.

The excellent-lift condition requires the resulting lifts to agree, since 3T = —2T
for T € A[5]. Thus
NpRor = M) Rar, S0 Ror = crRar.

Thus, we obtain I?E% = crR5 by computing ¢ from the ratio of any non-zero
coordinate of Ror and Rzr. This avoids the need to compute Ar, which would
naively require taking fifth roots. We evaluate ¢(X) similarly, using excellent
lifts of the points X + T for T' € G, compatible with the chosen lift of X and
the kernel lifts.

Having constructed ¢, we now find a polarized isomorphism u: B — A such
that 7 = u o ¢. The level-two theta structure identifies A[2] with F% x F3; write
be for the point corresponding to (a,b). The construction gives B a compatible
theta structure, with ¢(7,,) = T.7,. Since 7 acts as the identity on A[2], we
require u(T(fb) =T ;}b. With these labels fixed, the remaining ambiguity in the
theta coordinates consists of coordinate permutations and sign changes arising
from the choice of theta structure [LR22, Section 2.3]. Indexing the four theta
coordinates by k € F3, this leaves the sixteen coordinate transformations

(@1)e — ()" *ar10),, a,b € F3.

We enumerate these transformations and select one sending O to O4 projec-
tively. This determines the action of w in theta coordinates and allows us to
evaluate 6(7(P)) in the original theta coordinates.

C.3 Identifying outgoing RM-preserving isogenies

The recovered images 0(7(P)), together with the kernel of 7, determine 7 only
up to sign. Distinguishing the two conjugate RM embeddings requires the stored
action 7 |4(3), as discussed before Proposition 6.4. For identifying the o-stable
maximal isotropic subgroups of A[2], however, either sign suffices: replacing 7
by —7 replaces ¢ by 1 — o, and a subgroup is stable under one exactly when it
is stable under the other.

To test whether o(P) € H, choose Q € A[4] such that 2Q = P and compute
0(Q + 7(Q)). Differential addition requires the auxiliary image 6(Q — 7(Q)),
which is not stored. Instead, we use normal addition on the Kummer surface,
based on the Riemann relations of Lubicz and Robert [LR22, Theorem 3.3], to
recover the unordered pair

{0(Q+7(Q)),0(Q —7(Q)}-

Either image suffices for the membership test: since 7 = 20 — 1 acts as the
identity on A[2], the two points differ by

Q+7(Q) - (Q-7(Q) =27(Q) =7(P)= P H.
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Thus, either both lie in H or neither does.

After selecting an outgoing isogeny ¢: A — A’, we evaluate it on the stored
kernel generators, the 3-torsion basis, and their auxiliary sums. By Proposi-
tion 6.2, the induced endomorphism 7’ satisfies 7/ o ¢ = p o 7, s0

ker 7 = p(ker 7), P! = ¢(P;).

Since degy ¢ is coprime to 3 and 5, these images retain all the stored RM data,
and the matrix of 7/ with respect to the induced basis of A’[3] again takes the
shape given in Equation (8).

C.4 Unique K-equivalence representative

To obtain a unique representative of (A, ker 7,7 |4[3), we enumerate all changes
of level-two theta structure on A, giving polarized isomorphisms u: A — B
in theta coordinates. After normalizing the first non-zero coordinate to be 1,
we choose the lexicographically smallest resulting theta null point to define our
canonical PPAS A.,,. For every u: A — Acan, we store 8(u(T")) for all 25 points
T € ker 7, as well as

(0(u(T)), 0(u((T))), 0(u(T + 7(T))))

for all 81 points T" € A[3]. Encoding these sets rather than their generators
removes dependence on the chosen kernel generators and torsion basis; taking the
lexicographically smallest encoding over these u removes the remaining choice
of isomorphism. Together with Acsn, this data determines the RM vertex by
Proposition 6.4, and it is invariant under K-isomorphisms (and hence under
K-equivalences, cf. Remark 3.9).

D Enumerating RM

In this section we show how to enumerate all vertices in the RM graph G (p, £)
that correspond to a given PPAS (A, \). We assume the setup of Section 4,
with Oy = End(Ep) known and (A, \) represented by its g-matrix g € GL3(Oy),
which defines the Rosati involution -f. In this section, we do not assume that
K = Q(v/d) has strict class number 1.

Given the minimal polynomial m(x) = 2% — tz + n of the standard generator
ax € {Vd, 1+72\/E} of Ry, our goal is to find all a € Sym'(My(Oy)) such that
m(a) = 0. A matrix a satisfying these conditions exactly satisfies the definition
for (g,a) to be an RM pair. In what follows, we explain in detail how to do this
efficiently, and we provide an implementation'® in SageMath [Sage].

First, we compute a basis Oy = (b1, ba, b3, bs), which yields a natural basis
for the lattice of Hermitian matrices Sym”* (M2 (Oy)):

10 00 0 b; .
B, = (O 0), By = <0 1>, BH_Q = <bz 0), 1€ {1,2,3,4}

8 Available under https://github.com/Nicswansonwaterloo/RMIsogenies.
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On this lattice, we define the inner product twisted by g by
(X,Y), =Trd(tr(g" ' Xg7'Y)) € Q,

where Trd denotes the reduced trace in B, o and tr the matrix trace in Ma(Bp, o0 )-
We also denote the associated norm as || X |2 = (X, X),. When g = Id2, we drop
the subscript notation and simply write || X|| and (X,Y), also using (X,Y) =
Trd(tr(XY)) as a bilinear form on all of M3(Op). We now show that we can
work in the lattice Sym*(M2(Op)) with the twisted norm instead of working in
Sym (Ms(Op)):

Lemma D.1. The matrix ¢ induces an inner-product-preserving isomorphism
of lattices

(SymT(MQ(OO))’ <" >) — (Sym*(MQ(OO))7 <'7 '>g)7 X = gX'

Moreover, if a € Sym!(M(Op)) has minimal polynomial 2 — ¢tz + n, then
b= ga € Sym"(M2(Oy)) satisfies

[[b]|2 = 2t* — 4n.

Proof. Since g € GL2(Qy) is invertible, we see that X — ¢gX defines a group
automorphism of (Mz2(Qg), +). Furthermore, for any matrix X € Ma(Op) we
have

X' =g 'X*g=g'X"g" =g (gX)"

as ¢ is Hermitian, so XT = X happens if and only if gX = (gX)*. We thus
see that X +— ¢gX induces the desired the group isomorphism, and from the
definition of the inner products we directly see (¢X, gY), = (X,Y).

Finally, we can rearrange a® — ta +nl = 0 to a®> = ta — nl, and thus obtain
2 _ 2 _ 2\) _ _ )
[0l = llal|® = Trd(tr(a”)) = Trd(tr(ta — nl)) = Trd(t tr(a) — 2n) = 2t° — 4n

since Trd(s) = 2s for s € Q and Trd(tr(a)) = 2t, the latter following from the
characteristic polynomial (22 — tz + n)? of a in M (B ) O

This gives a computable norm form, Hermitian matrix, and target norm
N = 2t2 — 4n for our lattice search, which can be computed solely from g and
our real quadratic field K = Q(v/d). Since this is a 6-dimensional lattice, we
can efficiently enumerate all short vectors using a reduced lattice basis. This
approach requires N = 2t? — 4n to be small, which is somewhat unavoidable
since the number of RM any algorithm would need to return grows with d (cf.
Proposition B.2).
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Algorithm 6: Enumerate RM

Input: K = Q(v/d) given by d > 1 square-free, a g-matrix in M5(0y),
and a basis {Bi, ..., Bg} of Sym*(M5(Op)).
Output: A list of all @ € Sym'(My(0p)) satisfying a2 — ta + nl = 0.

1 Compute (t,n) from d mod 4 and set N = 2t* — 4n;

2 Turn {By,..., Bg} into an LLL-reduced basis with respect to the
twisted inner product (-, -)4;

3 Enumerate all short vectors v € L with (v,v), < N + 1 using the
LLL-reduced basis; retain those with (v,v), = N;

4 Convert each retained v = (cy, ..., ¢s) back to a matrix
A= g_l Zk ¢k B;

5 Filter out A with A2 —tA 4+ nl # 0;

6 return {A}.

The last step in our algorithm is to filter out equivalent RM endomorphisms
so that we effectively return all vertices in the RM graph that correspond to g.
Recall that two RM pairs (g,a1) and (g, as) are isomorphic if and only if there
exists u € GLa(Op) such that

ugu =g, ua| = asu.

The first condition is equivalent to ufu = I, i.e. u is unitary with respect to -f.
Similarly, we enumerate unitary matrices by searching the full lattice M2(QOq)
for vectors satisfying Trd(tr(ufu)) = 4 and retaining those with ufu = I. We
then take conjugacy orbits of the output of Algorithm 6 under these matrices.

Example D.2. For any p = 3mod 4, and Ey : y?2 = 2% + z, the following ta-
ble represents all possible RM by K = Q(v/d) that (E3, ) admits up to K-
equivalence. As is standard, we let ¢ : (z,y) — (=, /—1y) denote the non-trivial
automorphism and 7 : (z,y) — (2P, y?) the Frobenius endomorphism of Ej.

—d=3:
1 11—
—1+: -1
—d=
01
-11
—d=29:

-1 1+2 2 —1—-2 )
1—-20 2 l-1+2, -1 =0 3
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