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Abstract. We prove expansion properties of superspecial isogeny graphs
in dimension g ≥ 2, including arbitrary level structure. In particular, we
provide explicit bounds for the spectral gap, and a fine characterization
of obstructions created by level structures (disconnectedness and period-
icity). Without the level structure (the only case which was previously
studied), our bounds dramatically improve the state of the art.
These isogenies in dimension greater than one have become increasingly
important in isogeny-based cryptography, and previous works have al-
ready conjectured consequences of their expansion properties. We present
several applications of our result: we transform conjectural predecessors
into rigorous algorithms, and we give the first algorithm for computing
endomorphism rings of superspecial principally polarized abelian vari-
eties in arbitrary dimension, with complexity Õ(pg−1).
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1 Introduction

In 1990, Pizer [Piz90] proved that the graphs formed by isogenies connecting
supersingular elliptic curves have the Ramanujan property: they constitute an
optimal family of expander graphs, in which random walks rapidly converge to
a unique stationary distribution. This motivated their introduction to cryptog-
raphy when Charles, Goren and Lauter proposed to exploit this rapid mixing to
build a hash function in 2006 [CLG09] (henceforth, the CGL hash function).

This supersingular isogeny-based cryptography has since evolved into one of
the main branches of post-quantum cryptography, and the rapid mixing has
repeatedly proved to be a critical property. Perhaps most strikingly, it makes



it quite immediate to obtain worst-case to average-case reductions for the core
computational problems of the field (in stark contrast with other branches, where
such reductions are typically much more complicated, or even unknown). This
underlying mechanism is implicitly what motivated the design of the CGL hash
function, as preimage-resistance is an average-case property, and the idea has
since evolved into a well-understood network of worst-case to average-case re-
ductions [HW25]. Progress in isogeny-based cryptography is intertwined with
refinements and generalizations of these walks. Most notably, the addition of
various kinds of “level structures” (where vertices of the graph carry extra in-
formation, analyzed in [BCC+23,CL26,PW24a,Arp24]) has led to new proto-
cols [BCC+23,BF23,BFLS26,BFP+26] and cryptanalysis [PW24a,DFP24].

The field has long focused primarily on elliptic curves, one-dimensional ob-
jects. Early constructions using their higher-dimensional generalisation (princi-
pally polarised abelian varieties, henceforth PPAVs) remained anecdotal, until
a sudden paradigm shift: in 2022 [CD23,MMP+23,Rob23], a new algorithm to in-
terpolate isogenies was discovered which made essential use of higher-dimensional
abelian varieties. It was first developped as an attack against one of the most
well-established isogeny-based protocols, SIDH/SIKE [FJP14], and is now a key
component of almost all new isogeny-based constructions.

While these abelian varieties are becoming ubiquitous, they remain much
less understood than elliptic curves. The structure and mixing properties of the
associated isogeny graphs, which have proved crucial in dimension one, have
remained elusive. Yet, heuristic algorithms rely on such properties, conjectures
have been formulated, and several applications await progress in this direction.

Previous work. While [CLG09] already hinted at a potential generalisation
to higher dimensions, Takashima gives the first concrete proposal for dimen-
sion 2 in 2017 [Tak17]. While acknowledging that expansion properties are a
decisive factor for the design of this hash function, this early work discusses no
evidence for this property to hold in dimension 2. Subsequent work in this di-
rection [FT19,CDS20] remained silent on the expansion issue, until Costello and
Smith [CS20] explicitly posit the hypothesis that the two-dimensional isogeny
graphs have the Ramanujan property (i.e., they are optimal expanders). Un-
der this hypothesis, they derive new algorithms for the computational problems
supporting the cryptosystems.

However, Jordan and Zaytman [JZ23] proved that the hypothesis is false.
However, these graphs are still suspected to have excellent expansion properties.
These properties are essentially measured by the so-called spectral gap of the
graph (see Definition 2.8): a quantity between 0 and 1 such that when the gap
is large, random walks converge rapidly to a stationary distribution. Florit and
Smith give in [FS22] experimental evidence for a large spectral gap (albeit not
optimally large); they propose a formal conjecture, including explicit bounds
for ℓ = g = 2. The first rigorous results are obtained by Aikawa, Tanaka, and
Yamauchi [ATY24], who prove lower bounds on the spectral gap for the super-
special isogeny graph in dimension g ≥ 2 (with no level structure). Their bounds
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appear to be far from tight: they do not match the prediction of Florit and Smith
for ℓ = g = 2, and become vacuous as g →∞.

The case with “level structure” has received even less attention. Motivated
by the security analysis of the aforementioned constructions, Decru and Rei-
jnders [DR26] initiate a study of the particular case of “(ℓ)g-level structures”,
and propose a conjecture on the corresponding spectral gap, with heuristic and
experimental evidence.

Our graphs of interest. Let us briefly describe our graphs — formal defini-
tions are deferred to Section 3. Fix a finite field Fp, with algebraic closure Fp.
The main objects are superspecial principally polarized abelian varieties (super-
special PPAVs) over Fp, of dimension g ≥ 2. They are a generalisation to higher
dimensions of supersingular elliptic curves (the case g = 1). In particular, there
is a finite number of superspecial PPAVs over Fp up to isomorphism. They are
the vertices of our graphs, at least in the simplest cases.

Just like elliptic curves, PPAVs are connected by isogenies, and isogenies
which “behave well” are d-isogenies (Definition 2.1), with d an integer; in the
case of elliptic curves, a d-isogeny is an isogeny of degree d. We fix a prime
number ℓ ̸= p, and consider the ℓ-isogeny graph Gℓ(p, g) where

– vertices are the superspecial PPAVs over Fp (up to isomorphism), and

– edges from X to X ′ are ℓ-isogenies X → X ′ (up to equivalence).

This is the superspecial ℓ-isogeny graph of dimension g over Fp. Note that this
is actually a directed multigraph (see Section 2.3). From any X, there are k =∏g

i=1(1 + ℓi) outgoing ℓ-isogenies, so the graph is k-(out-)regular.

Graphs with level structure. We actually consider more general isogeny graphs
by adding level structure: each vertex is a pair (X,x), where X is a superspe-
cial PPAV, and x is some additional information attached to X. The type of
information attached is determined by some functor F , and we write GFℓ for
the ℓ-isogeny graph with F-level structure (see Definition 3.5). This approach is
highly flexible, and generalises [PW24a] to higher dimensions.

Let us now illustrate what this “F” means with an example. Given any
integer N , and any prime ℓ ∤ pN , one can define a graph GTorPointsNℓ whose
vertices are all pairs of the form (X,P ) where P ∈ X[N ] is an N -torsion point
of X. Edges connecting these pairs are ℓ-isogenies which preserve this additional
information: there is an edge from (X,P ) to (X ′, P ′) if and only if there is an
ℓ-isogeny φ : X → X ′ such that φ(P ) = P ′. By walking in these graphs, one
follows isogenies while keeping track of a torsion point.

Formally, TorPointsN is a functor which to any PPAV associates the set
TorPointsN (X) = X[N ] of torsion points: this set TorPointsN (X) is the set of
possible choices for the additional information x to attach to X, to form a vertex
(X,x). One can choose other functors, like End /N (then, x is an endomorphism
of X modulo N), or MaxIsoN (then, x is the kernel of an N -isogeny from X).
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These functors are all “N -well-behaved” (for some integer N) in the sense of
Definition 3.8, and any such functor F gives rise to a graph GFℓ for any prime
ℓ ∤ pN . The functor Zero(X) = {0} recovers the standard graph GZeroℓ = Gℓ(p, g).

For any vertex v = (X,x) in the graph, we write Aut(v) its group of au-
tomorphisms. These automorphisms are isomorphisms α : X → X of PPAVs
which “preserve” the level structure; in the case of TorPointsN (X), this means
that α ∈ Aut(X,P ) satisfies α(P ) = P .

Main contribution: rapid mixing. Our main contribution is a proof that
isogeny graphs of superspecial principally polarized abelian varieties, with or
without level structure, have good expansion properties. In the simplest cases
(i.e., when the level structure does not introduce certain obstructions), we obtain
the following result which is proven in Section 4.1.

Theorem 1.1 (Rapid mixing in the aperiodic, connected case). Fix
any primes p ̸= ℓ, any integer g ≥ 2, and any ϵ > 0. Let F be any level
structure such that GFℓ is aperiodic and connected (for instance, this is the case
for GZeroℓ = Gℓ(p, g)). Write V the set of vertices of the graph. For any vertex
v ∈ V , let µ(v) = #Aut(v)−1, and µ(V ) =

∑
v∈V µ(v). Then, for any starting

vertex v0, the endpoint of a uniform random walk in GFℓ of length at least

n ≥
1
2 log(µ(V )/µ(v0))− log(2ϵ)

log(ℓg/2 + ℓ−g/2)− log(2)
= O

(
g2 log(p) + gO(1) + log (#F(v0))− log(ϵ)

g log(ℓ)

)
.

is at statistical distance at most ε from the unique stationary distribution µ
µ(V ) .

The hidden constant in the O is absolute. More precisely,

log(µ(V )/µ(v0)) ≤
g(g + 1)

2
log(p) + logΦ(g) + log (#F(v0)) ,

with Φ(g) = (15.46g)2g
∏g

i=1
|B2i|
4i ≤ epoly(g), where B2i is the 2i-th Bernoulli

number.

We obtain similar bounds for any of the isogeny graphs GFℓ with F-level struc-
ture, but the general statement is more delicate because the level structure can
make the graph disconnected or periodic. Our most precise and general state-
ments are expressed as a spectral analysis of the graph.

The spectral gap of the graph is defined as follows. Let AG be the adjacency
matrix of the graph G (see Equation (3)). Isogeny graphs are directed (out-
)regular graphs, and the degree of regularity, say d, is the largest eigenvalue of AG
in absolute value. There may be other eigenvalues of absolute value d (although
this only happens when level structures are involved), and we call them all the

trivial eigenvalues. We write λ(G) = max |λ|
d , where the maximum is over non-

trivial eigenvalues of AG , and normalize it as λnr(G) = λ(G)
d . The spectral gap

gap(G) = 1 − λnr(G) measures the (normalised) distance between the trivial
and non-trivial eignvalues. A large spectral gap (equivalently, a small λnr(G))
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means that the graph has good expansion properties, and random walks in the
graph converge rapidly to a stationary distribution (or to a cycle of stationary
distributions).

Our main contribution is the proof of the following theorem.

Theorem 1.2 (Informal summary of Theorem 4.1). Let G be the ℓ-isogeny
graph of superspecial principally polarized abelian varieties of dimension g ≥ 2

over Fp (possibly with some level structure F). Then, we have λnr(G) ≤
(

2
√
ℓ

ℓ+1

)g
.

Conditional on the “weighted fundamental lemma” in the theory of automor-

phic forms (see Remark 5.35) the bound improves to λnr(G) ≤
(

2
ℓg/2+ℓ−g/2

)
.

These bounds do not depend on the level structure, but the number of triv-
ial eigenvalues and their arguments do. Proposition 4.2 describes the relation
between the level structure and the trivial eigenvalues, and Section 2.4 details
their graph-theoretic consequences. These trivial eigenvalues govern the number
of connected components, and the periodicity of the graph; our results charac-
terize these graph properties from algebraic properties of the level structures.

Our strategy to prove this theorem is to relate the adjacency operator of the
isogeny graph to certain Hecke operators acting on automorphic forms for the
group GSp2g. Using this correspondence, we apply deep results from the theory
of automorphic representations, in particular, we use Oh’s theorem and Arthur’s
endoscopic classification of automorphic representations of symplectic groups, to
obtain an upper bound on the second largest (in absolute value) eigenvalue of
the Hecke operator (and hence of the adjacency operator).

Comparison with previous work. Theorem 4.1 is the first result of this form
which allows for level structures. In the case where there is no level structure,
we can compare our bounds with the result of [ATY24] (also obtained via the
theory of automorphic representations):

λnr(Gℓ(p, g)) ≤ λnrATY(g, ℓ) := 1− 1

4(g + 2)
·

(
ℓ− 1

2(ℓ− 1) + 3
√

2ℓ(ℓ+ 1)

)2

.

Our bounds are significantly better than λnrATY for all g and ℓ (see Table 1).
Indeed, for any ℓ and g, we have

λnrATY(g, ℓ) ≥ lim
ℓ→∞

λnrATY(2, ℓ) ≥ 0.998.

In particular, this bound always stays close to the trivial bound λnr(G) ≤ 1.
Then, it degrades as the dimension grows, since limg→∞ λnrATY(g, ℓ) = 1 for all ℓ.

In contrast, the largest value of our bounds is 0.888, occurring for ℓ = g = 2
(or 0.8 conditionally), and they converge to the optimal limit in both g and ℓ:

lim
g→∞

(
2
√
ℓ

ℓ+ 1

)g

= 0 for all ℓ, and lim
ℓ→∞

(
2
√
ℓ

ℓ+ 1

)g

= 0 for all g.
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In terms of random walks, our convergence to 0 as ℓ → ∞ means that a single
random ℓ-isogeny already gets us arbitrarily close to the stationary distribution,
if ℓ is large enough (such single-step walks matter in applications: for instance,
in dimension 1, they are used for the key generation of SQIsign [DKL+20]). In
contrast, with the bound of λnrATY, a walk needs many steps to converge to the
stationary distribution even if ℓ is extremely large.

A practical consequence: a 500× improvement for cryptographic constructions.
The article [KMM+25] presents a generalization of the CGL hash function to
dimensions g ≤ 3. The main task in the hash function is the computation of
a walk in the graph G2(p, g). For security, they require the walks to be long
enough for the target to be statistically close to the uniform distribution. Based
on the bounds of [ATY24], they estimate in [KMM+25, Remark 26] the length
of the walk to be at least ≈ 218. As they do not state which statistical distance
and which prime length this estimate uses, we present a detailed comparison in
Example 4.6 targeting 128-bit security: statistical distance 2−128, and log2 p ≈
128
g−1 for g ≥ 2. Then, using the bound λnr(G) ≤

(
2

ℓg/2+ℓ−g/2

)
:

1. For g = 2, walks have length 698 (while [ATY24] leads to 382610 steps);
2. For g = 3, walks have length 383 (while [ATY24] leads to 545459 steps).

New algorithms for isogeny and endomorphism problems. In Section 6,
we present several algorithmic applications of rapid mixing.

1. Splitting varieties (Theorem 6.9). Following a heuristic strategy of Costello
and Smith [CS20], we propose a rigorous algorithm which given any super-
special PPAV X, finds an isogeny from X to a product of elliptic curves,
and runs in time (ℓ + log p)poly(g) · pg−1 (the exponent poly(g) depends on
the model in which the PPAV is represented — see Remark 1.3). We modify
the original strategy to avoid failure cases. Our analysis combines the new
spectral bounds with a computation of the mass of the graph, Lemma 6.5.

2. The superspecial isogeny problem (Theorem 6.11). The above splitting strat-
egy from [CS20] was originally presented to resolve the superspecial ℓ-isogeny
path problem: given two superspecial PPAVs, find an ℓn-isogeny between
them. As an application of Theorem 6.9, we deduce the first rigorous al-
gorithm to resolve this problem in time (ℓ + log p)poly(g) · pg−1 (note that
the cofactor (ℓ + log p)poly(g) was hidden by a Õ-notation in the heuristic
algorithm of [CS20]).

3. The superspecial endomorphism ring problem (Theorem 6.15). We present
the first algorithm for the superspecial endomorphism ring problem in any
dimension, given a superspecial PPAV X, find a basis of its endomorphism
ring, with complexity (ℓ+log p)poly(g) ·pg−1. Our algorithm takes inspiration
from the heuristic algorithm for g = 2 proposed in [ABI+25, Corollary 5.20].

Remark 1.3. All these algorithms are generic, in the sense that they do not re-
quire the input PPAVs to be represented in any particular way: one can use
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any “efficient representation” of X, in the sense of [CPW26]. The final explicit
complexity may depend on the choice of representation; for instance the afore-
mentioned complexities (ℓ+ log p)poly(g) · pg−1 become (ℓ+ log p)O(g2) · pg−1 in
the level-4 theta model.

We expect further applications as varied as in the dimension-1 case, constructive
and cryptanalytic, and exploiting the full machinery of level structures.

Acknowledgements. The first and last authors were supported by the Euro-
pean Research Council under grant No. 101116169 (AGATHA CRYPTY). The
second and last authors were supported by the Agence Nationale de la Recherche
under grant ANR-22-PETQ-0008 (PQ-TLS). The third author was supported by
the Agence Nationale de la Recherche under grant ANR-25-CE40-4664 (PPAL).
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2 Preliminaries

2.1 Basic notions an notation

Rings and Fields. We write Z, Q, R and C for the ring of integers, the fields of
rational, real, and complex numbers. For any prime ℓ, Zℓ and Qℓ denote the ring
of ℓ-adic integers and the field of ℓ-adic numbers. For any prime power q, Fq is
the finite field with q elements. For any field k, k̄ is its algebraic closure. For any
set S, #S denotes its cardinality. We use R for a commutative ring with unity.
Asymptotic notation.We write f(x) = O(g(x)) if there exist positive constants C
and x0 such that |f(x)| ≤ Cg(x), for all x ≥ x0, and equivalently f(x) = Ω(g(x)).
We also use the soft-O notation Õ(g) = log(g)O(1)O(g). We have the convention
that log(0) = −∞.
Probabilities. Given two probability distributions P,Q : V → [0, 1] on a discrete
set V , their statistical distance (also known as the total variation distance) is
1
2∥P −Q∥1 = 1

2

∑
v∈V |P (v)−Q(v)| = supS⊆V |P (S)−Q(S)|.

2.2 Principally polarized abelian varieties

This subsection fixes notation for principally polarized abelian varieties and po-
larized isogenies: the objects and the morphisms out of which our graphs are
built. General references are Milne [Mil86] and Mumford [Mum70].

Let p be a prime number and k = Fp be the algebraic closure of the finite field
Fp. Let X/k be an abelian variety over k of dimension g, and let X∨ = Pic0(X)
denote the dual abelian variety of X (as in [Mum70, p.125]).

An abelian variety X/k of dimension g is called supersingular if there exists
an isogeny X ∼ Eg = E × · · · × E, where E/k is a supersingular elliptic curve,
and it is called superspecial if X ≃ Eg, for some supersingular elliptic curve
E/k; see §5.1 for the alternative definitions.

We refer to [Mum70, p. 60] for the notion of a polarization λ : X → X∨.
A polarization is called principal if it is an isomorphism. An abelian variety X
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together with a principal polarization λ is called a principally polarized abelian
variety, abbreviated PPAV, and denoted by X := (X,λ).

Definition 2.1. A (polarized) isogeny between PPAVs X1 = (X1, λ1) and X2 =
(X2, λ2) of dimension g is an isogeny f : X1 → X2 such that f∗λ2 := f∨λ2f =
dλ1, where d denotes the multiplication-by-d map for some integer d > 0, and
f∨ : X∨

2 → X∨
1 denotes the dual isogeny. In this case, we have deg(f) = dg. We

call rdeg(f) := d the reduced degree of f , and f is called a d-isogeny.

Superspecial PPAVs. If X = (X,λ) is a PPAV, where X is a superspecial
(supersingular) abelian variety, we call X a superspecial (supersingular) PPAV.
Superspecial PPAVs are the objects of the following category, which underlies
the superspecial isogeny graph defined in §3.

Definition 2.2. Let N ∈ Z> 0. We let SSN (p, g) denote the category with

– objects: superspecial PPAVs of dimension g over Fp;

– morphisms in HomN (X,Y ): polarised isogenies of degree coprime to Np.

We also define the category SS(p, g) := SS1(p, g).

Adjoint isogeny. For any two PPAVs X = (X,λ) and X ′ = (X ′, λ′), if f :
X → X ′ is a polarized isogeny of (reduced) degree d, then we have the adjoint
isogeny f† := λ−1f∨λ′ : X ′ → X such that ff† = d = f†f . If X = (X,λ) is
a PPAV, then the adjoint operator f† = λ−1f∨λ is an involution of End(X),
called the Rosati involution with respect to λ.

Maximal isotropic subgroups. Let X = (X,λ) be a PPAV and X ′ be an
abelian variety. Suppose that we have an isogeny f : X → X ′. In general, there
does not exist a principal polarization of X ′ such that f is indeed a polarized
isogeny. We can give a criterion for the existence of such an isogeny in terms of
the maximal isotropic subgroups. To define these groups, let us recall the Weil
pairing first. Throughout this subsection, d denotes a positive integer.

Remark 2.3. Let X = (X,λ)/k be a PPAV and let d be a prime to p. The
polarization λ induces a nondegenerate alternating bilinear pairing eλd : X[d] ×
X[d] −→ µd, called the d-Weil pairing (or simply pairing), where X[d] is the
kernel of the multiplication-by-d map and µd is the group of d-th roots of unity
in k×; see [Mum70, p.228]). We write X[d] for the pair (X[d], eλd).

Definition 2.4. A subgroup scheme G ⊆ X[d] of a PPAV (X,λ) is called
isotropic with respect to the pairing eλd if eλd(P,Q) = 1 for all P,Q ∈ G(R)
(where R is any k-algebra), and maximally isotropic if it is not properly con-
tained in any isotropic subgroup of X[d].
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Note that an isotropic subgroup of X[d] is maximal if and only if it is of order dg.
If in addition d = ℓ is a prime not equal to p, G has the structure G ≃ (Z/ℓZ)g
as an abelian group scheme. Here is the criterion for the existence of a polarized
isogeny by [Kan97, Proposition 1.1] (see also [Mum70, §23]):

Proposition 2.5. Let X = (X,λ) be a PPAV over k. Let f : X → X ′ be
an isogeny between two abelian varieties. Then ker(f) is a maximally isotropic
subgroup scheme of X[d] with respect to eλd if and only if there is a (unique)
principal polarization λ′ on X ′ such that f∗λ′ = dλ, i.e., f is a polarized isogeny.

Definition 2.6. Let X = (X,λ) be a PPAV. Two d-isogenies fi : X → Xi =
(Xi, λi), for i = 1, 2, from X are called equivalent if there is an isomorphism
ϕ : X1 → X2 with ϕ∗λ2 = λ1 such that f2 = ϕf1.

We write Isogd(X) for the set of equivalence classes [f ] of d-isogenies f from X,
and Isotd(X) for the set of maximal isotropic subgroups of X[d] (with respect
to eλd). By Proposition 2.5, we obtain a bijection Isogd(X)

∼−→ Isotd(X) : [f ] 7→
ker(f). If X/k is a superspecial PPAV of dimension g and ℓ ̸= p is prime, the
number of equivalence classes of ℓ-isogenies from X depends only on ℓ, g and is

Ng(ℓ) := # Isotℓ(X) =

g∏
i=1

(ℓi + 1), (1)

This will be the (out)-degree of every vertex in our graphs.

2.3 Graph theory

A directed multigraph G is a tuple G = (V,E, s, t) consisting of a set V of
vertices, a set of directed edges E and two maps, the source map, s : E → V ,
which assigns a starting vertex to every edge and the target map, t : E → V ,
which assigns an ending vertex to every edge.

Let m(u, v) denote the number of edges from u to v, for vertices u, v in V .
For any vertex u ∈ V , we write the (out-)degree as deg(u) =

∑
v∈V m(u, v),

where the sum runs over all target vertices in V . If we have that deg(u) = d, for
any vertex u ∈ V , then the graph G is called d-regular graph.

The graph G is called strongly connected if there is a path in each direction
between each pair of vertices of the graph. The gcd of the lengths of the cycles
of G is called its period, and if the graph G has period 1, it is called aperiodic.

Throughout this section, G denotes a finite d-regular directed multigraph for
some d > 0, unless explicitly stated otherwise.

Adjacency operator. A Hilbert space H is a complex inner product space that
is complete with respect to the norm ∥·∥ induced by its Hermitian inner product
⟨·, ·⟩. Recall that ifH is finite-dimensional, it is automatically complete. LetH be
a finite-dimensional Hilbert space. The adjoint of a linear operator T : H → H is
the unique operator T ∗ satisfying ⟨Tv,w⟩ = ⟨v, T ∗w⟩ for all v, w ∈ H. A normal
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operator is an operator that commutes with its adjoint. The operator norm of

an operator T is maxv ̸=0
∥Tv∥
∥v∥ .

For a weight function µ : V → R>0, we let L
2(G, µ) be the finite-dimensional

Hilbert space of complex-valued functions defined on the vertices of G, equipped
with the weighted inner product

⟨f, g⟩µ =
∑
v∈V

µ(v)f(v)g(v). (2)

The adjacency operator AG on L2(G, µ) is

(AGf)(u) =
∑
v∈V

m(u, v)f(v) =
∑
u→v

f(v), (3)

where the latter sum is over all edges whose source is u.
Note that the adjacency operator AG is not necessarily normal since the graph

G is directed. However, the adjacency operators of the specific directed graphs
studied in this work are normal with respect to the weighted inner product.

Consider a random walk v0, v1, . . . on G: we start at a vertex v0; if at the
n-th step we are at a vertex vn = u, we move to a neighbor v with probability:

Pr(vn+1 = v | vn = u) = m(u,v)
deg(u) = m(u,v)

d .

While we primarily rely on AG for theoretical purposes due to its close rela-
tionship with Hecke operators, we define an alternative adjacency operator BG
to track the probability distribution of a random walk:

(BGf)(v) =
∑
u∈V

m(u, v)f(u) =
∑
u→v

f(u),

where the latter sum is over all edges whose target is v. The probability distri-
bution of the random walk on the d-regular graph G at step n is given by:

Pn =
1

d
BGPn−1 =

(
1

d
BG

)n

P0,

where Pi(v) = Pr(vi = v) is the probability that the walk is at vertex v at step
i, and P0 is the initial distribution.

Remark 2.7. Two operators AG and BG are naturally related via the adjoint.
More precisely, we have that ⟨AGf, g⟩µ = ⟨f,A∗

Gg⟩µ where A∗
G =M−1BGM and

M is defined as (Mf)(u) = µ(u)f(u).

Spectral properties. We now define the spectral gap of a graph, which is a
measure of how well-connected the graph is. The spectral gap is defined in terms
of the eigenvalues of the adjacency operator. Since G is a d-regular graph, it is
clear that d is an eigenvalue of the adjacency operator AG (corresponding to the
constant function). Any eigenvalue of AG with absolute value d is called a trivial
eigenvalue, and all other ones are called non-trivial. We might have more than
one trivial eigenvalue, and this is discussed in greater detail in Section 2.4.
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Definition 2.8 (Spectral gap). If AG has no non-trivial eigenvalue, let λ(G) =
0; otherwise let λ(G) = max |λ|, where λ runs over the non-trivial eigenvalues of

AG. We set gap(G) = 1− λ(G)
d , and call gap(G) the spectral gap.

A stationary distribution of the graph G is a probability distribution P on V
such that BGP = dP. Let µ : V → R>0 be a weight function. The mass of
any subset S ⊆ V is µ(S) :=

∑
x∈S µ(x). By Remark 2.7, if the operator AG is

normal in L2(G, µ), then BG is normal in L2(G, µ−1). Consider a random walk
v0, . . . , vn on G, and denote P0 as the probability distribution at v0 and Pn as
the probability distribution after n steps. Since BG is normal, we can write the
spectral decomposition of the P0 as: P0 =

∑
λ P0,λ, where P0,λ is the projection

of the P0 onto the eigenspace associated with the eigenvalue λ of BG . Let us
consider “periodic stationary distribution”

Qn =
∑
|λ|=d

λn

dn
P0,λ. (4)

Observe that if there exists a unique λ such that |λ| = d (equivalently, if the
graph G is strongly connected and aperiodic), then Qn = P0,d is indeed the
(unique) stationary distribution of the graph. The aim is now to find a bound
on the statistical distance between Pn and Qn.

Proposition 2.9. We have the following bound on the statistical distance:

1

2
∥Pn −Qn∥1 ≤

1

2

(
λ(G)
d

)n

C (5)

where C = µ(V )
1
2 · µ(v0)

−1
2 . Therefore, we obtain that 1

2∥Pn −Qn∥1 ≤ ϵ, for

n ≥ log(C)− log(2ϵ)

log(d)− log(λ(G))
. (6)

Proof. For technical reasons, we first suppose that λ(G) ̸= 0. The norm induced

by the inner product is ∥f∥ = ⟨f, f⟩
1
2

µ−1 =
(∑

x∈V µ
−1(x)|f(x)|2

) 1
2 . Since BG is

normal in L2(G, µ−1), we can obtain by the spectral theorem that

∥Pn −Qn∥ ≤
(
λ(G)
d

)n

∥P0 −Qn∥. (7)

Indeed, since we have Pn = d−nBn
GP0 = d−nBn

G (
∑

λ P0,λ) =
∑

λ

(
λ
d

)n
P0,λ, it

follows that Pn−Qn =
∑

|λ|<d

(
λ
d

)n
P0,λ. Note that since λ(G) ̸= 0, there exists

at least one λ with |λ| < d. By the spectral theorem,

∥Pn −Qn∥2 =

∥∥∥∥∥∥
∑
|λ|<d

(
λ

d

)n

P0,λ

∥∥∥∥∥∥
2

=
∑
|λ|<d

∣∣∣∣λd
∣∣∣∣2n ∥P0,λ∥2 ≤

(
λ(G)
d

)2n ∑
|λ|<d

∥P0,λ∥2.

11



Since P0 −Qn =
∑

|λ|<d P0,λ, we see that

∑
|λ|<d

∥P0,λ∥2 =

∥∥∥∥∥∥
∑
|λ|<d

P0,λ

∥∥∥∥∥∥
2

= ∥P0 −Qn∥2,

and so,

∥Pn −Qn∥ ≤
(
λ(G)
d

)n

∥P0 −Qn∥.

We now note that:

1

2
∥Pn−Qn∥1 =

1

2

∑
x∈V

|Pn(x)−Qn(x)| =
1

2

∑
x∈V

(
|Pn(x)−Qn(x)| · µ−1(x)

1
2

)
·µ(x) 1

2 .

By the Cauchy-Schwarz inequality, we have

1

2

∑
x∈V

(
|Pn(x)−Qn(x)| · µ−1(x)

1
2

)
· µ(x) 1

2 ≤ 1

2

(∑
x∈V

|Pn(x)−Qn(x)|2µ−1(x)

) 1
2

µ(V )
1
2

=
1

2
∥Pn −Qn∥µ(V )

1
2 .

Also, it is easy to see that ∥P0 −Qn∥ ≤ ∥P0∥ = µ−1(v0)
1
2 , and so, it follows by

combining the inequalities that

1

2
∥Pn −Qn∥1 ≤

1

2
∥Pn −Qn∥µ(V )

1
2 ≤ 1

2

(
λ(G)
d

)n

∥P0 −Qn∥µ(V )
1
2 ≤ C

2

(
λ(G)
d

)n

,

which proves (5). If C
2

(
λ(G)
d

)n
≤ ϵ, then we see that n log

(
λ(G)
d

)
≤ log

(
2ϵ
C

)
.

Since λ(G) < d, the value log
(

λ(G)
d

)
< 0, and so

n ≥
log
(
2ϵ
C

)
log
(

λ(G)
d

) =
log(C)− log(2ϵ)

log(d)− log(λ(G))
,

which proves (6). We now complete the proof by briefly discussing the easier
case λ(G) = 0. In this case, (5) is clear because we have that Pn = Qn. The
equation (6) also follows in this case by the convention that log(0) = −∞. ⊓⊔

Probability of landing in a prescribed subset. We finish this section by
presenting the following lemma, which bounds the probability of landing in a
prescribes subset S of vertices after n steps, i.e.,

∑
x∈S Pn(x). This will be useful

for our applications in Section 6.
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Lemma 2.10. Let S ⊆ V be a subset of the vertex set. Assume that the only
eigenvalue of magnitude d is d itself with multiplicity one, so that the unique

stationary distribution is Q(x) = µ(x)
µ(V ) . Then,∣∣∣∣∣∑

x∈S

Pn(x)−
µ(S)

µ(V )

∣∣∣∣∣ ≤ µ(v0)−1/2µ(S)1/2
(
λ(G)
d

)n

. (8)

Proof. This comes from the standard arguments used in the proof of Proposi-
tion 2.9. Let 1S denote the indicator function of the set S, i.e., 1S(x) = 1 if
x ∈ S and 1S(x) = 0 otherwise. Then we write the probability of landing in S
(in terms of µ−1 inner product) as∑

x∈S

Pn(x) =
∑
x∈V

Pn(x)(µ(x)1S(x))µ
−1(x) = ⟨Pn, µ1S⟩.

Similarly, we compute that

µ(S)

µ(V )
=
∑
x∈S

Qn(x) = ⟨Qn, µ1S⟩.

Using both equations we have that∣∣∣∣∣∑
x∈S

Pn(x)−
µ(S)

µ(V )

∣∣∣∣∣ = |⟨Pn −Qn, µ1S⟩| .

It follows from the Cauchy-Schwarz inequality that

|⟨Pn −Qn, µ1S⟩| ≤ ∥Pn −Qn∥∥µ1S∥.

We have already obtained in the proof of Proposition 2.9 that ∥Pn − Qn∥ ≤(
λ(G)
d

)n
µ(v0)

−1/2. Furthermore, we easily compute the norm of µ1S :

∥µ1S∥ =

(∑
x∈V

|µ(x)1S(x)|2µ−1(x)

)1/2

=

(∑
x∈S

µ(x)

)1/2

= µ(S)1/2.

Combining these inequalities yields the desired bound. ⊓⊔

2.4 Graph-theoretic interpretation of trivial eigenvalues

Recall that the trivial eigenvalues of G are the eigenvalues of AG with absolute
value d (e.g., d itself, the eigenvalue if the constant function). We might have
more than one trivial eigenvalue, and we now discuss how these arise.

We say that a vertex v is reachable from a vertex u if there exists a path
u → · · · → v (possibly of length zero). We assume for the rest of this section
that the relation “is reachable from” is symmetric, so that it is an equivalence
relation on the set of vertices of G. (This will be the case for all the isogeny graphs
considered in this paper.) We call the equivalence classes connected components
of the graph, and implicitly consider them as induced subgraphs. Our assumption
implies that they are strongly connected.
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Lemma 2.11. Assume that G is non-empty and connected. Consider, for a ver-
tex u of G, the gcd M(u) of the lengths of the cycles u→ · · · → u.

1. This integerM(u) does not depend on the choice of u. We denote it byM(G).
2. For any vertices u, v of G and any two paths from u to v of lengths k1 and

k2 we have k1 ≡ k2 mod M(G).

Proof. Let u, v be vertices of G. Let k1, k2 be lengths of paths from u to v. There
exists a path from v to u, say of length ℓ. By concatenating paths we find that
M(u) divides both k1 + ℓ and k2 + ℓ. In particular, k1 ≡ k2 mod M(u). Any
cycle from v to v, say of length ℓ, can be inserted in such a concatenation, and
we deduce that M(u) divides ℓ, so M(u) divides M(v). By symmetry we have
M(u) =M(v). ⊓⊔

Definition 2.12. Recall that we assume that the graph G = (V,E, s, t) is d-
regular, where d > 0, and that the relation “is reachable from” is symmetric.
Write G as the disjoint union of connected components Gi. Define M(Gi) as in
Lemma 2.11. Consider the equivalence relation ∼ on G defined by u ∼ v if u and
v lie in the same connected component, say Gi, and the length of a (equivalently,
any) path from u to v is divisible by M(Gi).

We define Gtriv to be the directed graph whose set of vertices is V/ ∼ and
set of edges the set of pairs ([u], [v]) ∈ (V/∼)2 where u and v lie in the same
connected component, say Gi, and there exists a path from u to v of length ≡ 1
mod M(Gi). We define π : G → Gtriv to be the obvious morphism of graphs.

Note that the decomposition of Gtriv into connected components is Gtriv =⊔
i Gi,triv and that each Gi,triv is cyclic withM(Gi) vertices. The operator AGi,triv

on L2(Gi,triv) has eigenvalues the M(Gi)-th roots of unity, each with multiplicity
one.

Proposition 2.13. The morphism of graphs π : G → Gtriv induces an embed-
ding π∗ : L2(Gtriv) → L2(G, µ) with image the direct sum of the eigenspaces for
AG corresponding to trivial eigenvalues. Moreover we have AG ◦ π∗ = d × (π∗ ◦
AGtriv

). In particular, any trivial eigenvalue of AG is of the form ζd where ζ is
a M(Gi)-th root of unity for some index i.

Proof. The morphism π is surjective on vertices so π∗ is an embedding. The
relation AG ◦π∗ = (d×π∗) ◦AGtriv is clear, and since AGi,triv is semi-simple with
eigenvalues the M(Gi)-th roots of unity, the image of π∗ is included in the direct
sum of the eigenspaces for AG corresponding to trivial eigenvalues.

Suppose ζd is an eigenvalue of AG with |ζ| ≥ 1, and let f ∈ L2(G, µ) be
an associated eigenvector. Let Gi be a connected component on which f does
not vanish identically. Choose a vertex u ∈ V that maximizes |f | on Gi, in
particular f(u) ̸= 0. By this maximality, taking the absolute value on both sides
of AGf(u) = ζdf(u) implies

d|ζ||f(u)| = |AGf(u)| =

∣∣∣∣∣∑
u→v

f(v)

∣∣∣∣∣ ≤∑
u→v

|f(v)| ≤
∑
u→v

|f(u)| = d|f(u)|,
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and so we have |ζ| = 1 and equality must hold throughout. The condition∑
|f(v)| = d|f(u)| forces |f(v)| = |f(u)| for all target vertices v with source

u, and thus, f(v) = ζf(u) for every edge u→ v, in particular |f | is also maximal
at v. Applying this argument inductively along the edges of G, we find that if a
vertex w is reachable from u via a path of length k, it follows that f(w) = ζkf(u).
Taking w = u we find that ζ is a M(Gi)-th root of unity. The fact that f factors
through π follows easily. ⊓⊔

Proposition 2.14. The properties in Proposition 2.13 characterize π : G →
Gtriv: if π′ : G → G′ is a morphism of directed graphs which is surjective on
vertices, with G′ a disjoint union of (directed) cycles, satisfying AG ◦ (π′)∗ =
d × ((π′)∗ ◦ AG′) and such that the image of (π′)∗ : L2(G′) → L2(G, µ) is the
direct sum of all eigenspaces for AG corresponding to trivial eigenvalues, then π′

is isomorphic to π.

Proof. We can reduce to the case where G′ is just one cycle. Then G is connected:
otherwise the image of (π′)∗ would not contain the whole eigenspace for d (e.g.
locally constant functions which vanish on all but one connected component).
Given two vertices u, v of G and two paths from u to v (in G) of length k1 and
k2 then applying π′ we get k1 ≡ k2 mod M(G′). We deduce that M(G′) divides
M(G) and that there is unique morphism of graphs ρ : Gtriv → G′ such that
ρ ◦ π = π′. This morphism ρ is clearly surjective, if it is not injective then (π′)∗

cannot have the same image as π∗. Thus ρ is bijective on vertices, and since it
is a morphism between directed cycles it is an isomorphism. ⊓⊔

3 Superspecial isogeny graphs

The graphs we study have superspecial PPAVs as vertices and polarized isoge-
nies as edges, with each vertex carrying an additional piece of information: a
level structure. Rather than considering each kind of level structure separately,
we encode a choice of extra (finite) data on a vertex X by a functor F from
SSN (p, g) to Sets, by means of the concept of the category of elements of F (see
Definition 3.1), and attach a graph to each of such functor. This construction is
too general to give interesting results for an arbitrary functor, and we therefore
isolate a compatibility condition, namely the (modN)-congruence property (see
Definition 3.8). We illustrate three interesting graphs with the level structure
with this property in Examples 3.2–3.4. Note that taking a functor F with con-
stant value a one-point set recovers the (classical) superspecial ℓ-isogeny graph
with no level structure.

3.1 Level structures via categories of elements

We consider the category SSN (p, g) enriched with some additional information,
such as torsion points. To this end, we use the notion of a category of elements.
For a brief overview on general categories, see Appendix A; a general reference
is [ML98].
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Definition 3.1. Let Sets be the category of sets. Let C be a category and F :
C → Sets be a functor. The category of elements El(F) is the category with

– objects: pairs (c, x) where c ∈ C and x ∈ F(c);
– morphisms (c, x)→ (c′, x′): those f ∈ HomC(c, c

′) with F(f)(x) = x′.

This category is equipped with the natural forgetful functor El(F)→ C.

To illustrate this definition, we give three examples.

Example 3.2. Consider the functor End /N : SSN (p, g)→ Sets defined by (End /N)(X) =
End(X)/N End(X), and φ : X → Y by (End /N)(φ) : α 7→ φαφ†. The category
El(End /N) is the category of pairs (X,α), where α ∈ End(X)/N End(X).

Example 3.3. Consider the functor TorPointsN : SSN (p, g) → Sets defined by
TorPointsN (X) = X[N ], and φ : X → Y by TorPointsN (φ) : P 7→ φ(P ). The
category El(TorPointsN ) is the category of pairs (X,P ) with P ∈ X[N ].

Example 3.4. Consider the functor MaxIsoN : SSN (p, g) → Sets defined by
MaxIsoN (X) = {G ⊆ X[N ] maximal isotropic }, and φ : X → Y by MaxIsoN (φ) :
G 7→ φ(G). The category El(MaxIsoN ) is the category of pairs (X,G) with
G ⊆ X[N ] maximal isotropic.

Let F : SSN (p, g) → Sets be a functor. We say that two morphisms f1 and f2
in the category El(F) are equivalent if f1 and f2 are equivalent isogenies (in the
sense of Definition 2.6).

Definition 3.5. Let F : SSN (p, g)→ Sets be a functor with F(X) finite for all
X. We define the graph GF with:

(i) Vertices: isomorphism classes of objects in El(F);
(ii) Edges: for an object (X,x) of El(F), the set of edges with source the iso-

morphism class of (X,x) is the set of equivalence classes of isogenies f ∈
HomN ((X,x), (Y, y)). The target of an edge f ∈ HomN ((X,x), (Y, y)) is the
isomorphism class of (Y, y).

Remark 3.6. (i) Since SSN (p, g) has only finitely many isomorphism classes of
objects (e.g., see [Eke87]), El(F) has only finitely many isomorphism classes
of objects as well. Thus the graph GF is finite.

(ii) In Definition 3.5, we are implicitly choosing a representative (X,x) of its
isomorphism class: the set of edges depends on this choice, but different
choices would give isomorphic graphs.

(iii) The edges of GF are labeled by the reduced degree of the corresponding
isogeny, which is constant on equivalence classes. For a prime ℓ, we write
GFℓ for the subgraph with the same vertices and containing only the edges
labeled by ℓ. In this article, we will only consider prime ℓ ∤ pN (note that if
ℓ | N , the graph has no edge, by the definition of SSN (p, g)).
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The numbermF
ℓ ((X,x), (Y, y)) of edges whose (reduced) isogeny degree is ℓ from

(X,x) to (Y, y) is

mF
ℓ ((X,x), (Y, y)) =

#{ℓ-isogenies f : X → Y such that F(f)(x) = y}
#Aut(Y, y)

. (9)

To see this, note that Aut(Y, y) acts by post-composition on the set of ℓ-isogenies
f : X → Y with F(f)(x) = y, and that the orbits of this action are exactly the
edges from (X,x) to (Y, y). Since this action is free, Equation (9) follows. Note
that one may equivalently regard GFℓ as a weighted graph on the same vertex
set, in which the ordered pair ((X,x), (Y, y)) has the weight mF

ℓ

(
(X,x), (Y, y)

)
.

Definition 3.7 (The superspecial ℓ-isogeny graph). Consider N = 1 and
the zero functor Zero : SS(p, g)→ Sets defined by X 7→ {0}. The graph GZeroℓ is
called the superspecial ℓ-isogeny graph (without level structure), denoted Gℓ(p, g).

The construction of a category of elements is too general; to obtain interesting
results, the additional information must be in a way “compatible” with the
structure of the abelian varieties in the following sense.

Definition 3.8. Let EndN (X) := EndSSN (p,g)(X), for an object X in SSN (p, g).
Let F : SSN (p, g) → Sets be a functor. We say that F has the (mod N)-
congruence property if for every object X of SSN (p, g) and any φ,ψ ∈ EndN (X)
such that φ− ψ ∈ N End(X), we have F(φ) = F(ψ).

We now illustrate that the functors in Examples 3.2, 3.3 and 3.4 have the (mod
N)-congruence property.

Example 3.9 (Continuation of Example 3.2). The functor End /N has the (mod
N)-congruence property. Indeed, if φ, ψ ∈ EndN (X) such that φ − ψ = Nβ,
for some β ∈ End(X), then for any α ∈ End(X) we have that End /N(φ)(α) =
φαφ† = (Nβ + ψ)α(Nβ + ψ)† = Nγ + ψαψ†, for some γ ∈ End(X), and so
End /N(φ)(α) = Nγ+ψαψ† = End /N(ψ)(α), so that End /N(φ) = End /N(ψ).

We prove a lemma to give two other examples:

Lemma 3.10. Let X be any object of SSN (p, g) and let φ,ψ ∈ EndN (X) be
such that φ− ψ ∈ N End(X). Then φ and ψ agree on the set X[N ].

Proof. Let us write φ−ψ = Nβ, for some β ∈ End(X). For P ∈ X[N ], we have
that φ(P )− ψ(P ) = Nβ(P ) = β(NP ) = 0, which proves the assertion. ⊓⊔

Example 3.11 (Continuation of Examples 3.3 and 3.4). The functors TorPointsN
and MaxIsoN have the (modN)-congruence property by Lemma 3.10.
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4 Statement of main theorem

Let (X1, x1), (X2, x2) be two vertices in GF . We say that (X1, x1) and (X2, x2)
are deg-equivalent if there exists f ∈ HomN (X1, X2) with F(f)(x1) = x2 such
that the reduced degree rdeg(f) ≡ 1 (mod N). We define the space L2

deg(GF , µ)
as the subspace of all functions in L2(GF , µ) that are constant on the deg-
equivalence classes, where µ is the weight function µ(u) = 1

#Aut(u) . Also, we

define L2
0(GF , µ) as the orthogonal complement of L2

deg(GF , µ) with respect to
the scalar product defined in (2).

We simply denote the adjacency operator of the graph GFℓ by Aℓ := AGF
ℓ
.

Note that for any f ∈ L2(GF , µ), the operator acts as

(Aℓf)(u) =
∑
v

mF
ℓ (u, v)f(v), where mF

ℓ (u, v) as in (9).

Our following main theorem generalizes [PW24b, Theorem 3.10] which concerns
ℓ-isogeny graph of supersingular elliptic curves with the level structure. Infor-
mally, it says that random walks on GFℓ equidistribute rapidly, up to unavoidable
obstructions. There are two such obstructions, and both are well understood
and controlled: the graph may be disconnected, and it may be periodic. They
are accounted for by the space L2

deg(GF , µ), on which Aℓ has the eigenvalues of
maximal absolute value (“trivial” eigenvalues).

The significant part of the theorem is a bound for the operator norm of Aℓ on
the orthogonal complement L2

0(GF , µ), which allows to control the mixing rate.
When the space L2

deg(GF , µ) is one-dimensional (e.g., when F = Zero and GFℓ =
Gℓ(p, g)), it is generated by the constant function, and the theorem says that
random walks on Gℓ(p, g) converge rapidly to the unique stationary distribution.

Theorem 4.1. Let p be a prime and N ≥ 1 an integer coprime to p. Let F :
SSN (p, g)→ Sets be a functor which has the (modN)-congruence property, and
such that F(X) is finite for any object X ∈ SSN (p, g). Then, for all primes
ℓ ∤ pN , the adjacency operator Aℓ is a normal operator on L2(GF , µ) which
stabilises the subspaces L2

deg(G
F , µ) and L2

0(GF , µ). Moreover, we have that:

1. The Aℓ for primes ℓ not dividing pN pairwise commute.
2. All eigenvalues of Aℓ on L2

deg(GF , µ) have absolute value
∏g

i=1(1 + ℓi).

3. The operator norm of Aℓ on L2
0(GF , µ) is at most

∏g
i=1(1 + ℓi) ·

(
2
√
ℓ

ℓ+1

)g
.

4. Conditional on the “weighted fundamental lemma” (see Remark 5.35) the

operator norm of Aℓ on L2
0(GF , µ) is at most

∏g
i=1(1 + ℓi) ·

(
2

ℓg/2+ℓ−g/2

)
.

The following companion proposition provides additional detail. Recall that the
two obstructions mentioned above (disconnectedness and periodicity) are con-
trolled by the trivial eigenvalues (see Section 2.3), so by the subspace L2

deg(GF , µ).
When L2

deg(GF , µ) has dimension greater than one random walks do not con-
verge to a unique limit: they converge to limits in a potentially periodic pattern.
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The following result, which generalizes [PW24b, Proposition 3.11], makes The-
orem 4.1 easier to apply in such cases by giving further details regarding GFℓ
alongside an explicit characterization of L2

deg(GF , µ).

Proposition 4.2. Let X = (X,λ) be any object of SSN (p, g). With the same
hypotheses as in Theorem 4.1:

1. For every morphism f in SSN (p, g), the map F(f) is a bijection;
2. Let GSp(X[N ]) be the group of pairs (g, s) ∈ GL(X[N ])×(Z/NZ)× such that

eλN (g(P ), g(Q)) = seλN (P,Q) for all P,Q ∈ X[N ]. The morphism EndN (X)→
GSp(X[N ]) is surjective, inducing an action of GSp(X[N ]) on F(X).

We have the following description of the canonical projection π : GFℓ → (GFℓ )triv
of Proposition 2.13, which encodes connected components and periods of G, uni-
formly in ℓ. Choose representatives x1, . . . , xn of the orbits for the action of
GSp(X[N ]) on F(X) and let Hi denote the stabilizer of xi in GSp(X[N ]). De-
note by ν : GSp(X[N ]) → (Z/NZ)× the second projection. Let Gdeg denote the
graph with edges labelled by elements of (Z/NZ)× and with

– vertex set ⊔i(Z/NZ)×/ν(Hi);
– for every i, every a ∈ (Z/NZ)×/ν(Hi) and every d ∈ (Z/NZ)×, an edge
a→ b labelled by d, where b = ad ∈ (Z/NZ)×/ν(Hi).

Then:

3. there exists a unique morphism of graphs

Deg : GF −→ Gdeg

such that for all i we have Deg(X,xi) = 1 ∈ (Z/NZ)×/ν(Hi) and for every
edge f of GF , the edge Deg(f) is labelled by ν(f) (mod N);

4. the map Deg is surjective and L2
deg(GF , µ) is the space of functions that factor

through Deg. In fact, a stronger statement holds: for any prime ℓ ∤ pN , the
graph Gdeg,ℓ, obtained by keeping only edges labelled by ℓ (mod N), together
with Deg is isomorphic to the canonical quotient (GFℓ )triv.

Remark 4.3. By Remark 2.7, the adjacency operators Aℓ and Bℓ on the graph
GF satisfy the relation A∗

ℓ = M−1BℓM , where (Mf)(u) = (#Aut(u))−1f(u).
Therefore, Bℓ inherits properties similar to those found for Aℓ in Theorem 4.1.
For instance, the operator Bℓ is normal, the operators Bℓ commute for all primes
ℓ ∤ pN , and they share the exact same eigenvalues and operator norms as Aℓ.

4.1 Graph-theoretic rapid mixing consequence

In this section, we consider a graph GF as in Theorem 4.1. To quantify the
rapid mixing of a random walk in GFℓ , we establish the explicit walk length that
suffices to reach a stationary distribution within a small error tolerance ϵ. To
this end, we apply Proposition 2.9 to the graph GFℓ . Since Aℓ is normal with
the weight function µ(v) = 1

#Aut(v) , we see that Bℓ is normal with the weight
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function µ−1(v) = #Aut(v) (see Remark 4.3). The mass of the graph is the
quantity µ(V ) :=

∑
v∈V #Aut(v)−1, where V denotes the set of vertices. Fix

an arbitrary starting point v0 = (X,x) ∈ V for a random walk. By using the
(conditional) bound for λ(GFℓ ) in Theorem 4.1, we obtain from Proposition 2.9
with the notation therein that:

1

2
∥Pn −Qn∥1 ≤

1

2

(
λ(GFℓ )

d

)n(
µ(V )

µ(v0)

) 1
2

≤ 1

2

(
2

ℓg/2 + ℓ−g/2

)n

(µ(V )#Aut(v0))
1
2 .

For the statistical distance to be bounded by a small error tolerance ϵ > 0, we

require 1
2

(
2

ℓg/2+ℓ−g/2

)n
µ(V )

1
2 (#Aut(v0))

1
2 ≤ ϵ. By (6), it suffices to take:

n ≥
1
2 log(µ(V ) ·#(Aut(v0)))− log(2ϵ)

log(ℓg/2 + ℓ−g/2)− log(2)
. (10)

To get an explicit bound in terms of p, ℓ, g, we need to bound µ(V ) and #Aut(v0).

Lemma 4.4. Let m = #F(X0). The mass of the graph GF is

µ(V ) = m ·
g∏

i=1

|B2i|
4i

(pi + (−1)i) ≤ m · p
g(g+1)

2 · Ψ(g)

where Ψ(g) =
(
3
2

)g∏g
i=1

|B2i|
4i ≤ e

poly(g).

Proof. LetX andX ′ be any two objects in SSN (p, g). Since Gℓ′(p, g) is connected
for any ℓ′ ∤ Np, there exists an isogeny f ∈ HomN (X,X ′). By Proposition 4.2,
F(f) : F(X) → F(X ′) is a bijection between finite sets, and so #F(X) =
#F(X ′), in particular, #F(X) = #F(X0) = m, for any X.

We now show that the mass µ(V ) of the set of the vertices of GFℓ satis-
fies µ(V ) = mµ(SS(p, g)). Fix an object X ∈ SSN (p, g), and let F(X) =
{x1, . . . , xm}. By definition, (X,xi) and (X,xj) represent the same vertex if
and only if there exists φ ∈ Aut(X) with F(φ)(xi) = xj . Thus, the size of the
orbit Orbit(xi) of xi under the action of Aut(X) on F(X) gives the number of
vertices in the equivalence class of (X,xi). Moreover, it is easy to see that the
stabilizer group Stabx(Aut(X)) is equal to Aut(X,x). By the Orbit-Stabilizer
Theorem, we have that #Orbit(x) ·#Stabx(Aut(X)) = #Aut(X), so:

µ(V ) =
∑

(X,x)∈V

1

#Aut(X,x)
= m

∑
X∈SS(p,g)

1

#Aut(X)
= mµ(SS(p, g)).

By the classical mass formula of SS(p, g) (see Theorem 6.4), we have that

µ(SS(p, g)) = βg
∏g

i=1(p
i + (−1)i), where βg :=

∏g
i=1

|B2i|
4i , and so,

µ(SS(p, g)) ≤ βg
g∏

i=1

(pi + 1) = βgp
g(g+1)/2

g∏
i=1

(p−i + 1) ≤ βgpg(g+1)/2

(
3

2

)g

,

and the assertion then follows. ⊓⊔

We are now ready to prove Theorem 1.1, a specialization of the above bounds
to the connected, aperiodic case.

20



Proof of Theorem 1.1. Since the graph is connected and aperiodic, it has a
unique trivial eigenvalue, hence there is a unique stationary distribution. The
theorem follows from Equation (10), Lemma 4.4, and the fact that #Aut(X) ≤
((6.31)2g)2g by [Sil92, Theorem 3.2]. ⊓⊔

To conclude this section, we give the following characterization of strongly
connected and aperiodic graphs.

Lemma 4.5. If Gdeg has a single vertex, GFℓ is strongly connected and aperiodic.

Proof. The graph Gdeg has a single vertex so, using the notation of Proposi-
tion 4.2, there is a single orbit and ν(H1) = (Z/NZ)×. Thus L2

deg(GF , µ) is

one-dimensional, spanned by the constant function, and so d =
∏g

i=1(1 + ℓi) is
the only eigenvalue of Aℓ of the absolute value d. Hence, GFℓ is (strongly) con-
nected and aperiodic. ⊓⊔

We now give explicit examples, with bounds for walks in G2(p, g) for g ≤ 3,
and in GMaxIsoN

2 for g = 2.

Example 4.6. Let us consider the graph G2(p, 2), i.e., ℓ = g = 2. Let ϵ = p−r,
for some r > 0. Since ℓ and g are fixed, we can get an explicit bound for n by
Theorem 1.1. Indeed, since β2 = 1

5760 , we obtain that n ≥ (4.66 + 3.11r) log(p).
This implies that for a standard 256-bit cryptographic prime (p ≈ 2256), it

takes roughly 1997 steps for a random walk to reach the stationary distribution
with a high security tolerance of r = 1. For comparison, relying on the alter-
native upper bound of 0.9996 from [ATY24] would require over 1108800 steps,
demonstrating that our explicit bound is over 550 times more efficient.

If we instead consider the graph G2(p, 3), i.e., ℓ = 2, g = 3, we obtain a
bound n ≥ (4.48 + 1.49r) log(p) (since β3 = 1

2903040 ), and so the number of
steps providing the same security is 1536. Since our bound decreases from g = 2
to g = 3, even though the graph is considerably larger, the number of steps
decreases.

Example 4.7. (Continuation of example Example 3.4) Let F = MaxIsoN be the
functor as in Example 3.4. We have from Example 3.11 that it has the mod
N -congruence property, and so Proposition 4.2 applies to the graph GF . In fact,
this result gives that GF is connected and aperiodic. To show this, it suffices to
show that Gdeg is trivial by the discussion of the trivial eigenvalues in Section 2.3.

Indeed, the group GSp(X[N ]) acts transitively on the set of maximal isotropic
subspaces F(X) because any basis of a maximal isotropic subspace can be ex-
tended to a standard symplectic basis for X[N ]. So, there is only one orbit,
say x1. Furthermore, since the stabilizer H1 of x1 contains block matrices of the
form diag(Ig, cIg) for every scalar c ∈ (Z/NZ)×, we find that ν(H1) = (Z/NZ)×.
Therefore, the graph Gdeg consists of a single vertex.

By Theorem 1.1, we now can get an explicit bound for the number n of
steps for a random walk on GF to reach the stationary distribution. Note that
#F(X) =

∏g
i=1(N

i + 1), for any object X by Equation (1). Concretely, if we
take ℓ = g = 2, then n ≥ (4.66 + 3.11r) log(p) + 4.66 logN . With the same error
tolerance in Example 4.6, we get that n ≥ 2589 for N = 2127 − 1.
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5 Proof of Results

In this section, we prove our main results: Theorem 4.1 and Proposition 4.2. We
begin by fixing some notation and definitions needed only for the proof, then we
give an overview of the proof strategy, and finally we give the proof.

5.1 Notation and conventions

We denote Ẑ = lim←−N
Z/NZ the profinite completion of Z, which decomposes as∏′

ℓ Zℓ (restricted product over all prime numbers ℓ). We denote Af = Q ⊗Z Ẑ
(finite adèles) and A = R×Af , which decomposes as a restricted product

∏′
v Qv

over all places v of Q. For an integer N > 1 we denote ZN =
∏

ℓ|N Zℓ, similarly

for a set of primes Σ we denote ZΣ =
∏′

ℓ∈Σ Zℓ. Similarly we denote AN =
Q⊗Z ZN and AΣ = Q⊗Z ZΣ , which again decomposes as a restricted product.

For a (commutative) ring R and an integer n ≥ 1 we denote by GLn,R the
algebraic group scheme over R defined by GLn,R(R

′) := GLn(R
′) where R′ is

any (commutative) R-algebra.

A symplectic space over a ring R is a pair (V, ψ) where V is a finite free
R-module and ψ is a perfect1 alternating form V × V → R. In this situation we
denote by GSp(V, ψ) the group of symplectic similitudes (also known as general
symplectic group) of (V, ψ):

GSp(V, ψ) := {(g, s) ∈ GL(V )×R× | ∀x, y ∈ V, ψ(g(x), g(y)) = sψ(x, y)}.

More generally we denote byGSp(V, ψ) the corresponding linear algebraic group
over R: for an R-algebra R′ we define GSp(V, ψ)(R′) := GSp(R′ ⊗R V, ψ). This
algebraic group is reductive (in the sense of [DG70, Exposé XIX]). We have
a morphism ν : GSp(V, ψ) → GL1,R mapping (g, s) ∈ GSp(V, ψ)(R′) to s.
Its kernel is the symplectic group Sp(V, ψ), also a reductive (even semi-simple)
algebraic group over R. We denote Sp(V, ψ) = Sp(V, ψ)(R). For an integer g ≥ 0
we denote by GSp2g,R the general symplectic group associated to V = R2g

and the alternating form with Gram matrix

(
0 Ig
−Ig 0

)
. We denote by Sp2g,R

the associated symplectic group. Denote GSp2g(R) = GSp2g,R(R) (naturally
isomorphic to GSp2g,Z(R)) and Sp2g(R) = Sp2g,R(R).

For an algebraic group G over a (commutative) ring R, and for an R-algebra
R′ we denote GR′ := G×SpecR SpecR′ (base change).

5.2 Overview of the proof strategy

We first give an overview of our proof strategy to help a reader less familiar with
the theory of automorphic forms to navigate the various statements.

1i.e., it induces an isomorphism between V and its dual HomR(V,R).
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Step 1: Translation to adèlic world. We begin by translating the geometric
world of PPAVs to the algebraic world of finite adèles, allowing us to do ℓ-adic
linear algebra for all ℓ at the same time. The translation proceeds in two steps.

First step of translation. First, we develop a lattice-theoretic description of iso-
genies. Fix superspecial X0 = (X0, λ0) defined over Fp and a prime ℓ ̸= p. A
polarised (quasi-)isogeny f : X0 → X induces a Qℓ-linear isomorphism of Tate
modules Vℓf : VℓX0

∼−→ VℓX, where VℓX0 := Qℓ⊗Zℓ
TℓX0 and similarly for VℓX.

The isomorphism Vℓf is a symplectic similitude, scaling the polarization pairing
by the reduced degree of f . Pulling the lattice TℓX ⊂ VℓX back along Vℓ(f)

−1

produces a lattice Lℓ(f) := Vℓ(f)
−1(TℓX) ⊂ VℓX0 inside the fixed space VℓX0.

We handle the case ℓ = p via the Dieudonné module in place of the Tate module;
it is here that superspeciality enters, guaranteeing that the Dieudonné module
of X0 is as rigid as its Tate modules, in the sense that it admits a standard basis
adapted to the polarization (Lemma 5.7). This allows us to assemble lattice data
over all primes ℓ to obtain L(f) := (Lℓ(f))ℓ prime and obtain a bijection (for fixed
X0) between (quasi-)isogenies f : X0 → X and certain families of lattices L(f).
This is proved in Proposition 5.2 for polarised isogenies and Corollary 5.3 for
polarised quasi-isogenies. The latter bijection is the one that we will use. Indeed,
unlike isogenies, quasi-isogenies can be composed and inverted. Thus for a fixed
target X, the set of polarised quasi-isogenies f : X0 → X carries a natural group
action. In the second step, we will use this to remove the redundancy of differ-
ent quasi-isogenies with the same target X. In the end, we can recover honest
polarised isogenies of prescribed degree by restricting the allowed denominators.

Second step of translation. Next, we relate these lattices to double cosets of
linear algebraic groups over Z. A linear algebraic group G over Z is defined as

G(R) :=
{
(g, s) ∈ (R⊗Z End(X0))×R×

∣∣∣ g†g = s⊗ idX0

}
for any Z-algebra R. It can be viewed as defining a group of similitudes over R.

Let ℓ be a prime as before. For ℓ ̸= p, we observe that G(Qℓ) acts transitively
on L(f) with stabilizer G(Zℓ) (exactly the subgroup fixing TℓX0). There is a
unique coset gℓG(Zℓ) with gℓ(TℓX0) = Lℓ(f), namely gℓ = Vℓ(f)

−1.
For ℓ = p, we again work with the Dieudonné module instead. Putting to-

gether this data over all ℓ recovers a bijection between quasi-isogenies X0
f−→ X

with X superspecial and the global quotient G(Af)/G(Ẑ) given by

(X, f) 7→ gG(Ẑ), where g = (gℓ) as defined above.

To get a bijection with the set of isomorphism classes of superspecial PPAVs over
Fp of dimension g, we have to take care of one redundancy: two targets X,X ′

can be isomorphic as abelian varieties even if arise from different quasi-isogenies
f, f ′ out of X0. We remove this redundancy by quotienting on the left by G(Q):
any such f, f ′ differ by the unique element f−1 ◦ f ′ ∈ G(Q). Finally, we note
that for this parametrization to reach every isomorphism class, we must show
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that each superspecial PPAV over Fp admits a polarised quasi-isogeny from the
fixed base point X0. This is Theorem 5.10, which holds for supersingular PPAVs
in general.

In conclusion, in Theorem 5.12 we obtain a bijection between the set of
isomorphism classes of superspecial PPAVs over Fp of dimension g and the double

coset space G(Q)\G(Af )/G(Ẑ).

Restricting the degrees of quasi-isogenies. We can go further and restrict the de-
grees of the quasi-isogenies we consider. To handle this case, we have to slightly
modify the double coset space. Namely, we work with the subsets Z[Σ−1] (in-

stead of Q), ZΣ (instead of Ẑ) and AΣ := Q ⊗Z ZΣ (instead of Af). Then, in
Theorem 5.12 we show that the image of the embedding

G(Z[Σ−1])\G(AΣ)/G(ZΣ) ↪→ G(Q)\G(Af )/G(Ẑ)

is in bijection with the set of isomorphism classes [X] such that there exists a
polarised isogeny f : X0 → X of reduced degree rdeg(g) whose prime divisors
are contained in Σ.

Step 2: Extending the correspondence to the case with level structure.
We would now like to extend the correspondence above to the case of PPAVs
with level structure. More formally, for N ≥ 1, an integer coprime to p, we
are given a functor F : SSN (p, g) → Sets satisfying the (modN)-congruence
property (see Definition 3.8).

Alternative characterisation of the (modN)-congruence property. To work with
the (modN)-congruence property in the proof, we use an alternative characteri-
sation. In Proposition 5.19, we show that any functor F satisfying the (modN)-
congruence property factors through the torsion functor TN , which maps a PPAV
(X,λ) ∈ SSN (p, g) to (X[N ], eλN ). Namely, we can write F = F ′ ◦ TN for some
functor F ′. This factorization is possible because the congruence property guar-
antees that if two varieties share identical N -torsion data, the functor yields the
exact same output. Consequently, one can rigorously define a secondary func-
tion F ′ that operates directly on the torsion structure. The advantage of this
alternate characterisation is that to construct our bijection, we can work with
the finite group X[N ] and Weil pairing eλN , instead of the full abelian variety X.

Group action on level structures. Recall that we have a factorisation F = F ′◦TN .
The group GSp(X[N ]) = Aut(TN (X)) acts on X[N ], so via the functor F ′ it
acts on F ′(X[N ]). We can ‘lift’ this finite action: For X = X0 and a given x0 ∈
F ′(X0[N ]) we have a natural map G(ZN ) → GSp(X0[N ]) which is surjective
with kernel JN . So, G(ZN )/JN acts on F ′(X0[N ]) and the stabilizer of x0 in
G(ZN ) is a subgroup containing JN . In general, F(X0) decomposes into several
orbits under this action. We handle each orbit separately, and this is the source
of the direct sum appearing in Step 3.
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The bijection. We fix a base variety X0 and a reference level structure x0. As
before, we measure other varieties relative to this base point via quasi-isogenies.
To add the data of the level structure to the bijection from Step 1, we use
the action of G(ZN ) on x0, quotienting by the stabilizer KN of x0 in G(ZN ) to
remove redundancies. Note that, from our discussion above, KN contains JN .

Concretely, on top of the coordinate in G(AΣ)/G(ZΣ) recording the quasi-
isogeny f : X0 → X as in Step 1, we record a class gNKN ∈ G(ZN )/KN

expressing how the level structure x on X compares, through f , to the reference
level structure x0. In Theorem 5.21, we obtain a bijection between isomorphism
classes of superspecial PPAVs equipped with level structure and the double coset:

G(Z[Σ−1])\ (G(AΣ)×G(ZN )) / (G(ZΣ)×KN ) .

Step 3: Relating the operators on each space. The bijections of Steps
1–2 identify the vertices of the graph GFℓ with an adèlic double coset space. In
this step we upgrade this identification of sets to an identification of operators:
under this correspondence, the adjacency operator Aℓ of the graph becomes a
classical object of the theory of automorphic forms, namely a Hecke operator Tℓ.

Functions on the graph as automorphic forms. Denote by A2(G) the space
of automorphic forms for G, that is the space of G(R) × K-finite functions
G(Q)\G(A)/R>0 → C (where K is any compact open subgroup of G(Af)). The
space A2(G) is a unitary representation of G(A). Since Step 2 identifies the
vertices of GFℓ with the points of a double coset space, a function on the vertices
is the same thing as an automorphic form invariant under the action of the rele-
vant compact subgroups. In Proposition 5.23 we make this precise and construct
an isomorphism

β :

r⊕
i=1

A2(G)G(R)×Ki −→ L2(GFℓ , µ),

where the direct sum accounts for the fact that the set of level structures F(X0)
may decompose into several orbits x1, . . . , xr under the action of GSp2g(Z/NZ),
each orbit contributing a compact subgroup Ki built from the stabilizer of xi
as in Step 2. Moreover, β is an isometry (Proposition 5.24), provided each
vertex (X,x) of the graph is weighted by the mass µ(X,x) = 1/#Aut(X,x) as
in Equation (2). Indeed, the automorphisms of (X,x) are precisely the rational
elements of G fixing the corresponding coset, so the portion of G(Q)\G(A)/R>0

lying above the vertex (X,x) has volume 1/#Aut(X,x).

ℓ-isogenies as a local double coset. Next we encode the edges of the graph. Let
Dℓ ⊂ G(Qℓ) be the subset of elements whose similitude factor is ℓ up to units
and whose inverse is integral. We first show that Dℓ is a single double coset
G(Zℓ)xG(Zℓ) (Lemma 5.25). In lattice terms this expresses the fact that all
ℓ-isogenies look alike locally.

Lemma 5.26 then provides the dictionary for edges: given quasi-isogenies
f : X0 → X and f ′ : X0 → Y , the ‘difference’ f ′f−1 : X → Y is an ℓ-isogeny if
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and only if the adèlic coordinates of X and Y agree at every place q ̸= ℓ and
differ at ℓ by an element of Dℓ. In other words, taking one step in the graph GFℓ
is a purely local move at the place ℓ, prescribed by Dℓ.

The adjacency operator is a Hecke operator. In Proposition 5.27 we show that β
intertwines the two operators: Aℓ ◦ β = β ◦ Tℓ. The proof consists in unwinding
the dictionary above, and noting that the edges of reduced degree ℓ leaving a
vertex (X,x) are in bijection with the cosets of Dℓ. Indeed, noting that the
set Dℓ decomposes into finitely many cosets tG(Zℓ), and the associated Hecke
operator Tℓ sends an automorphic form f to the function [g] 7→

∑
t f([gt]), we

can match the sum defining Aℓ with the sum defining Tℓ term by term.
This identification has a first important consequence: the operator Aℓ is nor-

mal (Corollary 5.28). This is not automatic, since the graph is directed and Aℓ

is in general not self-adjoint. On the automorphic side, however, the adjoint of
Tℓ is the Hecke operator attached to D−1

ℓ , i.e., the operator attached to dual
ℓ-isogenies. An explicit computation gives D−1

ℓ = ℓDℓ, so that T ∗
ℓ differs from

Tℓ by translation by the central element ℓ ∈ G(Qℓ) and therefore commutes
with Tℓ. The same argument shows that the operators Aℓ for varying ℓ pairwise
commute, as the corresponding Hecke operators act at distinct places. Normality
brings us to Step 4: Aℓ is diagonalisable in an orthogonal basis of L2(GFℓ , µ),
and its eigenvalues govern the convergence of random walks in the graph.

Step 4: Bounding the eigenvalues of the operators. Due to Step 3,
bounding the eigenvalues of Aℓ is now a problem about automorphic forms,
more precisely the problem of bounding the eigenvalue of Tℓ corresponding to
the local component πℓ at ℓ of an automorphic representation π occuring in
A2

0(G), the space of automorphic forms G(Q)\G(A)/R>0 → C orthogonal to all
automorphic forms factoring through the map G(Q)\G(A)/R>0 → Q×\A×/R>0

induced by the similitude character.
For such a representation πℓ of G(Qℓ) ≃ GSp2g(Qℓ) we have that πℓ is

irreducible and unitary and does not have non-zero invariants under Sp2g(Qℓ)
(Lemma 5.31). In Section 5.5 we simply apply a theorem of Oh, giving a bound on
Hecke eigenvalues in irreducible unitary unramified representations ofGSp2g(Qℓ)
which are not of dimension 1.

It is well-known that local components of automorphic representations should
be much more constrained than arbitrary unitary representations, e.g., for g = 1
the Ramanujan conjecture (proved by Deligne) and the Jacquet–Langlands cor-
respondence imply πℓ is tempered. Unfortunately it is known that this does not
hold for arbitrary groups. Arthur made very precise conjectures [Art89] explain-
ing and quantifying this failure. In our case G1 is an inner form of Sp2g,Q, for
which Arthur proved in [Art13] (an unconditional formulation of) his conjectures.
Using the stabilization of the trace formula (to compare automorphic spectra of
inner forms), known cases of the Ramanujan–Petersson conjecture for general
linear groups, and simple combinatorics we derive a better bound in Section 5.6.

Following this blueprint, we provide the proof of the main results.
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5.3 Translation to automorphic forms

We first recall the translation between functions on isogeny graphs and spaces
of automorphic forms for certain inner forms of general symplectic group. The
technique is well-known as it can be understood as a special case of a step in the
Ihara–Langlands–Kottwitz method (this is at least as old as [Mil79], the results
that we will need may be seen as special cases of results from [Kot92]). For
clarity we find it useful to spell out the details in the superspecial case, which
also relies on Lemma 5.7.

Equivalent definitions of superspeciality. We denote by αp the group
scheme over Fp defined by αp(R) = {x ∈ R |xp = 0} for an Fp-algebra R,
with the addition law inherited from R.

There are several equivalent definitions of “superspecial” for abelian varieties
over Fp, by results of Oort, Deligne and Ogus [LO98, §1.6]. Let X be an abelian
variety of dimension g over Fp. The following are equivalent (possible definitions
for “superspecial”):

1. X is isomorphic to a product of g supersingular elliptic curves,
2. the p-divisible group X[p∞] is isomorphic to a product of g copies of the
p-divisible group of a supersingular elliptic curve,

3. the a-number a(X) := dimFp
Hom(αp,Fp

, X[p]) is equal to g.

Moreover for g > 1 all superspecial X abelian varieties of dimension g over Fp

are isomorphic.
For the rest of Section 5 we work with the (a priori weaker) definition a(X) =

g. As we point out in Remark 5.16, simpler versions of the arguments in Section
5.3 allow one to recover Oort’s theorem (that all supersingular abelian varieties
of dimension g > 1 are isomorphic).

Lattice-theoretic description of isogenies. For the translation we need to
fix a basepoint, that is a principally polarized supersingular abelian variety X0 =
(X0, λ0) over Fp of dimension g. Ultimately (after Theorem 5.10) we will need
to assume that X0 is superspecial so for simplicity we make this assumption
for the rest of Section 5.3 (for concreteness one can take X0 = Eg for some
supersingular elliptic curve E, with the product polarization).

The pairings that we consider as in Remark 2.3 allow us to take the limit
of the pairings eλℓn on the Tate module, where ℓ denotes a prime number not
equal to p. More precisely, let Zℓ(1) := TℓGm,k = lim←−µℓn , and then the princi-
pal polarization λ on X defines a perfect alternating bilinear form (see [Mil86,
p.132]):

eλZℓ
: TℓX × TℓX → Zℓ(1), defined by (v, w) 7→ (ēℓn(vn, λ(wn)))n≥1, (11)

where v = (vn)n≥1 with vn ∈ X[ℓn]. We have by [Mil86, p.137] a useful property
that

eλZℓ
(αu, v) = eλZℓ

(u, α†v), for any u, v ∈ TℓX, and α ∈ End(X). (12)
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We recall the parametrization of isomorphism classes of pairs (X, f), where X
is a principally polarized abelian variety and f : X0 → X is a polarized isogeny,
in terms of lattices.

Consider first a prime ℓ ̸= p. Any polarized isogeny f : X0 → X induces
Tℓ(f) : TℓX0 → TℓX satisfying

eλZℓ
((Tℓf)(v), (Tℓf)(w)) = rdeg(f) · eλ0

Zℓ
(v, w).

In particular Tℓ(f) is injective and induces an isomorphism Vℓ(f) between the
Qℓ-vector spaces VℓX0 := Qℓ ⊗Zℓ

TℓX0 and VℓX.
For a Zℓ-lattice L in VℓX0 define its dual

L♯ := {v ∈ VℓX0 | eλ0

Zℓ
(v, L) ⊂ Zℓ}.

The Zℓ-lattice Lℓ(f) = Vℓ(f)
−1(Tℓ(X)) in VℓX0 contains TℓX0 and satisfies

Lℓ(f)
♯ = rdeg(f)Lℓ(f).

Now we consider the ℓ = p case. Let W =W (Fp) be the ring of Witt vectors
of Fp. Denote by τ the automorphism of W lifting the Frobenius automorphism
x 7→ xp of Fp. Let K =W [ 1p ].

Definition 5.1. A Dieudonné module, or W{F, V }-module, is a finitely gener-
ated W -module M endowed with a τ -semilinear endomorphism F and a τ−1-
semilinear endomorphism V satisfying FV = V F = p IdM .

Associated to an abelian variety X of dimension g over Fp (via its p-divisible
group X[p∞]) is the (contravariant) Dieudonné module M(X) = M(X[p∞]), a
Dieudonné module which as W -module is free of rank 2g (see [Dem72, Theorem
III.8] or [Fon77, Théorème III.1]), which can be identified with the projective
limit of the Dieudonné modules of finite length M(X0[p

n]). This Dieudonné
module replaces the Tate module for ℓ = p.

As in the ℓ ̸= p case we have (using [Mum70, Theorem 15.1], [Dem72, The-
orem III.8 (4)], [Fon77, §III.5]) for a principally polarized X = (X,λ) a perfect
alternating bilinear form

eλW :M(X)×M(X) −→W

satisfying eλW (F (x), y) = τ(eλW (x, V (y))) for all x, y ∈ M(X). We denote by
M(X) the Dieudonné module M(X) endowed with this pairing. A polarized
isogeny f : X0 → X of reduced degree rdeg(f) induces a morphism of Dieudonné
modules M(f) :M(X)→M(X0) satisfying

eλ0

W (M(f)(x),M(f)(y)) = rdeg(f)eλW (x, y)

for all x, y ∈ M(X). The morphism M(f) is clearly injective. Let Lp(f) :=
M(f)(M(X)), a sub-Dieudonné module ofM(X0) satisfying Lp(f)

♯ = rdeg(f)−1Lp(f).

Proposition 5.2. We have a bijection [X0
f−→ X] 7→ L(f) := (Lℓ(f))ℓ prime

between the set of isomorphism classes of polarized isogenies between X0 and a
principally polarized abelian variety X and the set of lattices (Lℓ)ℓ prime satisfy-
ing:
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– for ℓ ̸= p the Zℓ-lattice Lℓ of VℓX0 contains TℓX0 and satisfies L♯
ℓ = ℓrℓLℓ

for some integer rℓ (necessarily ≥ 0),
– the W -submodule Lp of M(X0[p

∞]) has rank 2g, is stable under F and V
and satisfies L♯ = p−rpL for some integer rp (necessarily ≥ 0),

– for almost all primes ℓ ̸= p we have Lℓ = TℓX0 (equivalently rℓ = 0).

In this bijection the reduced degree rdeg(f) of f is equal to
∏

ℓ prime ℓ
rℓ .

Proof. Fix an integer c > 0, written as
∏

ℓ ℓ
rℓ . We know by Definition 2.6 that

isomorphism classes of polarized isogenies f : X0 → X are parametrized by
subgroup schemes of X0[c] of order c

g which are maximal isotropic for the Weil
pairing X0[c] × X0[c] → µc, by mapping f to ker f . We have a canonical de-
composition X0[c] ≃

∏
ℓ|cX0[ℓ

rℓ ], so we are left to check that for any prime

ℓ|c isotropic subgroup schemes Kℓ of order ℓrℓg of X0[ℓ
rℓ ] are parametrized by

lattices Lℓ as in the proposition.
For ℓ ̸= p we have a bijection between overlattices Lℓ of TℓX0 and finite

subgroups Kℓ of X0[ℓ
∞] characterized by the property: for n large enough the

image of ℓnLℓ in X0[ℓ
n] is Kℓ. In this bijection we have Kℓ ≃ Lℓ/TℓX0. For any

integer r ≥ 0 we have a commutative diagram

X0[ℓ
r]×X0[ℓ

r] µℓr

(ℓ−rTℓX0/TℓX0)× (ℓ−rTℓX0/TℓX0) (ℓ−rZℓ/Zℓ)⊗Zℓ
Zℓ(1)

e
λ0
ℓr

∼ ∼
ℓre

λ0
Zℓ

and we easily deduce that we have L♯
ℓ = ℓrLℓ if and only if Kℓ is a maximally

isotropic subgroup of X0[ℓ
r].

For ℓ = p finite subgroup schemes ofX0[p
∞] correspond via [Fon77, Théorème

III.1] to quotients of finite length of M := M(X0[p
∞]) by sub-W -modules sta-

ble under F and V ; the subgroup X0[p
rp ] corresponds to prpM and the pairing

X0[p
rp ] × X0[p

rp ] → µprp corresponds to the pairing M/prpM ×M/prpM →
p−rpW/W induced by p−rp⟨·, ·⟩, so we conclude essentially as in the ℓ = p case.

⊓⊔

Recall that a (polarized) quasi-isogeny between X0 and X is an element f of
Q⊗ZHom(X0, X) such that there exists an integer n > 0 such that nf belongs to
Hom(X0, X) and is a polarized isogeny. The reduced (virtual) degree rdeg(f) ∈
Q>0 of f is defined as rdeg(nf)/n2 (which does not depend on n).

Corollary 5.3. We have a bijection [X0
f−→ X] 7→ L(f) := (Lℓ(f))ℓ prime be-

tween the set of isomorphism classes of polarized quasi-isogenies between X0 and
a principally polarized abelian variety X and the set of lattices (Lℓ)ℓ satisfying:

– for ℓ ̸= p the Zℓ-lattice Lℓ of VℓX0 satisfies L♯
ℓ = ℓrℓLℓ for some integer rℓ,

– the W -lattice Lp in K⊗W M(X0[p
∞]) has rank 2g, is stable under F and V

and satisfies L♯ = p−rpL for some integer rp,
– for almost all ℓ ̸= p we have Lℓ = TℓX0 (equivalently rℓ = 0).

In this bijection the reduced degree rdeg(f) of f is equal to
∏

ℓ ℓ
rℓ .
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Supersingular Dieudonné modules and polarizations.

Lemma 5.4. Let L be a Dieudonné module which is free of rank 2g as W -
module. Denote L(2) = {x ∈ L |F 2(x) = −px}. The following are equivalent:

1. dimFp
L/(F (L) + V (L)) ≥ g,

2. the natural map W ⊗W (Fp2 )
L(2) → L is an isomorphism.

If these conditions are satisfied then we have dimFp
L/(F (L) + V (L)) = g.

Proof. Denote by F and V the induced (semi-linear) endomorphisms of L/pL.
We have imV = kerF and imF = kerV : one inclusion follows from V F =
FV = 0, the other from V F = FV = p IdL and the fact that L is p-torsion free.
In particular we have dimFp

imV + dimFp
imF = 2g.

Assume dimFp
L/(F (L) + V (L)) ≥ g, i.e. dimFp

(
imV + imF

)
≤ g. We de-

duce imV = imF and that this subspace of L/pL has dimension g. We also
deduce F 2(L) ⊂ pL and V 2(L) ⊂ pL, and so p−1F 2 and p−1V 2 are (semi-
linear) endomorphisms of L which are inverse of each other. By a well-known
argument (see [Fon90, p.259]) the natural morphism W ⊗W (Fp2 )

L(2) → L is an

isomorphism.
Conversely assume that W ⊗W (Fp2 )

L(2) → L is an isomorphism. We have

V |L(2) = −F |L(2) and we deduce imV = imF . Combining with the equal-
ity dimFp

imV + dimFp
imF = 2g proved above we conclude dimFp

L/(F (L) +

V (L)) = g. ⊓⊔

Definition 5.5. A Dieudonné module which is free of rank 2g (for some g ≥ 0)
as W -module and which satisfies the equivalent conditions of Lemma 5.4 is called
superspecial.

Remark 5.6. The definition is justified by the fact that an abelian variety X
of dimension g over Fp is superspecial (i.e. dimFp

(αp, X[p]) = g) if and only if

its Dieudonné module L := M(X) is superspecial. Indeed the (contravariant)
equivalence between finite p-group schemes and Dieudonné modules of finite
length gives

Hom(αp, X[p]) = Hom(αp, X) ≃ HomW,F,V (L,M(αp))

and M(αp) is isomorphic to Fp with F = V = 0, so this last space is naturally
isomorphic to the dual of the Fp-vector space L/(F (L) + V (L)).

Although we will not need it one can deduce from Lemma 5.4 that all super-
special Dieudonné modules of rank 2g are isomorphic, more precisely any such
module admits a basis (e1, f2, . . . , eg, fg) satisfying F (ei) = −fi and F (fi) = pei
(take a family (e1, . . . , eg) in L

(2) lifting a basis of L/(F (L) + V (L))). Instead,
we directly prove the following lemma which also includes alternating bilinear
forms (related to polarizations of abelian varieties).
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Lemma 5.7. Let L be superspecial Dieudonné module of rank 2g endowed with
a perfect alternating bilinear form ⟨·, ·⟩ : L × L → W satisfying ⟨F (x), y⟩ =
τ(⟨x, V (y)⟩) for all x, y ∈ L. Then there exists a basis (e1, f1, . . . , eg, fg) of L
such that the planes Wei ⊕ Wfi are pairwise orthogonal for ⟨·, ·⟩ and for all
1 ≤ i ≤ g we have ⟨ei, fi⟩ = 1, F (ei) = −fi and F (fi) = pei.

Proof. We prove the lemma by induction on g. The initial case g = 0 is trivial.
So assume g > 0. Assume (arguing by contradiction) that for any x ∈ L(2) we
have ⟨x, F (x)⟩ ∈ pW . Polarizing this identity we obtain, for all x, y ∈ L(2) and
µ ∈W (Fp2)×

µp−1⟨x, F (y)⟩+ ⟨y, F (x)⟩ ∈ pW.

Since the map Fp2 → Fp2 , µ 7→ µp−1 is not constant, this implies ⟨x, F (y)⟩ ∈ pW
for all x, y ∈ L(2), and thus also for all x, y ∈ L by bilinearity. By perfection of
⟨·, ·⟩ this implies F (L) ⊂ pL, in contradiction with dimFp

imF = g. Thus there

exists x ∈ L(2) satisfying ⟨x, F (x)⟩ ∈W×. We have V |L(2) = −F |L(2) and so

⟨F (x), x⟩ = τ(⟨x, V (x)⟩) = −τ(⟨x, F (x)⟩),

i.e. ⟨x, F (x)⟩ ∈ Z×
p . For µ ∈W (Fp2)× we have

⟨µx, F (µx)⟩ = µτ(µ)⟨x, F (x)⟩

and the map

W (Fp2)× −→ Z×
p , µ 7−→ µτ(µ).

is surjective so up to replacing x by µx we may assume ⟨x, F (x)⟩ = 1. Now define
e1 = x and f1 = −F (x). The plane P =We1 ⊕Wf1 ⊂ L is clearly stable under
F and V , and the restriction of ⟨·, ·⟩ to P is perfect. Let L′ be the orthogonal
of P . The compatibility between ⟨·, ·⟩ and (F, V ) easily implies that L′ is also
stable under F and V , and we conclude using the induction hypothesis. ⊓⊔

Group-theoretic parametrization of superspecial PPAVs. Recall from
§2.2 that the Rosati involution with respect to λ0 on End(X0) defined by f 7→
f† := λ−1f∨λ. Let G be the linear algebraic group over Z defined by

G(R) =
{
(g, s) ∈ (R⊗Z End(X0))×R×

∣∣∣ g†g = s⊗ idX0

}
for any Z-algebra R. We have a morphism

ν : G −→ GL1,Z

(g, s) 7−→ s

and we denote by G1 its kernel.
Recall from (11) that for any prime ℓ ̸= p the polarization λ0 defines a perfect

alternating bilinear form eλ0

Zℓ
on TℓX0.
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Lemma 5.8. For any prime ℓ ̸= p the natural morphism (of group schemes over
Zℓ) Tℓ : GZℓ

∼−→ GSp(TℓX0, e
λ0

Zℓ
) is an isomorphism.

Proof. There exists a power q of p and a supersingular abelian variety A over
Fq such that X0 is isomorphic to Fp ×Fq A. Up to replacing q by an even power
of q we may assume that the Frobenius endomorphism acts by multiplication by
(the integer) q1/2 on TℓA. Tate’s isogeny theorem [Tat66] tells us that for any
integer r ≥ 1 the natural map

Zℓ ⊗Z End(Fqr ×Fq
A) −→ End(TℓA)

Frobr
q

is an isomorphism. Noting that the target does not depend on r we deduce that
the (finite free) Z-modules End(Fqr ×Fq

A) are all equal and that the natural
map

Zℓ ⊗Z End(X0) −→ End(TℓX0)

is an isomorphism. This map is compatible with duality in the obvious sense and
the lemma follows. ⊓⊔

The following proposition easily follows.

Proposition 5.9. The group scheme GZ[p−1] → SpecZ[p−1] is reductive.

Theorem 5.10. Let X = (X,λ) be a principally polarized supersingular abelian
variety of dimension g over Fp. Then there exists a polarized isogeny X0 → X.

Proof. Consider the functor T mapping a commutative ring (with unit) R to the
set of pairs (f, s) with f ∈ R⊗Z Hom(X0, X) and s ∈ R× satisfying f∗λ = sλ0.
The theorem is equivalent to T (Q) ̸= ∅. The functor T is representable by a
scheme of finite type over Z because Hom(X0, X) is a finite free Z-module and
f 7→ f∨ is linear. Moreover TQ is a right GQ-torsor: the action is clearly free
and transitive and we have T (Zℓ) ̸= ∅ by Tate’s isogeny theorem (similarly to
the proof of Lemma 5.8) so T is not empty and T (Q) ̸= ∅. Thus T defines a
class α ∈ H1(Q, G) and we will show that it is trivial, implying that T (Q) is
not empty. For every prime ℓ we have H1(Qℓ, G) = 1 by Kneser’s theorem and
Hilbert 90. We have ker1(Q, G) = 1 by [Kot84, Lemma 4.3.1 (b)] and Hilbert
90. Thus it is enough to show that the image of α in H1(R, G) is trivial. This is
[Kot92, Lemma 17.1] in a slightly obfuscated language. For the convenience of
the reader we briefly explain the proof.

For a field E of characteristic zero consider a class [c] in the Galois coho-
mology set H1(E,G). By Hilbert 90 there exists e ∈ E ⊗Z End(X0) is such that

c(σ) = e−1σ(e) for any σ ∈ Gal(E/E). We can associate to [c] the anti-involution

x ∈ E ⊗Z End(X0) 7→ ee†x†(ee†)−1

which turns out to be defined over E. In this way H1(E,G) parametrizes the
anti-involutions of E ⊗Z End(X0) of the same type (symmetric or alternating,
see [Kot92, §1]; this type is an invariant of the anti-involution after extending
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scalars to E) as the Rosati involution up to conjugation by an inner automor-
phism. Now by [Mum70, §21 Theorem 1] the Rosati involutions associated to the
polarizations λ0 and λ are positive. Translating the fact that (R⊗Z End(X0))

×

acts transitively on the set of positive anti-involutions of the same type gives us
that the image of α in H1(R, G) is trivial. ⊓⊔

Our next goal is to reformulate Corollary 5.3 in terms of the algebraic group
G, at least when we restrict to superspecial PPAVs (this will be achieved in
Theorem 5.12 below). At the primes ℓ ̸= p this is straightforward: it is well-
known that symplectic spaces of dimension 2g over a ring are all isomorphic,
and we easily deduce a bijection xG(Zℓ) 7→ x(TℓX0) between G(Qℓ)/G(Zℓ) and
the set of Zℓ-lattices L ⊂ VℓX0 satisfying L♯ = ℓrL for some integer r.

Now we consider the case ℓ = p. Recall from [WM71, §II] that Tate’s theorem
also holds in this setting, and so denoting M0 :=M(X0[p

∞]) the natural map

Zp ⊗Z End(X0) −→ EndW,F,V (M0)

is an isomorphism of Zp-algebras. Denoting M0[
1
p ] := K ⊗W M0 we obtain anti-

isomorphisms

M : G(Zp) ≃
{
(g, s) ∈ AutW,F,V (M0)× Z×

p

∣∣
∀x, y ∈M0, e

λ0

W (g(x), g(y)) = s eλ0

W (x, y)
}
, (13)

MK : G(Qp) ≃
{
(g, s) ∈ AutK,F,V (M0[

1
p ])×Q×

p

∣∣
∀x, y ∈M0[

1
p ], e

λ0

W (g(x), g(y)) = s eλ0

W (x, y)
}
. (14)

We have a bijection gG(Zp) 7→ MK(g−1)(M0) between G(Qp)/G(Zp) and the
set of W -modules L ⊂M0[

1
p ] satisfying the following conditions:

– L is free of rank 2g and stable under F and V ,
– there exists r ∈ Z for which L♯ = prL (equivalently the alternating bilinear

form preλ0

W on L× L takes values in W and is perfect),

– the symplectic Dieudonné module (L,F, V, preλ0

W ) is isomorphic to (M0, F, V, e
λ0

W ).

By Lemma 5.7 this image is precisely the set of Dieudonné submodules of rank
2g of M0[

1
p ] which are superspecial and essentially self-dual. Knowing this is

crucial for the following definition.

Definition 5.11. Let ιX0
be the map from the set of isomorphism classes of

(polarized) quasi-isogenies X0
f−→ X with X superspecial to G(Af)/G(Ẑ) mapping

the class of (X, f) to gG(Ẑ) where

– for ℓ ̸= p the class gℓG(Zℓ) is defined by Vℓ(gℓ)(TℓX0) = Vℓ(f)
−1(TℓX),

– the class gpG(Zp) is defined byMK(g−1
p )(M(X0[p

∞])) =MK(f)(M(X[p∞])).

Theorem 5.12. The map ιX0 is a bijection and induces a bijection ιX0 between

– the set of isomorphism classes of principally polarized superspecial abelian
varieties over Fp of dimension g, and
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– the finite2 set G(Q)\G(Af)/G(Ẑ).

For a set of primes Σ the image of the embedding

G(Z[Σ−1])\G(AΣ)/G(ZΣ) ↪→ G(Q)\G(Af)/G(Ẑ)

corresponds under ιX0
to the set of isomorphism classes [X] such that there exists

a polarized isogeny f : X0 → X such that the set of prime divisors of the reduced
degree rdeg(f) is contained in Σ.

Proof. The fact that ιX0 is a bijection is a reformulation of Corollary 5.3. The
fact that ιX0

is a bijection follows using Theorem 5.10: for any superspecial PPAV
X of dimension g the set of quasi-isogenies X0 → X is a right torsor under G(Q).
The last statement of the theorem is simply a variant proved in the same way.
Note that the map is an embedding because, denoting by Σc the complement of
Σ in the set of prime numbers, we have G(Q)∩G(AΣ)G(ZΣc) = G(Z[Σ−1]). ⊓⊔

Theorem 5.13. Let X be a principally polarized supersingular abelian variety
over Fp of dimension g. Let ℓ ̸= p be a prime number. There exists a polarized
isogeny X0 → X of reduced degree ℓ2r for some integer r ≥ 0.

Proof. Taking Σ = {ℓ} in the last part of Theorem 5.12 we are left to show that
the natural map

G1(Qℓ)/G
1(Zℓ) −→ G(Q)\G(Af)/G(Ẑ)

is surjective. This follows from Lemma 5.14 below, applied with N = 1, Υ = ∅
and q = ℓ. ⊓⊔

Lemma 5.14. Let N be a positive integer. Denote by JN the kernel of the sur-
jective morphism G(ZN )→ G(Z/NZ). Let Υ be a set of prime numbers that do
not divide pN . Assume that Υ generates (Z/NZ)×. Let q be a prime that does
not divide pN (we could have q ∈ Υ ). Denote KN = G(

∏
ℓ∤N Zℓ). Then we have

G(Q)G1(Qq)G(AΥ )K
NJN = G(Af).

Proof. Our goal is to show thatG(Q)G1(Qq)G(AΥ )\G(Af)/K
NJN is a singleton.

Consider the map induced by ν

G(Q)G1(Qq)G(AΥ )\G(Af)/K
NJN

ν̃−−→ ν(G(Q))ν(G(AΥ ))\A×
f /ν(K

NJN ).

We have a short exact sequence

1→ G1
Q → GQ

ν−→ GL1,Q → 1

which for any field F of characteristic zero yields an exact sequence (part of the
long exact sequence in Galois cohomology)

G(F )
ν−→ F× −→ H1(F,G1). (15)

2see [God64, Théorème 5]
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Denote CN :=
∏

ℓ∤N Z×
ℓ and CN := ker(Z×

N → (Z/NZ)×). We have ν(G(AΥ )) =

A×
Υ and ν(KNJN ) = CNCN : at primes ℓ ̸= p this is clear using the isomorphism

GZℓ
≃ GSp2g,Zℓ

, and at p this reduces to the g = 1 case (which is easy) using
Lemma 5.7 and (13), (14). The Hasse principle says that

H1(Q, G1) −→ H1(R, G1)

is injective, so with the exact sequence (15) for F = Q we conclude ν(G(Q)) =
Q>0. We conclude that ν̃ has target

Q>0A×
Υ \A

×
f /C

NCN .

Denote by ⟨Υ ⟩ ⊂ Q>0 the subgroup generated by Υ . The natural map

⟨Υ ⟩\Z×
N/CN −→ Q>0A×

Υ \A
×
f /C

NCN

is an isomorphism, essentially because the multiplication map Q>0 × Ẑ× → A×
f

is an isomorphism. We have a natural isomorphism (reduction modulo N)

⟨Υ ⟩\Z×
N/CN ≃ ⟨Υ ⟩\(Z/NZ)×.

Since Υ generates (Z/NZ)× this quotient has just one element, so the target of
ν̃ has just one element. Thus the natural map

G1(Q)G1(Qq)\G1(Af)/(G
1(Ẑ) ∩ (KNJN )) −→ G(Q)G(AΥ )\G(Af)/K

NJN

is surjective. The source of this map is a singleton by the strong approximation
theorem [PR94, Theorem 7.12]: the algebraic group G1

Q is simply connected and

G1
Qq
≃ Sp2g,Qq

is isotropic. ⊓⊔

Remark 5.15. One can show that Theorem 5.13 also holds for ℓ = p if g > 1
using essentially the same argument: the point is that the algebraic group G1

Qp

is isomorphic to the non-split inner form of Sp2g,Qp
, which is isotropic if g > 1

(this easily reduces to the g = 2 case, which via the exceptional isomorphism
PGSp4 ≃ SO5 reduces to the well-known fact that quadratic forms over Qp in
at least 5 variables are isotropic).

Remark 5.16. In [JZ23, Theorem 44] the authors obtain similar results using
Oort’s theorem which implies that the category of superspecial PPAV’s is equiv-
alent to its subcategory of polarizations on a fixed superspecial abelian variety
(e.g. Eg for a supersingular elliptic curve E). In the end our arguments differ
from theirs essentially in the order in which they are used. Indeed Oort’s theorem
can be proved by arguments similar to the ones above, removing polarizations.
More precisely we can consider the algebraic group H of automorphisms of X0:
for any commutative ring R define H(R) = (R⊗Z End(X0))

×. It contains G as
a subgroup. Now for g > 1 the derived subgroup H1

Q of HQ is simply connected

and H1
R is isotropic (unlike G1

R), so strong approximation tells us that H1(Q)

is dense in H1(Af ) and it is easy to deduce that H(Q)\H(Af)/H(Ẑ), which
parametrizes isomorphism classes of supersingular abelian varieties over Fp of
dimension g, has only one element.
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Adding level structure. Now we add “elements of F”. Let N ≥ 1 be an
integer coprime to p. In this section we denote by Σ be the set of primes which
do not divide pN and write HomΣ(·, ·) for sets of homomorphisms in SSN (p, g).

Proposition 5.17. Point 2 in Proposition 4.2 holds true: for any object X of
SSN (p, g) the morphism EndN (X)→ End(X[N ]) is surjective.

Proof. Since X0 is any object of SSN (p, g) it is enough to prove this in the
case X = X0, in other words that G(Z[Σ−1]) → G(Z/NZ) is surjective. Let
hN ∈ G(Z/NZ) and choose a lift h̃N ∈ G(ZN ). Applying Lemma 5.14 with
Υ = Σ and any q ∈ Σ we may write (in G(ApN )) h̃N = γk where γ ∈ G(Q), and

k ∈ G(Zp)JN . We clearly have γ ∈ G(Z[Σ−1]) and h̃NJN = γJN in G(AN ), i.e.
γ maps to hN in G(Z/NZ). ⊓⊔

Definition 5.18. Let AltN be the groupoid of free Z/NZ-modules of rank 2g
endowed with a perfect alternating bilinear pairing taking values in µN (Fp), with
morphisms the linear isomorphisms which preserve pairings up to (Z/NZ)×.

Proposition 5.19. Let F : SSN (p, g)→ Sets be a functor. Assume that for any
object X of SSN (p, g) we have that EndN (X) → End(X[N ], eλN ) is surjective.
Then, F has the (modN)-congruence property if and only if it is isomorphic to
a functor of the form F ′ ◦ TN , where TN is the functor

SSN (p, g) −→ AltN

(X,λX) 7−→ (X[N ], eλN ).

Proof. First suppose that F ′ ◦ TN ∼= F . Let X ∈ SS(p, g) and φ,ψ ∈ EndN (X)
such that φ − ψ ∈ N End(X). We have TN (φ) = TN (ψ), hence (F ′ ◦ TN )(φ) =
(F ′ ◦ TN )(ψ), and from the isomorphism we deduce F(φ) = F(ψ).

Now, suppose that F has the (modN)-congruence property. Fix an element
X ∈ SS(p, g), and for each Y ∈ AltN , fix an isomorphism εY : Y → (X[N ], eλN ).
Define the functor F ′ : AltN → Sets as follows:

– For any Y ∈ AltN , let F ′(Y ) = F(X), and

– For any morphisms f : Y → Y ′ in AltN , let f̂ ∈ EndN (X) such that f̂ ≡ εY ′◦
f ◦ ε−1

Y mod N (such an isogeny exists because we assume that EndN (X)→
End(X[N ], eλN ) is surjective), and define F ′(f) = F(f̂). It is well-defined
because of the (modN)-congruence property.

We get an isomorphism η : F → F ′ ◦ TN defined as ηX = F ′(εX[N ]) : F(X) →
F(X) for any X ∈ SS(p, g). ⊓⊔

Let F : SSN (p, g) → Sets be a functor isomorphic to F ′ ◦ TN , where TN is the
functor

SSN (p, g) −→ AltN

X = (X,λ) 7−→ X[N ] := (X[N ], eλN )

36



and F ′ is a functor from AltN to Sets. We fix an isomorphism F ≃ F ′ ◦ TN ,
allowing us to pretend that this is an equality. For objects X,Y of we denote
by Σ−1 HomΣ(X,Y ) the set of Σ-quasi-isogenies from X to Y , i.e. the set of
f ∈ Z[Σ−1] ⊗Z Hom(X,Y ) such that there exists an integer n > 0 whose set
of prime divisors is contained in Σ and such that nf belongs to HomΣ(X,Y ).
Since AltN is a groupoid the functor F ′ extends uniquely to Σ-quasi-isogenies.
We may decompose F ′(X0[N ]) into orbits under GSp(X0[N ]) = Aut(TN (X0)),
and for an object X of SSN (p, g) any choice of f ∈ HomΣ(X0, X) (see Theorem
5.13) induces a bijection

GSp(X0[N ])\F ′(X0[N ]) ≃ GSp(X[N ])\F ′(X[N ])

which does not depend on f . Thus it makes sense to say that an element of
F ′(X[N ]) belongs to the orbit of an element of F ′(X0[N ]).

We fix x0 ∈ F ′(X0[N ]), denote its orbit by Ω0 and its stabilizer in G(ZN )
by KN . In particular KN contains the kernel JN of the surjective morphism

G(ZN ) −→ G(Z/NZ) ≃ GSp(X0[N ]).

We generalize Definition 5.11.

Definition 5.20. Let ιX0,x0 be the map from the set of isomorphism classes of
triples (X, f, x) where

– X is an object of SSN (p, g),
– f ∈ Σ−1 HomΣ(X0, X) and
– x ∈ F(X) belongs to the orbit TN (f)(Ω0),

to the quotient
(G(AΣ)×G(ZN )) / (G(ZΣ)×KN ) ,

mapping the class of (X, f, x) to (ιX0
(X, f), gNKN ) where ιX0

is understood as
an element of G(AΣ)/G(ZΣ) and gN ∈ G(ZN ) is defined by x = F(f)(gN · x0).
Theorem 5.21. The map ιX0,x0

of Definition 5.20 is a bijection, and it induces
a bijection ιX0,x0

between the set of isomorphism classes of objects (X,x) in
El(F) such that x belongs to the orbit Ω0 of x0 and the double quotient

G(Z[Σ−1])\ (G(AΣ)×G(ZN )) / (G(ZΣ)×KN ) . (16)

Proof. The proof is essentially the same as for Theorem 5.12, using Theorem
5.13 to know that HomΣ(X0, X) is inhabited. ⊓⊔

Denoting KN =
∏

ℓ∤N G(Zℓ) and K = KN × KN the double quotient (16)

naturally embeds in the set G(Q)\G(Af)/K and we still denote

{(X,x)}/≃ ↪
ιX0,x0−−−−→ G(Q)\G(Af)/K. (17)

Proposition 5.22. The embedding

G(Z[Σ−1])\ (G(AΣ)×G(ZN )) / (G(ZΣ)×KN ) ↪→ G(Q)\G(Af)/K

is surjective, in particular the embedding (17) is a bijection.

Proof. This follows from Lemma 5.14 applied with Υ = Σ and any q ∈ Σ. ⊓⊔
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5.4 Automorphic forms

We continue with notation from the previous section. Let A2(G) be the space of
automorphic forms for G, i.e. the space of (G(R)×K)-finite continuous functions
G(Q)\G(A)/R>0 → C (for any compact subgroup K of G(Af)). The supscript
2 in A2(G) is redundant and only serves to remind us that we consider A2(G)
as a unitary representation of G(A). We have a decomposition into isotypic
components

A2(G) ≃
⊕

π∈Π(G)

π⊕m(π) (18)

ranging over a (countable) set Π(G) of unitary irreducible admissible represen-
tations of G(A), where each m(π) is a positive integer. Each π ∈ Π(G) admits
a factorization as a restricted tensor product π ≃ ⊗′

vπv ranging over all places
of Q, where each πv is a unitary irreducible admissible representation of G(Qv)
(trivial on R>0 for v =∞).

The following proposition follows formally from Theorem 5.21 and Proposi-
tion 5.22.

Proposition 5.23. Assume for simplicity that F(X0) is finite, and choose rep-
resentatives x1, . . . , xr for the action of Aut(TN (X0)) ≃ GSp2g(Z/NZ) on F(X0),

with corresponding stabilizers KN,1, . . . ,KN,r in G(ZN ). Denote Ki = KNKN,i ⊂
G(Af). We obtain an isomorphism (which depends on the choice of X0 and (xi)i)

β :

r⊕
i=1

A2(G)G(R)×Ki −→ L2(GFℓ , µ)

(fi)1≤i≤r 7−→
(
(X,x) 7→ fi(ιX0,xi(x)

(X,x))
)

where i(x) is defined by the property that x belongs to the orbit of xi(x).

Proposition 5.24. For 1 ≤ i ≤ r endow G(A)/R>0 = G(R)/R>0×G(Af) with
the Haar measure µi which is the product of the Haar measure on G(R)/R>0 of
total volume 1 with the Haar measure on G(Af) giving Ki volume 1. Let µi be the
quotient measure on G(Q)\G(A)/R>0 (of µi by the counting measure). Endow
each A2(G)G(R)×Ki ⊂ L2(G(Q)\G(A)/R>0) with the hermitian inner product
associated to this measure: ⟨f, g⟩i :=

∫
G(Q)\G(A)/R>0

f(h)g(h)dµi(h). Then the

isomorphism β of Proposition 5.23 is an isometry.

Proof. The proposition reduces to checking that for an object (X,x) of El(F)
such that x belongs to the orbit of xi, denoting ιX0,xi(X,x) = G(Q)gKi we have∫

G(Q)\G(A)/R>0

1G(Q)gKi
(h)dµi(h) =

1

#Aut(X,x)
. (19)

Choosing f ∈ Σ−1 HomΣ(X0, X), so that we may assume gKi = ιX0,xi
(X, f, x),

we have an identification

Aut(X,x)
∼−→ G(Q) ∩ gKig

−1

h 7−→ f−1hf
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and (19) follows. ⊓⊔

Now we interpret the operators (Aℓ)ℓ∈Σ in this context. Fix a prime ℓ ∈ Σ
(i.e. not dividing pN). Let Dℓ ⊂ G(Qℓ) be the set of elements g satisfying
ν(g) ∈ ℓ−1Z×

ℓ and g−1 ∈ Zℓ⊗Z End(X0). It is obviously invariant under left and
right multiplication by G(Zℓ).

Lemma 5.25. The set Dℓ is not empty and for any x ∈ Dℓ we have Dℓ =
G(Zℓ)xG(Zℓ).

Proof. Denote L0 = TℓX0. For x ∈ Dℓ the lattice L = x(L0) contains L0 and

satisfies L♯ = ℓL. This implies ℓL ⊂ L♯
0 = L0, and the Fℓ-subspace ℓL/ℓL0 of

L0/ℓL0 is maximal isotropic (for eλ0

Zℓ
mod ℓ) and has dimension g. It is well-

known that G(Fℓ) (on which G(Zℓ) surjects by formal smoothness of GZℓ
) acts

transitively on the set of such subspaces. ⊓⊔

Lemma 5.26. Consider Σ-quasi-isogenies f : X0 → X and f ′ : X0 → Y .
Denoting ιX0

(X, f) = (gqG(Zq))q∈Σ and ιX0
(Y, f ′) = (g′qG(Zq))q∈Σ, the Σ-

quasi-isogeny h := f ′f−1 : X → Y is an ℓ-isogeny if and only if

gqG(Zq) = g′qG(Zq) for q ̸= ℓ and g−1
ℓ g′ℓ ∈ Dℓ.

Proof. This translation is straightforward. ⊓⊔

Consider the Hecke operator:

Tℓ : A2(G)G(R)×Ki −→ A2(G)G(R)×Ki

f 7−→ ([g] 7→
∑

tG(Zℓ)∈Dℓ/G(Zℓ)

f([gt])).

It acts diagonally on
⊕r

i=1A2(G)G(R)×Ki .

Proposition 5.27. The isomorphism β of Proposition 5.23 intertwines Aℓ and
Tℓ, i.e. we have

Aℓ ◦ β = β ◦ Tℓ.

Proof. Recall

Aℓ(β((fi)i))([X,x]) =
∑

h:(X,x)→(Y,y)

β((fi)i)([Y, y])

where the sum is over equivalence classes of morphisms in El(F) of reduced
degree c(h) equal to ℓ. Choose a Σ-quasi-isogeny f : X0 → X and let i be the
index such that x belongs to the orbit of F(f)(xi) and denote ιX0,xi

(X, f, x) =
gG(ZΣ)KN,i ∈ G(AΣ)G(ZN )/G(ZΣ)KN,i. It follows from Lemma 5.26 that we
have a bijection h 7→ ιX0,xi

(Y, h◦f, y) between equivalence classes of morphisms
h : (X,x) → (Y, y) in El(F) of reduced degree ℓ and classes g′G(ZΣ)KN,i ∈
G(AΣ)G(ZN )/G(ZΣ)KN,i satisfying

39



1. for all q ∈ Σ ∖ {ℓ} we have g′qG(Zq) = gqG(Zq),

2. g−1
ℓ g′ℓ ∈ Dℓ,

3. denoting gN = (gq)q|N and similarly for g′N , we have gNKN,i = g′NKN,i.

Writing g′ = gt where t ∈ Dℓ × {1} ⊂ G(AΣ) × G(ZN ) we see that the set of
such classes g′G(ZΣ)KN,i is in bijection with Dℓ/G(Zℓ), and the intertwining
relation follows. ⊓⊔

Corollary 5.28. The operator Aℓ on L2(GF , µ) is normal.

Proof. By Propositions 5.27 and 5.24 it is enough to show that Tℓ is normal. The
action of G(Af) on A2(G)G(R) (the space of functions G(Q)\G(Af) → C which
are right K-invariant for some compact open subgroup K of G(Af)) is unitary,
so the adjoint T ∗

ℓ is the Hecke operator associated to D−1
ℓ := {x−1 |x ∈ Dℓ}.

Via an isomorphism GZℓ
≃ GSp2g,Zℓ

(obtained by trivializing TℓX0) the set Dℓ

is identified with

G(Zℓ)

(
ℓ−1Ig 0
0 Ig

)
G(Zℓ) = G(Zℓ)

(
Ig 0
0 ℓ−1Ig

)
G(Zℓ).

We deduce D−1
ℓ = ℓDℓ, and so T ∗

ℓ = Tℓ⟨ℓ⟩ where the “diamond” operator ⟨ℓ⟩
on A2(G)G(R) is right translation by ℓ ∈ G(Qℓ). Since this element is central in
G(Qℓ) we have Tℓ⟨ℓ⟩ = ⟨ℓ⟩Tℓ and so T ∗

ℓ commutes with Tℓ. ⊓⊔

In the decomposition (18) we are only interested in representations π ∈ Π(G)
satisfying π∞ ≃ C (the trivial representation ofG(R)/R>0) and π

Ki ̸= 0 for some

1 ≤ i ≤ r. In this case π
G(Zℓ)
ℓ is a line on which Tℓ acts by a scalar (in other

words πℓ is unramified).
Let A2

deg(G) ⊂ A2(G) be the subspace of functions factoring through the
map

G(Q)\G(A)/R>0
ν−−−→ Q×\A×/R>0 ≃ Ẑ×, (20)

clearly a sub-G(A)-representation.

Lemma 5.29. The map (20) is surjective, and two elements of G(Q)\G(A)/R>0

have the same image if and only if they differ by right multiplication by an ele-
ment of G1(A).

Proof. We have already seen in the proof of Lemma 5.14: ν(G(Af)) = A×
f ,

ν(G(R)) = R>0, ν(G(Q)) = Q>0, so surjectivity follows from the fact that
the natural map Q>0\(A×

f ×R>0)/R>0 → Q×\A×/R>0 is bijective. The second
statement easily follows from the equalities ν(G(R)) = R>0 and ν(G(Q)) = Q>0.

⊓⊔

The second part of the lemma implies that A2
deg(G) is also the subspace of A2(G)

consisting of (right) G1(A)-invariant functions. The isotypic decomposition of
A2

deg(G) is straightforward:

A2
deg(G) ≃

⊕
χ

Cχ
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where the sum ranges over all smooth characters χ =
∏

v χv of the profinite
group Q×\A×/R>0 and Cχ ⊂ A2

deg(G) is the line of χ ◦ ν-equivariant functions.
In particular all eigenvalues of Tℓ acting on A2

deg(G) are of the form ζ
∏g

i=1 1+ℓ
i

where ζ = χℓ(ℓ)
−1 is a root of unity.

Proposition 5.30. The isomorphism β identifies
⊕

iA2
deg(G)

G(R)×Ki with

L2
deg(GF , µ).

Proof. For 1 ≤ i ≤ r and Σ-quasi-isogenies f : X0 → X (resp. f ′ : X0 → Y )
such that x ∈ F(X) (resp. y ∈ F(Y )) belongs to the orbit of F(f)(ai) (resp.

F(f ′)(ai)), corresponding to gK
(p)
i ∈ G(AΣ)×KN,i/K

(p)
i (resp. g′K

(p)
i ) we are

interested in understanding when the following conditions are satisfied:

1. The quasi-isogeny f ′f−1 is an isogeny,
2. its reduced degree rdeg(f ′f−1) is ≡ 1 mod N ,
3. F(f ′f−1)(x) = y.

These translate to

1. for all ℓ ∈ Σ we have (g′ℓ)
−1gℓ ∈ Zℓ ⊗ End(X0),

2.
∏

ℓ∈Σ ℓ
vℓ(ν(g

−1
ℓ g′

ℓ)) ≡ 1 mod N ,
3. gNKN = g′NKN .

First consider (fi)i ∈
⊕

iA2
deg(G)

G(R)×Ki , i.e. each fi factors through ν, and
consider two objects (X,x) and (Y, y) of El(F) and h ∈ HomΣ(X,Y ) such that
F(h)(x) = y and c(h) ≡ 1 mod N . Choose a Σ-quasi-isogeny f : X0 → X,
let i be the index such that x belongs to the orbit of F(f)(xi), and let f ′ =

h ◦ f . The three conditions above are then satisfied by gK
(p)
i := ιX0,xi(X, f, x)

and g′K
(p)
i := ιX0,xi(Y, f

′, y). The classes of ν(g) and ν(g′) in A×
f /ν(Ki) differ

by
∏

ℓ∈Σ ℓ
vℓ(ν(g

−1
ℓ g′

ℓ)) ∈ Q× thanks to the second and third conditions, so we
conclude

β((fi)i)([X,x]) = fi([g]) = fi([g
′]) = β((fi)i)([Y, y]).

Conversely, assume that (fi)i ∈
⊕

iA2(G)G(R)×Ki is such that β((fi)i) is con-
stant on equivalence classes, and consider 1 ≤ i ≤ r and [g], [g′] ∈ G(Q)\G(Af)/Ki

having the same image under ν. We can write [g] = ιX0,xi
(X,x) and [g′] =

ιX0,xi(Y, y). Choose a Σ-quasi-isogeny f : X0 → X, which amounts to choose

gK
(p)
i ∈ G(AΣ) × KN,i/K

(p)
i representing [g] (namely gKi = ιX0,xi(X, f, x).

The assumption ν([g]) = ν([g′]) implies the existence of a Σ-quasi-isogeny

f ′ : X0 → Y such that g′K
(p)
i := ιX0,xi

(Y, f ′, y) satisfies ν(gK
(p)
i ) = ν(g′K

(p)
i )

in (A(p)
f )×/Z×

Σν(KN,i), in particular the second condition above is satisfied. By
strong approximation for any ℓ ∈ Σ the group G1(Z[ℓ−1]) is dense in G(ZN ),
so up to replacing g′ by an element of G1(Z[Σ−1])g′ we may also arrange for
gNKN = g′NKN . Let S be the (finite) set of ℓ ∈ Σ such that the first condition
is not satisfied. Replacing g′ by

∏
ℓ∈S ℓ

−kϕ(N)g′ for a large enough integer k,
where ϕ(N) = #(Z/NZ)×, allows us to assume that the first condition is sat-
isfied (without changing the other two conditions). We obtain fi([g]) = fi([g

′]),
as desired. ⊓⊔
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LetA2
0(G) be the orthogonal ofA2

deg(G) inA2(G), also a sub-G(A)-representation.
The following argument is well known.

Lemma 5.31. For π ∈ Π(G) if πℓ has non-zero invariants under G1(Qℓ) then
the π-isotypic component of A2(G) is contained in A2

deg(G).

Proof. Since G1(Qℓ) is a normal subgroup of G(Qℓ) this isotypic component
consists of G1(Qℓ)-invariant functions, and by strong approximation for G1 any
continuous G1(Qℓ)-invariant function on G(Q)\G(A) is even G1(A)-invariant.

⊓⊔

The lemma implies in particular that each π ∈ Π(G) appears either in A2
deg(G)

or in A2
0(G), not in both.

Summary. We have proved all statements in Theorem 4.1 and Proposition 4.2
except for the bounds on non-trivial eigenvalues in Theorem 4.1:

– The first and second points in Theorem 4.1 follow from Propositions 5.27
and 5.30.

– The first point of Proposition 4.2 follows from Proposition 5.19 and the fact
that AltN is a groupoid.

– The second point of Proposition 4.2 follows from Lemma 5.14 applied with
Υ = Σ and any q ∈ Σ.

– The third point of Proposition 4.2 follows from Proposition 5.30.
– The fourth point of Proposition 4.2 follows from Propositions 5.30 and 2.14.

5.5 Bounds from Oh’s theorem

We specialize Oh’s theorem [Oh02, Theorem 1.1] to unramified unitary irre-
ducible representations of GSp2g(Qℓ).

Theorem 5.32. Let g > 1 be an integer, and let (V, ρ) be an unramified unitary
irreducible smooth representation of GSp2g(Qℓ). Assume dimC V > 1. Then the

eigenvalue x of the Hecke operator Tℓ acting on the line V GSp2g(Zℓ) satisfies

|x| ≤
g∏

i=1

(1 + ℓi)×

(
2
√
ℓ

ℓ+ 1

)g

= Ng(ℓ)

(
2
√
ℓ

ℓ+ 1

)g

. (21)

Proof. Let S be a maximal strongly orthogonal system, e.g., S = {2e1, . . . , 2eg}
in standard notation (see the appendix to [Oh02], case Cn where n = g), and
let ΞPGL2

be the Harish-Chandra function of PGL2 (see §2.2 of [Oh02]). Then
it follows from [Oh02, Theorem 1.1] that

|(ρ(a)v, w)| ≤
∏
α∈S

ΞPGL2
(α(a)) (22)
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where a ∈ A+, (v, v) = (w,w) = 1. We also obtain from 3.8 of [Oh02] that

ΞPGL2(ℓ
−k) = ΞPGL2(ℓ

k) = ℓ−k/2 k(ℓ− 1) + ℓ+ 1

ℓ+ 1
for k ≥ 0. (23)

Since α(a) = ℓ±, for each S, we have
∏

α∈S ΞPGL2
(α(a)) =

(
2
√
ℓ

ℓ+1

)g
from (23).

We take a = diag(ℓ−1Ig, Ig). The right hand side of (22) simplifies to (2ℓ1/2/(ℓ+
1))g. Denote K = GSp2g(Zℓ). We are interested in the eigenvalue x of the Hecke

operator [KaK] acting on the line V K . Write the decomposition KaK =
⊔

i∈I =
hiK, where I is the index set so that #I =

∏g
i=1(1 + ℓi) = Ng(ℓ).

Since V K is one-dimensional, we have

xv = ρ([KaK])v = vol(K)−1

∫
KaK

ρ(h)vdh.

Also, since (ρ(k1ak2)v, w) = (ρ(a)v, w) for any k1, k2 ∈ K by the definition of
V K , the integrand is constant on KaK, and so, for a unit vector v and h ∈ KaK

x = x(v, v) = (v, xv) = (v, vol(K)−1

∫
KaK

ρ(h)vdh)

= vol(K)−1(v,

∫
KaK

ρ(h)vdh) = vol(K)−1 vol(KaK)(v, ρ(a)v).

As vol(K)−1 vol(KaK) is the number of the cosets, it follows that x = Ng(ℓ)(ρ(a)v, v),
and the assertion follows from (22). ⊓⊔

Theorem 5.32 may now be applied to the component at ℓ of the irreducible
constituents of A2

0(G), thanks to Lemma 5.31. Translating via Propositions 5.23,
5.24, 5.27 and 5.30 we obtain the bound in point 3 of Theorem 4.1.

One can see from the proof of Theorem 5.32 that one cannot obtain a better
upper bound for the eigenvalue |x| than the one in (21) by applying Oh’s The-
orem. Therefore, we will use a different technique to get a better bound in the
following section.

5.6 Refined bounds using Arthur’s endoscopic classification

We now use Arthur’s endoscopic classification for classical groups and known
cases of the Ramanujan–Petersson conjecture to deduce point 4 of Theorem 4.1.

Let (V, π) be an irreducible sub-G(A)-representation of A2(G) which is not
contained in A2

deg(G) (see Lemma 5.31). It decomposes as a restricted tensor
product of (Vv, πv)v, and we consider a prime ℓ ̸= p such that πℓ is unramified,

i.e. V
G(Zℓ)
ℓ ̸= 0, in which case this space is a line, on which Tℓ acts by a scalar

πℓ(Tℓ) ∈ C. We want to estimate this eigenvalue. In terms of the Satake pa-
rameter c(πℓ) of πℓ (a semi-simple conjugacy class in the Langlands dual group

Ĝ(C) ≃ GSpin2g+1(C)) we have (see [Gro98, (3.15)])

πℓ(Tℓ) = ωπℓ
(ℓ)−1ℓg(g+1)/4 Tr(spin(c(πℓ)))
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where ωπℓ
is the central character of πℓ and spin : Ĝ(C) → GL2g (C) is the

spin representation. As ωπℓ
is the component at ℓ of a continuous character

Q×\A×/R>0, it has finite order and |ωπℓ
(ℓ)| = 1.

Recall G1 = ker(G→ GL1,Z). Let A2(G1) be the space of square-integrable
automorphic forms G1(Q)\G1(A)→ C. We have a restriction map

resGG1 : A2(G) −→ A2(G1).

The image of V is non-zero, and as a representation of G1(A) it is a quotient

of ⊗′
v res

G(Qv)
G1(Qv)

(Vv, πv). Each restriction res
G(Qv)
G1(Qv)

(Vv, πv) is semi-simple and has

finite length, so resGG1 V is semi-simple as well.

Lemma 5.33. Any irreducible sub-G1(A)-representation (V ′, π′) of resGG1 V is
unramified at ℓ: there exists a hyperspecial compact subgroup K of G1(Qℓ) (i.e.
gG1(Zℓ)g

−1 for some g ∈ G(Qℓ)) satisfying (V ′
ℓ )

π′
ℓ(K) ̸= 0. Moreover the Satake

parameter of (V ′
ℓ , π

′
ℓ) is equal to the image of that of (Vℓ, πℓ) under Ĝ→ Ĝ1.

Proof. Let V ′
ℓ be the irreducible sub-G1(Qℓ)-representation of res

G(Qℓ)
G1(Qℓ)

(Vℓ, πℓ)

containing the line V
G(Zℓ)
ℓ . (There is a unique such representation because Vℓ

embeds in an unramified principal series representation, whose space of G1(Zℓ)-
invariants is one-dimensional as well.) We have Vℓ =

∑
g∈G(Qℓ)

πℓ(g)V
′
ℓ and

each term is an irreducible representation of G1(Qℓ), so there exists a finite

subset Fℓ ⊂ G(Qℓ) such that res
G(Qℓ)
G1(Qℓ)

(Vℓ, πℓ) ≃
⊕

g∈Fℓ
πℓ(g)V

′
ℓ . Note that each

irreducible factor πℓ(g)V
′
ℓ is unramified (for some hyperspecial maximal compact

subgroup of G1(Qℓ)): we have (πℓ(g)V
′
ℓ )

gG1(Zℓ)g
−1

̸= 0.

The second point follows from [Sat63, Proposition 7.1]. ⊓⊔

We recall the main invariants associated to a cuspidal automorphic representa-
tion σ ≃ ⊗′

vσv for GLm,Q. At the real place the infinitesimal character c(σ∞)
is a semi-simple conjugacy class in glm(C) (characterized by its characteristic
polynomial, or its multi-set of eigenvalues). At each finite place (i.e., prime) ℓ
where σℓ is unramified (i.e., the space of invariants under GLm(Zℓ) is non-zero)
the Satake parameter c(σℓ) is a semi-simple conjugacy class in GLm(C).

Theorem 5.34. Let (V ′, π′) be an irreducible representation of G1(A) occurring
in A2(G1). There exists a unique formal Arthur parameter ψ =

⊕
i πi[di] (each

πi is a self-dual cuspidal automorphic representation for GLni,Q, di ≥ 1 is an
integer and

∑
i nidi = 2g + 1) such that for any ℓ ̸= p at which (V ′, π′) is

unramified (for some hyperspecial subgroup of G1(Qℓ)) each πi,ℓ is unramified
and the image of the Satake parameter c(π′

ℓ) under the standard representation

Std
Ĝ1 : Ĝ1 → GL2g+1(C) is equal to⊕

i

c(πi,ℓ)⊗ diag(ℓ(di−1)/2, . . . , ℓ(1−di)/2).
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Moreover the image of the infinitesimal character c(π′
∞) (seen as a semi-simple

conjugacy class in the Lie algebra ĝ1 of Ĝ1) under the differential of Std
Ĝ1 is

equal to ⊕
i

c(πi,∞)⊗ diag
(
di−1
2 , . . . , 1−di

2

)
.

Proof. It follows similarly as in [Che22, App. A]; see also [Shi24]. ⊓⊔

Remark 5.35. Theorem 5.34 relies on Arthur’s endoscopic classification [Art13],
which depends on the stabilization of the twisted trace formula ([MW16a],
[MW16b]) and so remains conditional on the “twisted weighted fundamental
lemma” [MW16a, §II.4.4]. Recently Connor Halleck-Dubé announced a proof
(generalizing work of Chaudouard-Laumon [CL12]) of this “lemma”. Thus, one
can be hopeful that the results of [Art13] will soon become unconditional.

Theorem 5.36. In the situation of Theorem 5.34, for any index i and any
prime ℓ at which πi,ℓ is unramified, all eigenvalues of the Satake parameter c(πi,ℓ)
have absolute value 1.

Proof. Since G1(R) is a compact Lie group the infinitesimal character c(π′
∞)

is algebraic and regular: more concretely its eigenvalues in the standard repre-

sentation of ĝ1 ≃ so2g+1(C) are 2g + 1 distinct integers (symmetric around 0).
The compatibility of infinitesimal characters in Theorem 5.34 then implies that
either πi or πi|det |1/2 is algebraic regular (in the sense of [Clo88, Definitions 1.8
and 3.12]). So Theorem 5.36 follows from [Clo13] or [Car12]. ⊓⊔

Lemma 5.37. In the situation of Theorem 5.34 if (V ′, π′) occurs in resGG1 A2
0(G)

then the parameter ψ is non-trivial, i.e. it is not equal to π0[2g + 1] where π0 is
the trivial automorphic representation for GL1,Q.

Proof. We may fix an irreducible subrepresentation (V, π) of A2
0(G) and consider

an irreducible constituent (V ′, π′) of resGG1 V . If its Arthur–Langlands parameter
is trivial then for almost all primes q we have that π′

q is the trivial representation

of G1(Qq), in particular there exists f ∈ V ∖ {0} such that resGG1(f) is non-
zero and G1(Qq)-invariant. By irreducibility of (V, π) the G(A)-translates of f
generate V (as a complex vector space), and we see that all elements of V are
G1(Qq)-invariant, contradicting Lemma 5.31. ⊓⊔

We now require explicit parametrizations of maximal tori of Ĝ and Ĝ1. There is a

well-known parametrization GLg
1 ≃ TĜ1 of a maximal torus T

Ĝ1 of Ĝ1 where the

eigenvalues of (t1, . . . , tg) in the standard representation of Ĝ1 are t±1
1 , . . . , t±1

g

and 1. There is a parametrization of the corresponding maximal torus of Ĝ

TĜ ≃ {(t1, . . . , tg, s, λ) ∈ (C×)g+2 | s2 = t1 . . . tg}/⟨(1, . . . , 1,−1,−1)⟩

such that the natural projection TĜ → T
Ĝ1 is [t1, . . . , tg, s, λ] 7→ (t1, . . . , tg)

and the eigenvalues of [t1, . . . , tg, s, λ] in the spin representation of Ĝ are the 2g

complex numbers (λs/
∏

j∈J tj)J⊂{1,...,g}.
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Going back to our unramified irreducible representation πℓ of G(Qℓ) (the
factor at ℓ of an irreducible constituent of A2

0(G)), its Satake parameter c(πℓ)
may be represented by [t1, . . . , tg, s, λ] ∈ TĜ. Considering the central character of
π, that we can see as a character of the compact group A×/R>0, we have |λ| = 1.
Note that |πℓ(Tℓ)| only depends on c(π′

ℓ) (represented by (t1, . . . , tg) ∈ TĜ1) as:

|πℓ(Tℓ)| = ℓg(g+1)/4 |Tr(spin(c(πℓ)))| = ℓg(g+1)/4

g∏
i=1

|ti|1/2 |1 + t−1
i |.

Write ψ = π0[d0]⊕ · · · ⊕ πr[dr]. There is a unique index i such that nidi is odd,
say i = 0. If there exists i > 0 such that di is odd (i.e. πi is of orthogonal type)
and det(c(πi,ℓ)) = −1 then Std

Ĝ1(c(π
′
ℓ)) admits −1 as an eigenvalue and we

have Tr(spin(c(πℓ))) = 0. We may thus assume there is no such i > 0, in which
case we have det(c(π0,ℓ)) = +1 as Std

Ĝ1(c(π
′
ℓ)) has determinant 1. Thus:

– for i > 0 the eigenvalues of c(πi,ℓ) are of the form (α±1
i,1 , . . . , α

±1
i,ni/2

),

– the eigenvalues of c(π0,ℓ) are of the form (α±1
0,1, . . . , α

±1
0,(n0−1)/2, 1).

For the rest of the argument we only consider the local situation at ℓ. Up to
reindexing, we may represent c(π′

ℓ) by (t1, . . . , tg) ∈ TĜ1 with an equality of
multi-sets

{t1, . . . , tg} = {ℓj | 1 ≤ j ≤ (d0 − 1)/2} ∪
⋃

1≤i≤r

{αiℓ
(di−1)/2−j | 0 ≤ j ≤ di − 1}

where |αi| = 1 by Theorem 5.36. Now the integers (di)0≤i≤r satisfy 2g + 1 =
d0 + 2

∑r
i=1 di and Lemma 5.37 translates to r > 0. We compute

|Tr(spin(c(πℓ)))| =

(d0−1)/2∏
j=1

ℓj/2 + ℓ−j/2

×
 r∏

i=1

|αi|di/2

(di−1)/2∏
j=(1−di)/2

|1 + α−1
i ℓj |


≤

(d0−1)/2∏
j=1

ℓj/2 + ℓ−j/2

×
 r∏

i=1

(di−1)/2∏
j=(1−di)/2

1 + ℓj


where the products

∏(di−1)/2
j=(1−di)/2

range over j ∈ di−1
2 +Z satisfying |j| ≤ (di−1)/2.

The last step in the proof of point 4 of Theorem 4.1 is the following lemma.

Lemma 5.38. Recall that the family of positive integers (di)0≤i≤r satisfies r > 0
and 2g + 1 = d0 + 2

∑r
i=1 di. We have(∏(d0−1)/2

j=1 ℓj/2 + ℓ−j/2
)
×
(∏r

i=1

∏(di−1)/2
j=(1−di)/2

1 + ℓj
)

∏g
j=1 ℓ

j/2 + ℓ−j/2
≤ 2

ℓg/2 + ℓ−g/2
.

Proof. Consider the multi-sets A := {j ∈ Z | d0+1
2 ≤ j ≤ g} and

B := {|j| | 1 ≤ i ≤ r, j ∈ di−1
2 + Z, |j| ≤ di−1

2 }.

46



They have the same cardinality k := g − d0−1
2 =

∑r
i=1 di, and we have(∏(d0−1)/2

j=1 ℓj/2 + ℓ−j/2
)
×
(∏r

i=1

∏(di−1)/2
j=(1−di)/2

1 + ℓj
)

∏g
j=1 ℓ

j/2 + ℓ−j/2
=

∏
j∈B ℓ

j/2 + ℓ−j/2∏
j∈A ℓ

j/2 + ℓ−j/2
.

Write the second multi-set as {j1 ≤ · · · ≤ jk}. We have ja+1 ≤ ja + 1 for all
1 ≤ a < k. Note that the function f : R≥0 → R defined by x 7→ ℓx/2 + ℓ−x/2 is
increasing. Assume first that there exists i > 0 for which di is odd. In this case
we have j1 = 0 and ja ≤ a− 1 so we conclude∏

j∈B f(j)∏
j∈A f(j)

=
f(j1)

f(g)

∏k
a=2 f(ja)∏g−1

j=(d0+1)/2 f(j)
=

2

ℓg/2 + ℓ−g/2

∏k
a=2 f(ja)∏g−1

j=(d0+1)/2 f(j)
≤ 2

ℓg/2 + ℓ−g/2
.

We are left to consider the case where all (di)1≤i≤r are even. Here, we have
k ≥ 2, j1 = j2 = 1

2 and ja ≤ 3
2 + a− 3 ≤ a− 1 for 3 ≤ a ≤ k. We decompose∏

j∈B f(j)∏
j∈A f(j)

=
f(1/2)2

f((d0 + 1)/2)f(g)

∏k
a=3 f(ja)∏g−1

j=(d0+3)/2 f(j)

and conclude by ∏k
a=3 f(ja)∏g

j=(d0+3)/2 f(j)
≤

∏k
j=2 f(j)∏g−1

j=(d0+3)/2 f(j)
≤ 1

and f(1/2)2

f((d0+1)/2)f(g) ≤
f(1/2)2

f(1)f(g) =
f(0)+f(1)
f(1)f(g) < 2f(1)

f(1)f(g) =
2

ℓg/2+ℓ−g/2 . ⊓⊔

5.7 Comparison with previous bounds

We can compare the bounds we have obtained with two different techniques and
the bound given by [ATY24] in the case that there is no level structure as we
have already discussed in the introduction. To be more precise, the bound for
the spectral gap λ(Gℓ(p, g)) was given in [ATY24] is:

λ(Gℓ(p, g))
deg(Gℓ(p, g))

≤ 1− 1

4(g + 2)
·

(
ℓ− 1

2(ℓ− 1) + 3
√
2ℓ(ℓ+ 1)

)2

.

In Table 1, we compare that with our two bounds in Theorem 4.1: (2
√
ℓ/(ℓ+1))g

and 2/(ℓg/2 + ℓ−g/2).

Remark 5.39. For a certain g and ℓ, we can get a sharper bound by following
the proof of Lemma 5.38. To illustrate this, let us consider the graph G2(p, 2)
(i.e., g = ℓ = 2). In this case, we have from the last inequality of the proof that:

f(1/2)2

f((d0 + 1)/2)f(g)
=

f(1/2)2

f((1 + 1)/2)f(2)
=

(21/4 + 2−1/4)2

(21/2 + 2−1/2)(2 + 2−1)
=

6 + 4
√
2

15
.

Thus, we obtain the following upper bound: λ(G2(p, 2)) ≤ 6+4
√
2 ≈ 11.657. Note

that there are several explicit examples reaching to the close value of this bound.
For example, we have from Appendix A of [FS22] that G2(137, 2) = 11.648.
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g ℓ Ng(ℓ) [ATY24] Ours (Oh) Ours (Arthur)

2

2 15 0.999593 0.888889 0.800000

3 40 0.999285 0.750000 0.600000

5 156 0.998975 0.555556 0.384615

ℓ→∞ ∞ 0.998396 0 0

3

2 135 0.999674 0.838052 0.628539

3 1120 0.999428 0.649519 0.371154

5 19656 0.999180 0.414087 0.177466

ℓ→∞ ∞ 0.998717 0 0

4

2 2295 0.999729 0.790123 0.470588

3 91840 0.999523 0.562500 0.219512

5 12304656 0.999317 0.308642 0.0798722

ℓ→∞ ∞ 0.998931 0 0

8

2 163204759575 0.999837 0.624295 0.124514

3 234870301468364800 0.999714 0.316406 0.024687

5 18342689145211210250854656 0.999590 0.095259 0.003199

ℓ→∞ ∞ 0.999358 0 0

Table 1. The last three columns are bounds on the absolute value of the non-trivial
normalised eigenvalues, truncated to six digits.

6 Applications

We now present several applications of our rapid mixing result, focusing in partic-
ular on those concerning the underlying hardness assumptions of isogeny-based
cryptography in dimension g ≥ 2: the isogeny problem (Section 6.3), and the
endomorphism ring problem (Section 6.4).

Computational framework to work with PPAVs. To present our algo-
rithms, we first need to introduce a framework that allows us to work with
PPAVs computationally following [CPW26]. To this end, we define the notion of
an efficient model for PPAVs, which is a collection of algorithms that allow us to
perform certain operations on PPAVs efficiently. We do not give the full defini-
tion here, but rather an informal one that captures the main idea. We highlight
in particular the subroutines that are relevant for the algorithm we present later.

Notation. We use the same notational convention as [CPW26] for algorithms.
When we define algorithms that have several subroutines, we say that A is an
algorithm, and write A .xx for its subroutine xx. Here, the string xx can be in-
terpreted as a first input to A which dictates what the algorithm is going to
do, i.e., A .xx(−) := A (xx,−). When we say that A is a probabilistic polyno-
mial time algorithm, we mean that all of its subroutines A .xx are probabilistic
polynomial time algorithms (as a function of the length of the input).
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Definition 6.1. (Informal). Consider a (probabilistic) algorithm A defined by a
collection of algorithms that enable operations on the principally polarised abelian
varieties, their points, and morphisms, which are encoded by binary strings.

For instance, an algorithm A .isomorphic would take as input the encodings
of two PPAVs X,X ′, and decide whether or not they are isomorphic. Another
algorithm A .diff would take as input the encodings of two points P,Q ∈ X, and
return the encoding of P −Q, computed using the group law on X. With appro-
priate bounds on the length of encodings and on the complexity of the family of
algorithms A , we will say that A is an efficient model for PPAVs. In particular,
the algorithm A (i.e., each of its subroutines A .x) has expected complexity at
most length(input)poly(dim(input)).

Most relevant to us are the following subroutines that an efficient model A
should have:

– A .decompose(X): given a PPAV X, it returns the encoding of the product
X1 × · · ·Xn, where each Xi is indecomposable and X ∼= X1 × · · ·Xn.

– A .product(X,Y ): given PPAVs X,Y , it returns the encoding of the product
X × Y with the product polarisation.

– A .domcodom(φ): given a morphism φ : X → Y , it returns the encoding of
the domain X and the codomain Y .

– A .composition(φ,ψ): given two morphisms φ : X → Y and ψ : Y → Z, it
returns the encoding of the composition ψ ◦ φ : X → Z.

– A .torsion(X, 1N ): given a PPAV X and a positive integer N , it returns
the encoding of a basis of the N -torsion X[N ].

– A .weil(X,N,P,Q): given a PPAVX and two points P,Q ∈ X[N ], it returns
the value of the Weil pairing eN (P,Q).

– A .quotient(X,P1, . . . , PNg ): given a PPAVX and a maximal isotropic sub-
group of X[N ] generated by P1, . . . , Pℓg , it returns the encoding of the quo-
tient PPAVX/⟨P1, . . . , PNg ⟩ and of the quotient isogenyX → X/⟨P1, . . . , PNg ⟩.

The authors provide a concrete instantion of this model: the (level-4) theta model,
introduced by Mumford [Mum66]. Concretely, given a PPAV A defined over Fp,
a (level-4) theta structure (or system of theta coordinates) is an injective map
θA : A(Fp) ↪→ P4g−1(Fp), P 7→ θA(P ) := (θA0 (P ) : · · · : θA4g−1(P )), where θ

A
i are

theta functions (i.e., given by a canonical basis of the space of global sections of
the line bundle 4L where L is the ample line bundle associated to the polarisation
on A). This allows us to view A as a subvariety of projective space P4g−1(Fp),
and work with points P on A as projective points.

Theorem 6.2 ([CPW26, Corollary 7.7]). The theta model is an efficient
model for PPAVs.

In the theta model, all the subroutines noted above can be implemented in time
length(input)O(g), except for A .decompose that terminates in length(input)O(g2).
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6.1 Random walk

Every algorithm in this section is built around a central functionality: taking a
random walk in Gℓ(p, g) for some fixed prime ℓ ̸= p. The walking procedure is
itself folklore, and pseudocode is provided in Algorithm 1. Using Theorem 1.1,
we get precise bounds for the length of a walk needed to achieve a distance ϵ to
the stationary distribution.

Algorithm 1 WalkA

Require: A superspecial PPAV X defined over Fp of dimension g, a prime ℓ ̸= p, an
integer n.

Ensure: A random ℓ-isogeny path X → Y of length n.
1: φ← an encoding of the identity morphism on X
2: Y ← X
3: for i from 1 to n do
4: Y [ℓ]← A .torsion(Y, 1ℓ)
5: {P1, . . . , Pℓg} ← a uniformly random maximal isotropic subgroup of Y [ℓ] ▷

Using A .weil
6: φ′ ← A .quotient(Y, P1, . . . , Pℓg )
7: φ← A .composition(φ,φ′)
8: , Y ← A .domcodom(φ)
9: end for
10: return φ

Lemma 6.3. Let ϵ > 0. There is an algorithm that, given a superspecial PPAV
X of dimension g over F̄p, computes a random walk of length n = gO(1) logℓ(p)−
O(logℓ(ϵ)/g) (the bound of Theorem 1.1) and returns an ℓn-isogeny X → Y
where Y is a random PPAV at statistical distance at most ϵ from the stationary
distribution. For any efficient model for PPAVs A , it runs in time n · (ℓ +
log p)poly(g). If X is given in the theta model, it runs in time n · (ℓ+ log p)O(g).

Proof. We claim that running Algorithm 1 with n gives us the required algo-
rithm. Here we note that log(#F(X)) = 0 since there is no level structure in our
graph, and so the claim immediately follows from Theorem 1.1. By definition,
each subroutine of A has expected complexity at most (ℓ + log p)poly(g). Each
of these subroutines is called at most n times, immediately giving us the first
statement. The second statement follows by observing that in the theta model,
each of the subroutines run in Algorithm 1 has expected complexity at most
(ℓ+ log p)O(g). ⊓⊔

6.2 An algorithm for finding a splitting

The goal of this section is to obtain an algorithm for finding a splitting of a super-
special PPAV into a product of supersingular elliptic curves. This will underlie
both of our cryptanalytic applications.
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The first step to construct such an algorithm is developing a routine that
finds a splitting of a particular form. Namely, on input a superspecial PPAV
X of dimension g, it should return a polarised isogeny X → E × Y with E a
supersingular elliptic curve and Y a superspecial PPAV of dimension g− 1. The
strategy, going back to Costello and Smith [CS20], is simply to walk until we
hit such a product: we run the random walk of Lemma 6.3 for n steps, and test
whether the endpoint has a one-dimensional factor. If it does not, we restart.
We present this algorithm (FindSplitting) in Algorithm 2.

Algorithm 2 FindSplittingA

Require: A superspecial PPAV X defined over Fp of dimension g, and a prime ℓ ̸= p.
Ensure: A PPAV Y1 of dimension 1, a superspecial PPAV Y2 of dimension g − 1, a

positive integer m, and an ℓ2m-isogeny φ : X → Y1 × Y2.
1: while true do
2: e← the smallest even integer ≥ n, with n as in Equation (25)
3: (φ : X → Y )←WalkA (X, ℓ, e) ▷ A random walk computed by Algorithm 1
4: Y1, . . . , Yk ← A .decompose(Y )
5: Up to reordering, ensure that dim(Y1) ≤ dim(Yi) for all i = 2, . . . , k.
6: if A .dimension(Y1) = 1 then
7: for i from 3 to k do
8: Y2 ← A .product(Y2, Yi) ▷ Construct Y2 × · · · × Yk

9: end for
10: m← e/2
11: return Y1, Y2,m, φ
12: end if
13: end while

With the results from Lemma 6.3, we can analyse the runtime of the algo-
rithm by computing the relative mass of the set S ⊆ SS(p, g) of superspecial
PPAVs with a one-dimensional factor: the probability of success of one iteration
is µ(S)/µ(V ), with µ the mass function. We know µ(V ) from Lemma 4.4, and
using similar techniques, we compute µ(S).

Theorem 6.4. For any prime p and positive integer g,

µ(SS(p, g)) =
1

(2π)g(g+1)

g∏
i=1

(pi + (−1)i)ζ(2i)(2i− 1)! =

g∏
i=1

|B2i|
4i

(pi + (−1)i),

where ζ is the Riemann zeta function and B2i is the 2i-th Bernoulli number.

Proof. This is the classical mass formula of SS(p, g): see Hashimoto–Ibukiyama [HI80,
Prop. 9] and Equation (5.3) of Ekedahl [Eke87]. ⊓⊔

Lemma 6.5. Let SS(p, g) be the set of F̄p-isomorphism classes of superspecial
PPAVs of dimension g. Then we have that
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1. the mass µ(SS(p, g)) ≤ epoly(g)pg(g+1)/2,
2. defining a function αg : SS(p, 1)×SS(p, g−1)→ SS(p, g) by (E,X) 7→ E×X,

we have
µ(im(αg))

µ(SS(p, g))
= Ω(p1−g/|B2g|),

where B2i is the 2i-th Bernoulli number.

Proof. Using Stirling’s approximation, we see that
∏g

i=1(2i− 1)! ≤ e2g
2 loge(2g).

The first point of the lemma then follows from Theorem 6.4.
Note that the function αg is not surjective. We want to estimate the mass

µ
(1)
p,g of the image of αg. By following [Eke87, §7], we can see that for any given
g > 1 it is a polynomial in p of degree g(g − 1)/2 + 1 = g(g + 1)/2 − (g − 1).
Indeed, by inclusion-exclusion using [Eke87, Proposition 7.1] we get

µ(1)
p,g =

g∑
k=1

µ(SS(p, 1))k(−1)k−1

k!
µ(SS(p, g − k)). (24)

Since µ(SS(p, g)) is a polynomial of degree g(g + 1)/2, the k-th term in the

sum is a polynomial in p of degree f(k) = k + (g−k)(g−k+1)
2 . For 1 ≤ k ≤ g,

the maximum of f(k) is achieved only at k = 1, so the mass µ
(1)
p,g has degree

1 + g(g − 1)/2. For 2 ≤ g ≤ 5 this is enough to conclude (because the ratio has
degree g(g + 1)/2− (1 + g(g − 1)/2) = 1− g).

For g > 5 we assume (as we may) that p > 2 and we use [Eke87, Proposition
7.5 (ii)]: denoting M(p, g) = µ(SS(p, g)) and M ′(p, g) the mass of indecompos-
able PPAVs, we have

µ(im(αg)) ≥M(p, 1)M ′(p, g − 1) ≥M(p, 1)
M(p, g − 1)

g − 1
.

Dividing both sides by the total mass M(p, g) and observing that M(p,g−1)
M(p,g) =

4g
|B2g|(pg+(−1)g) , we obtain the desired ratio bound:

µ(im(αg))

M(p, g)
≥ M(p, 1)4g

(g − 1)|B2g|(pg + (−1)g)
= Ω(p1−g/|B2g|).

⊓⊔

Remark 6.6. The masses stated in Lemma 6.5 are explicitly computable: µ(V ) =

µ(SS(p, g)) is given in Theorem 6.4, and µ(S) = µ
(1)
p,g is given in Equation (24).

By using the conditional bound in Theorem 4.1 for λ(G)/d, the walk length
required in the following Algorithm 2 is therefore the explicit quantity

n =
log
(
2#Aut(X)1/2 µ(V )µ(S)−1/2

)
log
(
ℓg/2 + ℓ−g/2

)
− log 2

. (25)

We can now analyse the runtime of the algorithm FindSplitting.
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Proposition 6.7. There is an algorithm (Algorithm 2) which, on input a super-
special PPAV X of dimension g over Fp and a prime ℓ ̸= p, outputs a polarised
isogeny φ : X → Y1 × Y2 where Y1 and Y2 is a superspecial PPAV of dimension
1 and g − 1, respectively, in expected time (ℓ + log p)poly(g) · pg−1. In the theta

model, the complexity becomes (ℓ+ log p)O(g2) · pg−1.

Proof. Let S = im(αg) denote the target set of vertices, which corresponds to
the superspecial PPAVs that decompose a 1-dimensional factor (i.e., those of the

form Y1 × Y2). By Lemma 6.5, the mass ratio is µ(S)
µ(V ) = Ω(p1−g).

We want to choose a walk length n large enough so that the probability

of landing S is at least half of its mass ratio, i.e.,
∑

x∈S Pn(x) ≥ 1
2
µ(S)
µ(V ) . By

Lemma 2.10, we have that:∣∣∣∣∣∑
x∈S

Pn(x)−
µ(S)

µ(V )

∣∣∣∣∣ ≤ µ(X)−1/2µ(S)1/2
(
λ(G)
d

)n

.

Thus, it is sufficient to have the following inequality for choosing n:

µ(X)−1/2µ(S)1/2
(
λ(G)
d

)n

≤ 1

2

µ(S)

µ(V )
,

i.e., we find the explicit minimum walk length required:

n ≥
log
(
2µ(X)−1/2µ(S)−1/2µ(V )

)
− log

(
λ(G)
d

) .

Note that the total mass µ(V ) and µ(S) are bounded by a polynomial in p
by Lemma 6.5, and the denominator is a positive constant bounded away from
zero (depending only on ℓ and g) by Theorem 4.1, we satisfy this inequality by
choosing n = O(log p). Hence, the probability of that Y is of the form Y1 × Y2,
where dim(Y1) = 1 and dim(Y2) = g−1, is

∑
x∈S Pn(x) ≥ 1

2Ω(p1−g) = Ω(p1−g).

The expected number of iterations of the while loop is
(∑

x∈S Pn(x)
)−1

=
O(pg−1).

By Lemma 6.3, the cost of an iteration is (ℓ+log p)poly(g), and thus the total
expected running time is O(pg−1) · (ℓ+ log p)poly(g) = (ℓ+ log p)poly(g) · pg−1.

In the theta model, generating the random walk is achieved in time n · (ℓ+
log p)O(g) (cf. Lemma 6.3) while the (dominated) subroutine A .decompose oper-

ates in time (ℓ+log p)O(g2). Thus, we conclude that the final expected complexity

in the theta model of (ℓ+ log p)O(g2) · pg−1 as stated. ⊓⊔

Remark 6.8. The subroutine A .decompose works by first guessing the decom-
position X1 × · · · ×Xg with

∑
dim(Xi) = g, and then determining if X decom-

poses in this way. For use in Algorithm 2, it could therefore be easily adapted
to just check for the specific decomposition Y1 × Y2 where dim(Y1) = 1 and
dim(Y2) = g− 1. This adaptation would in fact be more efficient since we would
not have to check for all possible decompositions of g.
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Applying the algorithm FindSplitting to the (g − 1)-dimensional factor and
iterating g times, we descend all the way to a product of elliptic curves. The iso-
genies obtained at the successive stages can be assembled into a single polarised
isogeny X → E1 × · · · × Eg. We obtain the algorithm ProductCurves, given in
Algorithm 3.

Algorithm 3 ProductCurvesA

Require: A PPAV X defined over Fq of dimension g, and a prime ℓ ̸= p.
Ensure: Supersingular elliptic curves E1, . . . , Eg, and an ℓn-isogeny φ : X → E1 ×
· · · × Eg.

1: E1, Y,m, φ← FindSplittingA (X, ℓ)
2: for k from 2 to g − 1 do
3: Ek, Y,mk, φk ← FindSplittingA (Y, ℓ)
4: [ℓmk ]← multiplication-by-ℓmk map on E1 × · · · × Ek−1

5: π ← product isogeny [ℓmk ]× φk

6: φ← A .composition(φ, π)
7: end for
8: Eg ← Y
9: return E1, . . . , Eg, φ

Theorem 6.9. There is an algorithm (Algorithm 3) which, on input a super-
special PPAV X of dimension g over Fp and a prime ℓ ̸= p, outputs a polarised
isogeny φ : X → E1 × · · · × Eg, where E1, . . . , Eg are supersingular elliptic
curves, in expected time (ℓ+ log p)poly(g) · pg−1. In the theta model, the complex-

ity is (ℓ+ log p)O(g2) · pg−1.

Proof. We claim Algorithm 3 implements the desired algorithm. The result fol-
lows by observing that all subroutines of A run in (ℓ+log p)poly(g), FindSplittingA

runs in (ℓ+log p)poly(g) ·pg−1 by Proposition 6.7, and each of these routines runs
g times. The strengthening in the theta model follows by observing that, in
this case, all subroutines of A run in (ℓ+ log p)O(g) and FindSplittingA runs in

(ℓ+ log p)O(g2) · pg−1.

6.3 Solving the superspecial isogeny problem

The general dimension g superspecial isogeny problem asks us to find a polarised
isogeny φ : X → X ′ between superspecial PPAVs X and X ′ of dimension g over
Fp. For g ≥ 2, the best known (heuristic) algorithm for solving the superspecial
isogeny problem is due to Costello and Smith [CS20]. At the high level, the
algorithm runs in the following steps: (1) find isogenies ϕ : X → E1 × · · · × Eg

and ϕ′ : X ′ → E′
1 × · · · × E′

g, where E1, . . . , Eg, E
′
1, . . . , E

′
g are supersingular

elliptic curves; and (2) for i = 1, . . . , g, find isogenies ψi : Ei → E′
i and compose

them to form a product isogeny π : E1×· · ·×Eg → E′
1×· · ·×E′

g. Arguing that
Step (2) has a failure probability of 1/2g, Costello and Smith conclude that the
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algorithm runs in Õ(pg−1) classical bit operations on average [CS20, Theorem
1] under the (false) hypothesis that the graph Gℓ(p, g) is Ramanujan. With our
new understanding of the spectral properties of Gℓ(p, g), in Theorem 6.9 we
introduced an algorithm that implements Step (1) and provably terminates. We
use this to rigorously prove the termination of the Costello–Smith algorithm.

Remark 6.10. In contrast to the analysis in [CS20], our complexity analysis takes
into account how the PPAVs are represented, and the dependency on g.

Theorem 6.11. There exists an algorithm that, on input two dimension g su-
perspecial principally polarised abelian varieties X and X ′ defined over Fp, out-
puts a polarised isogeny φ : X → X ′ in expected time (log p)poly(g) · g · pg−1. In

the theta model, the complexity becomes (log p)O(g2) · g · pg−1.

Proof. The algorithm runs as follows. First, run the algorithm from Theorem 6.9
on inputs X and ℓ = 2 to obtain a polarised isogeny ϕ : X → E1 × · · · × Eg,
where E1, . . . , Eg are supersingular elliptic curves. Repeat for X ′ to obtain ϕ′ :
X ′ → E′

1 × · · · × E′
g. This terminates in expected time (log p)poly(g) · pg−1.

Then, run [PW23, Algorithm 7] to find isogenies ψi : Ei → E′
i of degree

22ai for some ai ∈ Z. By [PW24b, Proposition 8.7], the algorithm terminates in
expected time poly(log p)p1/2. As the 2-valuation of deg(ψi) is even for each i, we
can construct a product isogeny π : E1×· · ·×Eg → E′

1×· · ·×E′
g following [CS20,

Lemma 3]. The algorithm outputs (ϕ′)† ◦π ◦ϕ, a polarised isogeny X → X ′. ⊓⊔

6.4 Computing endomorphism rings of superspecial PPAVs

In [ABI+25, Corollary 5.20], the authors show that assuming rapid mixing prop-
erties of the superspecial isogeny graph for g = 2, there is an algorithm that on
input a superspecial Jacobian X/Fp2 outputs a basis of End(X) in expected time

Õ(p). As in the previous section, we can use Theorem 4.1 to rigorously prove
the runtime of this algorithm. We furthermore generalise this result to compute
the endomorphism ring of any superspecial PPAV X/Fp2 of dimension g ≥ 2.

The strategy proceeds in two steps. First, we compute the endomorphism
ring of a product of supersingular elliptic curves, where everything can be done
in the language of quaternion algebras. Second, we transport this ring back to X
along an isogeny produced by Theorem 6.9. The second step is where our rapid
mixing result enters, and it is also what fixes the overall complexity.

For the first step, note that every endomorphism of E1×· · ·×Eg is given by
a g × g matrix whose (i, j) entry lies in Hom(Ei, Ej), so it suffices to compute
a basis of each Hom(Ei, Ej). This is done in Algorithm 4, and works as follows.
The diagonal entries are the endomorphism rings End(Ei), each of which can
be computed in expected time poly(log p) · √p by [PW24a, Theorem 8.8]. The
off-diagonal entries then come for free: given bases of End(Ei) and End(Ej),
we can embed both into a common quaternion algebra and compute the ideal
connecting the two resulting maximal orders. This yields a basis of Hom(Ei, Ej)
in time poly(log p), as shown in Lemma 6.12.
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Algorithm 4 Computing Hom(E1, E2) from the endomorphism rings

Require: Efficient representations of two supersingular elliptic curves E1 and E2, and
of a basis of the rings End(E1) and End(E2).

Ensure: An efficient representation of a basis of Hom(E1, E2).

1: Find integers a, b and an embedding ι1 : End(E1)→
(

−a,−b
Q

)
. ▷ [HW25,

Proposition 13]

2: Find integers a′, b′ and an embedding ι2 : End(E2)→
(

−a′,−b′

Q

)
. ▷ [HW25,

Proposition 13]

3: Find an isomorphism ȷ :
(

−a′,−b′

Q

)
→

(
−a,−b

Q

)
. ▷ [CKMZ22, Proposition 4.1]

4: Write Oi the image of End(Ei) into
(

−a,−b
Q

)
through the above maps, for i = 1, 2.

5: Let I = I(O1,O2) be the connecting ideal, with four generators α1, . . . , α4 ∈ I. ▷
[KV10, Algorithm 3.5]

6: for i = 1, 2, 3, 4 do
7: Let Ii = Iᾱi/Nrd(I).
8: Let φi = φ

ι−1
1 (Ii)

: E1 → E2. ▷ Using the method of [PR23] for

ideal-to-isogeny conversion
9: end for
10: Let B be a basis of the lattice generated by φi ◦ γ for all i and all γ ∈ Aut(E1). ▷

[BP87]
11: return B.

Lemma 6.12. There is an algorithm (Algorithm 4) which, on input two super-
singular elliptic curves E1 and E2 over Fp2 , together with bases of their endo-
morphism rings, outputs a basis of Hom(E1, E2) in expected time poly(log p).

Proof. Let us first recall some standard notation for the Deuring correspondence.
Given any left-ideal J in End(E1), we write φJ : E1 → E the unique (up to
post-composition by an isomorphism) isogeny from E1 of degree Nrd(J) such
that ∩α∈J kerα = kerφJ . By the Deuring correspondence, the map J 7→ φJ

is a bijection from left-ideals in End(E1) to isomorphism classes of isogenies of
domain E1. Its inverse is the map (φ : E1 → E) 7→ Iφ := Hom(E,E1) ◦ φ.

Using the notation from Algorithm 4, let J = ι−1
1 (I) (a left-ideal of End(E1)),

and βi = ι−1
1 (αi), which form a basis of J . We have J = Hom(E2, E1) ◦ φJ , so

there exist isogenies ψi : E2 → E1 such that βi = ψi ◦ φJ . Since (βi)i is a basis

of Hom(E2, E1) ◦ φJ , we deduce that (ψ̂i)i is a basis of Hom(E1, E2). Now,

ι−1
1 (Ii) = ι−1

1 (Iᾱi/Nrd(I)) = Jβ̂i/ deg(φJ)

= Hom(E2, E1) ◦ φJ ◦ φ̂J ◦ ψ̂i/deg(φJ)

= Hom(E2, E1) ◦ ψ̂i.

Hence, we have φi = ψ̂i (up to post-composition by an isomorphism). This
proves that the elements φi ◦ γ with γ ∈ Aut(E1) generate all of Hom(E1, E2),
hence Algorithm 4 is correct. The complexity follows from the results cited at
each step of Algorithm 4. ⊓⊔
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Remark 6.13. The output of Algorithm 4 is represented as g × g matrices of
isogenies between elliptic curves. It can then be converted into any efficient
model for PPAVs by a careful composition with the embedding and projection
maps (in time (log p)poly(g)).

We can now compute the endomorphism ring of a product of supersingular
elliptic curves, as detailed in Algorithm 5.

Algorithm 5 Computing End(E1 × · · · × Eg)

Require: Efficient representations of g supersingular elliptic curves E1, . . . , Eg.
Ensure: An efficient representation of a basis of End(E1 × · · · × Eg).
1: for i = 1, . . . , g do
2: Compute a basis of End(Ei). ▷ Using [PW24a, Theorem 8.8]
3: end for
4: for i = 1, . . . , g do
5: for j = 1, . . . , g do
6: Compute a basis of Hi,j = Hom(Ei, Ej), using End(Ei) and End(Ej). ▷

Lemma 6.12
7: end for
8: end for

9: return the basis of End(E1 × · · · × Eg) =

H1,1 · · · H1,g

...
. . .

...
Hg,1 · · · Hg,g

.

Lemma 6.14. There is an algorithm (Algorithm 5) which, on input g supersin-
gular elliptic curves E1, . . . , Eg over Fp2 , outputs a basis of End(E1 × · · · ×Eg)
in expected time poly(log q) · (g2 + g

√
p).

Proof. This follows from the theorems and algorithms referred to in Algorithm 5,
and from the fact that any endomorphism of E1 × · · · × Eg can be written in
matrix form. The first loop has complexity poly(log q) · g · √p, and the second
has complexity poly(log q) · g2. ⊓⊔

For the second step, we proceed as follows. Let φ : X → E1×· · ·×Eg be a 2a-
isogeny obtained from Theorem 6.9 with ℓ = 2, and writeO = End(E1×· · ·×Eg).
Conjugating by φ gives a subring φ†Oφ ⊆ End(X), and since φ†φ = [2a] we also
have 22a End(X) ⊆ φ†Oφ. The index [End(X) : φ†Oφ] is therefore a power of
2: the computed subring may fall short of End(X), but only 2-adically. Running
Theorem 6.9 a second time with ℓ = 3 produces a second subring of index a
power of 3. As the two indices are coprime, the ring generated by both is all
of End(X). By employing Theorem 6.9, we require no heuristic to prove the
runtime, yielding our final result.

Theorem 6.15. There is an algorithm (Algorithm 6) which, on input a super-
special PPAV X (in any efficient model) of dimension g > 1, outputs a basis of

57



Algorithm 6 Computing End(X)

Require: An efficient representations of a superspecial PPAV X.
Ensure: An efficient representation of a basis of End(X).
1: (E1, . . . , Eg, φ)← ProductCurvesA (X, 2) a 2-isogeny path φ : X → E1 × · · · × Eg.

▷ Theorem 6.9
2: (E′

1, . . . , E
′
g, φ

′)← ProductCurvesA (X, 3) a 3-isogeny path φ′ : X → E′
1×· · ·×E′

g.
▷ Theorem 6.9

3: Compute a basis (αi)i of End(E1 × · · · × Eg) and (α′
i)i of End(E

′
1 × · · · × E′

g). ▷
Lemma 6.14

4: βi ← φ† ◦αi ◦φ for all i. ▷ (βi)i is a basis of φ† ◦End(E1× · · ·×Eg) ◦φ ⊆ End(X)

5: β′
i ← φ′† ◦ α′

i ◦ φ′ for all i. ▷ (β′
i)i is a basis of

φ′† ◦ End(E′
1 × · · · × E′

g) ◦ φ′ ⊆ End(X)
6: Compute a basis (γi)i of the ring generated by both (βi)i and (β′

i)i. ▷ [BP87]
7: return (γi)i.

End(X) in expected time (log p)poly(g) · pg−1. In the theta model, the complexity

becomes (log p)O(g2) · pg−1.

Proof. The strategy we follow is similar to the case of dimension 2 described in
[ABI+25, Corollary 5.20]. Write O = End(E1 × · · · × Eg). The endomorphisms
(βi)i ofX generate the subring φ†Oφ ⊆ End(X). We also have φEnd(X)φ† ⊆ O,
hence 22a End(X) ⊆ φ†Oφ, since φ is a 2a-isogeny. We deduce

22a End(X) ⊆ φ†Oφ ⊆ End(X),

hence [End(X) : φ†Oφ] divides [End(X) : 22a End(X)], a power of 2; write
[End(X) : φ†Oφ] = 2A. Similarly, the endomorphisms (β′

i)i of X generate the

subring φ′†O′φ′ ⊆ End(X) of index a power of 3, say 3B . Therefore, the subring
generated by all of (βi)i and (β′

i)i has index dividing gcd(2A, 3B) = 1, so they
generate End(X). This proves the correctness of the algorithm. Its running time
follows from the results cited at each step of Algorithm 6. ⊓⊔

The cost is dominated by the calls to Theorem 6.9; the computations of Lemma 6.14
contribute only poly(log p) · (g2 + g

√
p), which is negligible for g > 1. For g = 2,

we recover the complexity of [ABI+25, Corollary 5.20], now unconditionally.
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A A brief introduction to categories

A general reference for this section is [ML98]. A category C consists of a class of
objects and sets of morphisms between those objects. For every objects x, y ∈ C,
there is a set HomC(x, y) of morphisms, sometimes denoted f : x→ y, and there
is a law of associative composition law for morphisms with compatible source
and target, and an identity morphism 1x ∈ HomC(x, x) for every object x ∈ C.
An isomorphism is a morphism that admits a two-sided inverse. For x, y ∈ C, we
define the set EndC(x) = HomC(x, x) of endomorphisms of x, the group AutC(x)
of automorphisms of x.

Let C,D be categories. A (covariant) functor F : C → D is an associ-
ation of an object F(x) ∈ D for every object x ∈ C, and of a morphism
F(f) ∈ HomD(F(x),F(y)) for every morphism f ∈ HomC(x, y), that respects
composition and identities. Functors can be composed in the obvious way. For
example, the identity functor idC maps any category C to itself by sending objects
and morphisms to themselves.

Let F ,F ′ : C → D be functors. A morphism of functors ψ : F → F ′ is a
collection ψ = (ψx)x∈C of morphisms ψx : F(x) → F ′(x) in D such that for
every morphism f : x → y in C, we have F ′(f) ◦ ψx = ψy ◦ F(f). A morphism
of functors is an isomorphism if and only if every ψx is an isomorphism in D.
A functor F : C → D is an equivalence of categories if there exists a functor
H : D → C and isomorphisms of functors H ◦ F ∼= idC and F ◦ H ∼= idD.
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