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Abstract

We construct public-coin, succinct, zero-knowledge interactive arguments for NP relations decided by time-7,
space-S random-access machines. Assuming the existence of collision-resistant hash functions, our arguments give a
frontier of tradeoffs between prover time and space, and proof size. We follow the streaming PIOP+PCS framework of
Block et al. (TCC 2020, CRYPTO 2021), reducing the problem of constructing time- and space-efficient arguments to
time- and space-efficient streaming multilinear polynomial commitment schemes (MLPCS).

We develop two code-based streaming MLPCS inspired by Brakedown (CRYPTO 2023) and BaseFold (CRYPTO
2024), implementing each scheme when additionally given succinct access to the underlying encoding matrices. We
instantiate this framework assuming row-sparse, column-sparse, and Reed-Solomon encoders, then apply a generic
PIOP + MLPCS compiler to obtain our (zero-knowledge) time- and space-efficient arguments. Finally, as all our
protocols are public-coin, applying Fiat-Shamir yields time- and space-efficient (zk)SNARKSs from symmetric-key
primitives (i.e., collision-resistant hashing).

Our Brakedown-based constructions have O(log T') rounds and o (/T)-size proofs and verification time, with
two complementary prover profiles: (i) o (S) space (which is optimal) and 5(T3/ 2) time, and (ii) 5(T) time (nearly
optimal) and O (S + V/T) space. Our BaseFold-based constructions achieve polylog(T') proof size and verification
time with O(logT') rounds. We again obtain two complementary prover profiles: (i) an encoder parameterized
construction with 5(T + Tinc) time and 5(5’ + Sknc) space, where TEnc, Senc are the running time and space of a
streaming log-space encoder for a suitable linear code, and (ii) an unconditional sub-quadratic instantiation 5(T3/ )

time and 5(5’ +/T) space.

1 Introduction

Zero-knowledge proofs (ZKPs) allow a computationally powerful prover to convince a computationally weak verifier
of the truth of an NP statement while revealing nothing beyond its validity [39]. In their most succinct form, (Zero-
Knowledge) Succinct Non-interactive ARguments of Knowledge ((zk)SNARKSs) admit proofs that are much shorter
than the underlying NP witness (e.g., sublinear and ideally polylogarithmic), while verification can be far cheaper than
directly verifying the underlying NP relation given the NP witness. These features make (zk)SNARKS attractive in
settings that demand fast, public verification, such as scaling blockchains via zkrollups [63] and verifiable delegation
of computation [38]; this, in turn, has fueled substantial effort toward scaling ZKPs, with focus on optimizing proof
generation time, proof size, and verification time.

Much of the work on SNARKS has focused on optimizing the prover running time, culminating in constructions
with essentially linear-time (i.e., optimal) proving [20,22,24,37,40,54]. However, optimizing prover space (memory)
usage has received comparatively less attention. A central difficulty, emphasized in prior work, is that even for the
lowest-overhead SNARKS, certifying a time-T" computation can require the prover to use {2(7°) space, even when the
computation itself uses only space S < T [4,12,13,42]. As observed in these works, typical computations exhibit
a wide gap between time and space (e.g., S < T), so prover memory which scales with 7" quickly becomes the
dominant practical bottleneck; e.g., a T' = 24 time computation would need at least 137GB of memory. Moreover,
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modern memory is hierarchical (cache, RAM, Disk), and large memory footprints translate into cache misses, yielding
substantial slowdowns on real-world systems.

Complexity-Preserving SNARKSs. This memory bottleneck has sparked interest in complexity-preserving ZKPs for
NP relations R whose membership can be verified by a time-1’, space-S random-access machine (RAM) Mp. The
RAM model captures computations arising from real-world programs, and it makes the time—space gap exhibited by
real-world computations (e.g., where S < T') explicit. Here, complexity-preserving means that the prover’s overhead is
close to that of executing My, itself: namely, prover time O(T') and prover space O(S).!

Block et al. [12,13] initiated the study of publicly verifiable complexity-preserving arguments for RAM computations.
Their constructions achieve prover time O(7') and prover space O(S), and are obtained in the streaming PIOP+PCS
framework. However, their instantiations rely on classical group-based assumptions: [12] rely on the discrete-log
assumption over prime-order groups in the random oracle model, while [13] obtains polylog verification from hidden-
order groups. These public-key primitives are typically much more expensive than symmetric-key operations such as
hashing, and are not post-quantum secure.

Towards Symmetric-Key, Post-Quantum Constructions. The public-key assumptions in [12,13] motivate the
search for constructions from symmetric-key and post-quantum secure primitives. Bangalore et al. [4] gave the first
such construction in the Ligero framework [3]. Their construction is minimal in the sense that they rely on black-box
collision-resistant hashing and linear error-correcting codes, giving plausible post-quantum security, and can be viewed
as an IOP/MPC-in-the-head protocol compiled with Merkle commitments. The prover is complexity-preserving, but the
proof is not fully succinct, having length O(7'/.5); consequently, when S = polylog(7'), the proof length is nearly
linear in T'. Moreover, they provide evidence that substantially improving over 5(T /.S) proof length is difficult for
approaches that encode long transcripts using codes with linear minimum distance in small space (essentially, all
code-based zkSNARKS); i.e., small proofs and prover space require large prover time.

Very recently, Freitag, Paneth, and Pass [35] overcame the barrier of [4], constructing public-coin, complexity-
preserving succinct arguments of knowledge for NP from collision-resistant hash functions assuming the existence of a
suitable PCP. Their construction follows the classical PCP-plus-Merkle-tree approach of Kilian [48] and utilizes ideas
from recursive proof composition [10]. Crucially, they make non-black-box usage of the underlying hash functions,
circumventing the barriers of [4]. Thus, at the level of asymptotic feasibility, one can obtain polylog-sized proofs and
verification time while obtaining a O(T") time and O(.S) space prover. However, this approach is wildly impractical
due to non-black-box usage of the underlying hash functions, and due to the cost of materializing the PCP. To contrast,
Wang, Hazay, and Venkitasubramaniam use the approach of Bangalore et al. to build Ligetron [44,60], which is an
active ZK App Development platform that runs time- and space-efficient zkSNARKS in your browser.

The PIOP+PCS Route. The above works show that symmetric-key complexity-preserving succinct arguments are
possible in principle, but they leave open what can be achieved in the polynomial-IOP plus polynomial-commitment-
scheme framework. This framework underlies many of the fastest known transparent SNARKSs, including FRI/STARK-
style systems [6,8,9,62], Spartan/Brakedown-style systems [20,22,40,54], and HyperPlonk [24]. It also underlies
the complexity-preserving constructions of [12,13], although their instantiations rely on public-key cryptographic
assumptions. This motivates our central question:

What proof-size, prover-time, and prover-space tradeoffs are achievable for time-T, space-S RAM
computations in the streaming PIOP+PCS framework using only symmetric-key primitives?

1.1 Our Results

We study this question by building new ZKP arguments in the streaming PIOP + PCS paradigm of Block et al. [12,13].
Our technical core is a collection of space-efficient streaming multilinear polynomial commitment schemes (MLPCSs)
using code-based commitments inspired by Brakedown [40] and BaseFold [62]. Each framework gives different

Here and throughout the paper, 5() hides poly (A, log(.S), log(T')) factors, where X is the security parameter.



Asymptotic Costs Concrete Instantiations

Work Proof Size Tp Sp

351 O(1) O(T) 0(S) -

[4] O(T/5) o(T) 0(9) -

This Work

Thm 1.1 5(ﬁ) 5£T1'5) _ 6(5) Shockwave (Section 3.2), Or (Section 5.3), O¢ (Section 5.6)
Thm 1.2 o(T) O(S ++/T)  Shockwave (Section 3.3), O (Section 5.2), O¢ (Section 5.5)
Thm13 5 W 6(TEHC +T) 5~(S + Skne) General Linear Code (Section 4.3)

Thm 1.4 O(T'5)  O(S++T)  BaseFold (Section 4.4), O (Section 5.4), O¢ (Section 5.7)

Table 1: Comparison of proof-size tradeoffs and instantiations in the context of prior work. Here, complexities are
stated in terms of prover time 7' and prover space Sp. The parameters 7" and S denote the time and space complexities
of the underlying RAM computation Mg, and O, O¢ denote the instantiations of our MLPCS with the row-oracle
model and the column-oracle model of encoding, respectively.

tradeoffs between prover complexity and proof sizes: Brakedown-style commitments give the most efficient prover, with
O(\/T)-size proofs. BaseFold-style foldability pushes the proof size down to polylog, but at the cost of a marginally
less optimal prover. Notably, the security of both systems relies only on collision-resistant hashing (i.e., Merkle
commitments), and that the underlying linear code has linear minimum distance.

At a high level, we show how to implement Brakedown-style PCS and BaseFold-style PCS in the multi-pass
streaming model of Block et al., developing a framework for succinct access to large encoding matrices along the
way which enables space-efficient provers for general code-based commitments. Our approach departs from the
“encode-the-transcript with (FFT-friendly) linear minimum distance codes” paradigm that drives much of the IOP/PCP
literature [3,6-9,26,40,55,56]. Below, formally state our results for NP relations R verified by a time-T', space-S RAM
Mpr. We summarize our results in Table 1.

1.1.1 Square-root sized Proofs.

Our first set of results operates under the Brakedown MLPCS [40], and have square-root sized proofs.

Theorem 1.1 (Informally Stated, see Theorem 6.2). Assume the existence of a collision-resistant hash function. Then,
every NP relation that can be verified by a time-T' and space-S RAM computation has a public-coin zero-knowledge
argument system in which the prover, given as input the instance x and witness w, runs in time O(T*®) and uses space

O(S). The verifier runs in time || - O(v/T), the proof size is O(v/T) and the number of rounds is O(log T).

At first glance, the prover in Theorem 1.1 is space-optimal but not time-preserving. This trade-off is intentional,
and possibly inherent. Bangalore et al. [4] provide evidence that when one insists on very short proofs (i.e., far below
O(T/S)), the prover cannot simultaneously remain time-preserving under approaches that implicitly require encoding
6(T) -length transcripts in small space with a code that has linear minimum distance. Our first theorem should be viewed
in this light: it preserves 6(5‘ ) prover space while achieving the fastest prover time compatible with our succinctness
targets, up to poly-logarithmic factors. In fact, when S = log(T"), our construction admits significantly smaller proofs
(of size v/T) than the T'/S proof size in [4]. A second subtlety is that our prover space is asymptotically smaller than
the proof size. This is meaningful in a natural streaming output setting, as shown in Figure 1, where the prover outputs
the proof incrementally as it is constructed. This is analogous in spirit to the perspective of [4], which argues that a
verifier can run in constant working space while processing a sublinear-length proof in a streaming fashion.

A related point is that our verifier may use more space than the prover in some regimes (e.g., S = log (7)), yet still
fits the intended “weak verifier” setting: its work remains sublinear in the computation time 7'. Moreover, following the
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Figure 1: The communication model parties in our ZK argument/PCS setting. The prover and verifier interact using
a streaming communication channel via discrete packets of information while the prover has streaming access to the
witness. Both the verifier and the prover may query the oracle O that realizes the generator matrix in the PCS.

space-efficient verification ideas of [4], we believe our verifier can itself be implemented in a streaming fashion using
only O(1) working space (as we elaborate in Sections 3.2 and 5.2).
Our next theorem recovers near-linear prover time once we allow an additive O(v/T) space term.

Theorem 1.2 (Informally Stated, see Theorem 6.4). Assume the existence of collision-resistant hash functions. Then,
every NP relation that can be verified by a time T and space S RAM computation has a public-coin zero-knowledge
argument-system in which the prover, given as input the instance x and witness w, runs in time O(T') and uses space
O(S + V/T). The verifier runs in time || - O(v/T), the proof size is O(/T) and the number of rounds is O(log T).

Note that when S > /T, Theorem 1.2 is complexity-preserving and relies only on symmetric-key primitives.

Instantiations. Theorems 1.1 and 1.2 give two ZKPs with complementary prover-space profiles, which we obtain via
a generic streaming PCS-to-argument compiler with the Brakdeown MLPCS. Thus, the technical core of this work is
the design of space-efficient code-based PCS, from which the two argument systems follow as black-box corollaries.

We introduce three different access models for the underlying linear code used in the Brakedown MLPCS, each
capturing a broad and practically relevant class of codes and each requiring distinct algorithmic ideas for sublinear-space
proving. First, we consider Reed—Solomon codes (Section 3): the encoding matrix is dense, but admits a succinct
algebraic description (via evaluation structure), enabling on-the-fly access to the generator matrix. Here, we give both
a O(log T')-space and a O(+/T))-space committer, and each instantiation yields (via the compiler) one ZKP realizing
Theorem 1.1 and one realizing Theorem 1.2. Second, we consider row-sparse codes (Section 5), which abstract many
expander-based constructions and Brakedown-style linear-time encodable codes; again we give log-space and v/T-space
committers and obtain the corresponding pair of ZKPs for Theorems 1.1 and 1.2. Third, we consider the dual setting of
column-sparse codes and repeat the same development (Section 5).

Our motivation for treating these three regimes is twofold. On the one hand, they cover a broad spectrum of code
families that appear (or are being actively developed) in succinct argument systems. On the other hand, they isolate a
small set of structural access properties—dense-but-succinct (RS), row-succinct, and column-succinct—under which
space-efficient proving is possible. As a result, advances in code design that fit into any of these regimes can be plugged
into our framework to yield space-efficient polynomial commitments, and hence space-efficient ZKPs, with essentially
no further protocol-level work.

1.1.2 Polylogarithmic-sized Proofs.

The Brakedown MLPCS constructions above achieve the fastest prover profiles at the cost of 5(\/?) proof size. To
obtain polylog-sized proofs, we turn to the recent BaseFold MLPCS [62]. BaseFold shows that a MLPCS with polylog
verifier costs can be built from a linear code equipped with a suitable folding structure. Conceptually, folding gives
a FRI-like recursive proximity test [6]: instead of querying a set of square-root-size columns as in Brakedown-style
commitments, the verifier checks consistency across log-many “folded” codewords; i.e., a codeword provided in round ¢
is a random “folding” of two halves of the codeword from round ¢ — 1.



However, the direction of “folding” matters in the streaming setting. Assume that codeword positions are indexed by
bit strings in {0, 1}"™. Then, the folding used in BaseFold is naturally a most-significant bit (MSB) folding: for every
b € {0,1}"1, it combines the symbols at positions 0||b and 1||b, i.¢., it folds along the most significant bit, which folds
the left half with the right half. In contrast, the streaming layout used in the PIOP+PCS framework of [12,13] gives the
prover sequential access the input, and MSB folding pairs stream elements which far apart (i.e., 2"~ positions away).
This makes it difficult to perform the folding without either storing a large fraction of the codeword, or streaming the
input multiple times and blowing up the time-complexity.

This issue is reminiscent of an observation in [12]: to make Bulletproofs [15,21] compatible with the streaming
model, they use a complementary least-significant-bit folding order. Inspired by this, we introduce a notion of
LSB-foldable codes. In an LSB folding, for every b € {0,1}™2, the fold combines symbols at positions b/|0 and b]|1,
i.e., adjacent locations under the streaming layout used by our prover. This folding order is compatible with the way our
prover scans the witness and intermediate oracle messages.

We then construct an LSB-BaseFold MLPCS: a BaseFold-style MLPCS based on LSB-foldable codes. Intuitively,
this amounts to doing a FRI-style LSB folding instead of the standard MSB folding. We prove security of this variant
and show that it supports the same polylog proof-size behavior as BaseFold. We also give concrete instantiations of
LSB-foldable codes: we show that Reed—Solomon codes admit the required folding structure, and we give a randomized
procedure for generating suitable LSB-foldable generator matrices. See Section 4.1 for details on LSB-foldability and
the LSB-BaseFold construction.

Our first polylog proof-size result isolates the encoding cost. Suppose the underlying LSB-foldable code has a
streaming encoder that, given streaming access to a message to encode, outputs codeword symbols sequentially in time
TEnc and Sgne space. Then the prover incurs only an additive O(T,y,.) overhead over the RAM computation time 7',
with no asymptotic blow-up in memory beyond the RAM program and the encoder.

Theorem 1.3 (Informally Stated, see Theorem 6.3). Assume the existence of a collision-resistant hash function and
a LSB-foldable linear code Enc™™™ which runs in time Tgy., space Sgn, and outputs elements of its codewords
sequentially. Then, every NP relation that can be verified by a time T and space S RAM computation has a public-coin
zero-knowledge argument-system in which the prover, given as input the instance x and witness w, runs in time
O(T + Tgyc) and uses space O(S + Sgne). The verifier runs in time || - O(1), the proof size is O(1) and the number of
rounds is O(log T)).

This theorem should not be read as claiming that known generic encoders already give an optimal prover. For
example, a naive low-space streaming encoder for Reed—Solomon codes has T, = O(T?), yielding a quadratic-time
prover. The point of the theorem is modularity: the proof-system overhead, beyond the cost of streaming encoding,
is nearly linear-time, and small-space. Thus, any improvement in streaming encoders for linear LSB-foldable codes
with linear minimum distance immediately improves the prover. For example, an encoder with Tg,. = O(T) and
SEnc = polylog(T") would yield a symmetric-key, streaming PIOP+PCS construction matching the efficiency of [35].

Conversely, the lower-bound evidence of [4] suggests that such encoders may be precisely the hard object, and
may be impossible. This lower bound identifies small-space, near-linear-time encoding using a code with linear
minimum distance as the bottleneck behind the O(T/.S) proof-size barrier for transcript-encoding PIOP/PCP approaches.
Moreover, a recent result due to Cook and Moshkovitz [27] shows that if the prover must compute an entire codeword of
length N given streaming access to the input, then T'S = Q(N?). Neither result is a formal lower bound against our
PCS construction: our results (a) identifies the same coding bottleneck of [4] from a different perspective, and (b) may
not be subject to the lower bound of [27] since we do not explicitly compute entire codewords at a time, but rather
output the codeword symbols as a stream (see Section 5.3 for a more detailed discussion). Theorem 1.3 shows that in
our PCS-based approach, the analogous bottleneck is the existence of low-space, near-linear-time streaming encoders
for LSB-foldable codes.

Our second polylog result gives an unconditional sub-quadratic instantiation for concrete LSB-foldable codes.
Rather than treating the encoder as a black-box, we exploit the recursive structure of the BaseFold’s foldable code to
compute the required folded codeword symbols on the fly. This yields a O(7T"/2)-time prover with sublinear space.

Theorem 1.4 (Informally Stated, see Theorem 6.5). Assume the existence of a collision-resistant hash function. Then,
every NP relation that can be verified by a time T and space S RAM computation has a public-coin zero-knowledge



argument-system in which the prover, given as input the instance x and witness w, runs in time 9] (T3/ %) and uses space
O(S 4 V/T). The verifier runs in time || - O(1), the proof size is O(1) and the number of rounds is O(log T').

Instantiations. As with our Brakedown-style results, we instantiate this construction under several access models for
the underlying generator matrix of the linear code. These instantiations show that the same streaming-access framework
applies not only to square-root Brakedown-style MLPCS, but also to foldable-code MLPCS constructions with polylog
proof size. In particular, in Section 4.4, we show that under certain assumptions related to the sparsity of BaseFold’s
code, we can achieve O(T3/2)-time by leveraging the recursive structure of foldable codes and computing necessary
matrix elements on-the-fly. We further instantiate LSB-BaseFold in the row- and column-oracle models; see Section 5.4
and Section 5.7 full for details.

Finally, since all our protocols are public-coin, we can apply the Fiat-Shamir transform [34] in the Random Oracle
Model to obtain non-interactive proofs, yielding time- and space-efficient zkSNARKSs from symmetric-key primitives in
the PIOP+PCS framework.”

1.1.3 A Perspective on Our Results.

Our results should be interpreted as a frontier around two prior landmarks. Bangalore et al. [4] gives full complexity-
preserving arguments via symmetric-key primitives, with proof size O(T/.S), along with evidence that improving the
proof length is difficult for transcript-encoding approaches without sacrificing prover time or space. Our constructions
respect this evidence: when trying to push below O(T'/S)-sized proofs, we pay explicitly in another resource (either
time or space). On the other hand, Freitag et al. [35] show that polylogarithmic proofs with O( )-time and O(S) -space
proving is possible from collision-resistance via PCP/Merkle techniques when making non-black-box usage of the hash
functions. Our encoder-parameterized construction identifies what is needed to match [35] in the streaming PIOP+PCS
framework: a near-linear-time, low-space streaming encoder for foldable codes.

Taken together with [12,13], our results show that the streaming PIOP+PCS framework is robust across assumptions:
it yields time- and space-efficient provers both from classical group-based assumptions and, with the tradeoffs described
above, from symmetric-key code-based polynomial commitments.

1.2 Technical Overview

We follow the methodology of Block et al. [12,13] to construct complexity-preserving arguments in the streaming
model, which reduces to constructing a time- and space-efficient multilinear polynomial commitment scheme in the
streaming model, which we denote as a streaming MLPCS. The technical core of this work is the construction of a
family of streaming MLPCSs via the Brakedown-MLPCS framework [40], and via the BaseFold-MLPCS framework.

1.2.1 Brakedown-MLPCS: Review.

Golovnev et al. [40] introduced Brakedown, the first linear-time and ﬁeld—agnostic3 SNARK for R1CS (and thus NP).
Core to Brakedown is constructing a linear-time MLPCS, a general result distilled from Bootle, Chiesa, and Groth [16].
We refer to this as the Brakedown-MLPCS.

Let f: {0,1}™ — F be a multivariate function and let f F™ — F be its unique multilinear extension. Write
N = 2" and assume that N = ¢t - k. The Brakedown-MLPCS allows a prover to commit to f and open f at any
evaluation point z € F" assuming the following two ingredients: (1) a [m, k, d]-linear code C' with generator matrix
A € FF¥*™ and minimum distance d (i.e., the Hamming weight of xA for any non-zero x is at least d), and (2)
a collision-resistant hash function family % = {H,: {0,1}* — {0,1}*},c(0,1}» for security parameter A. Let
u = (f(0), f(1),..., f(N —1)), wherei € [0, N — 1] :== {0,1,..., N — 1} is interpreted as an n-bit vector in the
natural way. The Brakedown-MLPCS consists of the following 3 phases.

2A minor subtlety is that our prover operates in the streaming-output model, where it emits proof symbols as they are generated. This is
still compatible with the Fiat-Shamir transform since the transcript hash can be computed incrementally (e.g., via Merkle-Damgérd-style domain
extension [29,53]): the prover maintains only a constant-size chaining value and updates it as each fragment a; is produced, e.g., h; < H(h;—1 || a;),
and derives challenges from h; on-the-fly.

3Field-agnostic requires the SNARK to operate over any finite field and assumes no structure beyond the field being “sufficiently large.”



Commitment Phase. Committing to f proceeds as follows. (1) Arrange u into a ¢ X k matrix Y such that row

Yi; = fi-k+j) = x4, fori € [0,t —1] and j € [0, k; 1]; (2) compute encoded matrix Y € FX™ where
YZ =Y, -Afori e [0,¢t—1] (here Y, . denotes the i row of Y); and (3) compute and send commitment
h = Merkle(Y*,o, c. Y*’m 1), where Y* j 1s the 5" h column of Y and Merkle denotes computing a Merkle tree of

the given input (with respect to some H, € H).
Testing Phase. Upon receiving the commitment h, the verifier interactively tests that each row of Y is (close to)
a codeword of C. This is done as follows. (1) The verifier samples and sends r & Ft to the prover; (2) the prover
computes and sends y = Zz (1)1‘1 Y, . € F*; (3) the verifier computes Y = YA € F™, then samples and sends
QCl0,m— 1] such that |Q| = ©(A); (4) the prover opens each column j € @ as (Y, j»T;), where ; is the Merkle
proof for leaf Y* ;5 (5) the verifier checks that Y = (r, Y* J> and that 7; is valid with respect to h for all j € @,
rejecting if at least one check fails.
Evaluation Phase. For multilinear polynomial f, to evaluate f(z) for any z € F”, it is well-known that there exists
2 € F! and z(M) € F* such that f(z) = ((z(® @ z(),u). Thus, for the Evaluation Phase with evaluation point
z, the verifier computes z(°), z(1) as described and runs the Testing Phase again with the prover with r := z(?). Let
y’ € F¥ the vector sent by the prover, claimed to be ZZ 0 EO) Y .. If all the verifier’s tests pass in this phase, the
verifier simply outputs (y’, z(1)). Now if the prover is honest, then (y’,z(")) = ((z(*) @ z(1)), y), and hence the value

outputted by the verifier is equal to f(z).

Time- and Space-Efficiency of Brakedown-MLPCS. The time-efficiency of the prover heavily relies on the code C.
One of the main technical contributions of Golovnev et al. [40] was the design of a linear-time encodable, constant-rate,
linear-distance code C (i.e., d = ©(m) and m = ©(k)). With such a code in hand, the Brakedown-MLPCS prover runs
in O(N) time (in terms of F-ops and hashes). Golovnev et al. also specify Shockwave, which sets C' as a Reed-Solomon
(RS) code. This bumps the prover time from O(N) to O(N log(N)) (assuming a suitable I to compute FFTs of size
N), with the benefit of concretely smaller proofs (though asymptotically the same).

In either case, assuming a constant rate, linear minimum distance code, the proof size of Brakedown-MLPCS is
O, (t). For space-efficiency, the Brakedown-MLPCS prover naively requires 2(/N') space to simply store the vector u
(the specification of the multilinear polynomial f).

1.2.2 Brakedown-MLPCS in the Streaming Model.

The space-inefficiency of Brakedown-MLPCS described above is inherent to all MLPCSs. Thus, to overcome this
bottleneck and achieve space-efficient polynomial commitments, Block et al. [12] introduced the multi-pass streaming
model for (ML)PCS, which gives the prover streaming access to the vector u € FN described above, which allows the
prover to either: (1) request the next element of the stream, or (2) (re)start the stream from the start. The prover can
stream u as many times as they want, but only has “one-way” access: from u;, receive u;; or restart the stream and
receive ug. In the streaming model, the prover can now access the matrix Y defined previously in row-major order since
Y;,;j=usforic[0,t—1],5€[0,k—1]andl =3 -k+j.

Beyond streaming the vector u, prior works also consider how the prover accesses the public parameters of the
scheme. For Brakedown-MLPCS, the public parameters consist of the generator matrix A € F¥*™ and the hash
function family H. We assume that for any key o € {0,1}", the hash function H, € H is describable (and thus
computable) in poly(\) bits, which we assume the prover can store explicitly. Then, the main question is: how do we
model access to A?

Small-space Shockwave-PCS. Before tackling this question, we take a slight (but helpful) detour to the Shockwave-
MLPCS, which is Brakedown-MLPCS instantiated with Reed-Solomon (RS) codes. For RS codes, to enable efficient
FFT encoding, the matrix A € F¥*™ has a specific structure. Let w € FF be a m™ primitive root of unity. Then, set
wj = w’ for j € [0,m — 1], and let A; j = w! for i € [0, k — 1]. This definition of A allows us to use FFTS to compute
xA in O(mlog(k)) time and O(m) space.

This definition of A also gives us a succinct way to access every column of A: given w, compute w; and w;- on-the-fly.
With this view of A, we can design two small-space implementations of Shockwave-PCS: one with O, (log(V)) space



at the cost of super-linear time, and one with quasi-linear time and sublinear O, (t) space. We show the following
results.

Theorem 1.5 (RS-MLPCS 1, informal). Given streaming access to u € FN with N = 2" and t - k = N, the
Brakedown-MLPCS can be instantiated with [m, k, d] Reed-Solomon codes with the following properties:

* constant-round, public-coin system with transparent setup;
* a O(log(N))-space committer running in O(m - N) time, using m passes over the evaluation stream u;
* Ox(1)-sized commitment, and O(t) evaluation proof size and verification time.

We summarize the key ideas behind Theorem 1.5. First, during the commitment phase, as with the standard
Brakedown-MLPCS, the prover will commit to the encoded matrix Y = YA column-by-column using Merkle-Damgérd.
That is, rather than computing the whole Y, ; and its hash in O(t) space, the prover will compute the hash of this

column via Merkle-Damgérd. As column A, ; = (1, Wy, wjz., o ,wf‘l)T, we can compute A, ; on-the-fly (i.e., ina

streaming way) using constant space and O(t) F-ops, allowing us to compute ?07 Greees ?t_l, ; using O(t) F operations
per column j € [0,m — 1]. Crucially, each entry of the sequence can be computed in a constant number of field
elements.

This commitment proceeds in-order from column j = 0 to j = m — 1. For each column, the entire matrix Y must
be streamed, giving our stated time complexity. Rather than storing all m leaf hashes, the prover will instead aggregate
the hashes it has computed so far into nodes in the Merkle tree. For example, once the prover has hashed both Y, ;
and ?*’2 as hy and hg, respectively, it can compute and store k1 2 = H, (h1| h2), continuing to propagate up the full
Merkle tree as new hashes are computed. With this method, the prover stores at most O(log(N)) hashes at any given
time, giving our desired space complexity.

The ideas behind the space-efficiency of the commitment phase carry over to the testing/eval phase as well, with
the exception that now the verifier challenge r € F* must be succinctly describable. This can be done by allowing
the prover to compute r in a streaming fashion from a short seed (e.g., a PRF), or by allowing r to be specified using
logarithmic randomness 7y, . . ., T1og(z) [30]. Given this, the prover can compute the vector y = Zie[o,tﬂ] ri Y.
entry-by-entry as y; = Zie[o,tq] r; - Y, for j € [0,m — 1], streaming y; to the verifier as it is computed. This
incurs m streams of the matrix Y, again giving O(mNN) time. Finally, the Merkle authentication proof can be computed
similarly as computing the commitment during the commitment phase, giving the specified time and space complexities.
See Section 3.2 for more details.

Setting t = k = v/, we obtain the following corollary.

Corollary 1.6. Given streaming access to u € FY such that N = 2" for even n, there exists a construction of the
Brakedown-MLPCS using [@(\/N ), VN, d] Reed-Solomon codes with the following properties:

e constant-round, public-coin system with transparent setup;

« a O(log(N))-space committer running in O(N'*) time, using O(v/N) passes over u;

* Ox(1)-sized commitment, and O(v/N) evaluation proof size and verification time.

If the committer is allowed O (m) space, we can leverage FFTSs to reduce the committer time to quasi-linear.

Theorem 1.7 (RS-PCS 1II, informal). Given streaming access to u € FYN such that N = 2" and t - k = N, there
exists a construction of the Brakedown-MLPCS using [m, k, d] Reed-Solomon codes for m = ©(k) with the following
properties:

e constant-round, public-coin interaction and transparent setup;
* a O(m)-space committer running in O(N) time, using O(1) passes over u;

* Ox(1)-sized commitment, and Oy (t) evaluation proof size and verification time.



The key idea behind Theorem 1.7 borrows from Theorem 1.5. First, since we are given 9] (m) space, the prover can do
the Merkle-Damgérd trick from before, but for every column simultaneously, then perform a final Merkle tree on these
hashes. Moreover, O(m) space allows us to compute YM directly using FFTs in O(m log(t)) time and O(m) space
and by using a single pass over Y (we simply store the entire row Y . since it is O(m)-F elements). We again can
apply similar ideas to the testing/eval phase, though this time we need not require r to be succinct, and can send y’
directly to the verifier. See Section 3.3 for details.

Again setting t = k = /N gives us the following corollary.

Corollary 1.8. Given streaming access to u € FY such that N = 2" for even n, there exists a construction of the
Brakedown-MLPCS using [@(\/N ), VN, d] Reed-Solomon codes with the following properties:

* constant-round, public-coin interaction and transparent setup;
* a O(V/ N)-space committer running in O(N) time, using O(1) passes over u;

* Ox(1)-sized commitment, and Ox(\/ N) evaluation proof size and verification time.

Towards General Codes via Succinct Matrix Access. The Brakedown-MLPCS can be instantiated with any linear
code, and subsequent work has explored many instantiations optimizing different efficiency metrics [11,50,61]. However,
space-efficient implementations face an immediate obstacle: even representing the encoding matrix A explicitly requires
Q(N?) elements, making sublinear-space goals moot. To address this, we introduce a conceptual framework for succinct
access to the encoding matrix.

Row-oracle Model. We model the code’s generator matrix by an oracle O that, on input an index i, returns the i-th
row of A in a representation that lists only its non-zero entries. This model is well-motivated for sparse codes (where
each row has a constant or small number of non-zeros), and can also capture settings where rows are generated from a
short seed or retrieved from external storage (e.g., Gemini’s external oracle for streaming R1CS instances [17]). We then
prove the following space-efficient PCS in the row-oracle model (tracking both time and the number of oracle queries):

Theorem 1.9 (Row-PCS 1, informal). In the row-oracle model realizing a generator matrix A with t = ©(1) non-zero
entries per row, there exists a Brakedown-style MLPCS with:

* constant-round, public-coin system with transparent setup;

« a O(v/N)-space committer running in O(tN) time, using O(1) passes over Y and making N oracle queries to
Oa;

. 5(1)—sized commitment, and O(v/N ) proof size and verification time.

We note that the (sparse) row-oracle model is well-motivated due to the existence of (near) linear-time encodable
expander codes [11,40] which have t = ©(1) or t = ©(log(/N)) non-zero entries per row of the generator matrix.

To further reduce committer space, we introduce a “code-fragment” technique that trades time (and passes) for
memory while preserving the asymptotic proof and verification costs.

Theorem 1.10 (Row-PCS 11, informal). In the row-oracle model realizing a generator matrix A witht = ©(1) non-zero
entries per row, there exists a Brakedown-style MLPCS with:

e constant-round, public-coin interaction and transparent setup;

«a0 (tlog N)-space committer running in 6(tN L-5) time, using \/ N passes over Y and making N oracle queries
to O A

.0 (1)-sized commitment, and 6(\/ N) evaluation proof size and verification time.

The key ideas behind the “code-fragment” approach are as follows. First, we commit to each row of the encoded
matrlx Y rather than each column (note that the verifier will still open columns). Now, consider oW ¢ of Y denoted as
Yl «. By definition, YZ « = Y; .A. However, since we have row-oracle access to A, computing Yl » would require

0(\/N ) calls to the oracle per entry of the row, which makes committing to Y computationally expensive.



Our observation is that rather than commlttmg to YZ « directly, we instead commit to the followmg j € [V/N] rows:
Yi,j = Yi;Aj.. Notice now that 3 y; ; = YZ «. At the cost of more hashes, we can commit to YZ « by commlttlng
to the linear combination of rows that realizes it. Moreover, this commitment is computed using a single pass over the j®
row of A per ¢, and overall uses a single pass over Y. Note that changing the commitment in this way naturally forces
us to re-imagine the testing and evaluation phases of Brakedown as well. We refer the reader to Section 5 for full details.

Column-oracle Model. We also study the dual model in which the prover obtains succinct access to columns of A.
We show analogous trade-offs, and we discuss which code families naturally support row access, column access, or both.
We discuss the Column-oracle Model in Section 5.

1.2.3 BaseFold-PCS: Review.

Zeilberger et al. [62] introduced the BaseFold-MLPCS. This MLPCS departs from Brakedown-MLPCS and instead
utilizes the FRI proximity test of Ben-Sasson et al. [6] and the sum-check protocol [52]. The key technical contribution
of BaseFold is the introduction of foldable codes, which are recursively defined linear codes that are “compatible” with
FRI.

As before, let f: {0,1}" — F be a function with multilinear extension f. The BaseFold-MLPCS allows a
prover to commit to fand open it at any evaluation point z € " assuming the following two ingredients: (1) a
[my, ke, dg)-foldable linear code C' specified by generator matrices A; € F¥:*™: for i € [0, ¢] and diagonal matrices
T; € F™*™i for j € [0,¢ — 1], where ky = N, k; = 2k;_1, and n; = 2n;_1;* and (2) a collision-resistant
hash function family H (parameterized by security parameter A). Here, the foldable code is defined as follows:
A — A A
A T A (VT
performs a “divide-and-conquer” merge-sort style encoding: xA, = (y,y’), where y = xpAy_1 + xgpAp_1Tr_1,
y =x.Ar_1 —xpAy_1T,_1, and x;,xr € FF-1 denote the left and right halves, respectively, of x. Now, as
before, set u = (f(0),..., f(IV — 1)), where i € [0, N — 1] is again naturally interpreted as an n-bit vector. Then, the
BaseFold-MLPCS consists of the following two phases.

Commitment Phase. To commit to f, BaseFold-MLPCS computes ¢ = uA, (i.e., encodes u), computes and sends
h = Merkle(c) using some H, € H.

Evaluation Phase. To prove that f(z) = ~ for some v € F, the BaseFold-MLPCS prover proves it knows a vector u

In other words, to encode x € F*¢, one computes xA, directly, or

such that (a) h = Merkle(uA.); and (b) (u, eq,) = ~. where eq, € FY is the unique vector satisfying f(z) = (u,eq,).
Part (a) is proved using (a variant of) the FRI proximity test, while Part (b) is proved using the standard sum-check
protocol. The protocol is n = log(N) rounds and operates as follows. At the start of round 4 of the protocol, the
verifier has claim ~; and commitment h;, and the prover has “folded” codeword c(). The prover sends sum-check
polynomial q;(X;) = > e q0.1)n-i f(@i—1,X;,b) - €4,(di_1, X, b), where @_, € Fi~! are the verifier challenges

sent so far. The verifier checks that ¢;(0) + ¢;(1) = ~;, then samples and sends «; & F, and finally sets v;4+1 = q; ().
The prover then computes and sends h; 1, = Merkle(c(*t1)), which is computed as follows: for j € [m,_;], compute
f(X) = interpolate((diag(T,_;)[4], ¢V [4]), (diag(—T¢—_)[], ¢V [j + me_i])), and set TV [j] = f(cy). In the
final round of the protocol, the prover sends ¢("*1) € F0 and u("*+") e F*o, and the verifier now checks two things:
(D utH A = e and (2) g, () = 2 _be{0,1} 105 ko ug v
FRI query phase, where the verifier checks consistency between c*) and c(**1) for all i € [n] and verifying each opened
position of ¢ is consistent with h; (via Merkle paths). Note that in every intermediate round, the prover is proving it
knows a vector u(?) such that c(?) is the encoding of this vector under the code A,_; and u(?) is the vector underlying
the MLE f(d;_1, X;,b).

€q,(dy, b). Finally, the prover and verifier run the

Time and Space Efficiency of BaseFold-MLPCS. Above, prover runs in time O(N log(/N)) due to the divide-and-
conquer encoding approach, and enjoys succinct proofs of size polylog(V), assuming the code Ay is suitably defined
(e.g., a maximum-distance separable (MDS) code such as Reed-Solomon, or a random (almost) MDS code®). As with
Brakedown-MLPCS, the space-efficiency of BaseFold-MLPCS is naively (V) to simply store u. Moreover, even if

“4Note that ko > 1 but can be taken to be larger (e.g., 32 or log(N)).
5An MDS code meets the Singleton bound: d + k = m + 1.
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we ignore this trivial bound and try to take advantage of the recursive encoding procedure to only store Ay (which may
require < N space), storing the diagonal matrices T; also requires 2(m;) space, giving Q(N) since my = N.

1.2.4 BaseFold-PCS in the MLPCS Streaming Model.

As with Brakedown-MLPCS, the space-inefficiency of storing u is inherent to BaseFold as well. Thus, we seek to
overcome this bottleneck using the multi-pass streaming model over the vector u. As with Brakedown-MLPCS, with
BaseFold-MLPCS, we need to consider how we access the matrices A,; and T ;. Moreover, we need to tackle an inherent
space-inefficiency of BaseFold-MLPCS present in the protocol as given.

For ease of presentation, first suppose we have streaming access to both u and ¢ = u- Ay. In this case, we can clearly
compute the commitment & = Merkle(c) in O(log(N)) space as follows. Initialize a stack S to be empty. Then, stream
co, compute hg = H,(cq), and push (hg, 0) onto the stack. Continue with c;, obtaining /1 and tuple (h1,0). Now,
since the top of stack is of the form (H, j) where j = 0, we pop the stack and push (H’, 1), where H' = H,(hg, h1).
At the end of this process, the stack will have a single entry, which we pop and output 4. Throughout this process, the
maximum size of the stack is O(log(N)).

Now, in the Evaluation Phase, we hit a space-efficiency bottleneck. The prover must compute (a) the sum-check
polynomial g, (X5) and (b) the folded codeword c(?.° Both of these steps add space-inefficiencies. In Step (a),
to compute ¢s, if we unfold the sum-check, we can see that the prover is forced to compute an underlying vector
u® = quy + (1 — ay)ug, where uy, ug respectively denote the left and right halves of u. Moreover, in Step (b), a
similar issue occurs: unfolding the definition, c®@ =ajcp + (1 — a1 )cg. This is exactly the situation that Block et al.
[12] had to address: the “folding” procedure is performed via a most-significant bit folding (MSB). Thus, to obtain a
streaming-friendly, small-space protocol, we adopt the least-significant bit (LSB) folding strategy of Block et al., also
known as the even-odd folding.

LSB-BaseFold-MLPCS in Logarithmic Space. Adopting the LSB folding strategy requires three changes to
BaseFold-MLPCS. (1) “Reverse” the sum-check order: instead of starting with variable X; and working up to
X, begin with ¢,,(X,,) and work down to X;.” (2) “Fold” the codeword c as an even-odd folding: f(X) =
interpolate((diag(T,_;)[5], ¢ [25]), (diag(—T¢—:)[j],c?[2] + 1])). (3) Modify the foldable code A, to be an
even-odd folding, rather than a left-right folding.

Note that (1) does not change any properties about the sum-check protocol. Moreover, (2) also does not change
any properties about the protocol, so long as we can maintain the invariant that the prover knows vector u”) such
that ¢ is an encoding of it under A,_; and u” is the vector representing the MLE f(b, Xp—i,@i—1). This is
why we require (3): we must make the foldable code compatible with this even-odd folding. Fortunately, this is
straightforward: let A; be the i™ matrix, and let A$, A2 denote even and odd columns, respectively. Then, we simply
let A =[A;_1,A;_1T;_1]" and A = [A;_1,A;,_1(—T;_1)]". Note that we are simply permuting the columns
of the original “left-right” BaseFold foldable code to an even-odd structure. By definition, this makes our even-odd
foldable code an equivalent code [57], which implies that all distance properties of even-odd folding are identical to the
original BaseFold code.

Given these three ingredients, we obtain a log-space BaseFold-MLPCS implementation in the streaming model.
First, notice that during every round of the protocol, by (1) we can compute the current sum-check polynomial using only
a single pass over the input u and O(log(N)) space. Now, by (2) and (3), we can perform a single pass over the stream ¢
to compute /; and using only O(log(NN)) space since to compute c¢(*)[4], we only need to stream, in order, elements j2°
to (j + 1)2¢ — 1 (then appropriately compute the folding on-the-fly). Moreover, here we only need streaming access to
the diagonals of Ty_j, for k € [i] to efficiently compute this folding, and only need a single pass over these diagonals to
compute the entire c(). Finally, during the Merkle opening phase, if we view the sequence of codewords ¢,c(?, ..., c(¥)
as a tree where each node c(?)[j] has children c(*~1)[25], c(*~1[2; + 1], then we can compute every node in this tree
using only a single pass over ¢, and therefore compute all the opening proofs simultaneously in small polylog(NV) space.

60ne can compute any entry of eq,, in logarithmic time and space using techniques described by Block et al. [12,13].
TThis is actually how [62] define their sum-check protocol, but assume that the MLEs order u so they are consistent with the ordering of A,.
Assuming the standard ascending order, performing the sum-check from X7 to X, satisfies this property, or reversing u also satisfies this property.
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This gives a total complexity of O(NN) hashes and O(N log(N)) field operations, O(log(NN)) passes over both u, ¢,
and Ty, for k € [¢ — 1], space and proof size polylog(N).

Streaming Codeword c. In the above discussion, we crucially relied on having streaming access to c in addition
to u. Recall that this was one of the key challenges in implementing our space-efficient Brakedown-PCS. In general,
we may assume that to stream c, we require Tg, time, Sk, space, and ¢ passes over the stream u. Then, to further
contextualize our results, our described BaseFold-MLPCS has the following complexities: O(N log(N) 4+ Tgyc) time,
polylog(N) + Sgnc space, and O(t - log(N)) passes over the stream u. Making things more explicit, if we only have
in-order streaming access to the columns of A, and wish to maintain logarithmic space with Sg,. = polylog(N), we
have Tgn. = O(N?) andt = O(N). As mentioned in Section 1, intuitively we are running into the lower bounds of [4].
In Section 4.4, we show that with Sg,,. = O(v/N) space, we can improve our time complexity to O(N log(N) + N1%)
with t = O(V/N).

BaseFold-MLPCS with Succinct Matrix Access. As with Brakedown-MLPCS, BaseFold-MLPCS can be instantiated
with any suitable (i.e., large minimum distance) base code A . Nonetheless, for BaseFold-MLPCS, representing the
sequence of matrices A; and T; explicitly requires (N?)-F elements, again making sublinear-space goals moot. Thus,
we additionally explore implementing BaseFold in or row-oracle and column-oracle models. See Section 5 for details.

1.2.5 From MLPCS to Succinct Arguments for RAM.

Finally, we compile our streaming MLPCSs into public-coin arguments for RAM computations using the standard
“PIOP/PCP + (ML)PCS” blueprint emphasized by several prior works [12,13,17,23]: rather than sending large oracle
messages in the clear, the prover commits to them with a MLPCS, then later proves consistency of queried evaluations.
Instantiating the MLPCS with our symmetric-key-based streaming MLPCS yields plausibly post-quantum argument
systems with prover time/space guarantees stated in Theorems 1.1 and 1.2.

1.3 Other Related Work

Streaming SNARKSs for R1ICS. A complementary line of work adapts the streaming paradigm of Block et al. [12,13]
to proving satisfiability of R/CS instances. Since R1CS descriptions typically do not admit small-space representations,
these works give the prover streaming access to the wire values (and, when needed, to the R1CS constraints), and
aim to reduce memory usage by carefully controlling access patterns and avoiding materializing large intermediate
state. Gemini [17] formalizes elastic ZkSNARKSs for R1CS, offering a spectrum of tradeoffs that includes linear-time
proving at the cost of linear space. Sparrow [55] introduces a streamable, space-aware zZkSNARK for circuits of size C,
achieving O(C') prover time and polylog(C') proof size, but requiring O(\/é ) prover space and focusing on a restricted
class of layered-data-parallel circuits. Scribe [5] achieves linear-time proving with only logarithmic working space,
but assumes access to a linear-sized external disk during proof generation. Finally, Hobbit [56] obtains streamable
zkSNARKS for general R1CS via tensor codes composed with Reed—Solomon codes and achieves linear-time proving;
however, it exhibits a pronounced space—succinctness tradeoff: when tuned for minimal proof size, the prover requires
nearly linear space, whereas tuning for small space leads to nearly linear proof size.

Linear Minimum Distance Codes for Succinct Arguments. The idea of building SNARKS using constant-rate (i.e.,
k/m = ©(1)) error-correcting codes was proposed by Bootle et al. [15] and later refined using the technique of tensor
IOPs [16]. Subsequent work [18] further achieved zero-knowledge and succinct verification time. On the practical side,
Golovnev et al. [40] proposed building a PCS using tensor IOPs; this led to Brakedown, which has been implemented.
Xie et al. [61] improved the proof size of Brakedown from square-root to polylogarithmic using code-switching, but
the resulting scheme is not field-agnostic. All these schemes use the error-correcting code of Spielman [59] and its
generalizations and/or refinements [32,40] to achieve a linear-time prover, but have concretely large proofs since the
concrete minimum distance of the code is small.

Zeilberger et al. [62] constructed BaseFold, a field-agnostic SNARK based on a different approach (that of so-called
“foldable codes,” which intuitively are codes that work with the FRI protocol [6]); this approach yields quasi-linear-time
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encodable codes with concretely large linear minimum distance, assuming the base code has large minimum distance
(e.g., Reed-Solomon Codes). Block et al. [11] instantiated so-called expand-accumulate codes [19] over finite fields to
achieve quasi-linear time SNARKSs in the Brakedown framework, and showed that the juxtaposed expand-accumulate
code has linear minimum distance. Recently, Khabbazian [46] and Li et al. [49] prove that the exact-weight variant of
the expand-accumulate code over finite fields has linear minimum distance.

In Blaze [20], the repeat-accumulate-accumulate (RAA) code [31,45], a super-fast linear-time encodable code, was
shown to have linear minimum distance over binary extension fields. Abbaszadeh et al. [1] adapt the techniques of [11]
to compute concrete parameters of the RAA code over any finite field, though they do not give a formal distance analysis.
Recently, Huang et al. [43], Akhiani and Zhang [2], and Khabbazian [47] prove that the RAA code asymptotically has
linear minimum distance, with [2,43] further giving a concrete distance analysis.

Recently, Lightning [58] and Bolt [41] introduced sketched codes, which are essentially a simplified Brakedown
code that first produce a compressed “sketch” of a message x, then encode this sketch using a large linear distance
code. Both schemes use random LDPC codes [36] to produce this sketch and achieve practically efficient linear-time
encodable codes, but with poor concrete minimum distance. Finally, Li et al. [51] recently give a concrete distance
analysis of the quasi-abelian code [14,33], which is almost linear-time encodable. The distance values obtained are
concretely large, and using this code they instantiate Brakedown with very small proof sizes. However, it is currently
unknown if this code has linear minimum distance (asymptotically).

1.4 Organization

In Section 2 we introduce all necessary notation and definitions for this work to build our argument system. We build
two MLPCSs in Section 3 from the Brakedown framework. In Section 4, we construct three more MLPCS from the
BaseFold framework and, building upon these, we provide a suite of polynomial commitment schemes from oracles in
Section 5 which complement the schemes presented in prior sections. In Section 6 we compile our different MLPCSs
into interactive arguments.

2 Preliminaries

We use T to denote a finite field, A to denote a security parameter, and negl(\) to denote a neglibile function in \.
Unless explicitly stated, [F| = 200V,

We use bold upper case letters to denote matrices, e.g. M € F"*™. For a matrix M of dimension n x m, we
let M[i, ] € F™ and M[, j] € F™ denote the i*" row and j*" column respectively. For row vector u of length m
and column vector v of length n, we let u - M and M - v denote the standard matrix-vector product. For two vectors
u,v € F” we denote by (u,v) the inner product. We denote by ® the Kronecker product and by )", the iterated
Kronecker product.

Instantiating a Merkle hash tree is denoted by M <— Merkle tree and the algorithm for committing ¢ symbols to
M is denoted by h := M.Merkle(sq, ..., s¢), where the opening of any s; is denoted by (s;, path(i)) := M.Proof(4).
Similarly, for a set of leaves @ C {1,...,m}, m the number of leaves in M, we denote the opening of all leaves i € Q by
{si, path(4)|i € Q} := M.Proof(Q). In the case where more than one Merkle roots are in the context of the protocol,
denote C? the i** committed Merkle root, and denote by M a call to Open or Proof with respect to C. We use the
shorthand interpolate,, ((z1,¥1), (22, y2)) to denote the univariate degree one polynomial constructed by interpolation
through the points (21, y1) and (z2, y2) evaluated on «, that is, interpolate,, ((z1,y1), (x2,¥2)) = 11 Tty

We consider constant-rate, linear min. distance encoders Enc : F™ — F™ (distance §), implemented as a linear
map: for x € F™, Enc(x) = x- A = w € F"™, where A is a matrix of dimension m x rm. Such linear codes have
been used in many recent works, such as [22,40,54,61,62].

2.1 Multilinear Polynomials

An n-variate polynomial f : F” — F is multilinear if the individual degree of each variable in f is at most one.
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Fact 2.1. A multilinear polynomial f : F™ — T is uniquely defined by its evaluations over the Boolean hypercube and
for every ¢ € F™ it holds that

Q= > f(b)'HX(binz‘); X(0i,G) =bi - G+ (1 —bi) - (1—G).

be{0,1}n

We typically denote the multilinear polynomial f by the N-sized sequence ) := (f(b))be{o,1}», and denote the
evaluation of the multilinear polynomial defined by ) on ¢ as ML(), () := q1 - ) - g2, where q1, g2 are vectors in

F2"'* (depend on ) such that f(¢) = (a1 ® az), V).

2.2 Multilinear Polynomial Commitment Schemes

We take our definitions mostly verbatim from [11-13]. We use the following convention for any list of arguments or
returned tuple (a, b, ¢; d, e): variables listed before the semicolon are known both to the prover and the verifier whereas
the ones after are known only to the prover.

Definition 2.2 (Multilinear polynomial commitment scheme). A multilinear polynomial commitment scheme over a
Sinite field F is a tuple of algorithms (Setup, Com, Eval) with the following specifications:

o pp < Setup(1*,1™): on input security parameter \, and number of variables n, outputs public parameters pp.
In our case, pp is a matrix A corresponding to the encoding algorithm of a linear code.

* C < Com(pp; YV): on input pp and a description Y = (f(b))befo,1}» € F2" of an n-variate multilinear
polynomial, outputs a commitment C.

* Eval(pp, C,(,~v; Y): is a public-coin interactive proof system (P, V') for the relation
Reni = {(pp, C, ¢, %3 Y,d) : C = Com(pp; V) Ay = ML(Y, ()},

where ( € F" is an evaluation point, vy € F is a claimed value, and ML(Y, () denotes the multilinear extension
of Y evaluated at .

We require the following properties.
Perfect correctness: Forall \,n € N, all Y € 72" and all ¢ eFm,

pp < Setup(1*,p,1")
Pr| 1= Eval(pp,C,(,v;Y) C + Com(pp,Y) =1.
v =ML(Y,()

Knowledge Soundness: For any polynomial-time adversary A, there exists an expected polynomial-time extractor €
that outputs the witness such that

Y« EApp,C,¢,7), | pp+ Setup(1*,p,1V)
Pr| Com(pp;Y) =C, (C,7,¢) < Alpp) < negl(X)
f'(€) #~ Eval(pp,C,(, 1Y) =1

where E4 denotes that € has oracle access to A.

Definition 2.3 (Streamable MLPCS). A streamable multilinear polynomial commitment scheme (MLPCS) is a scheme
(Setup, Com, Eval) as in Definition 2.2 that, in addition, satisfies the following efficiency properties for n-variate
multilinear polynomials over F:

1. The commitment output by Com has size 6( 1) bits. Assuming multi-pass streaming access to the evaluation
vector ), Com runs in space O(+/2™), and the number of passes over the vector Y is O(+/2™).

2. The communication complexity of Eval is 6(\/ 2") and the verifier in Eval runs in time 5(\/ 2™, Assuming
multi-pass streaming access to Y, the prover in Eval runs in space O(1/2").
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2.3 Interactive Multilinear PCP Definition
We present the definition of an interactive (multilinear) PCP (IMPCP).

Definition 2.4 (Interactive Multilinear PCPs [13]). An interactive multilinear PCP (IMPCP) is a protocol that consists
of interaction between a prover (P) and a verifier (V). At the beginning of the protocol, given a witness w and a
statement x the prover provides a message T to the verifier which is encoded by its mutlilinear extension. The verifier
is given as input the statement x and has oracle access to w. The verifier and prover then interact in a (public-coin)
interactive proof and the verifier ultimately accepts or rejects where the following hold for the interaction:

Perfect Correctness: For all tuples (x,w) € R and A\ € N,
Pr[P(z,w, 1M AV™ (z,w) = 1] = 1
Soundness: For all possible cheating prover strategies P* with (z,w) € R,
PrIP*(z,w, 1 A V™ (z,w) = 1] = negl(\) < e

We measure the running time and space requirements for an IMPCP by the length of the unencoded message and
require that the prover needs to generate this message as a stream of bits.

3 Streamable Brakedown-MLPCS from Reed-Solomon Codes

In this section, we describe our Reed-Solomon-based MLPCS in the streaming model with logarithmic-space (Section 3.2)
and square-root space (Section 3.3) implementations. We begin with an overview of the Brakedown PCS in Section 3.1
for completeness.

3.1 Overview of the Brakedown-style PCS

We abstract the Brakedown framework to serve as the foundation from which we build several of our time- and
space-efficient polynomial commitments in the following sections. We present Algorithm 1 which describes the behavior
of each of our multilinear polynomial commitment schemes built from the Brakedown-PCS found in Section 3.2, Sec-
tion 3.3, Section 5.2, Section 5.3, Section 5.5, and Section 5.6.

Overview of the Brakedown Scheme. We briefly describe the contents of Algorithm 1, previously presented
in Section 1.2, for completeness. In Setup on line (1) the prover establishes the parameters for the generator matrix
of the encoder. This encoder can be instantiated with any linear code, such as Reed-Solomon codes. On lines (2-6)
in Com the prover encodes each of the rows of the witness ) and then Merkle commits to the codeword symbols
produced by encoding. Note in the Brakedown framework, the prover Merkle-commits to the columns of the encoded
witness, but we omit this to allow for a more general framework. In Eval, on line (9), the prover sends a random linear
combination of the rows of the witness to the verifier. For the rest of the protocol, the verifier tests if randomly selected
linear combinations of specific columns in the encoded witness is equal to the encoded symbol of the random linear
combination sent on line (9).

Building upon the overview of the Brakedown PCS presented in Section 1.2, our first task is to demonstrate how we
can modify this scheme in order to admit space-efficient multilinear polynomial commitment schemes. With this, we
present the first MLPCS with Reed-Solomon codes and state our first result.

3.2 Streamable Shockwave-MLPCS in Logarithmic Space

In this section we give our streamable MLPCS with /N proof sizes that admits a time O(N'®) and space O(log N)
committer using the Brakedown-style MLPCS with Reed-Solomon codes, denoted as Shockwave-MLPCS. We
additionally use an observation about the well known MerkleDamgard hashing technique to achieve a logarithmic space
committer with time O(N*®). We state this more formally in Theorem 3.1.
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Algorithm 1 (Setup, Com, Eval)(1*,p, 1™, (,; V) - Brakedown Overview
Setup(1*,p,1™):
1: pp < (A, Enc(x)), where A € M 5 . /57 4o d € O(log(v2")), and Enc(x) :==x - A

Com(pp; V):
M < Merkle tree
for each row Y[i, x| € Y do:
Vi, #] + Enc(V[i, #])
C + M.Merkle([i, j]) for all j € [r/27]
end for

A A

Eval(pp, C. ¢, 7:):
7. P=>V:C
8: P < V :Random string r € F™
9: P computes and sends

V2r
y = r; - V[i,*] e FV2"
i=1

10 P+ V:Qwhere |Q| =k € O())
1. P—=V:

)A)Z-Tj,i € Y[*,j] where j € Q,

M.Proof (Q) := {qx, path(k)|k € Q}
12: V checks for all k € Q:
2 20
Enc(y’)r = > r;V[i, k]; and
i=1

M.Open(¢) for all i € M.Proof(Q).

13: Now V' computes:

a €FV? gz € BV st f(¢) = (a1 ® q2), V) =7

14: P +» V: Redo testing, replacing r with q1. Let z’ be the value sent by the prover.

15: V finally checks if v = (z', q2)
16: V: Output 1 if all tests pass, 0 otherwise.

Theorem 3.1. Assume the existence of a collision resistant hash function. Then there exists a streamable polynomial
commitment scheme (Setup, Com, Eval) for any security parameter \ and input tape of length N = 2" for multilinear
polynomials with the following guarantees:

— Com outputs a commitment of size Ox(1); and

— the running time of Com is O(N'%) hashes and F-ops, \/N passes over Y, and uses space log(N).

— The committer of Eval performs O(N'-) hashes and F-ops, uses \/N passes over Y, and uses space O(log(N).
— The receiver of Eval runs in time O(A/N) and the size of the proof is O(v/N).

Below we provide an overview of the scheme which realizes these results and subsequently present the proof
of Theorem 3.1.
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Overview of the Logarithmic Space Shockwave-MLPCS. We achieve the results stated in Theorem 3.1 through
making changes to the i) Setup, ii) Com, and iii) Eval algorithms depicted in Algorithm 1.

We approach Setup from the context of the Reed-Solomon (RS) encoder’s motivation, namely, the admission of an
explicit generator matrix by RS encodings. This allows us to replace the Setup step on line (1) of Algorithm 1 with
on-the-fly computation of the values in the Reed-Solomon matrix A.

The space efficiency of this commitment comes from the changes we make to Com and the fact that we never store
more than one current hash value in the prover’s memory or more than log(/V) hash values in the current Merkle tree
via the stack structure of our committer. We build leaves in column-major order by iterating over the indices of a
codeword and building all the individual n codewords one symbol at a time. That is, we build the first entry of each
codeword, commit it to the Merkle tree, and move on, until we are done computing the last symbol of each codeword.
Therefore Algorithm 3 can be used in Algorithm 1 on lines (2-6) to generate the commitment C' used as input to
Eval(pp, C, {,7; V). Lastly, we modify Eval to inherit the space-efficient properties of our modified Com.

Proof of Theorem 3.1. We begin the proof by first presenting the efficiency analysis of Algorithm 3.

Com and efficiency analysis. We have:

— /N passes over ). On line (3), we iterate over every row of ), and we do this for each index of a codeword.

— NN Tp. On lines (2-3) we iterate over O(N) entries in the encoded matrix ) and for each of these entries we
must perform /N summations and field multiplications.

— We also note here that we may retrieve arbitrary columns of the Reed-Solomon matrix A due to the
generalized Reed-Solomon code’s matrix’s implicit structure. Specifically:

— For the n'" primitive root of unity w: w’® = w - w1, where the prover only must store w and w;. Then P

can compute (w?) for the k columns j € Q.

— log(N) prover space. Logarithmic space is achieved via the techniques on lines (5) and (9-12), where we
use the MerkleDamgard hashing technique to hash codeword symbols together and then commit the fully
hashed column node to the top of the stack. Since we have rm € O(v/N) columns we have to store at
maximum log(v/N) — 1 hashes when building our Merkle tree.

— The size of our commitment is then O (1) as it is the Merkle root of the tree we build in Algorithm 3.

Eval and efficiency analysis. We also make modifications to the Eval section in Algorithm 1. When running the space
efficient Eval, we must ensure that the prover and verifier’s interactions do not use more than log(N') working memory.
Namely, the vectors sent on lines (3), (6), and the challenge vector q; could prevent this. We ensure log-space through a
variety of changes to Eval, presented in Algorithm 2, and show that it satisfies the efficiency guarantees in Theorem 3.1.

— The computation on line (3) is performed in time N!-> and each field element y; can be computed in space O(1)
by maintaining m accumulation buckets.

— We see that the prover can store R4(Q) defined on line (5) by observing that for & challenge indices, the maximum
number of possible nodes in the upper levels of the Merkle tree that could be used for the proofs of membership is

klogvV/N.

— Observe that the verifier can maintain small space (O(\)) if we perform the following computations upon receiving
columns and Merkle hashes from the prover on line (6). Since the verifier only opens the vector y’ at k € O(\)
points, when receiving each symbol of y’, the verifier scales the symbol by the O(\) columns it has chosen as the
challenge set. It aggregates these across symbols it receives from the prover, building the exact k points that
the encoding of y’ is evaluated on with one pass of the vector y’. It performs the computation of scaling the
k columns the prover sends with a similar bucketing technique, scaling them as it receives their symbols and

aggregating.
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— Lastly, we still must show the product of terms g1 can be computed on the fly or stored in small (log) space:

— Recall from Fact 2.1 (and subsequent discussion) that the multilinear extension of our polynomial f evaluated
at a point ¢ € F°8¥ is a vector-matrix-vector computation q; - ) - q2. If we analyze the structure of
q; (analogously q2), we can see it is easily computable in small space by the prover. In particular, for
any b € {0,1}'°¢ /2 we have q; (b) := Hifl(N)/Q x(b;, ¢;), which can be computed on-the-fly in space
O(log N) and polylog(N) time.

Security. We note that besides the logarithmic size randomness we make only algorithmic changes which affect the
streaming nature of the Shockwave protocol, whereas the prover and verifier messages remain identical between the two
schemes. Therefore, the security analysis follows by [40, Section 4.1]. By the analysis of [30] the scheme remains
secure in spite of our modifications on lines (3) and (7) with only a log N multiplicative factor added onto the security
given by [40]. O

Algorithm 2 Eval(pp, C, (,~; V) - Log-Space Implementation of Eval
Input: C, a Merkle commitment M; Y € Frxm=N
Output: Accept or reject

. P—>V:C

2P« V:p=(p1,-..,p0) ﬁ]Fé,Ezlogm

3: P defines the coefficient vector

4

I'®(p) = ®(1 - piapi) € FM/7
i=1
computes

y =Y r2(p) Vi € F™,

andsends P — V : y'.
4 P+ V:Q,where |Q| =k € O())
5: P computes the relevant set of indices in M of height h at all depths d:
i

Rali) = () saD)e bl = | | sald) = ha(i) & 1.

Then, for every level d we have Rq(Q) = U,;cq Ra(i).
6: P—>V:

A~

Vi, jl, i€ [m}lj €Q,

M.Proof (h - MerkIeDamgérd(y[*,j})) . heRyQ).
7.V checks, for every k € Q,

m

EnC(y’)k L Zr;@(p)j}[lv k]v
i=1

and M.Open(4) for all i€ M.Proof(h € R4(Q)).
8: Now V computes:
a €F",q2 € F",s.t. f(¢) = (a1 ® q2,)).
9: P <+ V : Repeat the preceding proximity-consistency test with q; in place of r®(p) and with a fresh query set Q’.
Let z' € F™ denote the vector sent by P.
10: V checks )
v={z,q).
11: V: Output 1 if all tests pass, and 0 otherwise.
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Algorithm 3 Com(pp; V) - Log Space Shockwave

Input: A € My, 1m,q (@RS code), Y € F™"*™ with N = nm
Output: A Merkle root hash h
Require: n > m
1: Stk < empty stack
2: for j € [rm] do
for i € [n] do

(98]

4 ¢ (V[i,+], Alx, j])

5: h < Merkle—(h, ¢

6: end for

7 node <+ (h,0)

8 while Stk.top.height = node.height do

9: sib < Stk.pop

10: node < (H(sib.h|lnode.h), node.height + 1)
11: end while

12: Stk.push(node)

13: end for

14: while Stk.size() > 1 do

15: right < Stk.pop()

16: left «+— Stk.pop()

17: Stk.push(H (left.h||right.h), right.height 4 1)
18: end while

19: return Stk.pop()

3.3 Streamable Shockwave-MLPCS in Square-Root Space

We present our streamable MLPCS with +/N proof sizes that admits a time 5(1\7 ) and space O(v/N)) committer using
the Shockwave-MLPCS.

Theorem 3.2. Assume the existence of a collision resistant hash function. Then there exists a streamable polynomial
commitment scheme (Setup, Com, Eval) for any security parameter \ and input tape of length N = 2" for multilinear
polynomials with the following guarantees:

— Com outputs a commitment of size Ox(1); and

— the running time of Com is O(N log N) hashes and F-ops, 1 pass over ), and uses space O(\/N ).

— The committer of Eval performs O(N log N) hashes and F-ops, uses 1 pass over Y, and uses space O(v/N).
— The receiver of Eval runs in time O(A/N) and the size of the proof is O(A\V/N).

As with the previous theorem, we provide an overview of our scheme which realizes the results stated in Theorem 3.2
before presenting its proof.

Overview of the FFT-Enabled Scheme. We first note that we present modifications to all three algorithms in
Algorithm 1. At a high level, the protocol Com described in Algorithm 4 and the subsequent modifications to the
Eval protocol leverage techniques which exploit the v/N sized working memory the prover may use. In particular, the
prover loads entire messages ); € ™ into its memory and then performs the Reed-Solomon FFT encoding. From
there, the prover computes the hash vector h, |h| = rm of each of these codeword symbols using the well known
MerkleDamgéard hashing technique. At each subsequent encoding, we continue to apply the MerkleDamgard hash to h.
When our prover exhausts the rows of ), it Merkle commits via M.Commit(h), where h; corresponds to the jth hash
value corresponding to column j in Y. In Eval, as with all subsequent sections, we will draw upon the modifications
presented in Algorithm 2 to argue for our complexity’s presented in Theorem 3.2.
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Algorithm 4 Com(pp; V) - (Quasi)-Linear Time Shockwave

Input: A€ My, rrm 4, ) € Frxm=N
Output: A Merkle root hash h
Require: n > m
1: h < empty list
2: ¢ < empty list
3: fori € [n] do
4: c+ FFT(Y(i,x)) e F™™
5.
6
7

h < Merkle-Damgard(h(3), c(i)) Vi € [rm])
: end for
: return M.Commit(h)

Proof of Theorem 3.2. We begin the proof with the efficiency analysis of Com.

Com and efficiency analysis. This algorithm admits:

— 1 pass over ). Since we are using the Merkle-Damgérd construction to aggregate hash values, on line (5) there is
no need to re-stream ) on a per-column basis.

— Nlog /N prover time. On lines (3-6), for v/ N messages we perform an FFT operation of time v/N log v/N.

— 3v/N prover space due to the cost of holding the Merkle-Damgard vector h, the current vector being computed
via the FFT, and the last vector computed via the FFT in memory.

Eval and efficiency analysis. When using the FFT algorithm for computing Reed-Solomon codewords for commitments,
N
prior works have typically performed this with parameters set so that ) € (F'°8 V)&~ [4,56] in order to extract the

most from the fact that in this setting Tz, = nlogn, yielding encoding times for log N many messages that are =~ N
in the size of the entire input. While this is efficient, and yields significantly smaller proof sizes than a square witness
shape, such schemes suffer from prohibitively large demands on the prover’s memory, namely also nearly N in the size
of the input due to the need for the input to the FFT to be loaded into memory. We therefore present slight modifications
to Eval in Algorithm 1 consistent with changes presented in Algorithm 2 which is asymptotically faster than the PCS
presented in Section 3.2 with only 3v/N working prover memory:

— Online (9), y’ is computed in the natural way in one pass over the input ), where the prover stores v/ N aggregator
buckets and r in memory. This incurs an additional /N time cost to the prover as in Section 3.2.

— On line (11) we run the FFT algorithm again, and similar to the above technique of Algorithm 2, emit codeword
symbols and proofs of membership on all relevant indices after the codeword is returned. Both of these costs on
lines (9) and (11) only incur a 3v/N cost to the prover’s working memory.

Security. As in Section 3.2, we note that we make algorithmic changes which only affect the streaming nature of the
Shockwave protocol, and the security analysis follows by Section 4.1 of [40]. This concludes the proof of Theorem 3.2.
O

This concludes our discussion of streamable multilinear polynomial commitment schemes from Reed-Solomon
codes.
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4 Streamable MLPCS from Foldable Codes with Polylog-sized Proofs

In this section, we describe MLPCSs yielding proof sizes of O(l) from foldable codes. Section 4.1 gives an overview of
the BaseFold scheme as well as a description of LSB-foldable codes, and in Section 4.2 we provide a useful framework
for considering the proof sizes and verifier times inherent in our BaseFold-style constructions. In Section 4.3 we
describe our streamable MLPCS based on BaseFold that admits a time O(Tgy. + N log N) and space O(log N + Sgn)
committer, and in Section 4.4 we provide our streamable MLPCS from BaseFold that admits a time O(/N 1'5), space
O(v/'N) committer.

At a very high level, our results are achieved through the use of the BaseFold PCS, which admits polylogarithmic
proof sizes from left/right (necessarily LSB) foldable codes, that is, codes which may be folded to create a new codeword
half the size of the original. Note that this folding style is analogous to MSB-folding, which natively folds a string x
indexed by a bit string b € {0,1}?",¢ € N through setting =} = (o)) + Z(1|b) for every b’ € {0, 1}*. This will
differ in our approach, which redefines the BaseFold PCS to work with even/odd foldable codes, or LSB foldable codes.

Through the use of foldable codes we gain the ability to reduce claims about codewords (i.e. that our encoded
witness ) € Enc(x) for some x € F™) to claims of a much smaller form. In particular, we move from necessitating the
verifier to check a statement made over a linear combination of the rows of our witness matrix ) to simply requiring the
verifier to check a statement of size O(1) with O(log(/N)) additional binding checks.

4.1 Overview of LSB Folding and the Modified BaseFold PCS

In this section we introduce LSB foldable codes and give an overview of the LSB Foldable BaseFold scheme. This
scheme describes the folding nature of our BaseFold variant and how it interleaves with the sumcheck protocol, as well
as informs the structure of the MLPCS which we give throughout the remainder of this section.

Definition 4.1 (LSB Foldable Distributions). Let My € FkoX"ko the generator matrix of a [rko, ko, do| linear code
where ko, r € N and Dy the distribution that outputs Mg with probability 1. Then for every i > 0 we inductively
define D;, the distribution that outputs M,; € Fkixmi f. = 20 ko, m; = r - k; which samples generator matrices
My, My, ..., M,, in the following way:

1. Sample 1\/[07 Ml, e 71\/12‘,1 — Difl.
2. Sample t§_, <~ F™ -1 and let t{_;, = —t{_,.

3. Define M; =

Mifl[*,l] Mifl[*,mifﬂ

Moo [, 1]t5 1 [1] -+ Mica[x, maa]t_ [mii]
For clarity, we present an instantiation of a LSB foldable code from Reed-Solomon codes.

An Instantiation of a LSB Foldable Code. For clarity, we briefly present an instantiation of a LSB foldable code
from Reed-Solomon codes, slightly modified from a similar description found in [62]. Fix I a finite field of (large) order
such that IF has a multiplicative subgroup G with order m = 2¢,¢ € N and let w € G a primitive root of unity which
generates G. Additionally, let M a Vandermonde matrix of shape d x d over F for degree-n polynomials such that
M{i, j] = (w?)* = wi". Itis true that for all even rows of M, M|, j] = Mli,j + 2] = Wi =2 i € |n/2). It
is also true that for odd rows M i, j] = w27 - w7, Therefore, for a column j all entries within odd rows are entries from
the even row above it scaled by w?. With this observation in hand we may define a matrix M,,_; of shape % X g whose
columns are exactly the first d/2 columns of the even rows of M. If we define t¢_, as the first d/2 exponentiations
of w® w, ... ,w¥?and t%_, as the last d/2 exponentiations of w®/?*1, ... w?!, then we see that M,,_; is exactly
M, _; as defined in Definition 4.1.
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Overview of the LSB Foldable BaseFold Scheme. From this definition (and example), we give an overview of our
BaseFold PCS from LSB foldable codes as depicted in Algorithm 5 of Section 4.2. First, on lines (3-5) the prover
Merkle commits to ). Note that this encoding is not interleaved as is the case in Brakedown-style MLPCS. Due to this,
we will treat ) as the input to our MLPCS’s Eval phase in this section in order to highlight the complexities inherent
in the protocol itself, rather than the complexities inherited by encoding the entire witness. This is a departure from
the presentation of Section 3 which treats ) itself as the input to Eval. After Merkle commitment, the prover initiates
the LSB sum-check protocol with the verifier on line (9) for the given statement and as it progresses on lines (9-10),
later additionally uses the verifier’s random challenges to LSB fold Y on lines (14-16) via an interpolation function,
halving the size of ) at each round (line 14) and satisfying Enc;(f;) = Fold(Y;41), f; our i variate folded polynomial
associated with round ¢ of the sum-check protocol for each i € [log N — 1]. For every round of folding, the prover
also Merkle commits to a new Merkle tree associated with the new folded codeword they are building. This ultimately
changes the verifier’s check from Enc(m) = c as described in Section 1.2 for Brakedown/Shockwave style schemes to a
check that Enco(fy) = Yo, a constant space check. Note that Yo may not necessarily be a codeword with a pre-image of
length 1, but will always be of some constant length at which the recursion of the encoding stops. The total proof size is
polylogarithmic in N because of the interleaved sum-check protocol (expressed on lines 9-10), the codeword check
performed at each layer (line 25), and the Merkle paths opened and checked by the verifier (lines 23-24) required for
each codeword check.

4.2 BaseFold-MLPCS with LSB Foldable Codes

In this section, we present our LSB folding scheme for the BaseFold protocol in Algorithm 5 which achieves
polylogarithmic proof sizes and verifier time as well as argue its complexities, correctness, and security. In particular,
we defer discussion of prover complexities to Section 4.4, and Section 4.3 where we explore different space regimes for
the prover as per the structure of Section 3. We formally state this result through the following theorem.

Theorem 4.2. Assume the existence of a collision resistant hash function. Then there exists a streamable polynomial
commitment scheme (Setup, Com, Eval) for any security parameter \ and input tape of length N = 2" for multilinear
polynomials with the following guarantees:

— Com outputs a commitment of size Ox(1); and

— The receiver of Eval’s running time is O(Llog N), £ € ©()), uses space O(log N), and the size of the proof is
polylog (V).
Proof of Theorem 4.2. We begin the proof with a complexity analysis of Algorithm 5. We have:

— log? N proof size and verifier time is evident as the verifier receives 3k log N codeword symbols over the course
of the log N round query phase on lines (23-24), and with each symbol there is sent a Merkle proof which is of
size at most log IV at the top level.

— log® N(2¢ + 2) verifier work is evident from the sum-check protocol which incurs an overall cost to the verifier
of 2 log2 N throughout the protocol from log N evaluations of g;(0/1) on lines (9, 28), and from ¢ Merkle path
openings at each of the log IV levels as well as 2 computations at each level on line (25).

— It can be seen that the verifier can also be made log N space through observing that on line (25) the verifier
receives only the 2 elements it needs to compute each Y;[k] at round any ¢ of the protocol, and the sizes of the
Merkle proofs it receives are at most log V.

In addition to our complexity analysis, we also give a proof of correctness as well as a proof overview of security
which ultimately invokes the knowledge soundness theorem of [62].

Correctness. Observe that an honest prover on line (15) sets )Z [7] equal to exactly the verifier’s check on line (25), so
all checks in the query phase (lines 22-27) hold trivially when executed by an honest prover. It remains to show that Yo
is a valid codeword. Similar to the proof of Lemma 5 in [62], we argue equivalently that for all t =n — 1 to 0, Viisa
valid codeword with respect to the generator matrix M.
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Leti € [n — 1]. Then, given verifier randomness «; € IF and message x; € F* with x; = X1L+1 + aixﬁl, where
xE x® denote the left and right halves of their respective message, denote Enc;(x) the (even-odd) foldable encoding of
x-M; € ™,

Now, note that by the definition of our even-odd foldable code, we have that

Mi41
Visa[27 — 1] Z zipa[k] - Mg [k, 25 — 1]
= inL+1[k] ilk, 3] + Z%H ilk, 4] - £215]
= szJrl k .7 +to Zmz+1 M [kaj]

k=1
= Enci(xiﬂ)[j] + t7[j]Enci (=) (]

and similarly the same holds for Y;1[2] = Enc;(zF, ) [j] + t¢[j]Enci(x,)[4].
By line (14) of the protocol, it is true that

a; — t5[7] a; — t9[j]
R TR

Vili] « Vi [25 - 1]+
By setting both Vit1[2j — 1] and Y;11[27] to their forms as defined above, we see that for all j € [m],
Pilj] = Enci(xE, )] + Enci (xE,)[j] - o = Enc(xby, + aixfiy )] = Enci(x) ]

Security. We now argue the security of our protocol. We first note that the distance of our underlying code remains
unchanged (since it is a permutation of the columns of the original code’s encoding matrices). Then, through
demonstrating that the verifier and prover messages are fundamentally unchanged between Algorithm 5 and Protocol 4
of [62], this distance preservation then allows us to argue that we meet the conditions for Theorems 3, Lemmas 6-8, and
then finally Theorem 4 (knowledge soundness) of [62].

To see why the distance is unchanged, simply note that for any ¢ € [log N — 1], M; as defined by Definition 4.1
satisfies M; = M P where P is some permutation matrix and M is the foldable generator matrix described in
[62, Definition 9]. It follows that our code is an equivalent code [57] to the code associated with M and as such its
distance remains unchanged. This allows us to meet the conditions to invoke [62, Theorem 3 and Lemma 6]. What
remains to argue is that the verifier and prover messages also remain unchanged between the protocols, which will allow
us to invoke Lemmas 7-8 and Theorem 4 within BaseFold.

Consider the messages sent on lines (9), (10), and (23-24) within Algorithm 5:

° (9) gl(Xl) <~ Z f(b7Xi;ai+1a-"aan) 'eq(z; (baXivai+17-"705n))
be{o71}i—1

« (10): ;(0), g:(1). V checks: g;(0) + gi(1) = gisa(cv;)
* (23-24): Y;[k], MS Proof ({k}) and V1 [2k — 1], Vi1 [2k], MG+t Proof ({2k — 1,2k}), Vk € Q,

where for any j € n; as defined in Definition 4.1 );[j] + interpolate,, ((tf[j],j)[2j — 1)), (t2[5], YI24])). We
compare these to the prover messages sent in the BaseFold protocol:

o (1): gn(Xn) < > f(b, X)) - eq(z; (b, X»n)), gn(0), gn(1)

be{0,1}n—1

¢ 2d) gi(Xi) <~ > f(b, X g1, ano1) ... eq(z; (b, Xy, i1, 1))
be{0,1}i-1

* (b(i-ii)): Vi[j] « interpolate,, ((£[4], V[5]), (2[j], V[j + “52]))
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« (IOPP.Query): Y;[k], MS.Proof ({k}) and
o Vigalk], Viga[k + 5], M+ Proof ({k, "5 }), Vk € Q.

Observe that the only messages which substantially change between protocols are the messages sent on lines (23-24).
However, it must be the case that these messages are in fact equivalent to the messages sent in the native BaseFold
protocol. To see this, note that since the only difference between the messages is where a codeword at level ¢ is indexed
to build the codeword at level ¢ — 1, the codewords built between the protocols are equivalent if the code used to
encode the top level codeword is equivalent to that found in [62]. Since this is the case (as they are equivalent codes),
it follows that the messages are equivalent, that is, they share the same codeword space. This allows us to invoke
[62, Lemmas 7 and 8]. This satisfies the conditions for Theorem 4, and soundness holds due to the soundness of the
native BaseFold protocol and the equivalence of our codes. This then satisfies the property of Knowledge soundness as
defined in Definition 2.2, which completes the proof. O

4.3 Streamable BaseFold-MLPCS in Logarithmic Space

In this section we present our streamable MLPCS with O(1) proof sizes that admits a time O(Tgq + N log N) and
space O(log N + Sgyc) committer, where we use Tk, Sgnc respectively to denote the total time and space it takes to
compute a codeword from a given message. More formally:

Theorem 4.3. Assume the existence of a collision resistant hash function and further assume that we may access a
stream of the encoded witness through a general encoder which runs in total time Tg,., requires space Sgy., and takes t
passes over the witness Y. Then there exists a streamable polynomial commitment scheme (Setup, Com, Eval) for any
security parameter \ and input tape of length N = 2" for multilinear polynomials with the following guarantees:

— Com outputs a commitment of size Ox(1); and

— the running time of Com is O(Tg,.), takes O(N) hashes, t passes over Y, and uses space O(log N + Sgye).
— The committer of Eval runs in time O(N + N log N), takes O(N) hashes, and requires space O(log N).
— The receiver of Eval’s running time is O(£), £ € ©()), uses space O(1), and the size of the proof is O(1).

Remark 4.4. We remark that the foregoing Theorem statement instantiated naively with Reed-Solomon codewords
yields a MLPCS with prover time O(N?) and number of passes over the witness O(N) due to the density of the
Vandermonde matrix used in Reed-Solomon codes. To see why this is the case, simply observe that the Vandermonde
matrix of shape (kg X mg) at the top level is dense, as each column consists of exponentiations of a primitive root of
unity w. Thus, during the encoding we must multiply each element in the input y; € ) with k; € O(N) many non-zero
elements, resulting in O(IV) field operations per input element, a O(/N?) total time computation. In preceding sections,
the Reed-Solomon encoding was a desirable choice as the interleaved setting allows one to encode over a domain of size
only v/N, whereas in the non-interleaved BaseFold setting, the Vandermonde matrices become O(N) x O(N), leading
to quadratic prover times. Due to this, we leave this theorem statement and its analysis in terms of a general linear
encoder, which can be used in a black-box manner. Moreover, we emphasize that the asymptotics guaranteed here, given
improvements in linear codes instantiations, can be readily used towards building complexity preserving arguments with
logarithmic proof sizes.

Proof of Theorem 4.3. We start the proof by first presenting the efficiency analysis of Com within Algorithm 5.

Com and efficiency analysis. We have:

— t passes over ), as generating all elements in Y requires ¢ passes over the witness via invoking the general linear
encoder to compute all entries of ) on lines (3-5).

— Tgpe operations over [F originating from performing the encoding in the commitment, also on lines (3-5).

— 2N — 1 hashes from building the Merkle tree on line (5).
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log(N) + Sgnc space is achieved by hashing as described in Algorithm 3 in Section 3.2, using the technique of
storing only the exact elements needed to compute the current Merkle hash, which is at most O(log V) in a binary
tree with O(IV) leaves. The Sgyc term comes from invoking the general linear encoder.

Eval and efficiency analysis Now, we present our complexity analysis for Eval. In contrast to Com, in Eval we assume
streaming access to ) and argue the efficiencies of Eval with respect to the machinery contained therein, and without
the overhead of encoding. We have:

O(1) passes over Y. We pass over ) once on lines (8-19) when committing to the i € [log N — 1] many codewords
we create from the interpolation on line (15), and once again when we must rebuild the codeword to answer the
verifier’s queries on lines (22-27).

We perform O(N) operations over F from performing the interpolation to generate elements in all levels of

codewords ¢ € [log N — 1] on lines (15-17) and lines (23-24), which costs 2 field multiplications per level to
generate elements further down in the codeword halving. This is a geometric series Zﬁ(m— ! Gt =mg € O(N).
The N log N term originates from the LSB sum-check which is interleaved with the BaseFold protocol on lines
(9-10), which is known to be computable in a streaming fashion in time N log IV [12,28].

We build Merkle trees on lines (13-17) and then rebuild them on lines (22-27). During both phases of Eval, in the
worst case we must construct the entire Merkle tree (i.e., the verifier’s query necessitates the last element of the
corresponding level’s codeword). Analyzing the cost of building the Merkle tree in the commitment phase of Eval,
we have 2N — 1 hashes to build the top level Merkle tree, 2(/N/2) — 1 to build the next, and so on, which gives
4N —log N — 3 total hashes. In the worst case, we hash ~ 8N total elements across all phases of Algorithm 5.

log(N) space is achieved primarily from the LSB folding technique. This allows us to, given streaming access to
the top level codeword, generate streaming access to the next level’s codeword, and so on. More formally, given
Vi[2j] and Y;[2j5 + 1], we can directly compute the next level’s Vit1]7] from the equation on line (14) given that
we are holding only );[2j + 1] in memory. Moreover, it is known that sum-check is compatible with logarithmic
space given the LSB folding of the witness [12,28]. This allows us to perform the codeword generation phase on
lines (10-20) in logarithmic space. What remains is a brief argument as to why the query phase from lines (22-27)
do not take more than logarithmic space. Note that when the prover receives the query set from the verifier, they
may sort it. Similar to approaches used in previous discussion surrounding Theorem 3.1, the prover then uses the
foregoing techniques to “re-run” the codeword generation phase and emit Merkle paths as well as queried values
of codewords as it steps through the computation.

To argue the efficiency of the receiver in Eval, we invoke Theorem 4.2, which concludes the proof of Theorem 4.3
and our discussion of the modified BaseFold PCS from LSB folding. O

4.4

Streamable BaseFold-MLPCS in Square-Root Space

We begin our exposition of this MLPCS through the use of the BaseFold foldable code encoder, and state our result
formally through the following theorem.

Theorem 4.5. Assume the existence of a collision resistant hash function. Then there exists a streamable polynomial
commitment scheme (Setup, Com, Eval) for any security parameter \ and input tape of length N = 2" for multilinear
polynomials with the following guarantees:

Com outputs a commitment of size Ox(1); and
the running time of Com is O(N'?), takes O(N) hashes, \/N passes over Y, and uses space O(v/N).
The committer of Eval runs in time O(N%) with O(N) hashes, uses /N passes over Y, and uses space O(v/N).

The receiver of Eval’s running time is O(£), £ € ©(\), uses space O(1), and the size of the proof is O(1).
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Proof of Theorem 4.5. We begin with a remark on the generator matrix of the BaseFold encoder’s small space
representation and subsequently present the efficiency analysis for Com.

Remark 4.6. Note that we assume we have streaming access to the diagonal vector t§ (where in the case of the BaseFold
code t{ = —t?) for any level of the generator matrix M; as well as succinct access to the underlying BaseFold code,
that is, we can access elements of the generator matrix M associated with the BaseFold code in 5(1) time and space
O(V/'N). To see how this is achieved, note that the recursive structure of foldable codes as defined in Definition 4.1
sets any new column M ;1 [x, 5] built from M equal to the concatenation of M, [x, 2] with M;[x, 4] - #;[2], that is,
M, 41 [*, %} = (M, [, %] [| ML [, %] t [%D Therefore, starting from M, the base level generator matrix, we may describe
M, [, 7] by composing concatenations of (Mg, 2i] | M, QL] ~t0[2%])||(M0 [, QL} | Mg [, QL] tO[QL]) tl[Q%] o)
until we reach the desired level of M;. Then, since each element in any level M, is just a series of multiplications by
some t4[2/5°] (or —t;[2/4%]) where k € [log N], we can compute for any column j € [m;] each entry of M, [, j] in
time 5(1) while being well within our requirement of space O(v/N). Moreover, we also assume that the base level
matrix M) is sparse such that the top level matrix M is v/N column-sparse. To achieve this, we set the sparsity ¢ of

the bottom level matrix Mg to be ¢ = 4/ ’“—g

2

Com and efficiency analysis. Given the preceding remarks, we have:

— /N passes over ), as generating v/ N elements in Y on lines (3-5) requires a pass over the witness, yielding v N
total passes over the witness.

— N+/'N operations over F originating from performing /N field additions and multiplications per element
generated in the codeword on lines (3-5) due to the v/ N column sparsity of our generator matrix M.

— 2N — 1 hashes from building our Merkle tree on lines (3-5).

— Within Com, v/ N space is trivially achieved through similar arguments to the above log N space argument for
computing Merkle trees, and we maintain log N space while computing our sequential codewords of size O(v' N)
by maintaining O(log N) many buckets with which we can sum their respective vector-matrix multiplications
within.

Eval and efficiency analysis . Now, we present our complexity analysis for Eval. As before, we assume streaming
access to the top level of ) and show that we can similarly gain streaming access to any codeword );, i € [log N — 1] in
v N space. This allows us to answer the verifier’s queries to various levels of ) in v/ N space. We have:

— O(1) passes over Y due to a similar argument as to the above proof of Theorem 4.3, where we pass over the
encoded witness once during lines (8-19) in the initial encoding of the codewords at levels i € [log N — 1], and
then once again when answering the verifier’s queries on lines (22-27).

— N + Nlog N operations over F originating from i) performing 2 field multiplications per level to generate
elements of the codeword halvings JAJi, i € [log N — 1] and ii) performing the LSB sum-check. Note that this is
the same complexity as to the log IV space regime, which is explained by the fact that our LSB folding technique
is extremely space efficient, and it is simply the encoding step where we exploit v/ N space.

— The analysis of the number of hashes is unchanged as to that described in Theorem 4.3.

— /N space is achieved primarily from the LSB folding technique. As seen in the argument of Theorem 4.3, this
allows us to, given streaming access to the top level codeword, generate streaming access to the next level’s
codeword, and so on. We only must store the space it takes to perform the sum-check and the folding of individual
elements towards the bottom level codeword Y, which both fit well within our space requirement of v/ N (and in
fact fit within a space requirement of O(log N)).

To argue the efficiency of the receiver in Eval, we invoke Theorem 4.2, which concludes the proof of Theorem 4.5. [
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5 General Code-Based Streaming-MLPCS in the Oracle Model

We introduce our oracle encoder model O in Section 5.1, and then present our results with this model in the row-wise
oracle model: linear time and square-root space MLPCS in Section 5.2 and logarithmic-space MLPCS in Section 5.3.
Logarithmic proof size techniques from the row-wise oracle model are discussed in Section 5.4. We then discuss the
dual mode of the column-oracle model in Section 5.5, Section 5.6, and Section 5.7.

5.1 An Oracle Model for the Encoding Matrix

Note that if we move away from the general Reed-Solomon (or Basefold) code, we have more flexibility in our prover
times without having to sacrifice space efficiency. To realize this, we revisit our idea of a general linear encoder
Enc(x) : F™ — F"™ with constant rate r and linear minimum distance d as used in Section 4.3 but generalized towards
any suitable linear code. In particular, for A € M,, ,,, ;, fix ¢ such that the edge expansion of our underlying graph G
informing M,, ,,, + is enough to realize a linear minimum distance d, rate > 1, and ¢ = O(1). We call this matrix
A our general encoder matrix and model the encoding process as simply x - A = y. Note that many linear codes
are systematic, meaning that the original message x is prepended to the first |x| = m symbols in y. We define our
computation x - A = y to also capture this behavior. Therefore, we have that our general encoder Enc(x) is systematic,
constant-rate, has linear minimum distance, and has for each row A[é, %] the number of non-zeroes is exactly ¢.

Instantiating the Oracle. We envision two natural ways to instantiate the oracle model. (a) Following [17], one
may store the code matrix on an external storage server and give the prover streaming access to the requested sparse
rows/columns. This is particularly suitable for explicit code constructions whose generators may not admit succinct
local computation, but whose sparse neighborhoods can be retrieved efficiently. (b) Following [40] and subsequent work,
one may generate rows/columns pseudorandomly from a short seed (e.g., by expanding a PRG seed that determines the
nonzero positions and coefficients). This instantiation is appealing when no external storage is available and the prover
must generate the required parts of the code matrix locally in a space- and time-efficient manner.

We define the syntax of our oracle in the following manner. Both oracles retrieve nonzero elements and their indices
from A. We denote the oracles O¢ and Op for the column-wise and row-wise oracles, respectively, and restrict our
queries to either oracle for sequential rows and columns of A i.e., we may request nonzero indices from either O in
sequential order A[é, %], Ali + 1,%],...,or Al*,j], A[*,5 +1],.... Let

Or.Query (i) := {(j, A[i, §])| for all j € A[i, «] where A[i, j] # 0}, and
Oc.Query(3) := {(4, A[i, j])| for all i € A[x, j] where A[i, j] # 0},
denote queries to oracles O and O¢, respectively. In all algorithms which uses these oracles, we analyze the number
of (respective) oracle queries made.
5.2 Streamable Quasi-linear Time, Square-Root Space MLPCS in the O z-model

We give our streamable multilinear PCS with v/ proof sizes that admits a time O(NN) and space O(v/N) committer
using the row-wise oracle encoder model.

Theorem 5.1. Assume the existence collision resistant hash functions. Then there exists a streamable polynomial
commitment scheme (Setup, Com, Eval) for any security parameter \ and input tape of length N = 2" for multilinear
polynomials with the following guarantees:

— Com outputs a commitment of size Ox(1); and
— Com performs Nd hashes and F-ops, makes 1 pass over ), uses space vv/ N, and makes N calls to ORg.

— The committer of Eval performs Nd + N hashes and F-ops, makes 1 pass over Y, uses space v/ N, and makes
N calls to Op.

— The receiver of Eval runs in time O(A\vV/'N) and the proof size is O(A\V'N + Alog(N)).
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Algorithm 5 (Setup, Com, Eval)(1*,p, 1", z,; Y): Succinct MLPCS in Log Space

Setup(1*,p,1™):
1: pp < (A,Enc(x),t5_;,t0%_;), where A € My, ., t5_1,t2_; € F-1, tF € F™ the respective left/right

half of t{, ; for i < n and Enc(x) :=x- A

Com(pp; V):
: M < Merkle tree
. for each j € [m,,] do:
Vi S Vi
C,, <+ M.Merkle(J,)
. end for

O v oA W

7: Vi Cpi=C vy =1,
8: fori =ntoldo _
P—=V: g’L(XZ) A Zbe{o’l}ifl f(b7 X’i7 Q15 ,Oén) : GQ(Z§ (b7Xi7 e ER an))
10: V checks: ¢;(0) + ¢:(1) < Vi
1. Vo P:oeF.

12: V: Yi—1 = gZ(Oél)
13: P : M < Merkle tree

14: for j € [m;] do . .

15: P sets: V;_1[j] < interpolate,,, ((¢5[7], Vi[27]), (t5[5], Vi[27 + 1]))
16: P commits C;_; < M.Merkle();[4])

17: end for

18: P>V .Ci4

19: end for

20: P—>V : )

21: V. — P:Q where |Q] = /¢ € O(\) and Q C [0, mg — 1] is randomly sampled.

22: for i =n — 1to 0 do:

23 P —V:Yi[k], M Proof({k}),Vk € Q

24: P — VY [2k], Viga[2k + 1], MG+ Proof ({2k, 2k + 1}), Vk € Q

25: V checks:
Vi[k] = interpolate,, ((t¢[k], V[2k]), (t2[K], V[2k + 1]))
MS+1.Open({2k, 2k + 1}), M%.Open({k}) for all k € Q

26: k<« [k/2|Vk € Q

27: end for )

28: V checks: Enco(g1(a1)/eq(C, o, ..., an)) = Do

29: V: Output 1 if all checks pass, 0 otherwise.

Overview of the Commitment. We note that with this generalization in hand obtaining a linear-time MLPCS similar
to the MLPCS in Section 3.3 is natural by allowing a prover with /N space and by observing that we can employ the
same machinery from Algorithm 4, the commitment produced by using FFTs on Reed-Solomon codewords. At a high
level, we can modify Com in Algorithm 1 in the following ways to achieve this. We change the commitment Com to,
instead of calling FFT on each row i, we call O.Query(j) to retrieve the product terms used in the partial codeword
computations for that row. Then, we aggregate these computations into full symbols of the codeword for row Y[i, *].
At the end of building a full codeword matrix, we commit with the same technique as Algorithm 3, and employ the
MerkleDamgard technique to reduce the size of the Merkle tree’s leaf level to v/N.

Then, we modify Eval to reflect the efficiency guarantees stated in Theorem 5.1. Our proof follows the format of the
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previous theorem statements, beginning with an algorithm for Com and subsequent analysis of Com and the modified
Eval.

Proof of Theorem 5.1. We begin with an efficiency analysis of Com.

Com and efficiency analysis. We have:

— Nd prover time. During computation on line (7) we see that for every symbol in )/, we must multiply by the exact
d non-zero elements in A for that symbol’s row.

— 1 pass over V. Since we multiply each symbol of the witness matrix by the exact elements in A that it must scale,
we only have to touch each symbol in the witness matrix once, as evidenced by lines (2-6) which iterate only over
the rows, columns, and non-zero generator matrix elements.

— /N prover space. On lines (7,10) and we commit to each product symbol produced by the "scaling" operation
described above, and keep /N of these in memory at a time to accumulate each codeword symbol in the current
row of ).

— N queries to Or. For every symbol in our witness matrix ), we must query the oracle on line (5) for the
corresponding indices and values of A for the row of A which must be scaled by that symbol.

Eval and efficiency analysis. Again, we refer to our abstraction presented in Section 3.1 and modify Algorithm 1 to fit
the results of Theorem 5.1 in the following ways:

— On line (9), we can use much of the same changes as the analysis of Eval in Section 3.3, where we compute y’
with one pass of )V and maintain an aggregator bucket array with which we store each element of y’ in as we scale
rows of ) by r. As in the previous sections, this incurs a N time cost for generating y’.

— On line (11), we simply reperform the computation of Com as in Section 3.2 and Section 3.3 and emit Merkle
proofs to the verifier when hashes of M and indices of columns of )/ are relevant to the challenge indices.

— When the verifier wishes to open the evaluations and create the codeword used in the test on line (12), the verifier
may instead perform a similar optimization as in Section 3.2 to maintain space O()). Here, in the row access
model (as opposed to the column access model that the Reed-Solomon codes invite), we have the verifier do the
following. Upon receiving a symbol of y’, the verifier scales it by the exact k values of the codeword matrix
A that appear in the row corresponding to the current symbol of y’. It aggregates these in buckets, keeping
only O(\) buckets throughout the computation. It calculates the aggregations of the scalar product between
the columns it receives and r in the same fashion as in Section 3.2. This technique works for any verifier with
row-wise access to A via Op.

— As in all other schemes, the new challenge vector q; is produced in the same way as the analysis of Eval in

Section 3.2.

Security. This protocol admits its multilinear polynomial commitment scheme from O which realizes a constant-rate
linear code with linear minimum distance. Due to the results of [40], we then retain soundness by the distance and rate
of our encoder. O
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Algorithm 6 Com(pp; V) - Linear Row Oracle

Input: Y € Frxm=N
Output: A Merkle root hash h
Require: n > m

1: h < empty list

2: fori € [n] do

3: c < empty list

4 for j € [m] do

5: Q + Ogr.Query(j)

6: for k € Q) do

7 (k) < (Vi3] x Alj, K]) + (k)

8 end for

9 end for

10: h «+ MerkleDamgard(h(j), c(j)) Vj € [rm])

11: end for
12: return M.Commit(h)

5.3 Linear-time, Logarithmic Space MLPCS in the Oz-model

We present our streamable MLPCS with v/N-sized proofs that admits a time O(NN) and space O(log N) committer
using the row-wise oracle encoder model.

Theorem 5.2. Assume the existence of a collision resistant hash function. Then there exists a streamable polynomial
commitment scheme (Setup, Com, Eval) for any security parameter \ and input tape of length N = 2" for multilinear
polynomials with the following guarantees:

— Com outputs a commitment of size Ox(1); and
— the running time of Com is Nd hashes and operations over F, 1 pass over Y, and uses space log(Nd).

— The committer of Eval runs in Nd + N hashes and operations over F, uses v/ N passes over ), and requires
space log(Nd).

— The receiver of Eval’s running time is O(A\/'N log /N + A\V/N) and the size of the proof is O(A\V/N log /N).

We achieve these results by observing that, as depicted in Fig. 2, one can commit to the encoded matrix Y not
by committing to its symbols but by instead committing to the computations comprising those symbols. We provide
a remark here on how we leverage this technique to avoid known lower bounds associated with encoders and give a
detailed overview.

Overview of the Row-Wise Small Space Encoder Scheme. We describe the modified Com and present the full
algorithm in Algorithm 7. At a high level, since the map Enc(x) : F™ — F"" simply performs matrix multiplications
of the form x - A, it is easiest to compute codewords in column-major order across J> However, if we wish to use
this mapping to create a streamable multilinear polynomial commitment scheme, we cannot designate our Merkle
commitments as columns, or even symbols of the encoded input sequence Y. This is because each symbol 37[17 jlisa
linear combination of A which requires holding at least n. = /N field elements in our buffer if we wish to build )V
in row-major order. The natural option here then is to compute codewords in column major order, but this requires
re-streaming the input tape ) at least v/N times. We wish to avoid this. Therefore, we simply commit to the products
within these linear combinations. Specifically, for each message to be encoded = we commit to the exact md field
multiplications performed when multiplying each element x;, X, ...,X,, by each corresponding non-zero in the
associated row of A.
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Remark 5.3. This technique may bypass the lower bound of [27] since the committer is not required to output the
entire codeword given streaming access to the message. Instead, for each codeword symbol c;, the committer must
compute and commit to the linear combination of )[i, ] and A [*, ] which realizes ¢;. This essentially means that the
committer never fully computes c¢;, but commits all information needed to open/compute this value. Moreover, the
computational work of reconstructing ¢; is performed by the verifier, shortcutting the encoding process altogether. The
proof of [27, Theorem 9.5] shows that minimum distance properties cannot be preserved if the encoder takes insufficient
time or has insufficient space, if the entire codeword must be written at once. Our prover-verifier asymmetry with respect
to computing the codeword is distinct from typical usages of codes in MLPCSs, and may warrent further investigation.

In Fig. 2 we outline a sketch of this commitment using the toy example where n = m = 2, r = %, and ¢t = 2. Now,
we examine Eval. Since A is known to both parties a priori, the prover can efficiently recalculate associated symbols of
requested codewords )7[*, j] in the evaluation phase and send them to the verifier in a streaming manner. Once the
verifier receives the respective symbols associated to challenged columns of codewords, they combine them to create the
symbols of those codewords and perform the check.

In essence, we change the granularity of what we commit to. We find that if we can commit to “finer” objects of Yy
and recall their distribution in ), then we can a streamable small space prover for a polynomial commitment scheme
given row-wise access to our oracle.

Proof of Theorem 5.2. We begin with the efficiency analysis of Com.

Com and efficiency analysis. We have that:

— N queries of Og. On line (4) in Algorithm 7 we must query A for each symbol in the witness matrix and hold
the d non-zero elements in memory for that symbol.

— 1 pass over Y. We commit to codeword fragments in order to pass over the input tape exactly once, we never have
to re-stream since we are not building our Merkle tree in column major order as in Algorithm 3.

— Nd prover time. For /N symbols per message, and for v/ N messages we perform d field multiplications on
lines (2-14).

— log(Nd) prover space. The height of the stack in Algorithm 7 is logarithmic in the number of leaves of the Merkle
tree.

Eval and efficiency analysis. We describe the variant of Eval found in Algorithm 1 of Section 3.2, satisfying the
guarantees provided in Theorem 5.2.

— On line (9), P computes y’ in column major order similar to the computation in Eval of Com — Space. We
acknowledge that both here, and in the space efficient setting for Reed Solomon commitments, this requires us to
multipass over the input sequence, but the number of field multiplications we perform stays O(N).

— On line (11), we re-run the commitment, and emit Merkle proofs of membership to the verifier in the same
fashion as Eval — Space. Note that in this setting, the verifier will have to perform v/N field additions in order
to "retrieve" the codeword symbols from the partial commitments. However, it is important to note that field
additions are far less intensive computationally than field multiplications, and these do not affect our verifier
asymptotically.

— q is also computed and chosen in the same way as in previous sections.

This concludes the discussion of our efficiency analysis satisfying the claims in Theorem 5.2. O
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y(,1) Y(1,2) A(1,1) 0 A(1,3)

V(1,1) x A(1,1) 0 V(1,1) x A(1,3)
0 V(1,2) x A(2,2)  V(1,2) x A(2,3)

Figure 2: We commit to field products of the form Y[i, j] x A[j, k] in row major order. Visually, we sum columns of
the same shades to retrieve full codeword symbols. This construction enables O(log N )-space streaming Com with
only one pass, adapting expander codes (x A = c) to SNARKSs in the random access machine model.

Security. The security analysis follows similarly to that in Section 5.2. The multilinear polynomial commitment
scheme with the row-wise oracle from codeword fragments requires a brief argument for the aggregation of fragments
into codeword symbols so that the security analysis in [40] follows. We provide a brief proof sketch here for this
argument.

Proof Sketch. Note that a single symbol in the typical encoded matrix has Y[, j] = S, Yli, k]A[k, j]. Then
it is apparent that summing the first m terms of any column j € [rm] of Y yields a full codeword symbol
Vi,j),i € [m],j € [rm]. Therefore, after performing these summations over all rows of our codeword fragment
matrix we subsequently arrive at the full codeword matrix. Since the underlying oracle realizes a linear code that is
constant-rate with linear minimum distance, these codes when checked against the verifier’s challenges (namely, in the
checks against specific columns of the encoded y”), still have that if our verifier is honest we are close to a codeword,
and conversely if our verifier is dishonest, the linear combination on the right side of the equation in Algorithm 2 on line

(7) is far from the valid codeword. Therefore, security holds. O

5.4 Streamable MLPCS with Logarithmic Proof Sizes in the O z-model

‘We now shift to the logarithmic space MLPCS previously explored in Section 4 to demonstrate that we may achieve
similar prover efficiencies to those presented in Section 5.3 and Section 5.6 while reducing our proof size from O(v/N)
to just 6( 1)ML. We begin with a presentation of our streamable MLPCS with a time N'-® and space /T prover
satisfying the guarantees of the following theorem using the previously established technique of the row-wise oracle
encoder model found in Section 5.1. We state this formally through the following theorem.

Theorem 5.4. Assume the existence of a collision resistant hash function. Then there exists a streamable polynomial
commitment scheme (Setup, Com, Eval) for any security parameter \ and input tape of length N = 2" for multilinear
polynomials with the following guarantees:

— Com outputs a commitment of size Ox(1); and
— the running time of Com is O(N'?), takes O(N) hashes, /N passes over Y, and uses space O(v/N).

— The committer of Eval runs in time O(N log N) and performs O(N) hashes, uses VN passes over Y, and uses

space O(v/N).

— The receiver of Eval’s running time is O({), £ € ©()), uses space O(1), and the size of the proofis O(1).

32



Algorithm 7 Com(pp; V) - Small Space Row Oracle

Input: A€ My, rrm 4, ) € Frxm=N
Output: A Merkle root hash h
Require: n > m

1: S < init

2: fori € [n] do

3: for j € [m] do

4 for k € Oz.Query(j) do

5 h < YIi, 3] x A[j, k]

6: node <+ (h,0)

7 while S.top.height is node.height do

8 sib < S.pop

9: node < ((sib.h o node.h), node.height + 1)
10: end while

11 S.push(node)

12: end for

13: end for

14: end for

15: while S.size() > 1 do

16: right < Spop()

17: left <— S.pop()

18: S.push((left.h o right.h), right.height + 1)
19: end while

20: return S.pop()

We present the proof of Theorem 5.4 similarly to the previous proof of Theorem 4.5, but note that there are several
distinct differences in complexity accounting affected by the introduction of the row-sparse encoder with ¢ non-zero
entries per row. We offer all analysis with respect to Algorithm 5.

Proof of Theorem 5.4. We begin with an analysis of the commitment, and then move to the analysis of the evaluation.

Com and efficiency analysis. We have:

— /N passes over )/, as generating v/ N elements in 37 on lines (3-5) requires a pass over the witness.

— Nc operations over [ originating from performing c field multiplications per symbol in the input message on line
(4), as each symbol in the input message is multiplied by exactly its corresponding row in the encoder matrix
which has row sparsity c.

— 2N — 1 hashes from building our Merkle tree on line (5).

— /N space is achieved through the same arguments presented in Theorem 4.5, where we compute v/ N many
symbols of ) in parallel with one another by storing v/N many buckets for each symbol.

— We use N!5 many queries to the oracle O, as each row is retrieved per every N input symbols and we pass over
the IV input symbols v/ N times.

We now move to our analysis of Eval with the row-wise oracle. It proceeds as follows:
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Eval and efficiency analysis. We have that

— O(1) passes over Y, as generating the folded codewords at levels i € [log N — 1] on lines (8-19) takes one pass
over the encoded witness, and one another pass to answer the verifier’s challenges on lines (22-27).

— Time N + N log N operations over [ originating from i) performing the folding operation on lines (14-17) and
ii) performing the LSB sum-check.

— The analysis of the number of hashes is unchanged as to that described in Theorem 4.3.

— /N space is achieved primarily from the same techniques in Theorem 4.5.

Invoking Theorem 4.2 extends the complexity of the receiver to the stated claims in Theorem 5.4. O
We now briefly present the dual mode of our analysis of the oracle model of encoding and consider the column-wise
oracle model.

5.5 Streamable Quasi-linear Time, Square-Root Space MLPCS in the O Model

Here, we present our MLPCS with O(v/N) sized proofs which admits a O(N log N) time and O(+v/N) space prover
from the column-wise oracle O¢. We begin with our main result of this section:

Theorem 5.5. Assume the existence of a collision resistant hash function. Then for security parameter \ and input
sequence ) of length N = 2", there exists a streamable polynomial commitment scheme (Setup, Com, Eval) for any
security parameter \ and input tape of length N = 2" for multilinear polynomials with the following guarantees:

— Com outputs a commitment of size Ox(1); and

— the running time of Com is Nd hashes and operations over I, 1 pass over Y, uses space 3rv/ N, and uses N
calls to Oc.

— The committer of Eval runs in Nd + N hashes and operations over F, uses 1 pass over ), requires space 3rv/ N,
and requires N calls to Oc¢.

— The receiver of Eval’s running time is O(A\/N) and the size of the proof is O(A\V/'N + Xlog(N)).
Overview of the Commitment. We briefly describe the overview of the commitment scheme, and note that it is

very similar to the row-wise commitment scheme presented in Section 5.2. We modify Com from Algorithm 6 in the
following ways:

* Instead of querying Op for rows of A, computing partial codewords to Y, and aggregating them into full
codewords, we query O¢ for columns and build entire codeword symbols at a time.

* Then, we traverse across the matrix A in column-major-order by querying O¢, and build symbols sequentially in
codewords.

* In this way, we create codewords similar to Algorithm 4 in that we create them row-by-row and employ the
MerkleDamgérd hashing technique to finally commit to the Merkle tree.

We present Algorithm 8 which reflects these changes, as well as discuss the efficiency of it and the modified Eval
from Algorithm 1.

Theorem 5.5. We now give the efficiency analysis of the linear time commitment in Algorithm 8:
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Algorithm 8 Com(pp; V) - Linear Col Oracle
Input: Y € Frxm=N
Output: A Merkle root hash h
Require: n > m
1: h < empty list

2: ¢ < empty list

3: fori € [n] do

4 for j € [rm] do

5: c(4) = (Vli, ], Oc.Query(j))

6 end for

7 h « MerkleDamgard(h(j),c(5)) Vj € [rm])
8: end for

9: return M.Commit(h)

Com and efficiency analysis. We have:

— On lines (3-6) we query the oracle N times, and for each query we perform an inner product consisting of the
number of field multiplications within the set returned by O.Query(j). For any given j, this is only d, so we
achieve a time of Nd.

— The use of the two lists ¢ and h on lines (5, 7) incur a space cost of 2rv/'N.
— This space cost allows us to achieve only 1 pass over ), we never have to revisit rows because we perform all

computations associated with that row in order.

Eval and efficiency analysis. We provide analysis which allows Algorithm 8§ to interact with Algorithm 1 and achieve
the results stated in Theorem 5.5. Since the steps taken in Eval rely less on the access pattern to O, we adopt much of
the same techniques as in Section 5.2.

— On line (9), we may use the same aggregator technique as in Section 3.3 and Section 5.2 to ensure that we only
have to perform one pass over ) to create y’.

— On line (11), we rerun Com and emit Merkle proofs as in Section 3.3 and Section 5.2, and note that this adds no
asymptotic increases than Com as described above.

— Finally, the challenge vector q; is computed in the natural way and the verifier upon needing to encode the random
linear combination y’ simply calls Enc related to O¢’s underlying encoder matrix.

Security. This protocol admits its multilinear polynomial commitment scheme from O¢ which realizes a constant-rate,
linear distance linear code. Due to the results of [40], we then retain soundness by the distance and rate of our
encoder. O]

5.6 Logarithmic Space MLPCS in the O~ Model

We present our streamable MLPCS with a time O(N'-%) and space O(log IV) prover satisfying the guarantees of the
following theorem using the column-wise encoder model.

Theorem 5.6. Assume the existence of a collision resistant hash function, then there exists a streamable polynomial
commitment scheme (Setup, Com, Eval) for any security parameter \ and input tape of length N = 2" for multilinear
polynomials with the following guarantees::

— Com outputs a commitment of size Ox(1); and

35



— the running time of Com is Nd hashes and operations over F, \/ N passes over Y, and uses space log(rv/ N).

— The committer of Eval runs in Nd + N hashes and operations over F, uses v/ N passes over ), and requires
space log(v/ N).

— The receiver of Eval’s running time is O(A\/N) and the size of the proof is O(A\V/N + Xlog N).

Overview of the Commitment. As in Section 3.2, the admission of a space-efficient PCS from column-wise access to
the encoder matrix A is natural as the inner product between a row of ), namely Y[i, | and a column of A, A[x, j]
results in a symbol of a codeword being produced. We exploit this here as in Algorithm 3 and produce codeword
symbols in column major order throughout Y, applying the MerkleDamgard hashing technique to columns of the
encoded matrix which allows us to build a Merkle tree with only r\/ﬁ leaves.

Proof of Theorem 5.6. We begin by presenting the following modifications to Algorithm 3 and argue its efficiency.

Com and efficiency analysis. We have:

— On line (4), we simply observe that we may store the entire d elements of the column A [, j] in memory while
we perform the computation of the inner product. This immediately reduces the number of field operations we
perform from N+v/N to Nd.

— The MerkleDamgard hash technique on line (5) allows us to only maintain one hash element in the prover’s
memory despite having to compute /N codewords per column of Y. This means that our prover space is
bounded only by the size of the Merkle tree as we build it, which remains log v/N as we build it due to the stack
implementation.

Eval and efficiency analysis. Next, we show that we can have the prover run Eval in a way that preserves the time and
space properties stated in Theorem 5.6.

— On line (9) the prover computes the symbols of y’ one at a time using v/ N passes over the input.

— On line (11), we sort the challenge indices and rerun the computation of Com, emitting Merkle hashes and
symbols of codewords when they are relevant to the verifier’s challenges as in Section 3.2.

— Since the verifier’s running time and the proof size is dominated by receiving the k columns of Y (due to the
change in what our commitments are to - hashes - not codeword symbols), we see a reduction in proof size back
to kv N + klog N.

— Here we also follow the standard technique of computing q; on-the-fly and in small space.

Security. This protocol admits its MLPCS from O¢ which realizes a constant-rate, linear minimum distance linear
code. Due to the results of [40], we then retain soundness by the distance and rate of our encoder. O]

5.7 Streamable MLPCS with Polylogarithmic Proof Sizes in the O~--model

In this section we briefly present our streamable MLPCS with a time N'-5 and space v/ N prover satisfying the guarantees
of the following theorem using the previously established technique of the column-wise oracle encoder model found
in Section 5.1. The techniques for this model are equivalent to the aforementioned row-wise model, so we present the
theorem statement and a short proof sketch.

Theorem 5.7. Assume the existence of a collision resistant hash function. Then there exists a streamable polynomial
commitment scheme (Setup, Com, Eval) for any security parameter X and input tape of length N = 2™ for multilinear
polynomials with the following guarantees:

— Com outputs a commitment of size Ox(1); and
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Brakedown-Style BaseFold-Style

Prover Space > SW  Ogr,Oc  Og Oc Gen. Code BF  Og,0O¢
P logN /N VN  logN logN log N VN VN
Com
O Queries — — VN N N - - N
) Passes VN 0(1) o) 0(1) VN t N VN
F-ops N5 O(N) N N N Tenc NLS N
Sp logN /N VN  logN logN logN + Sgnc N VN
Testing/Eval
O Queries - — VN N N - - N15
Y Passes VN VN VN VN VN — — —
F-ops N O(N) N N N O(N) O(N) O(N)
Sp logN /N VN  logN logN log N VN VN
Total Committer Time (across Com and Testing/Eval)
O Queries — — VN N N - - N
Y Passes VN 0(1) o(1) VN VN t VN VN
[F-ops N5 O(N) N N N  Tge+O(N) N5 O(N)
Sp logN VN VN logN logN logN + Sgne VN VN

Table 2: Overview of our efficiency metrics achieved by our PCS. Columns titled with SW are for the Shockwave
code, columns titled with BF are for the BaseFold code. Except where included for clarity, complexities are
intentionally stated without their asymptotic notation for readability. Also, note that for the Testing/Eval phases in
the BaseFold-style results, we intentionally do not remark on the number of passes over ) consistent with the results
in Section 4.3, Section 4.4, Section 5.4, and Section 5.7.

— the running time of Com is O(N'), takes O(N) hashes, /N passes over Y, and uses space O(v/N).

— The committer of Eval runs in time O(N log N), takes O(N) hashes, uses \/ N passes over Y, and requires space

O(VN).
— The receiver of Eval’s running time is O(£), £ € ©()), uses space O(1), and the size of the proof is O(1).

One can extend the techniques used to prove Theorem 5.4 towards the proof of Theorem 5.7 by noting that the
number of non zeroes throughout the entire encoding matrix is unchanged, each element )|, j] is only multiplied by at
most c elements during the encoding process, and therefore we have that Theorem 5.7 holds trivially. It is worth noting
here that the number of queries to the oracle O¢ is unchanged from O(N!-?). To see why this is the case despite our
technique for the proof of Theorem 5.4 fundamentally relying upon accessing entries of the rows of the generator matrix,
note that we store the first v/ N elements in random access memory. When we query the first column of the generator
matrix, we can perform the first v/ N summations towards the first codeword symbol, and thus do not have to query the
oracle for the column when subsequently accessing the next v/N — 1 rows. This results in only needing to query the
oracle, in one pass over the witness, v/ N times per unique codeword symbol we generate and v/ N many times over
the rows we sum over while generating the exact /N symbols. This gives N'-® queries to O¢ since we perform /N
passes over the witness.

To summarize our results, we present Table 2, which details the asymptotic complexities of each of our MLPCS.
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6 From Commitments to Succinct Zero-Knowledge Arguments

We show how to take the streamable multilinear polynomial commitment schemes described previously and construct
two time- and space-efficient succinct arguments in Section 6.2 and Section 6.3.

We will proceed by compiling a polynomial interactive oracle proof (PIOP) with the presented polynomial
commitment. To do so, we employ a more restrictive PIOP called an interactive probabilistically checkable proof (IPCP),
where the prover will send a long message and the prover and verifier interact as in a public-coin interactive proof. In
particular, we show how to make this PIOP streamable in order to obtain time- and space-efficient (post-quantum)
arguments.

High-level overview. We adapt the time- and space-efficient IPCP from [12,13]. In this IPCP, the verifier sends the
entirety of the multilinear extension of the input and the prover responds with an oracle that is the multilinear extension
of the gate values of our RAM-to-circuit reduction. We compile this IPCP into a time- and space-efficient argument by
instead simply sending our commitment to the multilinear extension rather than the extension itself.

In total, we show that there exists a [IPCP for RAM programs from [12]. We then use the results of [13] to show
that this IPCP can be rendered a streamable IMPCP, that is, a IPCP which has its message encoded by the multilinear
extension over F. We then take again the result of [13] to show that given our streamable PCS and IMPCP we have a
time- and space-efficient argument system, recalling that Section 2.3 gives the definition of an interactive multilinear
PCP.

6.1 Arguments from IMPCPs and Polynomial Commitments

There is a well known way to compile a PIOP into an interactive argument using a polynomial commitment
scheme [13,23,25]. We then follow the technique of [13] and show that since the IMPCP and polynomial commitments
are streamable, then the resulting argument scheme has a time- and space-efficient prover.

Theorem 6.1. Let F a finite field and suppose the time T and space S RAM program R has an IMPCP over I and that
there exists a polynomial commitment scheme also over F where:

— IMPCP Parameters: round complexity rypcp, query complexity qyupcp, prover running time Timpcp, prover
space Sympcp and verifier time Viupcp,

— Commitment Parameters: kcom bound the number of stream passes in Com and Eval; Tcom and Scom bound the
committer’s time and space in Com and Eval; rcom is the round complexity; Viom bounds the verifier’s time in
Eval; ccom bounds the commitment length and the communication in Eval; Q) 4 bounds the number of committer
oracle queries across Com and Eval; and T4, S 4 bound the time and space per code-oracle query.

Then, R has a public coin zero-knowledge argument system with the following properties:
— Round complexity: 1+ rimpcp + Com
— Communication complexity: cmpcp + (gmpcp + 1) + ¢com
— Prover runtime: (qmpcp + 1) - (kcom - Timpcp + Tcom + QaTa)
— Prover space usage: Simpcp + qimpcp * (Scom + S + Sa)
— Verifier runtime: Vimpcp + qimpcp * Veom

Theorem 6.1 follows immediately from [13] other than the bound on the oracle queries and oracle time. We give a
brief proof sketch for completeness.

Proof Sketch. The parties emulate the IMPCP and the prover commits to the polynomial via a polynomial commitment.
When the verifier queries the prover, the prover responds with values and proofs of consistency. Observe that since the
prover queries the oracle () 4 times during the entire commitment, we simply add ) 47’4 as an additive factor into the
quantity multiplied by the query complexity term of the IMPCP. O
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6.2 Our Logarithmic Space Arguments for RAM

We invoke Theorem 6.1 in order to gain public-coin interactive arguments via the compilation of the streamable
mutlilinear polynomial commitment schemes stated in Theorem 3.1, Theorem 5.2, and Theorem 5.6. We also gain
a public-coin interactive argument via the compilation of the streamable polynomial commitment scheme stated
in Theorem 4.3.

Theorem 6.2. Assume the existence of a collision resistant hash function. Then there exists a public-coin interactive
zero-knowledge argument system for any NP relation verifiable by a time T and space S random access machine with
the following complexities: the protocol has perfect completeness and negligible soundness error, has O(logT') rounds
with communication complexity O(\/T). The prover runs in time O(T"®) and space O(S) and the verifier runs in time

OWT).

Proof of Theorem 6.2. Observe that as shown in Table 2 for any of our Brakedown-style logarithmic space polynomial
commitment schemes we achieve prover run time O(N+/N). By the RAM to circuit reduction of [12] we see that a
circuit of time 7" may be encoded in time N = 5(T) and space 9} (S), and as such a pass over our input requires us a
time cost of O (T). Then, from Theorem 3.1 we get a total time of 6(T1'5) because the prover performs /N operations in
step with a pass over the input, which it does v/ N times. Then, through Theorems 5.2 and 5.6, we get 6(T1'5) despite
our O(N) F-ops due to the fact that we are only forced to multi-pass over the input when we answer the verifier’s
challenge vector and construct the random linear combination of rows y’ which needs V/N passes over the input and
VN F-ops, yielding O(T1 %) prover time. Finally, we see space O(S) due to the fact that Scom = log T, Vieom is
VN € O(V/N), the proof size is also dominated by ccom = VN € O(v/N), and we inherit the number of rounds from
the underlying IMPCP. O

Theorem 6.3. Assume the existence of a collision resistant hash function and a foldable linear encoder EncS™™

which runs in time Tg,., takes t passes over the input, and requires space Sg,. while outputting codeword elements
sequentially. Then there exists a public-coin interactive zero-knowledge argument system for any NP relation verifiable
by a time T and space S random access machine with the following complexities: the protocol has perfect completeness
and negligible soundness error, has O(log T') rounds with communication complexity O(l) The prover runs in time

O(Tgae + T) and space O(S + Sgyc) and the verifier runs in time O(1).

Proof of Theorem 6.3. As shown in Table 2, our BaseFold style logarithmic space polynomial commitment scheme
achieves a total prover run time of Tg,. + /N log V. By a similar argument to the above and through invoking the RAM
to circuit reduction of [12] with the results of Theorem 4.3 we admit a total time of O(N 1'5) as the prover computes 7gyc
many field operations over ¢ passes of the input vector. Space 9 (S + Sgnc) is admitted similar to the above argument
in that Scom = log T, Veom is log N, and the space of the encoder which the prover inherits gives O(S + SEnc), and
the proof size is dominated by ccom = log N which admits proof size O( ). Lastly we note we inherit the number of
rounds from the underlying IMPCP. O

6.3 Our Square-Root Space Arguments for RAM

We invoke Theorem 6.1 in order to gain public-coin interactive arguments via the compilation of the multilinear
polynomial commitment schemes stated in Theorems 3.2, 5.1 and 5.5. We also do this for the polylogarithmic proof size
regime and invoke Theorem 6.1 again in order to gain public-coin interactive arguments via the compilation of the
multilinear polynomial commitment schemes stated in Theorems 4.5, 5.4 and 5.7.

Theorem 6.4. Assume the existence of a collision resistant hash function. Then there exists a public-coin interactive
zero-knowledge argument system for any NP relation verifiable by a time T and space S random access machine with
the following complexities: the protocol has perfect completeness and negligible soundness error, has O(log T') rounds
with communication complexity O(\/T). The prover runs in time O(T) and space O(\/T + S) and the verifier runs in

time O(V/T).

Proof of Theorem 6.4. The proof follows similarly to the above proof of Theorem 6.2. Here, we only focus the verifier
run time, communication complexity, and number of rounds since the PCS from the stated theorems inherit all other
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complexities from Theorem 6.2 as shown in Table 2. By same techniques of the above proof, observe that we achieve
time O(T') via Theorems 3.2, 5.1 and 5.5 by making a single pass over the input, while only having a linear (or
quasilinear) number of IF-ops. The space argument follows then due to the fact that in this case Scom > S, and we
achieve space O(v/T + S). O

Theorem 6.5. Assume the existence of a collision resistant hash function. Then there exists a public-coin interactive
zero-knowledge argument system for any NP relation verifiable by a time T and space S random access machine with
the following complexities: the protocol has perfect completeness and negligible soundness error, has O(log T') rounds
with communication complexity O(1). The prover runs in time O(T"°) and space O(\/T + S) and the verifier runs in
time O(1).

Proof of Theorem 6.5. The proof follows similarly to the above of Theorem 6.3. Note that the receiver complexities in
the polynomial commitment schemes we compile through invoking Theorem 4.5, Theorem 5.7, and Theorem 5.4 are
equivalent to those found in Theorem 6.3, and so the values of Vo and ccom remain unaffected. What remains is to
argue the prover time and prover space. Observe that in all cases in the compiled polynomial commitment schemes,
the prover space is O(v/IN), it follows that as in the proof of Theorem 6.4 we have space O(v/T + S). Then, observe
that in all cases of the polynomial commitment schemes the prover time is O(N'®) or O(N) with a minimum of v/ N
passes over the witness which admits a time 6(T1'5) prover. O
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