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Abstract

The Syndrome Decoding Problem (SDP) is a fundamental mathematical problem
underlying code-based cryptography, which is considered a promising candi-
date for post-quantum cryptography. The Regular Syndrome Decoding Problem
(RSDP) is a variant of the SDP in which the error vector follows a specific block-
wise structure. Recent developments in RSDP-based cryptographic schemes have
led to a wider variety of parameter settings, making it increasingly important to
evaluate the complexity of solving the RSDP over a broad range of parameters.
One of the main approaches to solving the RSDP is the algebraic approach, which
transforms a given RSDP instance into a polynomial system and solves it using
algebraic techniques such as the XL algorithm. In this work, we construct and
analyze algebraic algorithms for the RSDP by combining and extending tech-
niques used in existing algebraic approaches. Our algorithms mainly follow the
framework of the hybrid algorithm proposed by Wang et al., while allowing an
arbitrary solving degree d in the application of the XL algorithm. We further
consider two variants: an XFL-based method that combines partial Gaussian
elimination with variable guessing, and a WXL-based method that exploits the
sparsity of the Macaulay matrix. Our complexity analysis for various parameter
settings shows that, for some fixed values of n and k, the WXL-based variant
using a larger solving degree d > 2 is particularly efficient when the block size 3
is sufficiently small, while the original hybrid algorithm becomes more efficient
as (3 increases.
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1 Introduction

The Syndrome Decoding Problem (SDP) is a fundamental computational problem in
coding theory and can be formulated as follows. Given a parity-check matrix H €
Fénfk)xn of a linear code of length n and dimension k, a syndrome s € Fg_k, and
a target weight h, the SDP asks to find an error vector e € Fy such that He = s
and the weight of e equals h. Code-based cryptography is a family of public-key
cryptosystems whose security is based on the hardness of SDP, and it is regarded as
a promising approach to post-quantum cryptography (PQC). Indeed, the code-based
key-encapsulation mechanism HQC [1] was recently selected for standardization in the
NIST PQC project [2]. Therefore, analyzing the computational hardness of the SDP
is an important research problem from both theoretical and practical perspectives.

This paper addresses a variant of the SDP, referred to as the Regular Syndrome
Decoding Problem (RSDP). The RSDP was introduced by Augot et al. in 2005 [3]
as the security assumption underlying the Fast Syndrome-Based hash functions. The
difference between RSDP and SDP is that the RSDP restricts the error vector e to a
regular form, where e consists of multiple equally sized blocks, each having exactly one
nonzero element. A number of RSDP-based cryptographic schemes, including Multi-
Party Computation (MPC) [4] and Pseudorandom Correlation Generator (PCG) [5],
have been proposed. These schemes achieve improved efficiency by leveraging the “reg-
ular” structure of the RSDP. Furthermore, RSDP-based signature schemes constructed
within the frameworks of MPC or VOLE-in-the-head have recently been proposed [6-8]
and have attracted significant attention.

These developments in RSDP-based cryptographic schemes indicate that it is
important to evaluate the complexity of solving the RSDP over a broad range of
parameters, including different code lengths, dimensions, block sizes, and error weights.
Previous concrete complexity analyses have mainly focused on parameter sets moti-
vated by PCG constructions [5]. Meanwhile, some recently proposed RSDP-based
schemes, particularly signature schemes based on the MPC-in-the-head and VOLE-in-
the-head paradigms [6-8], consider a wider variety of parameter settings. Accordingly,
investigating a wider variety of parameter regimes is essential for understanding the
behavior of existing attacks and for accurately assessing the security of both existing
and future RSDP-based constructions.

Initially, the complexity of solving the RSDP was estimated by directly apply-
ing algorithms developed for the plain SDP [4, 5]. However, several algorithms have
recently been proposed specifically for the RSDP, which solve the problem more effi-
ciently by exploiting its regular structure. The algorithms for the RSDP can be roughly
classified into two groups: The first group consists of approaches based on informa-
tion set decoding (ISD) [9, 10], which integrate ideas from combinatorics and linear
algebra. The second group consists of algebraic approaches [11-13] that transform a



given instance into a polynomial system. In this paper, we focus on these algebraic
approaches and discuss the possibility of further improving their efficiency.

Before reviewing the individual algebraic algorithms for the RSDP, we briefly intro-
duce the basic method for solving multivariate polynomial systems employed in these
algorithms, namely the XL algorithm [14]. Given a solving degree d, the XL algo-
rithm first generates equations of degree at most d by multiplying the input equations
by monomials of appropriate degrees. It then constructs the corresponding coefficient
matrix, called the Macaulay matrix, and applies Gaussian elimination to this matrix. If
the solving degree d is sufficiently large, the elimination produces sufficiently simplified
equations from which a solution to the polynomial system can be recovered.

At EUROCRYPT 2023, Briaud and Qygarden [11] proposed the first algebraic
algorithm for the RSDP. This attack treats each element of the error vector e =
(e1,...,en) as a variable. For these n variables, they consider two types of equations:
(1) n — k linear equations derived from He = s and (2) quadratic equations of the
form e; - e; = 0, where e; and e; belong to the same block, imposed by the regular
structure of e. They solve the system consisting of these two types of equations by
applying the XL algorithm.

Wang et al. [13] also proposed an algebraic method for solving the RSDP, known
as the hybrid algorithm. This algorithm also considers the two types of equations
(1) and (2) as in [11]. Unlike the original algebraic algorithm, it eliminates n — k
variables from the quadratic equations (2) using the linear equations (1) before solving
the system. The hybrid algorithm then algebraically solves the resulting quadratic
system with fewer variables by applying the BDT algorithm [15]. The BDT algorithm
can be regarded as the special case d = 2 of the Crossbred algorithm [16], which
combines the guessing of a subset of variables with preprocessing of the Macaulay
matrix. Furthermore, Wang et al. refined the strategy for guessing variables, in order
to further reduce complexity. As a result, they demonstrated that their proposed
algorithm outperforms previous algorithms for the RSDP, particularly in the case of
large finite fields and large error weights.

More recently, Liu et al. [12] proposed another algebraic algorithm for the RSDP,
called AGB2.0. Their algorithm mainly modifies the variable-guessing strategy of the
algebraic algorithm proposed by Briaud and @ygarden [11]. Unlike the hybrid algo-
rithm, AGB2.0 does not use the linear equations (1) to obtain a quadratic system
with fewer variables. Instead, it solves the resulting system of linear equations (1) and
quadratic equations (2) by constructing a Macaulay matrix with an arbitrary solving
degree d.

The hybrid algorithm proposed by Wang et al. is known to achieve the lowest
complexity among existing algorithms for a wide range of parameters. One possible
reason for its efficiency is that, unlike other algebraic algorithms, it uses the linear
equations to eliminate variables from the quadratic equations, thereby reducing the
number of variables in the resulting quadratic system. However, the hybrid algorithm
considers only the case d = 2, meaning that the degree of the resulting quadratic
equations is not increased. Therefore, investigating whether the efficiency of the hybrid
algorithm can be further improved by removing this restriction on the solving degree
is an important research problem.



1.1 Our Contribution

In this work, we construct and analyze algebraic algorithms for the RSDP by refining
the way the XL algorithm is applied to the polynomial system obtained from existing
algebraic approaches. The proposed algorithms mainly follow the framework of the
hybrid algorithm introduced by Wang et al. [13]. Specifically, we first construct the
quadratic system by removing some variables from the quadratic equations (2) using
the linear equations (1). We then solve the resulting quadratic system with fewer
variables by applying the XL algorithm.

The main difference from the original hybrid algorithm lies in the choice of the
solving degree d used in the XL algorithm. Unlike the original hybrid algorithm, we
allow an arbitrary value for the solving degree. This generalization of d broadens the
range of feasible parameters for the algorithm. Moreover, for higher solving degrees, the
Macaulay matrix exhibits greater sparsity, which can be exploited to further improve
efficiency.

Furthermore, we consider two variants for applying the XL algorithm to the result-
ing quadratic equations. Throughout the algorithm, we guess a subset of variables
following the refined strategy used in the hybrid algorithm. In [13], the BDT algorithm
partially performs Gaussian elimination on the Macaulay matrix before guessing some
variables in the quadratic system to reduce the complexity. We extend this technique
to the case of an arbitrary solving degree d, leading to the first variant of our algo-
rithm. More specifically, we propose a method based on the XFL algorithm [14, 17],
which partially eliminates the Macaulay matrix before the guessing step. In contrast,
the second variant is based on the Wiedemann XL (WXL) algorithm [18]. This variant
does not perform any preprocessing before the guessing step, but exploits the sparsity
of the Macaulay matrix using the Wiedemann algorithm [19].

In this paper, we present a method for estimating the complexity of both variants of
the proposed algorithm. In this estimation, we use the Hilbert series introduced in [11]
to estimate the solving degree. Furthermore, we provide a structural reinterpretation
of this Hilbert series by focusing on the linear dependencies among the equations
generated during the attack.

For the proposed algorithms, we first evaluate the complexity for the reference
parameters used in [9-11, 13, 20] (see Table 2 in Subsection 5.1 below). As a result,
we confirmed that the XFL-based algorithm with d = 2, which corresponds to the
original hybrid algorithm, is the best algorithm for most of the reference parameters.
Furthermore, we evaluate the complexity in settings where the block size § is small,
meaning that the weight of e is large (see Tables 3 and 4 in Subsection 5.2 below).
These complexity analyses reveal that, for some fixed values of n and k, the proposed
WXL-based variant achieves the lowest complexity when [ is sufficiently small. As 3
increases, however, the original hybrid algorithm eventually achieves the lowest com-
plexity. For some parameter settings with small block sizes, the proposed XFL-based
variant with a solving degree d > 3 also achieves competitive complexity. For example,
when n = 2'6 and k = 2048, the WXL-based variant achieves the lowest complex-
ity for 8 = 5,10, 15, whereas the XFL-based variant with d = 3 achieves the lowest
complexity for § = 20. These results demonstrate that the proposed generalization



of the solving degree can reduce the complexity of algebraic attacks in small-block-
size settings that have not been sufficiently explored in previous studies. This finding
may have implications for parameter selection in future RSDP-based cryptographic
schemes.

Organization.

The rest of this paper is organized as follows: Section 2 introduces the notation and
recalls the RSDP, its algebraic modeling, and the XL algorithm. Section 3 presents the
proposed extensions of the hybrid algorithm. Section 4 estimates the solving degree
and the complexity of the proposed algorithms. Section 5 evaluates the complexity of
the algorithms for specific parameters. Section 6 discusses the asymptotic complexity
of the proposed algorithms. Section 7 concludes the paper and summarizes the key
findings.

2 Preliminaries

Subsection 2.1 introduces the notation. Subsection 2.2 reviews the RSDP and Subsec-
tion 2.3 explains the algebraic modeling of the problem. Subsection 2.4 provides an
overview of the XL algorithm for solving multivariate polynomial systems.

2.1 Notation

Let IF, denote the finite field with ¢ elements. We generally use column vectors and
omit the transposition symbol T for simplicity. For two column vectors a € Fy* and
b € Fy, we write their concatenation as (a,b) € qu+”. For a vector a € Fi*, a;
denotes the i-th coordinate of a, and wt(a) = |{i | a; # 0}| denotes the number of
nonzero elements in a. The space of n-by-m matrices over F, is denoted by Fy*™,
and the n-by-n identity matrix is denoted by I,,. For a positive integer n, we denote

by [n] the set {1,...,n}.

2.2 Regular Syndrome Decoding Problem

This subsection reviews the definitions of the original and regular syndrome decoding
problems.

A linear code C of length n and dimension k£ with k& < n over the finite field F,
is defined as a k-dimensional vector subspace of Fy. For such a code, a parity-check

matrix H € IFE,""“)X" is defined such that its kernel equals C. In the decoding process,
the goal is to recover the codeword ¢ € C from a received message ¢’ = ¢ + e affected
by an error vector e. Syndrome decoding is a method to recover the error term e from
Hc' = H(c + e) = He.

Definition 1 (Syndrome Decoding Problem) For four positive integers (¢, n, k, h) with k < n
and h < n, given an (n — k)-by-n matrix H over Fq, and s € Ff}_k, the syndrome decoding

problem asks to find a vector e € Fy such that He = s and wt(e) is equal to h.



We then consider a variant of the SDP, which is called the regular syndrome
decoding problem (RSDP). This RSDP was introduced by Augot et al. [3] in 2005 as
the underlying assumption for the Fast Syndrome-Based hash function. The difference
between SDP and RSDP is only the form of the error vector e. In the RSDP, e is
partitioned into equally sized blocks, and each block contains exactly one nonzero
element, which is called the regular structure. We then write down the RSDP as
follows:

Definition 2 (Regular Syndrome Decoding Problem) Let (g, n, k, h) be four positive integers
such that £ < n and h | n, and let 8 = n/h. Given an (n — k)-by-n matrix H over F; and
s € ngk, the regular syndrome decoding problem asks to find a vector e = (e, ...,e;) € Fy

with e1,...,ep € ]Fqﬂ such that He = s and wt(e;) =1 for ¢ € [h].

Note that, for convenience, the parameters of the RSDP are sometimes represented
in the form (g,n, k, 8) in certain cases in this paper.

2.3 Algebraic Modeling

This subsection reviews the algebraic modeling for the RSDP provided in [11]. In this
modeling, each element of the error vector e = (eq,...,e,) is regarded as a variable.
We also represent these n variables in the following form

(61,1,...,617[3,...,6;“1,...,eh”g),

where each ey, ; corresponds to the i-th element of the k-th block ey. From the definition
of the problem, we can directly derive n — k linear equations in the form of

He =s.

Furthermore, from the regular structure of e, we can construct the following quadratic
equations

€k,i €k =0 (k‘E[h],lSl<]§ﬁ) (1)
Consequently, a solution to the RSDP can be found by solving the following polynomial
system

{ He =s 2)
e;“-oek,j:() (kE[h],1§Z<]§5)

This system consists of n — k linear equations and h - (J) quadratic equations. We
consider applying the XL algorithm [14] explained in Subsection 2.4 below to solve
the resulting system. In [11], additional equations are provided for the case of ¢ = 2.
However, in this paper, we restrict our attention to the case of larger finite fields and

therefore focus on the system defined by (2).

2.4 XL Algorithm

This subsection briefly reviews the XL algorithm for solving multivariate polynomial
systems over finite fields. The XL algorithm, proposed by Courtois et al. [14], is the



most fundamental linearization-based method. Its basic idea is simple: linearizing the
given system by treating each monomial as one variable. Suppose that we are given
multivariate polynomials fi,..., fm in n variables x = (x1,...,2,) over Fy with
deg f; = d;. We then try to find a solution x such that f1(x) = -+ = fin(x) = 0.
For a chosen degree d, the algorithm multiplies every polynomial f; by monomials
of degree < d — d; in x to generate equations of degree < d. We then construct a
coeflicient matrix, which is called the Macaulay matrix, whose rows and columns cor-
respond to the obtained polynomials of degree < d and the monomials of degree < d,
respectively. If the degree d is sufficiently large and a sufficient number of equations
are prepared, a univariate equation can be obtained by performing Gaussian elimina-
tion on the Macaulay matrix. We then solve the obtained univariate equation, and the
same procedure is repeated for the remaining variables.

Ezample 1 (XL algorithm) Consider the following three quadratic polynomials in two
variables x1 and zo over Fr:

f1 = 6120 + 3:1’% +x1+2,

fo = 32T + 6x120 + 221 + a2 + 4,

f3 = 5z} + 3zym0 + 423 4 321 + 22 + 1.

We aim to solve the equations f;(x1,2z2) = 0 with 1 <4 < 3 by applying the XL algorithm
with degree d = 3. The corresponding Macaulay matrix is constructed as follows:

w‘;’ $§$2 wlwg wg I% T1T2 wg x1 xo 1
zifi /0 6 3 01 0 02 00
zif2| 3 6 0 02 5 0400
zifs| 5 3 4 03 1 0100
z2fi| 0 O 6 30 1 00 20
zofa| 0 3 6 00 2 5040
zafs| 0 5 3 40 3 1010
f1 0 0 0 00 6 3102
f2 0 0 0 03 6 0 2 514
f3 0 0 0 05 3 4311

Gaussian elimination is then applied to transform the matrix into the following form

8
=w

xT

)
8
N

xro {L’llL’g Z% I? 1T l‘é ]

0 0

SO OO OO O
[N oelNoloNoNoNall o)
[l eleleNoell Nl
OO OO R OO OO
SO OO O OO
OR OO0 OO0
— OO OO oo oo
B WUt WO = O

o
[eNeoNeBeBel S =]
OO = OO O oo

o
o

As a result, univariate equations can then be obtained, from which the solution (x1,z2) =
(4,3) is found.



As mentioned above, the XL algorithm finds a solution when the chosen degree
d is sufficiently large. We refer to the minimum degree at which the algorithm suc-
ceeds as the solving degree. Several results exist for estimating the degree using the
Hilbert series under certain assumptions, depending on the form of the input poly-
nomials [11, 17, 21-23]. In particular, we discuss how to estimate the solving degree
for the polynomial systems obtained through the algebraic approach to the RSDP in
Subsection 4.1 below.

One efficient approach that applies the XL algorithm is to combine it with an
exhaustive search [24, 25]. In this approach, a subset of variables is fixed, and the
remaining system is solved using the XL algorithm. This process is iterated until a
solution is found. In the proposed algorithms presented in Section 3, we adopt this
idea to solve the multivariate system derived from the RSDP, following the framework
of existing algebraic algorithms.

3 Proposed Algorithms for RSDP

This section describes the algorithms for the RSDP considered in this work, con-
structed based on the hybrid algorithm proposed in [13]. These algorithms consist of
two main steps, outlined as follows:

1. Transform a given instance of the RSDP into a system of quadratic equations (in
Subsection 3.1).

2. Solve the resulting system by applying the XL algorithm (in Subsections 3.2
and 3.3).

The main difference from the hybrid algorithm [13] is that we allow an arbitrary solving
degree d > 2 in the second step. Moreover, we solve the resulting polynomial systems
over the quotient ring modulo the relations of the form (1), as in [11]. Within this
framework, we present two methods for applying the XL algorithm to the resulting
polynomial system: The first method, explained in Subsection 3.2, is based on the
XFL algorithm [14, 17], and the second, explained in Subsection 3.3, is based on
the Wiedemann XL (WXL) algorithm [18]. As in the hybrid algorithm, we use three
nonnegative integers (u, f, g) as parameters satisfying the following conditions

USﬂ-Q,
f+g<h,
(u+1)f+uh—g—f)+Bg <k.

These parameters are set to adjust the number of guessed variables in the algorithm.
The details of the above steps are provided in the following subsections.

3.1 Transformation to Quadratic Equations

This subsection describes the first part of the proposed algorithms, which transforms
an instance of the RSDP into a quadratic system. This step is essentially performed by
substituting the linear equations obtained from He = s into the quadratic equations
derived from the regular structure. For efficiency, we further guess a subset of variables



and perform Gaussian elimination prior to the guessing step. The first part of the
hybrid algorithm can be outlined as follows:

1. Perform Gaussian elimination on H.

2. Guess some error-free positions of e and derive a new equation H'e’ = s with
reduced dimension.

3. Transform the matrix H' into row echelon form by eliminating the remaining
columns.

4. Substitute the linear equations obtained from H'e’ = s into the quadratic equations
of the form (1).

Note that we have to repeat steps 2-4 and the second part of the algorithm multiple
times, since step 2 randomly guesses a subset of the variables. The details of these
steps are presented below.

Step 1: Gaussian elimination on H.

We first transform H into row echelon form before guessing error-free positions. Specif-
ically, we compute an invertible matrix T, € IF,(]"_k)X("_k) such that T;H takes the

form
(In—kHQ)a

where Q € anik)m. Then, the original equation is transformed into
T1 He = T1 S.

This reduces the complexity of transforming H’ into row echelon form in step 3 after
removing some columns from H in the guessing step. This improvement comes from
the fact that H and H' share a large number of columns.

Step 2: Guessing of error-free positions.

We divide h blocks of e into the first h — g and the last g blocks. This step focuses
on the first h — g blocks and fixes several variables in these blocks. More precisely,
we divide these h — g blocks into the first f blocks and the remaining h — g — f
blocks. We fix u 4+ 1 error-free positions in each of the f blocks and w error-free
positions in each of the remaining h — g — f blocks. We then construct a new matrix
H ¢ Fg"_k)xnl by removing the corresponding (u+ 1) f +u(h — g — f) columns from
H, where n; = n—(u+1)f —u(h—g— f). From the conditions for parameters (u, f, g),
we have ny > n — k. We similarly define €’ as an ni-dimensional vector obtained by
removing the corresponding variables from e. Then, the linear equations to be solved
are transformed into

T]_H/ ! = T1 S.
If the guess for these error-free positions is correct, we can recover the full vector e
from the obtained e’ = (e1,...,e;, ) by filling in the corresponding positions with 0’s.

We discuss the success probability of this guessing and the number of times that we
should repeat it in Subsection 4.4 below.



Step 3: Gaussian elimination on T;H’.

After fixing u or u + 1 error-free positions in each of the left h — g blocks in step 2,
the left (n — k)-by-(n — k) submatrix of TyH' has a form in which only some columns
have been eliminated. Thus, this step eliminates the remaining columns of the (n— k)-

by-(n — k) submatrix. We compute an invertible matrix Ty € anik)x(n*k) such that
T>T H’ is in row echelon form, and we have the equation
T2T1H’e/ = Tngs. (3)

Step 4: Substitution of linear equations.

We finally construct quadratic equations from the linear equations obtained from (3).
We can express the first n — k variables e},...,e,,_, as linear polynomials in the
remaining variables e), _; . ,...,e;, using (3). We here define ' = (e}, ..., e} ), where
€] is obtained by removing the guessed u or u + 1 variables from e; if i € [h — g], and
/

e, = e; otherwise. We also define a positive integer ¢ such that
¢ 041
Z|e;| <n-k< Z\e”
i=1 i=1
Then, the first ¢ blocks ef,..., e} consist of the first n — k variables ¢f,... e} _,.

Further, the next block ej_ ; might include some of the first n — k variables, and we

set e, = (e’&)l,e’ﬁ)l) such that Y°_, |e}] + |e’§1+)1| = n — k. We then generate the

quadratic equations as follows: We substitute the n — k linear polynomials derived
from (3) into
eg-egz() (1<i<j<n-—k),

where e} and €, belong to the same block of €', and the additional case of

(1) (2)
e;-e; =0 (e;eey),e;ee ).

The resulting system consists of the quadratic equations in the ny — (n — k) variables

e;h,cﬂ, ..., e, . We describe how to solve this system in the following subsections.

3.2 XFL-based Method for Solving Polynomial Systems

This subsection describes the XFL-based method for solving the quadratic system
obtained in Subsection 3.1. This variant devises a way to combine guessing some
variables and solving the system based on the idea of the XFL algorithm [14, 17].
Furthermore, we allow the solving degree d > 2 to be freely chosen, unlike the hybrid
algorithm [13]. This XFL-based variant proceeds as follows:

1. Construct the Macaulay matrix and apply Gaussian elimination to a part of the
matrix.

2. Guess some error-free positions of the last g blocks of €.

3. Perform Gaussian elimination on the remaining part of the Macaulay matrix.

10



We explain how to estimate the solving degree d in Subsection 4.1 below. The details
of these steps are presented below.

Step 1: Partial elimination on the Macaulay matrix.

In this step, we first generate the Macaulay matrix at the solving degree d from the
quadratic equations derived in Subsection 3.1. We denote this Macaulay matrix M.
The matrix M is constructed over a quotient ring defined as follows: We denote by
B; the set of polynomials e - ¢} where n —k < i < j < n; and €] and e/ belong to
the same block of e’. We then define the quotient ring Q as Fyle), ;. 1,..., €, ]/(B1).
By constructing the Macaulay matrix over this quotient ring, we can make the matrix
size smaller and reduce the complexity of the algorithm.

We then analyze the structure of the Macaulay matrix M. The columns of M
correspond to monomials of degree < d in Q. We define M; as the subset of these
monomials only in e/, _, IRTRRS e;“_ 3¢ DONE of which contains the last Sg variables to
be guessed in the following step. We also define the complementary subset as Ms.
Meanwhile, the rows of M correspond to the polynomials obtained by multiplying
monomials of degree < d — 2 in @ into the quadratic polynomials obtained in Subsec-
tion 3.1. We also define I; as the subset of these polynomials obtained by multiplying
monomials only in e;_k_H, .. .e;h_ﬁg into the quadratic equations, and define I as
the subset of the remaining polynomials. Then, the Macaulay matrix M is divided
into the four submatrices as follows:

M, M,
Li| (@ | (b)
I| (o) (d)

where we denote the upper-left, upper-right, lower-left, and lower-right submatrices as
(a), (b), (c), and (d), respectively. Note that the submatrix (c) is a zero matrix, since
any monomial appearing with a nonzero coefficient in a polynomial of Is includes at
least one of the last B¢ variables from the definition of I5.

For the Macaulay matrix M with the above structure, we apply the following
operations:

(1) Apply Gaussian elimination on the submatrix (a).
(2) Perform the same row operations as those of (1) on the submatrix (b).

In the first step, we eliminate the columns corresponding to M;. Note that these
columns are unaffected by the guessing of error-free positions in the last g blocks,
according to the definition of M. In the second step, we perform the corresponding
row operations for consistency of row transformations on the matrix.

As a result of these operations, the matrix M is transformed into the following
form

11



L o | @

Note that the submatrix (a) is column full-rank with high probability if the solving
degree is chosen appropriately. Then, the following two steps of the algorithm can
focus on the lower part of (b) and (d), since other rows are already eliminated in the
above operations. This strategy reduces the computational cost for each iteration of
guessing error-free positions in the last g blocks.

Step 2: Guessing variables in the g blocks.

In this step, we guess S—1 error-free positions in each of the last g blocks. Note that all
elements of the last g blocks are included in €], TR ey,, due to the conditions for
parameters (u, f, g). After removing the corresponding variables, the resulting system
contains ny — (n — k) — (8 — 1)g variables. We repeat this step together with the

following one until the error positions in the g blocks are correctly anticipated.

Step 3: Gaussian elimination of the remaining submatrix.

In this step, we apply Gaussian elimination on the lower-right part of M, after remov-
ing the columns corresponding to the variables fixed to zero in step 2. If d is sufficiently
large, we obtain a univariate equation, from which the solution can be easily recov-
ered in the same way as in the original XL algorithm. Finally, we check whether the
resulting solution, after filling the fixed error-free positions with zeros, satisfies both
He = s and the regular condition. If the solution is invalid, the procedure returns to
the guessing steps in either the first or second part of the algorithm.

3.3 WXL-based Method for Solving Polynomial Systems

This subsection describes another variant for solving the quadratic system obtained
in Subsection 3.1, which is based on the Wiedemann XL (WXL) algorithm [18]. As in
the XFL-based method described in Subsection 3.2, we allow the solving degree d > 2
to be freely chosen. The second part of the algorithm proceeds as follows:

1. Guess some error-free positions in the last g blocks of €.
2. Solve the resulting system by applying WXL.

The details of these steps are given below: In step 1, we guess 5 —1 error-free positions
in each of the last g blocks as in step 2 of the XFL-based variant. In step 2, we apply
WXL to the resulting system. WXL employs Wiedemann’s algorithm, which efficiently
computes kernel vectors of a matrix by exploiting its sparsity, instead of performing
Gaussian elimination in the XL framework. This step first constructs the Macaulay
matrix from the resulting equations over the quotient ring ¢ defined by the relations

12



e e;- =0, as in the XFL-based method. We then apply WXL to the Macaulay matrix
to derive a univariate equation. As explained in Subsection 3.2, the XFL-based method
partially performs Gaussian elimination before guessing some variables. However, the
WXL-based method cannot apply such partial elimination, since this preprocessing
makes the remaining part of the matrix dense, which prevents WXL from working
efficiently.

Remark 1 (XFL-based variant with d = 2 and the hybrid algorithm [13]) The proposed XFL-
based variant is constructed by extending the hybrid algorithm so that the solving degree
d can be chosen freely. Therefore, when d = 2, the XFL-based variant essentially follows
the same procedure as the hybrid algorithm. One difference is that the proposed XFL-based
variant constructs and processes the Macaulay matrix over the quotient ring @) defined by
the regular relations, whereas the hybrid algorithm performs the corresponding procedure
over the ordinary polynomial ring.

4 Complexity

This section first explains a method for estimating the solving degree determined for
the second parts of the proposed algorithms in Subsections 3.2 and 3.3. We then
analyze the structure of the Hilbert series used in this analysis and experimentally
validate the resulting solving-degree estimates. Finally, we provide an estimation of
the overall time complexity of the proposed algorithms.

4.1 Solving Degree

This subsection discusses the solving degree used in the second part of the proposed
algorithms to solve the obtained quadratic systems. We estimate the solving degree by
analyzing the coefficients of the Hilbert series constructed from the given equations,
as in the original XL algorithm. In this subsection, we first recall the Hilbert series
corresponding to the system derived from the RSDP, introduced by Briaud and @Qygar-
den [11]. We then discuss its applicability to the proposed algorithms in Section 3. Note
that the solving degree takes the same value for both the XFL-based and WXL-based
variants, since the algorithmic structure does not affect it.

We first recall the Hilbert series used to estimate the solving degree of the algebraic
algorithm proposed by Briaud and @Qygarden. Recall that the difference between the
algorithm proposed in [11] and the proposed algorithms is as follows: The algorithm
in [11] solves the n — k linear equations obtained from He = s directly, without
transforming them into quadratic equations. Here, for simplicity, we discuss the Hilbert
series for the system in n variables without considering the guessing of a subset of the
variables.

We denote by P the set of the n — k linear polynomials given by each element
of He —s. We also denote by B the set of quadratic polynomials {ey; - €k j tre[n),iz
derived from the regular structure. In Assumption 1 in [11], it is assumed that all
non-trivial relations of P in F,[e]/(B") arise naturally from the regular structure.
Here, for a subset 7 C F,[e], we denote by F () the set of polynomials f® with
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f € F, which consists only of the terms of f with degree deg f. Under this assumption,
Theorem 1 in [11] shows that the Hilbert series of (P U B)(") is given by

[(1z)nk.(1+5.1iz>h] , (4)
+

where [-], means truncation after the first non-positive coefficient. In this series, the

coefficient of 2% in (14 B8z/(1 — 2))" represents the number of monomials of degree
d’ in F,[e]/(B™), and the term (1 — 2)"~* corresponds to the n — k linear equations.

We then discuss the applicability of this estimation to the proposed algorithms.
Note that our analysis is also conducted under Assumption 1 in [11]. We denote by B;
the set of quadratic polynomials of the form e;-e; where n—k < ¢ < j < n and e; and
e; belong to the same block. We also define By as B\ B1. The proposed algorithms
eliminate the first n — k variables using P while preserving the regular structure, and
solve the resulting equations in the remaining k variables of e. This corresponds to
the computation in the quotient ring F,[e]/(P U Bi). Then, the proposed algorithms
solve the equations obtained from B, in Fyle]/(P U Bi). From these discussions, the
algorithm by Briaud and @ygarden and the proposed algorithms coincide in that both
find a zero of (P U By U By). Therefore, we can estimate the solving degree of the
proposed algorithms by using the Hilbert series given as (4).

We finally estimate the solving degree of the proposed algorithms while taking into
account the subset of variables that are guessed.

Proposition 1 The solving degree of the proposed algorithms is obtained as the smallest
degree d where the coefficient of 2% becomes non-positive in the following series

(1_Z)n—k.(1+(5_u_1),liz>f.<1+(ﬁ_u), z )h—g—f.< 1 >g+1. )

1—=z2 1—=z2

The above series is derived from the fact that the proposed algorithms fix the values of
u+1 variables in f blocks, u variables in h—g— f blocks, and S—1 variables in g blocks,
respectively. In the above series, the exponent g + 1 of the factor 1/(1 — z) accounts
for the g variables corresponding to the last g blocks, while the single additional unit
in the exponent arises from the inhomogeneous structure.

4.2 Structural Analysis of Hilbert Series

In this subsection, we discuss the applicability of the series (4) to the system solved
in the proposed algorithms from the perspective of its structural form. In particu-
lar, we analyze the linear dependencies among the equations to provide a structural
interpretation of the series.

For simplicity, we assume that 8 | (n — k) and set « := (n — k)/8. We reinterpret
the series (4) within the framework of transforming the n — k linear equations into
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quadratic equations as follows:

h—a
((1—z)ﬁ_1-(1—z+ﬁz))a-<1+,6’-lzz> . (6)

In this series, the term (1 + Bz/(1 — 2))"™® corresponds to the k variables in the
system solved in the proposed algorithms, which follow the regular structure with
k/B = h — a blocks and block size 3. We then try to show that the term

((1=2)""(1—2482)",

represents the behavior of the quadratic equations constructed in Subsection 3.1.
We write the n — k linear equations obtained from He = s in the form

e — Li(en—kt1y---,6n) =0 (i €[n—k]),

where L; is a linear polynomial in €,,_gy1,...,e,. Then, from the first 5 parity check
equations, the proposed algorithms clearly construct (2) equations of the form L;-L; =
0 for any 1 < i < j < 3. We here focus on the relation between these () equations
and the term (1 —2)?~1. (1 — z + B2) in (6). Note that this term can be expanded as

B
(1=2)""(l=2482) = > (1) —-1) (é) g

7

i=0
B\ 2 B\ 3 BY 4
=1- 2 -3 S 7
(2 Fre3)? 4)* Q
In (7), the coefficient of z? reflects the presence of (g) quadratic equations
constructed from Li,...,Lg. We then consider the case of equations of degree 3.
By multiplying e,—g41,...,€, into the equations L; - L; = 0, we can construct

k(g) equations of degree 3. However, there exist some linear relations among these
equations. We here clearly have the equations L,,-(L;-L;) = L;-(L;-Ly,) = L;-(Lj-Lyy,)
for any 1 <14 < j <m < . These equations directly indicate that we have two linear
relations among the following 3k equations

en—k+lLi . L] = 0, ey enLi . LJ = O,
€n7k+1Li . Lm = 0, ey enLi . Lm = 0,
en_k+1Lj . Lm = 07 ey enLj . Lm =0.
This implies that there are 2(5) linear relations among the obtained k(g) equations of
degree 3. This number of relations corresponds precisely to the coefficient of 23 in (7).
Extending this viewpoint, the coefficients in (7) can be interpreted through the
relations among the equations and the higher-order relations among these relations.
Indeed, this interpretation also applies to degrees higher than three, where the coef-
ficients can be interpreted as reflecting successive dependencies among the equations
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Table 1 Comparison between the theoretical estimates in (5) and
experimental coranks of the Macaulay matrices in the proposed algorithms
over Fi6. In each entry, the upper and lower values denote the theoretical
and experimental coranks, respectively. We set (u, f,g) = (0,0,0).

(n, k, B) ‘solvingdegree d=2 d=3 d=4 d=5 d=6

13 1
(16,5,2) 4 - -
13 8 1
21 10 1
(15,7,3) 4 - -
21 10 1
31 12 1
(16,9, 4) 4 _ _
31 12 1
51 15 1
(20,12, 5) 4 _ _
51 15 1
33 57 21 1
(24,8,2) 5 _
33 57 21 1
67 159 96 1
(24,12, 3) 5 _
67 159 96 1
129 440 546 1
(28,17, 4) 5 _
129 440 546 1
150 460 65 1
(30,19, 5) 5 -
150 460 65 1
74 234 409 221 1
(34,12,2) 6
74 234 409 221 1
87 308 643 630 1
(36,13,2) 6
87 308 643 630 1

and the relations generated at lower degrees. Thus, the coefficients in (7) reflect this
successive structure of dependencies.

4.3 Experimental Validation

We verify the solving-degree estimation in Subsection 4.1 by comparing the Hilbert-
series prediction with experimental values computed using Magma [26] from concrete
RSDP instances. Indeed, the coefficient of z¢ in the series (5) is expected to equal
the corank of the degree-d Macaulay matrix constructed in the proposed algorithms,
and the solving degree is accordingly estimated as the smallest degree d at which this
coefficient becomes non-positive. Based on this observation, we conduct experiments
to examine whether the coefficients of the Hilbert series agree with the coranks of the
corresponding Macaulay matrices for degrees d up to the predicted solving degree.
In Table 1, we fix ¢ = 16 and (u, f,g) = (0,0,0), and consider RSDP parameter
sets whose predicted solving degrees are between 4 and 6 for computational feasibility.
For each parameter set, we generate an RSDP instance with a regular solution and
construct the Macaulay matrix at each degree from 2 to the predicted solving degree.
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We then compute its corank and compare it with the theoretical corank obtained from
the corresponding Hilbert series. We repeat this experiment ten times for each parame-
ter set, and in all trials, the experimental coranks coincide exactly with the theoretical
values at every considered degree. These results suggest that the Hilbert-series-based
estimation is consistent with the observed degree behavior of the polynomial systems
arising from the RSDP.

4.4 Complexity Estimation

This subsection presents the complexity estimation of the proposed algorithms. We
denote by T3 ;, Tb;, and Ty ; the complexities of step ¢ in the first part described
in Subsection 3.1, the XFL-based second part described in Subsection 3.2, and the
WXL-based second part described in Subsection 3.3, respectively. We also denote by
P, and P, the success probabilities of the guessing steps of the first and second parts of
the algorithm, respectively. Then, the overall complexities of the proposed algorithms
with the XFL-based and WXL-based methods are given as follows:

Theorem 2 The overall time complexities of the proposed algorithms with the XFL-based
and WXL-based methods are given as

Pt (s +Ton + Py - Tas)). (8)

Pt (T1.3 + Pyt 'Tz/.z) ; 9)

respectively. The estimate for each part is given as
P (1 u+ 1)f (1 u>h—9—f
1= - . - 4 )
B B
1 g
=)
B

T1.3:(n*k)'("*k*L

@ -u-n) - (- 185 G- ),

2 _
Toq =mg+mZg- (Mg —m<a) +meg - (M —m<q) - (Meg —M<q),

Tp.3 = (Mm% —m<q)®,

" " 2
TQI_Q =3- ’ITLSQ . de .

Here, d denotes the solving degree estimated using (5). The quantities m<q, m/<d,, and
m” 4 denote the numbers of monomials of degree at most d' in e}, _,_ .. .,e;Ll_Bg, in
e;_lﬁ_l, A e’nl, and in e;l_k_i_l, ceey e;ll_,@g together with the g variables in the last g blocks
that remain after the guessing step in the second part of the algorithms, respectively. Fur-
thermore, T denotes the number of rows of the submatriz (a) of the Macaulay matriz, and
2 < w < 3 denotes the exponent of matrix multiplication.

Note that, in the above estimations, we only consider the complexity of the dominant
parts. In the following, we describe the estimate of the probability and complexity of
each part used in the above estimation.
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Success probability P;.

In step 2 of the first part, we guess u + 1 error-free positions in f blocks and w error-
free positions in h — g — f blocks. Then, the success probability P; of this guessing is

estimated as
ey (2)
' 3 3 '

This is because the success probability of guessing 3’ error-free positions in one block is
given as 1 — % In the proposed algorithms, we repeat this guessing and the subsequent

steps P, ! times to obtain a solution with sufficiently high probability.

Success probability Ps.

In both the XFL-based and WXL-based variants, we guess the error position in the
last ¢ blocks of €. As in the above discussion, the success probability P, of this step

is given by
1 g9
()
B

Similarly, this guessing and the following procedures are repeated P, ! times to achieve
a sufficiently high success probability.

Complexity T; 3.

This step eliminates the remaining part of T{H’ that has not yet been eliminated,
after guessing some elements in the first A — g blocks. The number of columns already
eliminated in T1H’ is approximately L%J - (8 —u — 1). Thus, this step eliminates
only the remaining n — k — L"T_kj - (B —u—1) columns in the left (n — k)-by-(n — k)
submatrix of T1H’. The complexity T7 3 of this step is thus given by

Tia= (-0 (n—k= "2 @-u-) - (- 1225 5 -u)),

where ny =n — (u+1)f —u(h — g — f) denotes the number of variables remaining
after the guessing step in the first part of the algorithm in Subsection 3.1.

Complexity T5.1.

We first estimate the size of the Macaulay matrix M by using the Hilbert series
discussed in Subsection 4.1. We denote by m<s the number of possible monomials
in ey, gy1,---5€,,_p, of degree < d’. Similarly, we denote by m’; the number of
possible monomials in e, _; . ,...,e;, of degree < d'. Recall that n; variables e’ have
the block structure such as (€], ..., e} ) as described in Subsection 3.1. Then, the first
¢ blocks €],...,e, and the first part 9/421 of €y, are eliminated through step 4 of

the first part of the algorithm. Then, following the discussion in Subsection 4.1, we
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. . /.
can estimate m<g and m’, as the coefficients of 24 in

h—g
(2) z z 1
(1l =) T (1wt 125) - (2)
i=042
1(2) o i ’ Z 1
1+|ee+1"1_z H 1+‘ei|'1_z 12 )
i=042

respectively. Then, from the definition, the numbers of columns of the submatrices
(a) and (b) are given by m<4 and m’ ; — m<q, respectively. Further, we estimate the
number m of rows of the submatrix (a). We here suppose that we randomly reduce
some redundant rows to make the Macaulay matrix as small as possible for efficiency,
as in the plain XL. Then, from the discussion in Subsection 4.1, we determine the size
of m such that m — m<g is equal to the absolute value of the coefficient of 2% in

ot (e ) (e 22) (),

since the submatrix (a) corresponds only to the variables in the first h — g blocks of €’.

We then estimate the complexity of step 1 in the XFL-based part of the proposed
algorithm. In this step, we first perform Gaussian elimination on the upper m<g4-by-
Mm<q submatrix of (a), whose complexity is estimated as

w

We then perform the same row operation on the upper m<g rows of (b). From the
structure of this Macaulay matrix, each row of (b) contains at most m’, —m<s nonzero
elements. Thus, the complexity for this operation is computed as

ngd (miey — m<z).

We finally have to add these upper m<q4 rows of (b) to the lower m —m<q rows of (b)
corresponding to the operations that eliminate the lower m — m<q4 rows of (a). This
complexity is given as

m<a - (M —m<a) - (Meyg — M<a).
In conclusion, the total complexity 7151 of this step is given by

Ty =my+m%y- (mey —mea) +meg- (M —meq) - (Mey — m<a). (10)

Complexity T5. 3.

In this step, we perform the Gaussian elimination on the remaining part of the
Macaulay matrix M. We denote by m’é o the number of possible monomials of degree
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< d inn; —(n—k)— (8 —1)g variables obtained after the guessing process in step 2
of this XFL-based part. From the discussion in Subsection 4.1, we can estimate m’g’ &

. ’ .
as the coefficient of z¢ in

h—g g+1
1
1 12~ . 1 o2 ). ,
( + 'y 1 | 1— > Z‘—Iulz + |ej] 1= 1=

Then, the size of this uneliminated part is given as m’. ;—m<q, and thus the complexity
T5.3 is given as

T243 = (m%d — mgd)w. (11)

Complexity 15 5.

In the WXL-based method described in Subsection 3.3, we apply the Wiedemann
algorithm to the Macaulay matrix after guessing error-free positions in the last g
blocks. From the above discussion, the size of the resulting Macaulay matrix is given
as mZ ;. In this Macaulay matrix, each row corresponds to a polynomial generated by
multiplying monomials with quadratic polynomials in n; — (n—k) — (8 —1)g variables.
This implies that each row contains at most m/., nonzero coefficients. As a result, the
complexity Ty 5 is estimated as B

" n 2
Ty o =3 -mgy-mey .

5 Application to Concrete Parameters

This section estimates the complexity of the proposed algorithms for specific param-
eters. We consider the case of ¢ = 228, where the hybrid algorithm was shown to
be particularly efficient in [13]. We set w = 2.8 to compute the complexity for each
parameter set.

5.1 Reference Parameters

Table 2 estimates the complexity of the proposed algorithms for reference parameter
sets motivated by PCG applications and considered in [9-11, 13, 20]. For the parameter
(g, n, k, h), the block size S is defined as |n/h |, and we suppose that the last n—h|n/h]
elements of e are always zero if n/h is not an integer. That is, given parameters
(¢,n, k,h), we consider solving the RSDP with parameters (¢, h|n/h|, k + h|n/h| —
n,h). For each parameter set, we estimate the complexity of the XFL-based and
WXL-based variants of the proposed algorithms by substituting specific parameters
into the estimations given in (8) and (9), respectively. In the table, the complexity
is presented as the base-2 logarithm of the number of operations over IF; required to
perform the algorithm. For each case, we take the parameter (u, f,g) that minimizes
the complexity and list the optimal parameters in the table. We further compute the
solving degree d using the series (5) as explained in Subsection 4.1. For comparison, we
also include the best previously known complexity estimates reported in [13]. These
estimates are achieved by the hybrid algorithm for most parameter sets, whereas the
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Table 2 The complexity of the proposed algorithms on the RSDP with ¢ = 2128, The
complexity is computed as the logarithm base 2 of the number of operations over Fy
required to perform the algorithms. We choose the parameters (u, f, g) that minimize
the complexity and compute the solving degree d following the discussion in
Subsection 4.1.

(nv k7 h) beSt [13} XFL (U, f7 9, d) WXL (’U/, f7 9, d)
(222,64770,4788) 89 91 (0,711,4,2) 101 (0,4237,0, 2)
(229, 32771, 2467) 114 116 (4,260,4,2) 115 (0,0,0,3)
(2'8,15336,1312) 119 117 (1,73,3,3) 118 (1,678,0,3)

(26,7391, 667) 132 133 (6,614,3,2) 138 (4,433,0,3)
(24,3482, 338) 133 133 (7,102,3,2) 140 (7,226,0,2)
(22,1589, 172) 133 131 (7,1,3,2) 138 (8,12,4,2)
(219,652, 106) 158 154 (5,11, 3,2) 161 (5,20,0,2)
(222, 64770, 2735) 87 86 (0,0,0,2) 94 (0,0,0,2)
(220,32771, 1419) 84 86 (1,80,3,2) 94 (2,899,0,2)
(218, 15336, 760) 91 92 (5,526, 3,2) 100 (7,39,0,2)
(216,7391, 389) 96 97 (9,126, 3,2) 102 (17,140, 3, 2)
(214, 3482, 198) 94 96 (10,156, 3,2) 97 (15,162,3,2)
(212,1589,98) 89 92 (14,57,3,2) 92 (14,57,3,2)
(219,652, 57) 98 94 (9,11, 3,2) 96 (10,5,3,2)

RP algorithm proposed in [10] gives the best estimates for (n, k, h) = (214, 3482,198)
and (2121589, 98).

As shown in Table 2, when comparing the two proposed variants, the XFL-
based method with d = 2, which corresponds to the original hybrid algorithm [13],
achieves the lowest complexity for most parameter sets. This result indicates that the
existing hybrid algorithm already achieves sufficient efficiency for a broad range of
the reference parameters. On the other hand, for (n,k,h) = (22°,32771,2467) and
(218,15336,1312), the WXL-based method with d = 3 and the XFL-based method
with d = 3, respectively, achieve slightly lower complexity. These results suggest that
generalizing the solving degree can provide a modest improvement for certain parame-
ter sets. We note that, for some parameters, there is a difference of a few bits between
the complexity of the hybrid algorithm reported in [13] and that of our XFL-based
method with d = 2. This discrepancy is mainly due to differences in the complexity
estimation methodology rather than differences in the underlying algorithms.

5.2 Small Block Size Cases

Tables 3 and 4 estimate the complexity of the proposed algorithms for parameters with
small block size 8. These parameter sets are intended to investigate the parameter-
dependent behavior of the algorithms in the small-block-size setting. We fix n = 210 in
Table 3 and n = 216 in Table 4, and vary k in the range 0 < k < n. For the parameter
(g,n, k,B), we consider solving the RSDP with parameters (¢, 8|n/5],k + 8|n/B] —
n,f3) as in Subsection 5.1. As in Table 2, we evaluate the complexities of both the
XFL-based and WXL-based variants using (8) and (9), respectively, and show the
corresponding optimal parameters (u, f, g) and solving degree d. We only consider the
case where ((q — 1) - )" is lower than or equal to ¢"~*, since the problem is expected
to have a unique solution in this setting. The entries corresponding to parameter sets
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Hybrid algorithm (d = 2) XFL-based (d > 2) WXL-based

Fig. 1 Algorithm achieving the lowest estimated complexity for ¢ = 2128 and n = 210, The value
of k is varied from 128 to 512 in increments of 16.

with ((g—1)B)" > ¢"* are therefore left blank. For the given parameters, we compare
the proposed algorithms with other algebraic algorithms for the RSDP [11-13]. The
lowest complexity among these algorithms is highlighted in bold in the table for each
parameter set. Note that we estimate the complexity of the hybrid algorithm [13] by
using our estimation (8) with d = 2 for fair comparison.

As a result, Table 3 demonstrates that the proposed generalizations of the solv-
ing degree outperform the existing algorithms for some parameters with g = 2, 3.
For example, the complexity of the proposed WXL-based method for parameters
(g,n, k,B) = (2128219 128, 2) is 101 bits, which is approximately 20 bits lower than
that of the original hybrid algorithm. By contrast, we confirm that the original hybrid
algorithm remains more efficient than the proposed algorithms when 8 > 4. A more
detailed comparison of which algorithm achieves the lowest complexity for different
parameter settings is shown in Fig. 1. Table 4 evaluates the complexity for n = 216
and selected block sizes in the range 5 < 8 < 20. In particular, when k is relatively
large, such as k = 2048, the proposed algorithms achieve the lowest complexity among
the compared algorithms for all the considered values of 5. The WXL-based variant
achieves the lowest complexity for 8 = 5,10, 15, while the XFL-based variant does so
for 8 = 20. Compared with the results for n = 2'° in Table 3, the proposed algorithms
achieve the lowest complexity for larger values of 8 when n = 2'6, suggesting that
their advantage extends to larger block sizes as n increases.

We consider that the reason the proposed algorithms using d > 3 are more effective
in the small 8 case is as follows: If the block size S is small, then the constraints
imposed on the variables by the regular structure are less restrictive. Thus, in the
hybrid algorithm, we have to guess more variables to achieve d = 2 in the small 3
cases. The proposed algorithms relax this restriction by allowing a generalized solving
degree d and thus realize the reduction of complexity. On the other hand, the results
indicate that the proposed generalization of the solving degree is advantageous for the
small 3 cases, and the original hybrid algorithm is suitable for other cases.

Remark 2 (The binary field case) This remark discusses the application of the proposed
algorithms to the RSDP over the binary field Fo. As described in [11], for the RSDP over Fo,
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Table 3 Comparison of the complexity of the proposed algorithms for the RSDP with small
block sizes, where ¢ = 2128 and n = 21°. The complexity is computed as the logarithm base 2 of
the number of operations over F; required to perform the algorithm. We choose the parameters
(u, f,g) that minimize the complexity and compute the solving degree d following the discussion
in Subsection 4.1.

(k, B) { AGB Hybrid AGB2.0 Our results

[11] (13] [12] XFL (w fg,d WXL  (uwfg,d)
(128,2) 139 123 125 112 (0,40,6,5) 101 (0,6,0,8)
(128,3) 95 76 85 73 (0,48,4,3) 73 (0,5,0,5)
(128,4) 78 59 69 59 (0,67,4,2) 63 (0,5,0,4)
(128,5) 66 49 59 49 (0,50, 4, 2) 55 (0, 66,0, 2)
(256,2) 277 255 263 250 (0,197,5,4) 245 (0,144,1,9)
(256,3) 174 154 164 154 (0,213,5,2) 157 (0,174,0,4)
(256,4) 133 114 125 114 (0,203,4,2) 120 (0,216,0,2)
(256,5) 114 92 109 92 (0,188, 4,2) 98 (1,1,0,2)
(384,2) 410 388 398 387 (0,352,4,3) 390 (0,336,0,5)
(384,3) 258 238 248 234 (0,332,4,3) 238 (0,341,0,3)
(384,4) 217 185 209 185 (1,88,4,2) 189 (1,47,0,4)
(384,5) 169 147 162 147 (1,125,4,2) 153 (1,138,0,2)
(512,2) - . . - . - .
(512,3) 429 371 419 369 (1,134,4,3) 370 (1,94,1,7)
(512,4) 285 263 278 263 (1,225,4,2) 269 (1,231,1,2)
(512,5) 247 213 244 213 (2,63,4,2) 219 (2,27,0,4)

Table 4 Comparison of the complexity of the proposed algorithms for the RSDP with small
block sizes, where ¢ = 2128 and n = 26, The complexity is computed as the logarithm base 2 of
the number of operations over F required to perform the algorithm. We choose the parameters
(u, f,g) that minimize the complexity and compute the solving degree d following the discussion
in Subsection 4.1.

(k. ) [ AGB Hybrid  AGB2.0 Our results

[11] [13] [12] XFL (u, f,9,d) WXL (u, f,9,d)
(512,5) 73 48 89 48 0,0,1,2) 53 (0,1,0,2)
(512,10) 73 47 89 47 (0,0,0,2) 52 (0,0,0,2)
(512,15) 73 48 89 48 (0,0,0,2) 52 (0,0,0,2)
(512,20) 73 47 89 47 (0,0,0,2) 52 (0,0,0,2)
(1024,5) 130 207 130 99 (0,0,0,4) 91 (0,0,0,4)
(1024,10) 102 84 91 77 (0,0,0,3) 75 (0,0,0,3)
(1024,15) 80 55 89 55 (0,0,5,2) 65 (0,68,0,2)
(1024,20) 74 53 89 53 (0,0,0,2) 58 (0,0,0,2)
(1536,5) 185 374 207 148 (0,56,7,5) 130 (0,0,0,6)
(1536,10) 131 163 130 105 (0,164,5,3) 97 (0,0,0,4)
(1536,15) 103 106 114 82 (0,0,0,3) 80 (0,0,0,3)
(1536,20) 103 80 89 80 (0,337,4,2) 80 (0,0,0,3)
(2048,5) 238 540 272 203 (0,0,0,8) 168 (0,0,0,8)
(2048,10) 159 242 169 134 (0,0,0,5) 119 (0,0,0,5)
(2048,15) 131 158 130 110 (0,0,0,4) 101 (0,0,0,4)
(2048,20) 112 119 126 87 (0,35,4,3) 91 (0,112,0,3)
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one can additionally construct h linear equations of the form

ek,1+"'+€k,[3:1 (kE[l’LD
Then, the total number of linear equations derived from the problem becomes n — k + h.
Thus, if n — k 4+ h is greater than or equal to the number n of variables, i.e., if h > k,
then the problem can be solved in polynomial time. In Subsection 5.2, we observed that the
proposed algorithms are particularly efficient for small 8. However, the condition A > k holds
for many parameter settings in such small S cases, and the problem can already be solved
very efficiently without applying the proposed algorithms. This indicates that, in the binary
field case, the generalization of the solving degree provides little additional benefit and that
the hybrid algorithm with d = 2 remains the more appropriate choice for the binary RSDP.

6 Asymptotic Polynomial-time Regime

This section discusses the asymptotic performance of the proposed algorithms.
In [13], the authors show the parameter region in which the complexity of the
hybrid algorithm is bounded by a polynomial in n as follows:

Theorem 3 (Theorem 2 in [13]) Let R = k/n and p = h/n. The total complezity Tiotqr of
the hybrid algorithm is at most a polynomial in n if R2p <n7L

The above bound is derived by setting the guessing parameters (u, f, g) to zero and
using the solving degree d = 2. After eliminating the linear equations, the resulting
system has k = Rn variables and O(n/p) quadratic equations, while the number of
monomials of degree at most two is O(R?n?). Comparing the numbers of equations
and monomials yields the condition R%2p < n~! up to constant factors, which gives
the bound stated in the above theorem.

We next consider the asymptotic complexity of the proposed algorithms. Since
the proposed XFL-based variant includes the hybrid algorithm as the d = 2 case, it
preserves the polynomial-time condition in Theorem 3. For an arbitrary fixed solving
degree d > 2, the number of monomials of degree at most d is

O((Rn)d),

while the number of equations generated by multiplying the quadratic equations by
monomials of degree at most d — 2 is

0 <Z(Rn)d_2> .

2

In comparing these quantities, the common factor (Rn)?~2 cancels, and hence the

asymptotic polynomial-time condition remains

R%pn = 0(1)

24



for every fixed d. This condition is equivalent to the polynomial-time condition in
Theorem 3.

The same observation applies to the proposed WXL-based variant. Although
exploiting the sparsity of the Macaulay matrix changes the cost of the linear-algebra
step, the variant is constructed from the same degree-d Macaulay matrix and therefore
satisfies the same asymptotic condition for every fixed d.

Consequently, allowing a higher constant solving degree does not enlarge the
polynomial-time region in terms of its asymptotic order, although its advantage
appears instead for concrete parameter sets.

7 Conclusion

The regular syndrome decoding problem (RSDP) is a variant of the SDP in which
the error vector is divided into equally sized blocks, each having weight exactly one.
The hybrid algorithm for the RSDP, which was recently proposed by Wang et al., has
been recognized as the most efficient algorithm for various parameters. In particular,
the increasing diversity of RSDP-based cryptographic schemes has made it increas-
ingly important to analyze the complexity of solving the RSDP over a wider range of
parameter settings. In this work, we analyze algebraic algorithms for the RSDP con-
structed by refining how the XL algorithm is applied in existing algebraic approaches.
In particular, we extend the hybrid algorithm with respect to the solving degree d
used in the XL algorithm. The original hybrid algorithm solves the resulting quadratic
system with d = 2, whereas the proposed algorithms solve it with an arbitrary degree
d determined from the parameters. Furthermore, we provide two variants for applying
the XL algorithm to the resulting system, which are based on the XFL and Wiede-
mann XL algorithms, respectively. As a result, we show that the proposed algorithms
are particularly effective for parameter settings with small block sizes. For example,
for (q,n, k, B) = (2128,216,2048, 5), the proposed WXL-based variant reduces the com-
plexity by approximately 70 bits compared with the best known algebraic algorithm.
On the other hand, we also confirm that, for many parameter settings with larger
block sizes, the existing algorithms, particularly the hybrid algorithm, still achieve the
lowest complexity. We leave the evaluation of the proposed algorithms’ efficiency in
terms of practical implementations as future work.

Statements and Declarations

® Funding
This work was supported by JSPS KAKENHI Grant Number JP24K20771.
® Competing Interests
The authors declare no conflict of interest.
® Code availability
The Magma code used in this work is provided in Appendices A and B.
® Data availability
The data supporting the findings of this study are included in the article.

25



Appendix A Magma Implementation of Proposed
XFL-Based Algorithm

This appendix provides a Magma implementation of the proposed algorithm. For sim-
plicity, we implement only the XFL-based variant, whose procedure can be described
and implemented more straightforwardly than that of the WXL-based variant. The
implementation is intended for functional verification rather than performance eval-
uation, and we have confirmed that it correctly recovers and outputs the solution
for small RSDP instances. Implementing the WXL-based variant, developing opti-
mized implementations of both the proposed and existing algorithms, and conducting
a practical performance comparison among them are left for future work.

Listing 1 Code of the proposed XFL-based variant
Block := func<i,b | (i-1) div b + 1>;

RegularMonomial := function(m,blocks)
e:=Exponents(m) ;
for i in [1..#e] do for j in [i+1..#e] do
if e[i] gt O and e[j] gt O and blocks[i] eq blocks[j] then return
false; end if;
end for; end for;
8 return true;
o end function;
10
11 ReduceRegular := function(f, blocks)

[ N N

9

12 P := Parent(f); c¢,m := CoefficientsAndMonomials(f);

13 I :=1[i:1idin [1..#m] | RegularMonomial(m[i],blocks)];

14 return (#I eq 0) select P!0 else Polynomial([c[i]:i in I],[m[i]:i in I
D;

15 end function;
16
17 MonomialsLE := function(P,d,blocks)

18 L := [P|];

19 for t in [0..d] do

20 for m in MonomialsOfDegree(P,t) do

21 if RegularMonomial(m,blocks) then Append(“L,m); end if;
22 end for;

23 end for;

24 return L;

25 end function;
26

27 Uses := function(m,I)

28 e:=Exponents(m) ;

29 for i in I do if e[i] gt O then return true; end if; end for;
30 return false;

31 end function;
32

33 Pivots := function(E)

34 rows:=[1; cols:=[1;

35 for i in [1..Nrows(E)] do

36 J:=1[j : jin [1..Ncols(E)] | E[i,j] ne 0];

37 if #J gt O then Append(“rows,i); Append(“cols,J[1]); end if;
38 end for;

39 return rows,cols;

40 end function;
41
42 Products := function(A)

26



43 c := [[];
44 for B in A do C := [x cat y : x in C, y in B]; end for;
45 return C;
46 end function;

13 IsRegular := function(e,beta)

19 h := #Eltseq(e) div beta;

50 return &and[#[j:j in [1..beta] | e[(i-1)*beta+j] ne 0] eq 1
51 : i in [1..h]];

52 end function;

54 HilbertCoefficient := function(n,k,beta,u,f,g,d)

55 h:=n div beta; R:=LazyPowerSeriesRing(RationalField(),1); z:=R.1;
56 S:=(1-z) " (n-k)

57 *(1-z+(beta-u-1) *z) “f*x(1-z) ~ (-f)

58 *(1-z+(beta-u) *z) ~ (h-g-£) *(1-2z) " (- (h-g-£))

59 *(1-2) " (-g-1);

60 return RationalField()!Coefficient(S,d);

61 end function;
62
63 PredictedSolvingDegree := function(n,k,beta,u,f,g : MaxDegree:=30)

64 for d in [2..MaxDegree] do

65 if HilbertCoefficient(n,k,beta,u,f,g,d) le O then return d; end if
66 end for;

67 return -1;

6s end function;
69

70 GenerateRSDInstance := function(q,n,k,beta : Seed:=1)

71 assert n mod beta eq 0 and 0 1t k and k 1t n;

72 SetSeed(Seed); F:=GF(q); h:=n div beta; m:=n-k;

73 E:=[F!'0:i in [1..n]];

74 for i in [1..h] do

75 p:=(i-1)*beta+Random(1,beta); a:=Random(F);

76 while a eq O do a:=Random(F); end while;

77 Elp]:=a;

78 end for;

79 e:=Vector(F,E); Q:=Matrix(F,m,k, [Random(F):i in [1..m*k]]);
80 H:=HorizontalJoin(IdentityMatrix(F,m),Q); s:=exTranspose(H);
81 return H,e,s;

s2 end function;
83

s« FirstGuesses := function(n,beta,u,f,g)

85 h:=n div beta; A:=[];

86 for i in [1..h-g] do

87 t:=(i le f) select u+l else u;

88 B:=[Sort(Setseq(S8)):S in Subsets(Set([1..betal),t)];
89 Append ("A, [[(i-1)*beta+j:j in J1:J in Bl);

90 end for;

91 return Products(A);

92 end function;
93

94 LastGuesses := function(n,beta,g)

95 h:=n div beta;

96 return Products([[[(i-1)*beta+jl:j in [1..betall:i in [h-g+1..h]11);
97 end function;

98

99 BuildSystem := function(H,s,beta,zeros,g)

100 F:=BaseRing(H); m:=Nrows(H); n:=Ncols(H); h:=n div beta;

101 keep:=[i:i in [1..n]|i notin zeros]; H1l:=Submatrix(H, [1..m],keep);
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102 if Rank(H1) ne m then return false,O0,[]1,[],[],[],[],[]; end if;

103 E,T:=EchelonForm(H1); pr,pc:=Pivots(E);

104 if #pc ne m then return false,0,[],[1,[1,01,[1,[]; end if;

105 if &or[Block(keep[j],beta) gt h-g and j in pc:j in [1..#keep]] then
106 return false,0,[1,01,01,01,01,01;

107 end if;

108

109 free:=[j:j in [1..#keepl|j notin pcl; P:=PolynomialRing(F,#free);
110 global:=[keep[jl:j in freel; blocks:=[Block(i,beta):i in globall;
111 last:=[i:i in [1..#free]|blocks[i] gt h-g];

112 forms:=[P!0:j in [1..#keepl];

113 for i in [1..#free] do forms[free[i]]:=P.i; end for;

114 ts:=s*Transpose(T);

115 for i in [1..m] do

116 L:=P!'ts[i];

117 for j in free do L-:=P!E[i,jl*forms[j]; end for;

118 forms [pc[il]:=L;

119 end for;

120

121 egs:=[P|];

122 for b in [1..h] do

123 J:=[j:j in [1..#keep] IBlock(keep[j],beta) eq bl;

124 for x in [1..#J-1] do for y in [x+1..#J] do

125 a:=J[x]; c:=Jlyl;

126 if a in pc or ¢ in pc then

127 q:=ReduceRegular (forms [a] *forms [c] ,blocks) ;

128 if q ne O then Append(“eqgs,q); end if;

129 end if;

130 end for; end for;

131 end for;

132 return true,P,eqs,blocks,last,keep,forms,global;

133 end function;
134
135 Macaulay := function(P,eqgs,blocks,last,d)

136 F:=BaseRing(P); C:=MonomialsLE(P,d,blocks);

137 Cl:=[m:m in C|not Uses(m,last)]; C2:=[m:m in C|Uses(m,last)]; C:=Ci1
cat C2;

138 index:=AssociativeArray(Integers()); base:=d+1;

139 for j in [1..#C] do

140 e:=Exponents(C[j]); index[&+[e[i]l*base”(i-1):i in [1..#ell]l:=j;

141 end for;

142 R1:=[P|]; R2:=[P|];

143 for q in eqs do for t in MonomialsLE(P,d-2,blocks) do

144 r:=ReduceRegular (t*q,blocks) ;

145 if r ne O then

146 if Uses(t,last) then Append("R2,r); else Append(“R1l,r); end i

147 end if;

148 end for; end for;

149 R:=R1 cat R2; M:=ZeroMatrix(F,#R,#C);

150 for i in [1..#R] do

151 a,m:=CoefficientsAndMonomials(R[i]);

152 for 1 in [1..#m] do

153 e:=Exponents(m[1]); M[i,index[&+[e[jl*base~(j-1):j in [1..#e
1111:=alll;

154 end for;

155 end for;

156 return M,C1,C2,#R1,#C1;

157 end function;
158
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159 PartialElimination := function(M,ri1,cl)

160 A:=Submatrix(M,[1..r1],[1..c1]);

161 B:=Submatrix(M, [1..r1], [c1+1..Ncols(M)]);

162 D:=Submatrix(M, [r1+1. .Nrows(M)], [c1+1..Ncols(M)]);

163 E,T:=EchelonForm(A); pr,pc:=Pivots(E);

164 if #pc ne cl then return false,0,0,0; end if;

165 np:=[i:i in [1..r1]|i notin pr]; B:=TxB;

166 Ap:=Submatrix(E,pr,[1..c1]); Bp:=Submatrix(B,pr,[1..Ncols(B)]);
167 Z:=Submatrix(B,np, [1..Ncols(B)]);

168 R:=(Nrows(Z) eq 0) select D else

169 ((Nrows(D) eq 0) select Z else VerticalJoin(Z,D));
170 return true,Ap,Bp,R;

171 end function;
172

173 Position := function(S,x)
174 for i in [1..#S] do if S[i] eq x then return i; end if; end for;
175 return O;

176 end function;

17s  Recover := function(H,keep,forms,v)

179 F:=BaseRing(H); e:=[F!0:i in [1..Ncols(H)]];

180 for i in [1..#keep] do el[keep[il]:=Evaluate(forms[i],v); end for;
181 return Vector(F,e);

182 end function;

1sa DirectXL := function(H,s,beta,P,keep,forms,M,C)

185 F:=BaseRing(H); K:=NullspaceOfTranspose(M);

186 if Dimension(K) ne 1 then return false,Vector(F,[F!0:i in [1..Ncols(H)
11); end if;

187 w:=Basis(K) [1]; c:=w[Position(C,P'1)];

188 if ¢ eq O then return false,Vector(F,[F!0:i in [1..Ncols(H)]]); end if

189 w:=c~ (-1)*w; v:=[w[Position(C,P.i)]:i in [1..Rank(P)]];

190 e:=Recover (H,keep,forms,v) ;

191 return exTranspose(H) eq s and IsRegular(e,beta),e;

1902 end function;

194 SolvelLastGuess := function(H,s,beta,g,P,keep,forms,global,C1,C2,Ap,Bp,R,

chosen)
195 F:=BaseRing(H); n:=Ncols(H); h:=n div beta;
196 Z:=[(i-1)*beta+j:i in [h-g+1..h],j in [1..betal] |
197 (i-1)#beta+j notin chosen];
198 I:=[i:i in [1..#globalllglobal[i] in Z];
199 :=[j:j in [1..#C2]|not Uses(C2[j1,I)1;
200 if #J eq O then return false,Vector(F,[F!0:i in [1..n]]); end if;
201 K:=NullspaceOfTranspose(Submatrix(R, [1..Nrows(R)],J));
202 if Dimension(K) ne 1 then return false,Vector(F,[F!0:i in [1..n]]);
end if;
203 y:=Vector (F,#C2,[F!0:i in [1..#C2]11); z:=Basis(XK) [1];
204 for i in [1..#J] do y[J[il]:=z[i]; end for;
205 x:=-(y*Transpose (Bp) ) *Transpose (Ap~(-1)); c:=x[Position(C1,P!1)];
206 if ¢ eq O then return false,Vector(F,[F!0:i in [1..n]]); end if;
207 x:=c"(-1)*x; y:=c"(-1)*y; C:=C1 cat C2; w:=Eltseq(x) cat Eltseq(y);
208 v:=[w[Position(C,P.1i)]:i in [1..Rank(P)]]; e:=Recover(H,keep,forms,v);
209 return exTranspose(H) eq s and IsRegular(e,beta),e;

210 end function;
212 XFLSolve := function(H,s,beta,u,f,g,d)

213 F:=BaseRing(H); n:=Ncols(H); k:=n-Nrows(H); h:=n div beta;
214 assert n mod beta eq O and O le u and u le beta-2 and f+g le h;
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215 assert (ut+l)*f+ux(h-g-f)+betaxg 1t k and d ge 2;

216 zero:=Vector (F,[F!0:i in [1..n]]);

217 for Gl in FirstGuesses(n,beta,u,f,g) do

218 ok,P,eqs,blocks,last,keep,forms,global:=BuildSystem(H,s,beta,Gl,g)

219 if not ok then continue; end if;

220 M,C1,C2,r1,cl:=Macaulay(P,eqs,blocks,last,d);

221 if g eq O then

222 ok,e:=DirectXL(H,s,beta,P,keep,forms,M,C1);

223 if ok then return true,e; end if;

224 else

225 ok,A,B,R:=PartialElimination(M,r1,cl);

226 if not ok then continue; end if;

227 for G2 in LastGuesses(n,beta,g) do

228 ok,e:=SolvelLastGuess(H,s,beta,g,P,keep,forms,global,C1,C2,
A,B,R,G2);

229 if ok then return true,e; end if;

230 end for;

231 end if;

232 end for;

233 return false,zero;

234 end function;

236 XFLDemo := function(q,n,k,beta,u,f,g : Seed:=1)

237 H,e,s:=GenerateRSDInstance(q,n,k,beta:Seed:=Seed) ;

238 d:=PredictedSolvingDegree(n,k,beta,u,f,g); assert d ne -1;

239 ok,el:=XFLSolve(H,s,beta,u,f,g,d);

240 printf "Parameters: (q,n,k,beta)=(%o,%0,%0,%0), (u,f,g,d)=(%o,%0,%0,%0
)\n",

241 q,n,k,beta,u,f,g,d;

242 printf "H =\njo\n",H;

243 printf "Planted error e = Jo\n",e;

244 printf "Syndrome s = %o\n",s;

245 printf "Recovered error e_rec = %o\n",el;

246 printf "Success = J%o\n",ok;

247 return ok,H,e,s,el,d;

248 end function;

250 // Example:
251 // ok,H,e,s,el,d := XFLDemo(16,12,5,3,0,1,1 : Seed:=1);

Appendix B Complexity Estimation Code

This appendix provides Magma code [26] for estimating the time complexity of the
proposed algorithms.

Listing 2 Code to estimate the complexity of the proposed algorithms

// Seriesl returns the solving degree and \bar{m}-m_{\le d}.
Seriesl := function(n,k,h,beta,u,f,g,MaxDegree)
R:=LazyPowerSeriesRing(RationalField(),1);
z:=R.1;

GG:=(1-z) "~ (n-k)
*((1-z+(beta-u-1) *z)*(1-z) ~(-1))"f
*((1-z+(beta-u) *z) *(1-2) " (-1)) " (h-g-£)
*(1-2) " (-1);

G:=GG*(1-2) " (-g);

© 0w N O oA W N e

T
= o
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12
13
14
15
16
17
18
19
20
21
22
23

25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54

55

57
58
59
60
61
62
63
64
65
66
67
68
69
70
71

d:=1;
repeat
d:=d+1;
until RationalField()!Coefficient(G,d) le O or d eq MaxDegree;

return d,Max(0,-RationalField() !Coefficient(GG,d));
end function;

// Series2 returns m_{\le d}, m_{\le 2}, m’_{\le d}, m’_{\le 2},
// m’’_{\le d}, and m’’_{\1le 2}.
Series2 := function(h,beta,u,f,g,1,11,d)
R:=LazyPowerSeriesRing(RationalField(),1);
z:=R.1;

Gl:=((1-z+(beta-u-1)*z)*(1-z) ~(-1)) " (Max(£f-1-1,0))
*((1-z+(beta-u) *z) *(1-2) ~(-1)) ~ (h-g-Max (1+1,£))
*(1-2)"(-1);

if 1 1t f then
G1:=G1*((1-z+(beta-u-1-11)*z)*(1-z)~(-1));
else
G1:=G1*x((1-z+(beta-u-11)*z)*(1-z)"(-1));
end if;

G2:=G1x((1-z+betaxz)*(1-z) " (-1))"g;
G3:=G1x(1-z)"(-g);

return
[RationalField() !Coefficient(G1,d),
RationalField() !Coefficient(G1,2)],
[RationalField() !Coefficient(G2,d),
RationalField() !Coefficient(G2,2)],
[RationalField() !Coefficient(G3,d),
RationalField() !Coefficient(G3,2)];
end function;

// RSDComp returns the complexity and optimal parameters of the
// three variants considered in Section 5.
RSDComp := function(q,n,k,beta)

h:=Floor(n/beta);

k:=k+h*beta-n;

n:=beta*h;

MaxDegree:=20;

// (a) XFL-based variant with d=2
com2:=Log(2, (betax(q-1))"h);
param2:=[];

// (b) XFL-based variant with d>2
comd1:=Log(2, (beta*(q-1)) "h);
paramdl:=[];

// (c) WXL-based variant
comd2:=Log(2, (beta*x(q-1))"h);
paramd2:=[];

for u in [0..beta-2] do
for f in [0..h] do
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72 for g in [0..h-f] do

73 nl:=n-(u+l)*f-u*(h-g-£f);

74

75 if ni1-(n-k) gt g*beta then

76 d,M1:=Series1(n,k,h,beta,u,f,g,MaxDegree) ;
T

78 if d 1t MaxDegree then

70 1:=Min(Floor((n-k)/(beta-u-1)),f)
80 +Max (Floor ((n-k-(beta-u-1)*f) /(beta-u)),0);
81

82 11:=n-k

83 -(beta-u-1)*Min(1,f)

84 -(beta-u)*Max(1-£f,0);

85

86 m,ml,m2:=Series2(h,beta,u,f,g,1,11,d);
87 M:=m[1]+M1;

88

89 P1:=(1-(u+1) /beta)"f

90 *(1-u/beta) "~ (h-g-£);

91 P2:=beta"(-g);

92

93 T13:=(n-k)

94 *(n-k-Floor ((n-k) /beta)*(beta-u-1))
95 *(n1-Floor ((n-k)/beta)*(beta-u-1));
96

97 T21:=m[1]"2.8

98 +m[1] “2*(m1[2]-m[2])

00 +m[1]1*(M-m[1]) *(m1[1]-m[1]);
100

101 T23:=(m2[1]1-m[1])"2.8;

102 T22:=3*m2[2] *m2[1] ~2;

103

104 Al:=Log(2,

105 P17 (-1)*(T13+T21+P2" (-1)*T23));
106

107 A2:=Log(2,

108 P17 (-1)*(T13+P2~ (-1)*T22));

109

110 if d eq 2 and A1l 1t com2 then

111 com2:=A1;

112 param2:=[u,f,g,d];

113 end if;

114

115 if d gt 2 and Al 1t comdl then

116 comdl:=A1;

117 paramdl:=[u,f,g,d];

118 end if;

119

120 if A2 1t comd2 then

121 comd2:=A2;

122 paramd2:=[u,f,g,d];

123 end if;

124 end if;

125 end if;

126 end for;

127 end for;

128 end for;

129

130 return com2,param2,comdl,paramdl,comd2,paramd?;

131 end function;
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