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Abstract. We study the hardness of finding permutation automorphisms
of linear codes. We look into three main problems: AUT, AUT-Gen and
AUT-Count which, respectively, ask to find a non-trivial automorphism,
a generating set and the order of the automorphism group.
We give polynomial time reductions from AUT to ISO (the problem
of finding a permutation isomorphism between two linear codes), and
from ISO to AUT-Gen and AUT-Count. This shows that AUT-Gen and
AUT-Count are unlikely to be easy in the worst case, since all known
solvers for ISO take exponential time if the hull dimension (the subspace
given by the intersection between the code and its dual) is large enough.
Furthermore, we give a reduction from AUT-Gen to the problem of finding
generators for the automorphism group of a graph, which we refer to as
GraphAUT-Gen. Up to some polynomial factors, the reduction runs in
time O(nh), with n being the code length and h the hull dimension: for
h = O

(
log(n)

)
, this implies that AUT-Gen can be solved in worst case

quasi-polynomial time.
We also give a simpler version of the reduction, running in time which is
exponential in the worst case (arguably, only for rather contrived codes),
even for small h. However, heuristically, the algorithm is on average ex-
tremely efficient for small h. We use it as a concrete solver and show
that a proof-of-concept implementation is significantly faster than the
built-in implementations of Leon’s and Feulner’s algorithms provided by
Magma and Sagemath.

1 Introduction

An automorphism of a linear code is a transformation that stabilizes the code,
i.e., maps the code into itself. In this paper, we restrict our attention to permu-
tations1: given a linear code C ⊆ Fn

q , a permutation φ ∈ Sn is an automorphism

1 There are more general notions of automorphisms, such as monomial and semi-linear
transformations, which we do not investigate.
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of C if and only if
φ(C ) = {φ(c) | c ∈ C } = C .

Representing a code with a generator matrix G ∈ Fk×n
q , we have that φ ∈

Sn can be an automorphism if and only if there exists a non singular matrix
S ∈ GLk(Fq) such that G = Sφ(G), where φ(G) is the matrix obtained by
permuting the columns of G according to φ. Analogous considerations hold if
one represents the code through a parity-check matrix.

The set of all permutation automorphisms of a given code C ⊆ Fn
q forms its

permutation automorphism group , that is,

P-Aut(C ) = {φ ∈ Sn | φ(C ) = C } .

From now on, we will frequently just speak of automorphisms, implicitly referring
to permutation automorphisms.

For any code, P-Aut(C ) is a subgroup of the symmetric group. Moreover, for
any linear code, the automorphism group coincides with that of its dual. If the
automorphism group contains only the identity, then we say that it is trivial.

The automorphism group of linear codes is a topic that has always fascinated
coding theorists. There is an extensive literature about algebraic and geometric
properties of codes having automorphism groups with desired properties [BC93;
Bou00; BMW10; CT13; JMX20; LCE+24]. Certain decoding algorithms, known
as permutation decoding [Mac64], rely on the availability of a large automor-
phism group [KMM10; PS21; Pra62]. Analogously, the knowledge about auto-
morphisms can be used to speed-up Information Set Decoding (ISD), which is the
standard attack against many code-based post-quantum cryptosystems [CT19;
Sen11]2. Moreover, automorphisms are important also for quantum codes, since
they can be exploited to boost fault tolerance [GR13; Sha08].

In cryptography, the security in the Quantum Random Oracle Model of group
actions-based digital signatures is linked to the problem of finding non-trivial
automorphisms as proven in [BCD+24]. In the linear code equivalence scenario,
like the LESS scheme [BBB+24], this means finding non-trivial automorphisms
of linear codes. Furthermore, the security of the linkable ring signature from
[BDE+26] relies on the problem of finding an automorphism of a given code
which does not fix a second code [BDE+26, Sect.5].

Computational hardness At the best of our knowledge, the computational
hardness of the problem of finding automorphisms has not received so much
attention. We are only aware about two main algorithms, due to Leon [Leo82]
and Feulner [Feu09], which can be deemed as the state-of-the-art. As a matter
of fact, implementations of both Feulner’s and Leon’s algorithms are provided
as built-in functions in programming languages such as Sagemath and Magma.

2 While the need for automorphisms is explicit in [CT19], this may not be obvious, at a
first glance, from [Sen11]. Yet, it is not hard to see that knowledge about non-trivial
automorphisms is a manner to create multiple instances of the decoding problem,
which is the starting assumption in [Sen11].
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Both algorithms determine generators for the automorphism group of any
given linear code and, actually, work also for more general notions of automor-
phisms (e.g., monomials instead of permutations). However, they come with
a significant computational cost and are, in practice, unusable for codes with
sufficiently large dimension. For instance, Leon’s algorithm requires to find all
codewords with weight not exceeding some threshold value which, as a rule of
thumb, can be set equal to (or slightly larger than) the minimum distance of
the code [BBP+23; Beu20]. However, finding low weight codewords in a given
linear code is a well known hard problem and all known solvers take average
exponential time3. Analogous considerations hold also for Feulner’s algorithm.

1.1 Our contribution

In this paper, we study the hardness of finding (permutation) automorphisms of
linear codes.

For what concerns automorphisms of codes, we focus on the following com-
putational problems (all taking as input a linear code):

- AUT: finding one non-trivial automorphism (if it exists);
- AUT-Gen: finding a generating set for the automorphism group;
- AUT-Count: counting the number of automorphisms.

We relate the above problems with the problem of finding a permutation iso-
morphism between two given linear codes, which we refer to as ISO4, and the
problem of finding a generating set for the automorphism group of a graph,
which we indicate as GraphAUT-Gen.

Reductions We show that AUT reduces in polynomial time to ISO, i.e., that an
algorithm that finds permutation isometries between two codes can be used as a
fundamental subroutine for determining (at least) one non-trivial automorphism.
At the same time, we provide a polynomial time reduction from ISO to AUT-Gen:
this implies that AUT-Gen is unlikely to be easy. Indeed, thanks to the reduction
from ISO to the Graph Isomorphism Problem (GIP) due to Bardet, Otmani
and Saeed-Taha [BOS19], we know that ISO can be solved in worst case quasi-
polynomial time whenever the hull dimension is O

(
log(n)

)
. However, when the

hull dimension is large, then all known solvers [BOS19; BMS26; Sen02] take
exponential time and the problem is consequently deemed hard.

Taking a fundamental inspiration from the reduction from ISO to GIP given in
[BOS19], we show that a similar relation holds also for the problems of finding
automorphisms on codes and graphs. Indeed, we prove that for a code with
length n and hull dimension h, AUT-Gen can be reduced to the task of finding

3 Unless the considered codes have extreme parameters, e.g., dimension k = O
(
log(n)

)
4 This problem is often referred to as Permutation Equivalence Problem or Permuta-
tion Code Equivalence Problem and consequently shortened as either PEP or PCE. In
this paper, we prefer to specify isomorphism in the same, for the sake of consistency
with the automorphism problems.
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Fig. 1: Summary of the reductions we give in this paper. Continuous lines are
referred to reductions that always take polynomial time.

generators for the automorphism group of a graph, a problem which we refer to
as GraphAUT-Gen, in time O

((
n
h

)
h!n3

)
5.

This, in particular, implies that all problems about code automorphisms
are easy whenever h = O

(
log(n)

)
. Indeed, GraphAUT-Gen can be solved in

worst-case polynomial time: when the reduction to GraphAUT-Gen runs in quasi-
polynomial time as well, then overall we get that AUT-Gen can be solved in worst
case quasi-polynomial time. this implies that AUT, AUT-Count and AUT-Gen can
be solved in worst case quasi polynomial time as well.

A summary of the reductions we provide in the paper is given in Figure 1.
While we have not been able to show anything about the hardness of AUT (i.e.,
the problem of finding at least one non-trivial automorphism), we conjecture it
should not be much easier than AUT-Count and AUT-Gen. Indeed, all of these
problems are very similar and, therefore, it would be rather surprisingly if one
of them turns out to be much easier than the others.

The relation with the hull We establish some simple conditions relating the
hull with the automorphism group of a given code. In particular, the automor-
phism group of a code must be a subgroup of the automorphism group of its hull
and, if the hull does not have repeated coordinates, then its automorphism group
has order at most ∼ qh

2−1. Thus, if we desire a code with a large automorphism
group, we need a large hull dimension and/or many repeated coordinates in the
hull. Notice that a trivial hull (i.e., a hull containing only the null vector) does
not exclude existence of many automorphisms, since in this case the hull has
only repeated coordinates.

5 The term n3 can be replaced with nω, where ω is the exponent for matrix inversion.
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The Cartesian product of codes Many of the reductions we give in this
paper make use of a code operation which we refer to as Cartesian product of
codes: given two codes A and B, their Cartesian product is

A × B = {(a,b) | a ∈ A , b ∈ B} .

Some authors refer to it as direct sum [HP10, §1.5.4]. We prefer Cartesian prod-
uct since, as we will see, the automorphism group of A × B is related to prod-
ucts of automorphisms, one for A and the other for B. In particular, we will
frequently rely on the Cartesian product to turn an isomorphisms search into an
automorphisms search, since the automorphism group of A × B contains full
information about all the isomorphisms between A and B.

Reducing to GraphAUT-Gen Even if at a first glance translating the reduction
in [BOS19] from an isomorphism problem into an automorphism problem may
seem immediate, there is a non-trivial obstacle that one has to face.

Indeed, remember that the fundamental mapping from a code (represented
with a generator matrix G) to a graph is done by computation of the adjacency
matrix of the graph as follows:

Adj(G) = G⊤ · (GG⊤)−1 ·G.

Since the hull dimension corresponds to the rank deficiency of GG⊤, computa-
tion of Adj(G) requires that the hull is trivial.

Observe that, via computation of Adj(G), one immediately gets a graph
whose automorphism group corresponds to the automorphism group of the code
generated by G. Thus, the reduction to GraphAUT-Gen for codes with trivial
hull is immediate; if the hull is non-trivial, instead, adjacency matrices cannot
be computed as above and some workaround is needed.

To deal with non-trivial hulls, the authors of [BOS19] propose to shorten
A and B on two information sets J, U ⊆ {1, · · · , n} for the hull. When U is
indeed the image of J under the sought isometry, then the shortened codes are
isomorphic as well. Notice that, for any isomorphism between the shortened
codes, we have at most h! candidate isomorphisms between the initial codes
since any map from J and U would be valid (this map moves null coordinates
to null coordinates). Thus, enumerating all choices for U and all maps from J
to U , we get a worst case computational overhead of O

((
n
h

)
h!
)
.

At a first glance, one may think that the same approach can work also for
automorphisms. Indeed, starting from a code C , for each pair (J, U), one can
construct two codes A ,B that i) have trivial hull, and ii) are such that isomor-
phisms between A and B are inherited from automorphisms of C that send J
to U . All such isomorphisms can be found by first computing the product code
A × B and then reducing to GraphAUT-Gen (the Cartesian product of codes
with a trivial hull has trivial hull, as well). If we fix J and brute force over all
choices for U , a solver for GraphAUT-Gen is called at most

(
n
h

)
times. Again, be-

cause of the null coordinates created by shortening, every found automorphism
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of A × B can be associated with at most h! candidate automorphisms for the
initial code C .

When h is small, this reduction looks efficient; however, some caution is
needed. Indeed, we cannot guarantee that each isomorphism between the short-
ened codes A and B is associated with an automorphism of C . For this reason,
every isomorphism from A to B needs to be checked, in order to see if it as-
sociated with an automorphism of C . Since the amount of isomorphisms from
A to B can be as large as Sn, we may end up with an exponential time com-
plexity. We actually give examples where this indeed happens: while one may
argue that such examples are rather contrived (and, perhaps, easy to tackle with
ad-hoc techniques), their existence is enough to show that the approach based
on shortenings is somewhat incomplete.

Notice that, for a code with an exponentially large automorphism group (for
instance, the repetition code), the above reduction would take exponential time
as well. Indeed, we actually materialize and check each automorphism: to handle
such cases, we would need to work only with generating sets.

We are actually able to do this by introducing a novel de-hulling tech-
nique which consists in enriching a generator matrix of C with carefully chosen
amounts of replicas of the columns indexed by an information set for the hull. By

doing this, we get a new code with trivial hull and length ñ = n+h+ ph(h+1)
2 =

O(n2), with p being the characteristic of the finite field. For each pair (J, U)
(and for each order of the indices in U) we use this procedure to get the two
codes A and B. As a fundamental difference with the case of shortenings, now
handling spurious isomorphisms is much easier. In particular, it is enough to
look at (and modify accordingly) generators for P-Aut(A × B): even if such a
group is exponentially large, the number of generators is upper bounded by a
polynomial in n.

All in all, we get a reduction running in timeO(
(
n
h

)
h!n3): when h = O

(
log(n)

)
,

this yields quasi-polynomial worst case time. When h is linear in n, the reduction
runs in exponential time.

Efficient solvers and easy instances As we have already said, state-of-the-
art algorithms such as Leon’s and Feulner’s algorithms for solving AUT-Gen take
time which is exponential in the code dimension (or code length), and get slower
as q increases. Notice that both algorithms do not have an immediate relation
with the hull.

Instead, in light of our reductions to GraphAUT-Gen, we discover that AUT-Gen
is worst case easy when h is small enough. In practice, on average, GraphAUT-Gen
can be solved in polynomial time for many codes. Indeed, AUT-Gen can be solved
in polynomial time for the wide majority of graphs [BES80]: consequently, when
h = O(1), our algorithms should run in average polynomial time.

To corroborate this claim, we have developed proof-of-concept implementa-
tions (using Magma and Sagemath) of the shortening-based reduction and have



On the Hardness of Finding Permutation Automorphisms of Linear Codes 7

conducted several benchmarks on codes having a prescribed (large) automor-
phism group. We have also compared with the built-in implementations of Leon’s
and Feulner’s algorithms provided by Magma and Sagemath. As we expected, our
implementation outperforms significantly the timings of the built-in functions.

For instance, on a standard laptop, using Magma, for binary codes with trivial
hull of length n = 100 and dimension k = 50, Leon’s algorithm takes 1.5 seconds,
while our solver takes less than 1 millisecond. Working on codes with hull of
dimension h = 2, length n = 140 and dimension k = 70, Leon’s algorithm takes
approximately 1928 seconds, while our solver takes less than 9 seconds.

1.2 Paper organization

In Section 2 we provide the notation used in this work and the preliminaries
needed. Section 3 provides results about the relation between the automorphism
group of a code and its hull. In Section 4 we introduce the Cartesian product of
code and study its automorphism group. In Section 5 we study the relationship
between the automorphism problem and the code equivalence problem. Section 6
concerns reductions from the code automorphism problem to the graph automor-
phism problem. In Section 7 we give another reduction which, differently from
the one in Section 6, never achieves exponential time complexity unless h is lin-
ear in n. Finally, in Section 8 we provide some benchmarks about the running
time of a proof-of-concept implementation of our reductions and compare with
state-of-the-art solvers.

The code we have developed for preparing this paper is made publicly avail-
able and can be found at

https://github.com/gdalc/permutation-automorphisms

1.3 Relation with other works

A preliminary version of this paper has been presented at the workshops AM-
PQC 6, held in August 10-14, 2026 in Ohrid, Macedonia, and Mathematics of
Post-Quantum Cryptography, held in September 7-11, 2026 in Raitenhaslach,
Germany7.

While we were finalizing the paper, we became aware of [BHJ26], which
has been uploaded on Arxiv on September 21, 2026. We remark that the two
papers have been conducted as independent and concurrent works. While some
reductions are given in both papers, [BHJ26] does not mention reductions to
GraphAUT-Gen and does not give concrete algorithms to solve AUT-Gen, as we
do instead. Moreover, [BHJ26] does not consider AUT. Notice that, remarkably,
[BHJ26] gives reduction also for the case of monomial automorphisms, which we
do not treat in this paper.

6 https://pqcrypto.cs.ru.nl/ampqc/
7 https://mathpqc26.cry.cit.tum.de/

https://github.com/gdalc/permutation-automorphisms
https://pqcrypto.cs.ru.nl/ampqc/
https://mathpqc26.cry.cit.tum.de/
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2 Preliminaries

In this section, we settle the notation and give the main background notions
about linear codes.

2.1 Notation

Sets are denoted with the usual curly brackets {x1, . . . , xn}. Instead, we denote
ordered sets (or tuples) using round brackets (x1, . . . , xn). We will frequently
indicate [n] = {1, · · · , n}. Let q = pm with p a prime and m ∈ N \ {0}; then,
Fq indicates a finite field with q elements and characteristic p. Bold uppercase
letters indicate matrices, bold lowercase letters indicate vectors. The identity of
size k is Ik. The general linear group GLk(Fq) is the group of all non-singular,
k × k matrices over Fq. For a ∈ Fn

q and J ⊆ [n], aJ is the vector formed by
the entries of a which are indexed by J . Analogous notation applies to matrices:
for a matrix A with n columns, we use AJ to indicate the submatrix formed
only by the columns of A which are indexed by J . The complementary of a set
J ⊆ [n] is indicated as J = [n] \ J . Given vectors a,b ∈ Fn

q , we denote their

inner product as ⟨a;b⟩ = ab⊤.

Group theory We indicate with Sn the symmetric group on n elements and
view its elements as permutations. For π = (i1, . . . , in) ∈ Sn, with the meaning
that π(j) = ij , its action on a vector a = (a1, · · · , an) ∈ Fn

q is determined as

π(a) =
(
aπ−1(1), . . . , aπ−1(n)

)
.

We naturally extend the action of permutations on matrices: ifA =
(
a1, · · · ,an

)
∈

Fk×n
q (i.e., ai is the i-th column of A), then

π(A) =
(
aπ−1(1), . . . , aπ−1(n)

)
.

For a set J ⊆ [n], we write π(J) = {π(j) | j ∈ J}; in other words, π(J) is the
(unordered) set containing the images of the indices in J .

We sometimes write permutations using the cycles decomposition, e.g.,

π = (σ1, σ2, . . . , σd),

where each σi = (u
(i)
1 , u

(i)
2 , · · · , u(i)

ℓi
) is a single cycle, i.e., a permutation such

that
u
(i)
1 → u

(i)
2 → · · · → u

(i)
ℓi

→ u
(i)
1 .

If an index is fixed by a permutation, we omit it in the cycles decomposition.
For instance, let π = (3, 5, 2) ∈ S5: this permutation fixes the indices 1 and 4.
The permutation fixing all indices is the identity, and we indicate as id. Lastly,
given π ∈ Sn and J ⊂ {1, . . . , n}, we denote the restriction of the permutation
π on the elements of J as π|J .
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If G is a subgroup of Sn, we write G ≤ Sn. We write G = ⟨g1, · · · , gm⟩ if G
admits g1, · · · , gm ∈ Sn as generators.

A set A = {g1, . . . , gm} is called a generating set (or set of generators) of
G if ⟨A⟩ = G, meaning every element in G can be written as a finite product
of elements in A and their inverses. We say A is a minimal generating set if no
proper subset of A generates G; that is, ⟨A \ {g}⟩ ⊊ G for every g ∈ A.

It is known that any subgroup of Sn admits a finite set of generators, with size
at most ⌈log2(n!)⌉ which is bounded by a polynomial of n and such generating
sets can be efficiently constructed in polynomial time [FHL80; Sim70].

We use the symbol ∼= to denote group isomorphism.

Graphs In this paper, we consider simple, undirected and (possibly) weighted
graphs. Let V = {v1, · · · , vn} be a set of n vertices, labeled as v1, · · · , vn. An
edge for the vertices set V is a triple (vi, vj , ai,j), which stands for the fact
that there is an edge joining the i-th and the j-th vertices, labeled by the value
ai,j .We denote with E the collection of such triples, and with G = (V, E) the
graph having vertices defined by V and edges defined by E.

The geometry of the graphs we are interested in is fully determined by an
n× n matrix called adjacency matrix, defined as

A = {ai,j} 1≤i≤n
1≤j≤n

.

If there is an edge between the i-th and the j-th vertices, then the weight of the
edge is equal to ai,j ̸= 0; if there is no edge, then ai,j = 0.

Remark 1. As we shall see later on, for the graphs we are interested in, the edge
labels will be elements of Fq. Therefore, for q = 2, all edges have the same label
1 ∈ F2: we can consider that the resulting graph is actually not weighted or,
more conveniently, that it is a special case of the more general case of weighted
graphs. When q > 2, instead, edge labels can be possibly different.

Definition 1 (Graph Automorphism). Let G = (V,E) be a simple, weighted
and undirected graph with vertices set V and edges set E. An automorphism of
G is a bijection ϕ : V → V that preserves the adjacency relation, i.e. for any
pair of vertices u, v ∈ V ,

(u, v, a) ∈ E ⇐⇒ (ϕ(u), ϕ(v), a) ∈ E.

If A is the n×n adjacency matrix, an automorphism of G can be equivalently
defined as a permutation matrix P ∈ Sn such that

P⊤AP = A.

2.2 Linear codes

A linear code C ⊆ Fn
q with length n and dimension k is a k-dimensional linear

subspace of Fn
q . Sometimes, we will say that C is an [n, k]q code, or just an [n, k]



10 M. Battagliola, G, D’Alconzo, L. Mattiuz, P. Santini, F. Zanetti

code when the finite field size is clear from the context. To represent a code, we
can use either a generator matrix, a matrix G ∈ Fk×n

q whose rows form a basis

for C , or a parity-check matrix, a matrix H ∈ F(n−k)×n
q whose rows form a basis

for the null space of C . In other words,

C =
{
uG

∣∣ u ∈ Fk
q

}
=
{
c ∈ Fn

2

∣∣ cH⊤ = 0
}
.

Notice that GH⊤ = 0. For any S ∈ GLk(Fq), G and SG generate the same
code. In this case, we say that S is a change of basis. Analogously, for any
U ∈ GLn−k(Fq), H and UH are parity-check matrices for the same code.

The space of all vectors which are orthogonal to the codewords in C is called
dual code and indicated as C⊥; if C has dimension k, then C⊥ has dimension
n − k. Notice that, for G and H generator and parity-check matrices for C ,
respectively, we have that C⊥ is generated by H and admits G as parity-check
matrix.

Definition 2 (Information set). A set J ⊆ {1, · · · , n} is an information set
if CJ = {cJ | c ∈ C } = Fk

q . Equivalently, J is an information set if and only if,
for each generator matrix G and each parity-check matrix H, it holds that

rank(GJ) = k, rank(HJ) = n− k.

For any information set J , we can define a generator matrix where the columns
indexed by J form the identity matrix. Such a matrix is said to be in standard
form and can be obtained from any generator matrix with a change of basis:

G
Change of basis: G−1

J ∈ GLk(Fq)−−−−−−−−−−−−−−−−−−−−−−−−→ G−1
J ·G.

When J = {1, · · · , k}, then the standard form is somewhat more special and we
speak of systematic form.

Let C be a code with length n. We denote with Supp(C ) the subset of
{1, ..., n} of all positions where at least one codeword in the code has a non-zero
value.

We recall the notion of hull, which plays a crucial role in all our results:

Definition 3 (Hull). The hull of a linear code is the intersection between the
code and its dual

H(C ) = C ∩ C⊥.

We say the hull is trivial if it has dimension 0, i.e., if it contains only the null
codeword. A code with trivial hull is called Linear Complementary Dual (LCD).

The hull can be computed in polynomial time O(n3): for instance, it is enough

to construct the matrix

(
G
H

)
and then determine its right kernel. The hull

dimension corresponds to k − rank(GG⊤).

If H(C ) = C , then we say that C is self-orthogonal (sometimes, also called
weakly self-dual). For a self-orthogonal code generated by G, it holds that
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GG⊤ = 0. Notice that, by definition, the hull is a self-orthogonal subcode of
both C and C⊥. If H(C ) = C = C⊥, then we say that C is a self-dual code.

For a given finite field with q elements, the number of self orthogonal codes
can be counted precisely [Sen97, Theorem 1]. We recall this result, together with
some asymptotics on how such a number grows, in Appendix A.

Finally, we define the shortening of a code.

Definition 4 (Shortening). Given a code C ⊆ Fn
q , the shortened code of C

over J ⊂ {1, . . . , n} is defined as

C−J = {c ∈ C | ∀j ∈ J, cj = 0} .

2.3 Isormorphisms and automorphisms for linear codes

For a permutation φ ∈ Sn, we write

φ(C ) = {φ(c) | c ∈ C } .

If, given two codes C ′ and C , there exists a permutation φ ∈ Sn such that
C ′ = φ(C ), we say the two codes are permutation equivalent or isomorphic.
Observe that, in such a case, if P is the permutation matrix associated with φ,
then C ′ = φ(C ) implies that, for any pair of generator matrices G and G′ for
C and C ′, then

∃S ∈ GLk(Fq) such that G′ = SGP.

If C ′ = φ(C ), we also have that C ′⊥ = φ(C⊥) and H(C ′) = φ
(
H(C )

)
.

When a permutation maps a code into itself (i.e. C = C ′), then we have an
automorphism.

Definition 5 (Permutation automorphism). Given a code C ⊆ Fn
q , a (per-

mutation) automorphism is a permutation φ ∈ Sn such that C = φ(C ). Equiv-
alently, a permutation P is an automorphism for a code having G ∈ Fk×n

q as
generator matrix if there exists a change of basis S ∈ GLk(Fq) such that

G = SGP.

It can be easily verified that the combination between any two automorphisms
leads to another automorphism and that the identity is an automorphism for
every linear code; we thus speak of automorphism group.

Definition 6 (Permutation automorphism group). Given a code C ⊆ Fn
q ,

its (permutation) automorphism group is the subgroup of Sn containing all au-
tomorphisms of C , i.e.,

P-Aut(C ) = {φ ∈ Sn | φ(C ) = C }

As said before, any code admits, as automorphism, the identity; we say this is a
trivial automorphism. When the automorphism group contains only this element,
we say it is trivial as well.
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2.4 Problems and computational complexity

We say that a problem A reduces (or is reducible) to a second problem B if there
exists a polynomial-time algorithm p that solves A using an oracle which solves
B in one step. In this case we write A ≤p B. Finally, we say that two problems
A and B are equivalent, and we write A ∼p B, if A ≤p B and B ≤p A. We
remark that polynomial-time means that the algorithm runs in time which can
be upper bounded by a polynomial of the input size.

We proceed by formalizing the problems we study in this paper.

List of code automorphism problems

Definition 7 (AUT). Given C , find a non-trivialnon-trivial automorphism of
C .

Definition 8 (AUT-Gen). Given C , find a generating set for the automorphism
group of C .

Definition 9 (AUT-Count). Given C , count the order of the automorphism
group of C .

List of code isomorphism problems

Definition 10 (ISO). Given C ,C ′ ⊆ Fn
q , find an isomorphism π such that

C ′ = π(C ).

Definition 11 (Dec-ISO). Given C ,C ′ ⊆ Fn
q , decide if there is an isomorphism

π such that C ′ = π(C ).

Clearly AUT ≤p AUT-Gen. We also have AUT-Count ≤p AUT-Gen thanks to
the Schreier–Sims algorithm [Knu91; Sim70]. Finally, it was recently proved in
[BM23] that Dec-ISO ∼p ISO.

3 Automorphisms and Hulls

We derive some relations between the automorphism group of a linear code and
its hull. Thanks to such (simple) relations, we get some necessary conditions on
the hull for a code having a large automorphism group.

3.1 Upper bounds on the size of the automorphism group

One can observe that if the code has many repeated coordinates, then there
are some obvious automorphisms. However, when no repeated coordinates exist,
then providing bounds on the size of the automorphism group is definitely not
trivial. At the best of our knowledge, there are no general bounds, apart from
some results relating the number of automorphisms with the size of GLk(Fq).
We recall (and prove, for the sake of completeness) this main result, for the case
of a code with no repeated coordinates.
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Theorem 1 If a code C ⊆ Fn
q with dimension n has no repeated coordinates,

then

|P-Aut(C )| ≤ min {|GLk(Fq)|, n!} .

Proof. Since C does not have repeated coordinates, any generator matrix G ∈
Fk×n
q has distinct columns. Let S ∈ GLk(Fq), this can be associated with an

automorphism only if there exists some P ∈ Sn such that SG = GP. In other
words, SG and G have the same columns. Notice that since G does not have
repeated coordinates, then for any S there can be at most one valid permutation
P. Therefore, the maximum number of automorphisms cannot be larger than
GLk(Fq). Trivially, |P-Aut(C )| ≤ |Sn| = n!, so we have the thesis. ⊓⊔

Since P-Aut(C ) = P-Aut(C⊥), the above bound can be refined in the case in
which also the dual has no repeated coordinates.

Corollary 1. If a code C ⊆ Fn
q with dimension k has no repeated coordinates,

and the same holds for C⊥, then

|P-Aut(C )| ≤ min {|GLk(Fq)|, |GLn−k(Fq)|, n!} .

Remark 2. Observe that if C does not have repeated coordinates but C⊥ does,
then C has codewords of weight 2. This is the case, for instance, of the single
parity-check code with length n: it has no repeated coordinates but its dual is
the repetition code of length n, where all coordinates are identical.

When there are repeated coordinates, the above bounds get (unsurprisingly)
higher. We make this intuition more formal in the following theorem.

Theorem 2 For a code C ⊆ Fn
q , let J1, . . . , Ju ⊆ {1, . . . , n} be a partition of

{1, . . . , n} such that, for each Ji of cardinality ℓi, all coordinates indexed by Ji
are repeated, and the coordinates indexed by Ji are different from the coordinates
indexed by Jj for each i ̸= j. Then,

|P-Aut(C )| ≤ min {|GLk(Fq)|, u!} ·
u∏

i=1

(ℓi!).

Proof. Notice that every permutation π ∈ Sn such that π(Ji) = Ji and that fixes
all other indices is an automorphism for C , since it is just shuffling identical coor-
dinates. The number of such permutations is

∏u
i=1(ℓi!). Repeating the reasoning

from the proof of Theorem 1, we now have that for each S ∈ GLk(Fq) we can
have a maximum of

∏u
i=1(ℓi!) automorphisms. The factor min {|GLk(Fq)|u!}

appears thanks to the following reasoning. Any generator matrix for C is, up to
a reordering of its columns, given by(

g1, . . . ,g1︸ ︷︷ ︸
ℓ1 times

, . . . ,gu, . . . ,gu︸ ︷︷ ︸
ℓu times

)
=
(
G1, . . . ,Gu

)
,
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where the vectors g1, . . . ,gu are distinct by hypothesis and each Gi has size
k × ℓi. If we left multiply by some S ∈ GLk(Fq), we get

S
(
G1, . . . ,Gu

)
=
(
G′

1, . . . ,G
′
u

)
,

with G′
i = SGi. The matrix S can be associated with an automorphism only if,

for any i ∈ {1, . . . , u}, there is an index ji ∈ {1, . . . , u} such that G′
i = Gji . In

other words, each valid S must be associated with a bijection of {1, . . . , u}, and
therefore there cannot be more than u! valid such matrices. ⊓⊔

Remark 3. The repetition code meets the bound from the previous theorem.
Indeed, since all coordinates are repeated, we have u = 1 and ℓ1 = n: the bound
yields n!, which corresponds to the size of Sn.

Remark 4. The bound in the previous theorem can be made sharper considering
that, for the number of bijections, one may consider also the sizes of the subsets
J1, . . . , Ju. For instance, if two subsets have distinct sizes ℓi and ℓj , then a
matrix S ∈ GLk(Fq) will never send Gi to Gj . With such a reasoning, one can
refine the bound. However, arguably, codes with repeated coordinates are not the
most interesting case-study (as they have some obvious and easy to determine
automorphisms) so we do not enter into further details.

3.2 Relations between automorphisms and hulls

We first show that every automorphism for the code must be an automorphism
for the hull, as well.

Theorem 3 For every code C , P-Aut(C ) ≤ P-Aut (H(C )), i.e., every auto-
morphism of the code must be an automorphism of the hull.

Proof. If the hull is trivial, then its automorphism group is equal to Sn, so the
thesis is trivially true. We consider the more interesting case of hull dimension
h ≥ 1. Let B = {c1, . . . , ch} be a basis for the hull of a code C . Let φ ∈ Sn and
C ′ = φ(C ). Let us consider B′ = {c′1 = φ(c1), . . . , c

′
h = φ(ch)}. Let us prove

that the space generated by B′ has dimension h and stays inside the hull of C ′.
For every a′ ∈ C ′ there exists an a ∈ C such that a′ = φ(a). Then

⟨c′i ; a′⟩ = ⟨φ(ci) ; φ(a)⟩ = ⟨ci ; a⟩ = 0.

Hence, the space generated by B′ lives inside H(C ′) and h′ = dim(H(C ′)) ≥ h.
Let us now prove that h′ = h and hence the space generated by B′ is ex-
actly the hull of C ′. Let φ−1 be the inverse of φ. Hence φ−1(C ′) = C . Let
D′ = {c̄′1, . . . , c̄′h′} be a basis for the hull of C ′. Let us consider D = {c̄1 =
φ−1(c̄′1), . . . , c̄

′
h′ = φ−1(c̄h′)}. Following the same reasoning used above, we can

prove that the space generated by D, that has dimension h′, lives inside H(C ).
Consequently, h′ ≤ h, and so h′ = h. ⊓⊔
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Thanks to the above theorem, one can use the hull of the code to get some ideas
on the automorphism group of the code. For instance, if the hull is found to have
only trivial automorphisms, then the code must have trivial automorphisms as
well.

Remark 5. Notice that Theorem 3 works only in one direction, i.e., there may
be automorphisms of the hull which are not automorphisms of the code. For
instance, if H(C ) = {(0, ..., 0)}, we have P-Aut(H(C )) = Sn but not necessarily
P-Aut(C ) = Sn.

As a consequence of the previous theorem combined with the bounds from The-
orem 1 and Corollary 1, we get an upper bound on the size of the automorphism
group that depends on properties of the hull.

Theorem 4 Let C ⊆ Fn
q be a linear code whose hull H(C ) has dimension h. Let

J1, . . . , Ju ⊆ {1, . . . , n} as in Corollary 1, with Ji having cardinality ℓi. Then,

|P-Aut(C )| ≤ min {|GLh(Fq)|, u!} ·
u∏

i=1

ℓi!.

Proof. By Theorem 3, C cannot have more automorphisms than H(C ). Then,
we just apply Corollary 1 to the hull. ⊓⊔

The above theorem establishes some relations between the hull dimension and
the size of the automorphism group of a linear code. Indeed, a code having a
large automorphism group must necessarily have either a large hull dimension
and/or a hull with many repeated coordinates.

Notice that a trivial hull does not put any limit on the number of auto-
morphisms, since it corresponds to the (trivial) code formed by the all-zeros
codeword, so the upper bound gives us n!.

Example 1. Let C ⊆ F6
127 be the code with generator matrix

G =

103 4 79 62 96
19 47 76 46 115
21 47 92 45 40

 .

This code has hull dimension h = 1 and a basis for the hull isB =
(
1 53 48 116 90

)
.

Since there are no repeated coordinates, an application of Theorem 4 tells us
that the maximum number of automorphisms of C is |GL1(F127)| = 126. It can
be verified that the hull has only the trivial automorphism; so, also C admits
only the trivial automorphism.

Example 2. Let C ⊆ F6
17 be the code with generator matrix

G =

 0 8 9 15 2
6 2 10 13 11
14 6 15 15 0

 ,
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with hull generated by B =
(
0 1 16 4 13

)
. Since there are no repeated

coordinates, we know the hull and the code as well can have at most |GL1(F17)| =
16 automorphisms. In this case, the hull has some automorphisms: indeed, if we
multiply B by some non-zero α ∈ F17, for α = ±1,±4 we get that αB and B
have the same entries (but in a different order). We have

P-Aut
(
H(C )

)
= ⟨(2, 5, 3, 4)︸ ︷︷ ︸

φ

⟩ =
{
id, φ, φ2, φ3

}
.

So, in this case P-Aut
(
H(C )

)
is a cyclic group of order 4. It can be verified that

P-Aut(C ) is the subgroup of ⟨φ⟩ generated by φ2 = (2, 3)(4, 5), with order 2.
So, this code has a unique non-trivial automorphism, given by φ2.

3.3 Looking solely at the hull may not be enough

While the relations from the previous subsection may be rather useful, looking
only at the hull may not be the best strategy to find automorphisms.

Indeed, a simple strategy to determine automorphisms of a given code C
may be to first determine P-Aut

(
H(C )

)
and then, for each φ ∈ P-Aut

(
H(C )

)
,

verify if indeed φ(C ) = C .
Checking that φ is indeed an automorphism is computationally easy: for

any pair G and H of generator and parity-check matrices, respectively, it is
enough to check that φ(G)H⊤ = 0. We observe that since the hull is a code
with presumably low dimension, finding its automorphisms using any of the
solvers from the literature may be easy. However, the number of automorphisms
possessed by the hull may be extremely large. For instance, in the case of a
trivial hull, we have P-Aut

(
H(C )

)
= Sn. More generally, it can be seen that

when both q and h are not large enough, the hull of a code necessarily has non-
trivial automorphisms. For instance, if qh < n, then the number of columns in
any generator matrix for C is less than Fh

q , hence duplicated columns must exist.
More generally, considering that the hull is a self-orthogonal code, one can

get a more restrictive condition, which we give in the next theorem (the proof is
deferred to Appendix A).

Theorem 5 Let C ⊆ Fn
q with hull of dimension h. If |Cn,h,q| < n!, then the hull

has non-trivial automorphisms. For constant q, let h∗ indicate the maximum
value of h for which the previous inequality is satisfied. Then, asymptotically,
h∗ = logq(n/e) ·

(
1 + o(1)

)
, where e is the Napier’s constant.

The inequality in the above theorem can be used as a rule of thumb to deter-
mine when looking only at automorphisms of the hull may yield a good strategy
for finding automorphisms of a code. As we shall see in the next sections, a large
hull dimension is an obstacle we are not able to overcome, since our algorithm
has a complexity growing at least as O(nh). However, notably, our algorithm
has not strong dependency over q, as it only affects the cost of arithmetic (thus,
leads only to a logarithmic overhead).
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As a final remark, we comment on the reason why we need to check each
automorphism of the hull, which may not be obvious. We observe that, even
when the automorphism group of the hull is large, it can be represented using
generators. As we have already said, the largest amount of generators for a
subgroup of Sn is ⌈n/2⌉, hence we always dispose of an efficient representation
for the group. However, we cannot just look at generators but need to test each
element, as already shown by Example 2. Indeed, we cannot exclude the existence
of code automorphisms which are not in the list of generators for P-Aut

(
H(C )

)
but are generated by some combination of said generators. A similar limitation
applies also to the algorithm we give in Section 6 and, it will also be the only
reason why our algorithm can have exponential complexity.

4 The Cartesian Product of Codes

We introduce and study a code construction which, later on, will be frequently
used.

Definition 12. Let A ⊆ Fn1
q and B ⊆ Fn2

q be two linear codes with lengths n1

and n2 and dimensions k1 and k2, respectively. We refer to them as component
codes and define their Cartesian product as

A × B = {(a,b) | a ∈ A ,b ∈ B} ,

which is a linear code with length n1+n2 and dimension k1+k2. Given generator
matrices A ∈ Fk1×n1

q and B ∈ Fk2×n2
q for A and B, respectively, a generator

matrix for their Cartesian product is the (k1 + k2)× (n1 + n2) matrix

(
A 0
0 B

)
.

The above definition generalizes to the case of more than two component codes:
the dimension and length of the resulting product code are the sum of the dimen-
sions and lengths of the component codes, respectively. Analogously, a generator
matrix for the product code is obtained by stacking, in the main diagonal, the
generator matrices of the component codes.

Since this will be crucial in the following, we recall the notion of decompos-
ability [Sle60].

Definition 13. Given a code C ⊆ Fn
q , we say it is decomposable if it is permuta-

tion equivalent to a Cartesian product code, i.e., if there exist codes C1,C2, . . . ,Cm

and a permutation π ∈ Sn such that

C = π
(
C1 × C2 × · · · × Cm

)
.

Otherwise, we say that C is indecomposable.

Remark 6. A code with some null coordinates can be deemed as a decomposable
code. Indeed, if a code has m null coordinates, then it is permutation equivalent
to a Cartesian product code in which one of the components is {0m}, with 0m
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being the length-m all-zeros vector. Such a code is defined by a generator matrix
as in Definition 12, with one of the generator matrices of the component codes
being the null 1×m matrix. Notice that this is a slight abuse of notation since
the resulting matrix would not have full rank.

We continue the section with some useful results about the Cartesian product
of codes. Some of the proofs of the theorems in this section are referred to
Appendix B.

4.1 The automorphism group of the Cartesian product of codes

If A and B are distinct and equivalent via the permutation π, it can be seen
that the automorphism group of A × B is non-trivial since there is a special
automorphism induced by π.

Definition 14. Let A and B be two permutation equivalent [n, k]q codes via the
isomorphism π. The automorphism of the product A ×B induced by π, which
we indicate as (π−1, π), is the permutation of length 2n such that coordinates
in {1, . . . , n} are moved to {n + 1, . . . , 2n} and then permuted according to π,
while coordinates in {n+ 1, . . . , 2n} are moved to {1, . . . , n} and then permuted
according to π−1.

Instead of considering only π−1, Definition 14 can be extended to a more
general formulation that considers any permutation χ mapping B to A .

Definition 15. Let A and B be two permutation equivalent [n, k]q codes. Let
π, χ ∈ Sn be permutations such that π(A ) = B and χ(B) = A : the existence
of the two permutations is guaranteed by the permutation equivalence property.
The automorphism of the product A × B induced by π, χ, which we indicate
as (χ, π) is the permutation of length 2n such that coordinates in {1, . . . , n} are
moved to {n+1, . . . , 2n} and then permuted according to π, while coordinates in
{n+ 1, . . . , 2n} are moved to {1, . . . , n} and then permuted according to χ.

The latter trivially generalizes Definition 14, since it suffices to consider χ = π−1.
If P1 is the permutation matrix associated with π ∈ Sn and P2 is the per-

mutation matrix associated to χ ∈ Sn, then the permutation matrix associated
with the automorphism (χ, π) can be written as

P′ =

(
0 P1

P2 0

)
∈ F2n×2n

q . (1)

We now prove that Definition 15 is well-defined, i.e. that the permutation
defined as (χ, π) is indeed an automorphism of the product code.

Theorem 6 Let A ,B ⊆ Fn
q be two equivalent codes, i.e., there is a permutation

π ∈ Sn such that B = π(A ). Let χ ∈ Sn be such that A = χ(B). Then, (χ, π),
as in Definition 15, is an automorphism of the code A × B.
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Proof. Let A and B be generators for A and B, respectively. Then, B = S ·
π(A) = S1 · A · P1 and A = S2 · B · P2 for some non singular S1,S2 ∈ Fk×k

q .
Let G be a generator matrix for the Cartesian product code, as in Definition 12,
and P′ as in Equation (1). Then

G ·P′ =

(
0 A ·P1

B ·P2 0

)
=

(
0 S−1

2 ·B
S−1
1 ·A 0

)
=

(
0 S−1

2

S−1
1 0

)
︸ ︷︷ ︸

S′

·
(
A 0
0 B

)
︸ ︷︷ ︸

G

.

The matrix S′ ∈ F2k×2k
q has full rank since S has full rank by hypothesis. Since

we found that G·P′ and G generate the same code, then P′ is an automorphism.
⊓⊔

We now look into the automorphism group of the Cartesian product of codes.
First, we consider the automorphism groups of two isomorphic codes (the proof
can be found in Appendix B).

Theorem 7 Let A and B = π(A ) for some π ∈ Sn. Then we have that
P-Aut(A ) ∼= P-Aut(B) and in particular:

P-Aut(B) =
{
π ◦ σ ◦ π−1

∣∣ σ ∈ P-Aut(A )
}
.

Then, we provide a useful result about the hull dimension of the Cartesian
product code, which proof can be found in Appendix B.

Theorem 8 Given two codes A , B with hulls H(A ) and H(B), respectively,
the Cartesian product code has hull

H(A × B) = H(A )×H(B).

In particular, the hull dimension of the product code is the sum of the dimensions
of the hulls.

We now provide a description of the automorphism group of codes obtained as
the Cartesian product of two indecomposable codes A and B. In particular, we
focus on the following two kinds of automorphism.

Definition 16. Let A ,B ⊆ Fn
q be two linear codes with dimension k and length

n. We say that an automorphism σ ∈ P-Aut(A × B) is:

– component-wise, if

σ({1, . . . , n}) = {1, . . . , n}, σ({n+ 1, . . . , 2n}) = {n+ 1, . . . , 2n};
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– swapping, if

σ({1, . . . , n}) = {n+ 1, . . . , 2n}, σ({n+ 1, . . . , 2n}) = {1, . . . , n}.

In other words, a component-wise automorphism acts independently on each
component code. Instead, swapping automorphisms move the leftmost n coordi-
nates to the rightmost n coordinates, and viceversa. We prove in the following
that i) if the component codes are indecomposable, then there are no other types
of automorphisms, and ii) that swapping automorphisms exist only when the
component codes are isomorphic, and iii) that component-wise automorphisms
form a group which is isomorphic to the Cartesian product of the automor-
phism groups of the component codes. The proofs of the following two results
are deferred to Appendix B.

Theorem 9 Let A ,B ⊆ Fn
q be non-equivalent codes of dimension k. More-

over, suppose that A and B are indecomposable, i.e. they are not the Cartesian
product of other codes. Then

P-Aut(A × B) ∼= P-Aut(A )× P-Aut(B).

Corollary 2. Let A ,B ⊆ Fn
q be two equivalent codes of dimension k. More-

over, suppose that A and B are indecomposable, i.e. they are not the Cartesian
product of other codes. Then

P-Aut(A × B) ∼= (P-Aut(A )× P-Aut(B))⋊ S2,

where ⋊ indicates the semidirect product of groups. Moreover, if G is a group
isomorphic to P-Aut(A ), it holds that P-Aut(A × B) is isomorphic to G ≀ S2.

Example 3. Let us consider F5 and define the linear code A ⊆ F5
5 with length

n = 5 and dimension k = 3 via the generator matrix

A =

1 0 0 1 2
0 1 0 2 1
0 0 1 1 1

 .

It is easy to see that the permutation ϕ = (1, 2)(4, 5) ∈ S5 is a non-trivial
automorphism of A .

Next, consider the permutation σ = (1 3 5) ∈ S5 and define B = σ(A ).
Then B has the following generator matrix (not in systematic form)

B =

2 0 1 1 0
1 1 0 2 0
1 0 0 1 1

 .
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Notice that B has a non-trivial automorphism given by ϕ′ = σ ◦ ϕ ◦ σ−1 =
(1, 4)(2, 3) ∈ S5. The Cartesian product A × B has generator matrix

G =

(
A 0
0 B

)
=


1 0 0 1 2 0 0 0 0 0
0 1 0 2 1 0 0 0 0 0
0 0 1 1 1 0 0 0 0 0
0 0 0 0 0 2 0 1 1 0
0 0 0 0 0 1 1 0 2 0
0 0 0 0 0 1 0 0 1 1

 ,

and P-Aut(A ×B) is the group generated by the following three permutations:

(1, 2)(4, 5)︸ ︷︷ ︸
φ1

, (6, 9)(7, 8)︸ ︷︷ ︸
φ2

, (1, 7)(2, 8)(3, 10)(4, 6)(5, 9)︸ ︷︷ ︸
φ3

.

Observe that φ1 and φ2 are component-wise automorphisms and can be as-
sociated with (ϕ, id) and (id, ϕ′), respectively8. In particular, we have four
non-trivial component-wise automorphisms and four swapping automorphisms:

– component-wise automorphisms: all combinations of φ1 and φ2, that is,
- the identity (id, id),
- (ϕ, id) = (1, 2)(4, 5),
- (id, ϕ′) = (6, 9)(7, 8),
- (ϕ, ϕ′) = (1, 2)(4, 5)(6, 9)(7, 8);

- swapping automorphisms: automorphisms obtained by using φ3 in the com-
bination, that is,
- φ3 = (1, 7)(2, 8)(3, 10)(4, 6)(5, 9),
- φ1 ◦ φ3 = φ3 ◦ φ2 = (1, 7, 2, 8)(3, 10)(4, 6, 5, 9),
- φ2 ◦ φ3 = φ3 ◦ φ1 = (1, 8, 2, 7)(3, 10)(4, 9, 5, 6),
- φ3 ◦ φ1 ◦ φ2 = (1, 8)(2, 7)(3, 10)(4, 9)(5, 6).

4.2 Handling decomposable codes

All the above results can be extended to decomposable codes. While in some
cases the generalization is trivial (for instance, the hull dimension is the sum
of the dimensions of the hulls of the component codes, regardless of how many
components we have), for some other properties some caution is needed.

In particular, for Definition 16 and Corollary 2, the generalization may not
be immediate. Indeed, when we have more than two components, there may
be automorphisms that are neither swapping nor component-wise, as in Defini-
tion 16: they may act by swapping only some components and stabilizing the
others. Actually, at a closer look, one can see that the definition of swapping

8 With some abuse of notation, this means that φ1 is acting as φ on the first n
coordinates and as id is acting locally on the last n coordinates. Analogous for φ2.
We use the same notation also for the other component-wise automorphisms (and
only in this example).
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automorphisms we have in Definition 16 is specific to the case of the product of
two decomposable codes.

We refrain from giving precise definitions and just comment about this with
examples. Let C = C1 × · · · × Cm with m ≥ 3. If all components are pairwise
not isomorphic, then

P-Aut(C ) = P-Aut(C1)× · · · × P-Aut(Cm).

For instance, assume that C1, C2 and C3 are isomorphic. Then, C has automor-
phisms that stabilize each Ci with i ≥ 4, stabilize also one of the first three
components and swaps the other two. One such automorphism is not swapping,
nor component-wise, as per Definition 16.

Notice that, though, it is still true that for two decomposable codes A and
B, the product code A × B has swapping automorphisms (as per Definition
Definition 16) if and only A and B are isomorphic.

Finally, we observe that, for a given code, the components can be found
in polynomial time. Essentially, one just needs to compute a generator matrix
in Reduced Row Echelon Form (RREF) and then group coordinates according
to rows having non null entries. Details about this procedure can be found in
Section C.

Example 4. Let us take the code over F11, with the following generator matrix

8 10 9 4 5 5 9 8 0 0 0 0 0 0 9 10
7 5 3 7 7 10 4 1 3 1 1 8 7 5 1 1
5 5 4 0 10 8 2 3 5 0 6 2 3 2 0 4
1 7 2 1 3 7 10 0 10 6 3 3 3 7 2 10
4 8 4 8 6 4 9 1 6 10 1 0 1 4 1 7
9 9 5 0 8 0 2 7 3 3 9 4 4 0 1 5
3 5 5 4 7 7 8 9 7 8 3 0 4 1 7 9
9 5 2 3 4 6 5 4 4 5 5 7 4 8 7 5
4 0 9 3 4 1 0 10 4 5 5 7 5 6 7 0
0 0 0 0 0 8 6 8 6 6 7 8 3 0 0 2


.

After RREF computation, we obtain

1 0 5 9 0 0 0 0 0 0 0 0 0 0 0 0
0 1 9 2 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 5 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 10 7 0 0 0 0
0 0 0 0 0 0 0 0 0 1 4 9 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 8
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 6


which shows that the code is actually the cartesian product of four codes C1,
C2, C3 and C4. Let A = C1 × C2 and B = C3 × C4, therefore, C = A × B.
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It can be seen that both A and B have trivial automorphism groups and that
they are not isomorphic. However, C1 is isomorphic to C3.

We have P-Aut(C ) = ⟨(1, 12)(2, 9)(3, 10)(4, 11)⟩: it has order 2 and the
unique non-trivial automorphism is acting as the identity on both C2 and C4,
and it is swapping only C1 (having support {1, 2, 3, 4}) with C3 (having support
{9, 10, 11, 12}). Notice that the fact that P-Aut(C ) does not have a swapping
automorphism is a confirmation that A and B are not isomorphic.

5 Reductions Between Problems on Codes

In this section, we prove that ISO ≤p AUT-Gen and that AUT ≤p ISO. While
we are not able to prove that AUT and ISO are equivalent, this result suggests
that AUT is unlikely to be easy in the worst case. Indeed, remember that ISO
is currently deemed hard for codes with a large hull: therefore, we expect that
also for these codes AUT is hard9.

A summary of the reductions we give in this section is given below.

Theorem 10 ISO can be reduced in polynomial time to AUT-Gen and AUT-Count,
and AUT can be reduced in polynomial time to ISO.

Remark 7. It is likely that the reductions we give in this section can be ex-
tended, with little to no effort, to more general notions of isomorphisms, such
as monomial maps. Indeed, we will never explicitly need the isomorphisms (and
the automorphisms) to be permutations. Moreover, analogously to the case of
isomorphisms, one can map a problem on monomials to a problem on permuta-
tions using the closure [SS13]. However, for q ≥ 5, the resulting code has hull
dimension h = k (i.e., it is self-orthogonal) and, as we shall later on, this im-
plies that we do not know about efficient solvers. Therefore, it seems that for
q ≥ 5 finding monomial automorphisms is hard, regardless of the hull dimension.
We do not comment further about monomial automorphisms since, as we have
already stressed, in this paper we focus just on permutation automorphism.

5.1 Reduction from AUT to ISO

Obviously, for a code C with repeated coordinates, non-trivial automorphisms
exist and can be found in polynomial time10. We therefore look at the more
interesting case of C not having repeated coordinates. In principles, a non-trivial
automorphism may be found by calling a solver for ISO, on input the same C
twice. While this may even work in some cases (i.e., the solver may return a non-
trivial permutation mapping C to C ), this is obviously not going to be useful
for the case of C having only the trivial automorphism: by definition, the solver
will always return id. As a workaround, we aim to modify C so that we get two

9 We remark that this belief about the hardness of ISO, for codes with large hull, is
based on the state-of-the-art of known solvers.

10 Any permutation that swaps two equal columns is a non-trivial automorphism.



24 M. Battagliola, G, D’Alconzo, L. Mattiuz, P. Santini, F. Zanetti

codes A and B that are different and such that an isomorphism exists only if
C has indeed a non-trivial automorphism. We do this by repeating coordinates,
similarly to [BM23].

Theorem 11 For any finite field and for any k ≤ n ∈ N, AUT ≤p ISO.

Proof. Let C be a [n, k] code with no repeated columns. For i ∈ {1, ..., n}, let
Ci be the [n + 1, k] code obtained from A by repeating the i−th column in
position n + 1. If φ ∈ P-Aut(C ) is a non-trivial automorphism we have that
there exist i, j ∈ {1, ..., n}, with i ̸= j, such that φ(i) = j. Under this condition,
we have that Ci and Cj are different codes and are isomorphic. Moreover, every
isomorphism π such that π(Ci) = Cj is such that σ({i, n+ 1}) = {j, n+ 1}. On
the other hand, also the converse is true: if π ∈ Sn+1 is an isomorphism from Ci

to Cj then the map φ defined as φ(x) = π(x) for x ̸∈ {i, n+ 1} and φ(i) = j is
an automorphism of A . Thus, if A has at least one non-trivial automorphism,
with at most n(n− 1) = O(n2) calls to a solver for ISO (one for each pair (i, j)
with i ̸= j) it is possible to solve AUT.

Finally, notice that if for all i ̸= j, Ci is not equivalent to Cj then C has only
the identity as automorphism. ⊓⊔

5.2 Reductions from ISO

We first give the reductions for the somewhat easier case of indecomposable
codes, and later extend them to decomposable codes. While the reductions for
indecomposable codes can be seen as a special case of the ones for decomposable
codes, we split between the two cases in order to make the treatment easier to
follow and more pedagogical. Moreover, since the majority of codes is indeed
indecomposable, this avoids overcomplicating the proof for the most common
case.

Reductions for indecomposable codes For the reduction to AUT-Count, we
exploit the fact that Dec-ISO and ISO are equivalent [BM23] and prove only that
Dec-ISO can be reduced in polynomial time to AUT-Count.

Lemma 1. For any pair of indecomposable codes, defined over any finite field,
with any length n and dimension k ≤ n, Dec-ISO ≤p AUT-Count and ISO ≤p

AUT-Gen.

Proof. Let A ,B be two indecomposable [n, k]q-codes, with generator matrices
A and B respectively. Let us now consider the [2n, 2k]q-code C = A ×B. Using
Theorem 9 and Corollary 2, we know that

1. if A and B are equivalent, then |P-Aut(A )| = |P-Aut(B)| and P-Aut(C ) ∼=
(P-Aut(A )× P-Aut(B))⋊ S2 and, therefore,

|P-Aut(C )| > |P-Aut(A )| · |P-Aut(B)| ; (2)
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2. otherwise, if A and B are not equivalent, then P-Aut(C ) ∼= P-Aut(A ) ×
P-Aut(B) and, therefore,

|P-Aut(C )| = |P-Aut(A )| · |P-Aut(B)| . (3)

This means that the number of automorphisms of C can be used a distinguishing
quantity. In fact, if |P-Aut(A )| ̸= |P-Aut(B)| then A and B are not equivalent.
Otherwise, if |P-Aut(A )| = |P-Aut(B)|, then we can only have two cases: either
(2) holds (and, then, the codes are equivalent), or (3) holds (and, then, the codes
are not equivalent). Therefore, in the worst case, we need to solve three instances
of AUT-Count: twice for [n, k]q codes and once for a [2n, 2k]q code.

For the second reduction, notice that any isomorphism from A to B is in
the form π ◦σ, for σ ∈ P-Aut(A ) and a fixed isomorphism π, as per Theorem 7.
Moreover, if A and B are isomorphic, then for every possible generating set
A of P-Aut(C ), at least one element σ ∈ A must be swapping, otherwise the
automorphism (π−1, π) of Definition 14 would not be generated by the elements
in A. We then just need to go through each of the elements of A, which is
a subgroup of S2n and, therefore, admits a generating set whose number of
elements is upper bounded by a polynomial of 2n. Deciding if a permutation is
swapping can obviously be done in polynomial time. ⊓⊔

Reductions for decomposable codes In practice, we just need to show that
an isomorphism between two decomposable codes can be reconstructed by solv-
ing at most n2 instances of ISO on indecomposable codes. Each of these instances
can then been reduced to either AUT-Gen or AUT-Count, relying on Lemma 1.

Lemma 2. For any pair of decomposable codes, defined over any finite field, with
any length n and dimension k ≤ n, ISO ≤p AUT-Count and ISO ≤p AUT-Gen.

Proof. We assume that A and B can be written as the Cartesian product of m1

and m2 indecomposable codes, respectively. Remember that, as we have already
said, finding the components can be done in polynomial time. Notice that m1

and m2 can be at most n, since any component code has dimension at least 1. If
m1 ̸= m2, then the input codes cannot be isomorphic. Therefore, from now on,
we assume m := m1 = m2, and, without loss of generality, write the codes as11

A = A1 × · · · × Am, B = B1 × · · · × Bm.

For each pair of indices i, j ∈ {1, · · · ,m}, we solve ISO on (Ai,Bj). Since
(Ai,Bj) are indecomposable, we can do this by reducing either to AUT-Count
or AUT-Gen, as we already seen.

If for some i there is no j such that Ai and Bj are isomorphic, then A and
B cannot be isomorphic.

11 According to the definition of decomposability, we may have A = π(A1× · · · ×Am)
for some permutation π. This permutation can be easily computed and one can apply
our reduction on π−1(A ). Analogously for B.
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If instead we have at least one isomorphic component for each Ai, we pro-
ceed as follows. We split {1, . . . ,m} into two disjoint partitions, U1, . . . , Us and
V1, · · · , Vs (with s ≤ m) such that:

– for every t, it holds that for every i ∈ Ut, j ∈ Vt, Ai and Bj are isomorphic;
– for every t ̸= t′, it holds that for every i ∈ Ut, j ∈ Vt′ , Ai and Bj are not

isomorphic.

Observe that partitions are easy to determine. For instance, we start by setting
U1 = {1} and then find all codes Bj which are isomorphic to A1. For each such
j, we put j in V1. Then, we look at A2 and again solve ISO on all pairs (A2, Bj).
If, for some j ∈ V1, we find that A2 and Bj are isomorphic, then include 2 in U1

and continue with A3. Indeed, if A2 is isomorphic to some code Bj with j ∈ V1,
then we know A2 is isomorphic also to A1 and to every code Bj with j ∈ V1.
If instead A2 is isomorphic only to codes Bj with j not in U1, we set U2 = {2}
and put in V2 each of such indices j. We then iterate this procedure. In practice,
at step i, we reason as follows12:

1. assume we already have U1, · · · , Ud and V1, · · · , Vd (with d ≤ i);
2. we start with j = 1 and check if Ai and Bj are isomorphic; if they are not,

we increase j;
3. if instead Ai and Bj are isomorphic, we see if there exists some ℓ such that

j ∈ Vℓ. If it exists, then we put i in Uℓ and continue with the next value of i;
4. if ℓ does not exist, we set Ud+1 = {i} and Vd+1 = {j} and consider the

subsequent values of j. For any j such that Bj is isomorphic to Ai, we put
j in Vd+1.

When we are done with this procedure, we then easily get an isomorphism from
A to B: for t = 1, · · · , s, we just need to take a permutation sending each of
the codes in each Ut to a distinct code in Vt.

Observe that we have just solved ISO on m2 ≤ n2 pairs of indecomposable
codes. All the auxiliary steps (i.e., decomposing A and B, constructing the
partitions of {1, · · · ,m} and composing the final isomorphism) obviously take
polynomial time. ⊓⊔

6 The Relation with Graph Automorphisms: the First
Reduction

We show how AUT-Gen can be solved through a solver for GraphAUT-Gen. We
do this by first considering a direct application of the reduction in [BOS19], for
the case of LCD codes. Then, we deal with the case of non-trivial hulls. First,
we present an“imperfect” reduction, which is expected to run efficiently when h
is small enough and for the wide majority of codes but, unfortunately, can take

12 We are now assuming that, for every i, there is at least one index j such that Ai

and Bj are isomorphic. If such index does not exist, as we have already said, then
A and B are not isomorphic.
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exponential time for some input codes. Then, using the same main ideas but re-
lying on a different de-hulling procedure (instead of removing coordinates and/or
codewords, we actually add coordinates), we finally get a reduction running in
worst case time O(nh+ω) and we present it in Section 7.

6.1 The case of trivial hull

We recall the method introduced in [BOS19] with which one can associate to
an LCD code over a finite field an undirected graph, with the edge labels being
finite field values.

For G ∈ Fk×n
q a generator matrix for a linear code C ⊆ Fn

q , we compute the
adjacency matrix for the associated graph as

Adj(G) = G⊤ · (G ·G⊤)−1 ·G.

Note that the code being LCD is fundamental since, otherwise, the inverse of
G ·G⊤ cannot be defined.

Since Adj(G) = Adj(S ·G) for any S ∈ GLk(Fq), we have that Adj does not
depend on which change of basis matrix S is used to represent the code. We now
prove the opposite direction, i.e., that if two k × n matrices lead to the same
value of Adj, then they differ only by a change of basis matrix S ∈ GLk(Fq).

Theorem 12 Let G,G′ ∈ Fk×n
q with rank k be such that both GG⊤ and G′G′⊤

are non singular. If Adj(G) = Adj(G′), then G′ = S ·G for some S ∈ GLk(Fq).

Proof. Let U = G⊤ · (G · G⊤)−1 and U′ = G′⊤ · (G′ · G′⊤)−1. Notice that
U,U′ ∈ Fn×k

q and both have rank k. Since Adj(G) = Adj(G′), we have U ·G =
U′ ·G′. Since both matrices have the same rank k, the span of their rows is a
k-dimensional subspace of Fn

q . But the rows of each of these matrices are just
linear combinations of G and G′, respectively; moreover, we know that k out
of such linear combinations are linearly independent (because U has rank k).
Then, we have that G and G′ must generate the same k-dimensional space. ⊓⊔

In the next theorem, we prove the relation between automorphisms for a code
and automorphisms for the associated graph.

Theorem 13 Let C ⊆ Fn
q be a linear code with trivial hull and G be the graph

whose adjacency matrix is Adj(G), where G ∈ Fk×n
q is any generator matrix for

C . Then, every permutation automorphism for C is also an automorphism for
G , and viceversa.

Proof. Let P ∈ Fn×n
q be the permutation matrix associated with an automor-

phism for C . Then, for any generator matrix G for C , there must exist a non
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singular S ∈ Fk×k
q such that G = S ·G ·P. We then have

A = Adj(G) = Adj(S ·G ·P)

= (SGP)⊤ ·
(
SGP · (SGP)⊤

)−1 · SGP

= P⊤G⊤S⊤ ·
(
S ·G ·G⊤ · S⊤)−1 · SGP

= P⊤G⊤S⊤ · S−⊤ ·
(
G ·G⊤)−1 · S−1 · SGP

= P⊤ ·G⊤ ·
(
G ·G⊤)−1 ·G︸ ︷︷ ︸
Adj(G)=A

·P

= P⊤ ·A ·P.

Hence, P is also an automorphism for G .
We now prove the other direction, i.e., that an automorphism for the graph

is an automorphism for the code, as well. We start from A = P⊤ · A · P, and
consider that

G⊤ ·
(
G ·G⊤)−1 ·G︸ ︷︷ ︸
Adj(G)

= P⊤ ·G⊤ ·
(
G ·G⊤)−1 ·G ·P

= P⊤ ·G⊤ ·
(
G ·P ·P⊤ ·G⊤)−1 ·G ·P︸ ︷︷ ︸

Adj(G·P)

.

Now, recalling Theorem 12, this implies that G and G · P generate the same
space (so, there exists a non singular S ∈ Fk×k

q such that G = S ·G · P). This
implies that P is an automorphism for the code having G as generator matrix.

⊓⊔

As an immediate corollary of the previous theorem, for codes with trivial hull
we get a reduction from AUT-Gen to GraphAUT-Gen.

Corollary 3. Let A be a solver for GraphAUT-Gen, running in worst case time
TA(n), where n indicates the number of vertices of the graph. Let C ⊆ Fn

q be an
LCD code with dimension k and length n. Then, AUT-Gen for C can be solved
in time

O
(
n3 + TA(n)

)
.

Proof. The reduction computes Adj(G) and then calls A to find generators for
the automorphism group of the graph whose adjacency matrix is Adj(G). We
consider a cost of O(n3) operations over Fq for the computation of the graph. ⊓⊔

Remark 8. We are treating q as a constant and, therefore, we are not reporting
any cost for doing operations over Fq. We also notice that one can replace the
term n3 (which is due to schoolbook matrix multiplication and inversion) with
nω, with ω ≈ 2.373 being the (currently known) exponent for matrix inversion
and multiplication. Notice that, however, algorithms achieving complexity better
than n3 are rarely used in practice, because of several practical overheads which
are hidden by the asymptotic big O notation (such as huge constants factors and
large memory requirements).
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Remark 9. Since the code and the obtained graph have the same automorphism
group, every problem related to code automorphisms translates to the associated
problem for graphs. For instance, for LCD codes, it is true that solving AUT
implies solving also AUT-Gen, as it was proven for graphs in [Mat79].

6.2 The case of non-trivial hull: a first solver

We now consider the case in which the hull of the code is non-trivial, i.e., it has
dimension h ≥ 1. In this case, we cannot directly compute adjacency matrices
since, for any generator matrixG, we have thatGG⊤ has rank deficiency exactly
h. In [BOS19], as a workaround, the authors consider shortenings with respect
to information sets for the hull. The idea is that, if A ,B ⊆ Fn

q , with hull
dimension h, are such that B = π(A ) for π ∈ Sn, then we want to determine
two sets J, U ⊆ {1, · · · , n} which are information sets for the hulls of A and B,
respectively, and such that π(J) = U . Once we know these sets, then we can
shorten A in J and B in U : the resulting codes are LCD and are isomorphic,
hence we can reduce to GIP using adjacency matrices as before. To determine a
valid pair of subsets, one fixes J and brute forces over all the possible choices
for U . As an additional overhead, one has to reconstruct also the isomorphism

While it would be tempting to replicate the very same procedure, in our case
it seems that this is not a good idea. Indeed, the shortening (or puncturing) of
a code may modify significantly its automorphism group, by removing automor-
phisms as well as by introducing spurious automorphisms. Without entering into
further details, we give some examples to show what can go wrong.

Example 5. Let us consider q = 29, n = 6, k = 3, h = 1, and the code C ⊆ F6
29

having the following generator matrix

G =

19 18 14 22 10 23
14 13 10 27 3 0
18 27 4 25 2 9

 .

Its automorphism group is P-Aut(C ) =
〈
(1, 5, 4)(2, 3, 6)

〉
. Every shortening

on one position yields a code with only trivial automorphisms.

Example 6. Even puncturing can lead to significant modifications to the auto-
morphism group. For instance, let us take q = 17, n = 4, k = 3 and h = 1, and
the code generated by the following generator matrix:

G =

1 0 0 5
0 1 0 13
0 0 1 14

 .

This code has a trivial automorphism group. However, if for instance we puncture
it in the last coordinate, the resulting code is the full space and, therefore, has
the symmetric group S3 as automorphism group.
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Combining shortenings with the cartesian product The previous exam-
ples show that shortenings (or puncturings) alone are not enough. However, these
operations can be combined with the tools and ideas we have already used in
the previous section.

We first prove that, for every automorphism sending J to U , we have an
automorphism of C−J × C−U .

Theorem 14 Let C ⊆ Fn
q , with hull of dimension h and automorphism group

P-Aut(C ). Let J ⊆ {1, · · · , n} be an information set for H(C ). Let σ ∈ P-Aut(C )
such that σ(J) = U . Let C−J and C−U be the shortenings of C on sets J and U ,
respectively. Then, (σ−1, σ) ∈ P-Aut(C−J × C−U ) is an automorphism for the
Cartesian product code C−J × C−U . Moreover, the code C−J × C−U has trivial
hull.

Proof. Recall that C−J := {c ∈ C | cj = 0 ∀j ∈ J}. Then, since σ maps J to U ,
it is easy to see that σ(C−J) ⊆ C−U : in particular, this implies |C−J | ≤ |C−U |.
By performing the same reasoning for σ−1, we obtain that σ−1(C−U ) ⊆ C−J

and |C−U | ≤ |C−J |. Therefore, it follows that σ is an isomorphism between C−J

and C−U and that, by Theorem 6, (σ−1, σ) is an automorphism of the code
C−J ×C−U . Lastly, since σ is an automorphism, U = σ(J) is also an information
set of H(C ). Then, C−J × C−U has trivial hull by Theorem 8, since both C−J

and C−U have trivial hull ([BOS19, Proposition 9]). ⊓⊔

As a simple corollary, we get the following result.

Corollary 4. Let C ⊆ Fn
q with hull dimension h > 0 and let J ⊆ {1, . . . , n}

be an information set of H(C ), |J | = h. Let P-Iso(C−J ,C−U ) be the set of all
isomorphisms from C−J to C−U , i.e.,

P-Iso(C−J ,C−U ) = {σ ∈ Sn | σ(C−J) = C−U} .

Then, P-Aut(C ) ⊆
⋃

U⊆{1,...,n}
|U |=h

P-Iso(C−J ,C−U ).

Proof. Because of Theorem 14, every automorphism sending J to some U is
turned into an isomorphism from C−J to C−U . Enumerating all possible sets U ,
we enumerate all images that J can have: therefore, every automorphism of C
must be contained in

⋃
U⊆{1,...,n}

|U |=h

P-Iso(C−J ,C−U ). ⊓⊔

Remark 10. Corollary 4 can be further refined by considering only the subsets
U ⊆ {1, . . . , n} of size h such that C−U has trivial hull.

Building on the above results, we have Algorithm 1. The idea is to turn the
automorphism search into an isomorphism search: for a chosen J , information
set for H(C ), we enumerate all its candidate images U (under the action of
automorphisms) and then, for each pair (J, U), find all isomorphisms from C−J

to C−U . To do this, we rely on the Cartesian product and find all swapping
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Algorithm 1: From AUT-Gen to GraphAUT-Gen (Reduction I)

Input: Linear code C ⊆ Fn
q with hull dimension h

Output: Automorphism group of the input code
1 Set P-Aut(C ) = {id}; /* Initialize P-Aut(C ) */

2 Set J ⊆ {1, · · · , n}: information set for H(C );
3 Compute A := C−J ; /* Shortening of C on J */

4 for U ⊆ {1, · · · , n}, U information set for H(C ) do

5 Compute B := C−U ; /* Shortening of C on U */

/* Reduce to GraphAUT-Gen via Cartesian product code */

6 Compute {ϕ1, · · · , ϕm}: generators for P-Aut(A ×B);

/* Check each of the found automorphisms */

7 for σ ∈ ⟨ϕ1, · · · , ϕm⟩ do
8 if σ is swapping then
9 Set φ = Isolate(σ); /* Length-n permutation */

10 if φ(C ) = C then
11 Update P-Aut(C )← P-Aut(C ) ∪ {φ};
12 return P-Aut(C )

automorphisms via the reduction to GraphAUT-Gen. Because of Corollary 4, this
guarantees that the algorithm finds all automorphisms of C .

Observe that, as a nuisance, we cannot guarantee that each isomorphism from
C−J to C−U is associated with an automorphism of C . For instance, consider
that since both C−J and C−U have at least h null coordinates (in the positions
indexed by J and U , respectively), if there is indeed an automorphism sending J
to U , then we have at least h! associated isomorphisms from A to B. However,
we cannot guarantee that they will all correspond to automorphisms of C . More
generally, it can also happen that C−J and C−U are isomorphic even if there is
no automorphism sending J to U .

Therefore, we need to test each of the found automorphisms: we do this in
lines 7–10 of the algorithm. This can be done efficiently: for instance, it is enough
to check that φ(G)H⊤ = 0, with G and H being any generator and parity-check
matrices for C , respectively. We remark that we only need to consider swapping
automorphisms, since they are directly associated with isomorphisms from C−J

to C−U . The procedure Isolate is used to reconstruct the length-n permutation
automorphism from the length-2n automorphism: this can be done, for instance,
by looking at the matrix representation of σ and considering only its top right
block.

Remark 11. Algorithm 1 can be improved in several ways. For example the coor-
dinates of J and U in C−J and C−U , respectively, can be deleted. In this way the
product code will be a 2(n−h) long code and the search for automorphisms will
not be impacted by the (2h)! permutations of the 2h zero coordinates. In this
case, a remapping of coordinates is needed. Note also that the algorithm outputs
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the entire automorphism group of the code, that, in some cases, can have expo-
nential cardinality. Hence, at line 11 of the algorithm, a procedure that keeps
only a set of generators and removes the other elements can be added. This
procedure can be executed in polynomial time in n [Ser03] and ensures that the
algorithm output has polynomial size.

Our aim is not to present an optimized algorithm, but a more intuitive ver-
sion. Nonetheless, notice that these optimizations only yield very mild improve-
ments.

Computational complexity Estimating the time complexity of Algorithm 1
with a closed-form formula turns out to be a rather convoluted task. Indeed, a
computational bottleneck may be the loop in lines 7–11, which goes through a
number of iterations that is⋃

U⊆{1,...,n}, |U |=h
U information set for H(C )

|P-Aut(C−J × C−U )| . (4)

Notice that this quantity is dependant on the special structure of the code and,
likely, is also related to its automorphism group, as well; so, it looks like the
problem is circular.

Yet, one can identify two major causes that may make the algorithm rather
slow:

- large automorphism group: since Algorithm 1 goes through each automor-
phism of C , the cost cannot be less than |P-Aut(C )|. Actually, there is some
overhead due to how the reduction works. Indeed, if C has an automorphism
φ sending J to U , then there is an isomorphism from C−J to C−U which, in
turns, is associated with at least one automorphism of C−J × C−U . Taking
into account the fact that the product code has 2h null coordinates, we have
that φ is actually associated with (2h)! automorphisms. Neglecting that we
may actually do some overcounting, we can estimate the number of such
automorphisms as (2h)! · |P-Aut(C )|;

– large h: the number of information sets of a given code (unless the code is
extremely peculiar) grows as

(
n
h

)
. Then, when h is large, this quantity may

be extremely high.

The above reasoning already tells us that Algorithm 1 cannot be efficient when-
ever the automorphism group of the code is too large (and the hull has dimension
at least 1), and/or h is too high.

Example 7. Let n be even and take C ⊆ Fn
2 as the parity-bit code. Since n is

even, it can be easily seen that this code has hull dimension 1. Moreover, its

automorphism group is Sn, therefore |P-Aut(C )| = n! = 2n·log2(n/e)·
(
1+o(1)

)
.

Running Algorithm 1 on such a code, we would incur in exponential time com-
plexity.
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Example 8. To make a less trivial example, let us consider the following code
construction. Let k′ < n′ be two constants. Let us take m codes C1, · · · ,Cm,
each with an automorphism group of order at least c ≥ 2. Let us choose these
codes so that at least one of them has a non-trivial hull. Let C = C1× · · ·×Cm:
this code has length n = mn′, a non-trivial hull, and |P-Aut(C )| ≥ cm = cn/n

′
,

which is an exponential of the code length.

6.3 On exponential-time instances

For large h, say, for h linear in n, Algorithm 1 will run in exponential time
regardless of the size of the automorphism group. Instead, when h is small, our
algorithm is expected to be rather fast for the wide majority of codes. Indeed,
as proved in [LWZ26], the majority of codes have only trivial automorphisms.
Moreover, in [Sen97], it is shown that the majority of codes have very small
hull: the fraction of codes with hull dimension h ≥ 1 is (roughly) approximately
q−h(h+1)/2. Putting the two facts together, we have that the majority of codes
are expected to have small hull and small automorphism group. Thus, even
if in a rather informal way, we argue that Algorithm 1 will run efficiently for
the majority of codes. In Section 8, we corroborate this claim with intensive
numerical experiments.

We notice that, however, there may be other causes leading to an exponential
time complexity. In particular, there may be codes for which the number of
automorphisms in Equation (4) is abnormally large, even when the hull is small
and the code has very few automorphisms. Formalizing the properties of such
codes turns out to be rather hard and, perhaps, even out of scope for this paper.
Indeed, as we show in the next section, we can “repair” Algorithm 1 so that,
for small hull, all codes can be handled without incurring in exponential time
complexity. We just give an example to show how such codes may look like.

Example 9. We consider q prime and codes where the generator matrix is in

the form G =

(
A

0 · · · 0 1 · · · 1

)
∈ Fk×n

q where, in the last row, we have a run

of h zeros followed by a run of n − h ones. Let A ∈ F(k−1)×n
q generate a self-

orthogonal code having {1, · · · , k−1} as information set. When q is not a divisor
of n−(k−1), then the code generated by G has hull dimension h = k−1: indeed,
the last row of G is not self-orthogonal since its inner product with itself yields
n − (k − 1), which is different from 0. Using J = U = {1, · · · , k − 1}, we have
that C−J = C−U yields a 1-dimensional code with automorphism group of size
h!(n− h)!.

We give a practical example of such a construction by using q = 17, k = 2
and n = 7:

G =

(
4 5 14 16 7 8 4
0 1 1 1 1 1 1

)
.

The code generated byG has hull dimension 1 and a trivial automorphism group.
However, shortening the code on J = U = {1} yields the code with generator
matrix

(
0 1 1 1 1 1 1

)
, which has 6! automorphisms.
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7 The Relation with Graph Automorphisms: Repairing
the Reduction

At a closer look, the possibility that Algorithm 1 incurs in exponential running
time is due to the following phenomenon: shortening on J and U can create
automorphisms of the product code that are not associated with automorphisms
of the initial code. This requires to check each of the found automorphisms
and, ultimately, can lead to an exponential time complexity. To handle a large
automorphism group, we would more conveniently work with generating sets
(which, in our case, have always polynomial size). However, in Algorithm 1 this
is not possible since, a priori, we cannot tell how automorphisms of C−J × C−U

would look like. Indeed, since shortening eliminates codewords, we may end up
creating extra automorphisms.

We circumvent this issue by introducing a novel de-hulling procedure: start-
ing from C , we obtain two codes A and B by replicating coordinates indexed
by J and U , respectively. Using the proper amount of replicas, we can guar-
antee that the obtained codes have trivial hulls and that they are isomorphic
if and only if C has an automorphism sending J to U . Notice that replicating
coordinates creates many artificial automorphisms. However, we already know,
a priori, how these automorphisms look like and how they are related with an
automorphism of the initial code.

This gives us a way to handle, more efficiently, the artificial automorphisms
created by the de-hulling procedure. Namely, starting from a generating set
for P-Aut(A × B), we can obtain a (possibly redundant) generating set for a
subgroup of P-Aut(C ) just by modifying each of the generators. Technically,
if {χ1, . . . , χt} is a generating set for P-Aut(A × B), we get a generator set
for a subgroup of P-Aut(C ) as {Refine(χ1), . . . ,Refine(χt)}. Here, Refine(χ1) is a
polynomial time function which will be defined later on. Notice that we just need
to work on each generator individually, without never materializing ⟨χ1, . . . , χt⟩.

We remark that the possibility to modify just generators comes, also, from
the guarantee that artificial automorphisms must have a certain form (namely,
they arise from repeated coordinates). Again, this rather technical but funda-
mental detail is due to our novel de-hulling procedure: since codewords are not
removed, automorphisms cannot be created from scratch and the only artificial
automorphisms are obtained by extending the ones that already exist.

7.1 De-hulling by replicating coordinates

The novel de-hulling procedure is given next; an example of the construction of
the matrices A and B is given in Figure 2.

Theorem 15 Let Fq be a finite field with characteristic p. Let C ⊆ Fn
q be a linear

code with dimension k and hull dimension h. Let J = (j1, · · · , jh) ⊆ {1, · · · , n}
be an ordered set corresponding to an information set for H(C ), and let G ∈
Fk×n
q be a generator matrix for C . Assume that G has no repeated columns.

Let U = (u1, · · · , uh), with ui ∈ {1, · · · , n} ∀i ∈ {1, · · · , h}, be an ordered
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set corresponding to another information set for H(C ). For i ∈ {1, . . . , h}, let
ℓi = i · p+ 1 and let

A = (G | M1 | · · · | Mh) , Mi =
(
gji | gji | · · · | gji︸ ︷︷ ︸

ℓi

)
∈ Fk×ℓi

q (5)

B = (G | W1 | · · · | Wh) , Wi =
(
gui

| gui
| · · · | gui︸ ︷︷ ︸
ℓi

)
∈ Fk×ℓi

q

Let A = span(A) and B = span(B) and let ñ = n+
∑h

i=1 ℓi, then:

a) both A and B have trivial hulls;
b) for any φ ∈ P-Aut(C ) sending J to U (namely, φ(ji) = ui for every

i = 1, . . . , h), there is an isomorphism χ ∈ Sñ sending A to B such that
χ({1, · · · , n} \ J) = φ({1, · · · , n} \ J);

c) for any isomorphism χ ∈ Sñ sending A into B, there exists φ ∈ P-Aut(C )
such that φ({1, · · · , n} \ J) = χ({1, · · · , n} \ J);

d) for any isomorphism χ ∈ Sñ between A and B, when written as a product
of disjoint cycles, there is no cycle moving one index of {1, . . . , n} \ J to
U ∪ {n+ 1, · · · , ñ}.

g4 g4 g4 g4 g1 g1 g1 g1 g1 g1 g1

g3 g3 g3 g3 g5 g5 g5 g5 g5 g5 g5

ℓ1 replicas ℓ2 replicas

ℓ1 replicas ℓ2 replicas

g1 g2 g3 g4 g5

g1 g2 g3 g4 g5

g1 g2 g3 g4 g5

G =

A =

B =

Fig. 2: Example over F3, with hull dimension h = 2 and code length n = 5. The
field characteristic is p = 3. For these parameters, we have ℓ1 = 4 and ℓ2 = 7.
We are using J = {3, 5} and U = (4, 1), so, we are assuming existence of an
automorphism φ ∈ S5 so that φ(3) = 4, φ(5) = 1

Here, we report only the proof of thesis a) since it is the least intuitive among
the four theses. The proofs of the remaining theses can be found in Appendix D.

Before presenting the proof of thesis a) of Theorem 15, we introduce the
concept of Standard Hollow Form for the generator matrix of a code. To this
end, we recall a result from [Ben26].
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Theorem 16 [Ben26, Corollary 4] Let C ⊆ Fn
q with dimension k and hull di-

mension h ≤ k. Then, there exists a permutation π ∈ Sn such that π(C ) admits
a generator matrix of the form

(
U
V

)
=

(
Ũ 0(k−h)×h

Ṽ Ih

)
, Ũ ∈ F(k−h)×(n−h)

q , Ṽ ∈ Fh×(n−h)
q

so that U generates an LCD code with dimension k−h and V generates the hull
of π(C ). The permutation π and the matrices U and V can be computed in time
which is polynomial in n.

From now on, for any i ∈ {1, · · · , h}, we denote ẽi = (

k−h︷ ︸︸ ︷
0, . . . , 0, ei)

⊤, with ei
being the i-th elementary vector of length h.

Note that, since π can be easily found, we can first get a matrix as above
and then permute back its columns using π−1. This means that, in polynomial
time and for any code C ⊆ Fn

q , we can build a generator matrix G such that:

- the top k − h rows generate an LCD code with dimension k − h;

- the bottom h rows generate H(C );

- there is a set J ⊆ {1, · · · , n} with |J | = h which is an information set for
the hull and such that GJ = (ẽ1, · · · , ẽh).

Since matrices of this form will be rather handy in the following proof, we will
refer to a matrix with the above properties as Standard Hollow Form (SHF) with
respect to J . Observe that, for the same code, we can have multiple generator
matrices in this form, even with respect to the same information set for the hull.

Proof (Proof of thesis a of Theorem 15). We first prove that A generates a code
having trivial hull. Since J is an information set for the hull of C , we can compute
a generator matrix G̃ for C in SHF with respect to J , i.e. GJ = (ẽ1 | · · · | ẽh)
and

G̃ =

(
U
V

)
where U generates an LCD code of dimension k − h and V generates H(C ).
Since U generates an LCD code, we have rank(UU⊤) = k − h. Moreover, since
V generates the hull of C , VU⊤ = 0 and VV⊤ = 0. Let

Ã =
(
G̃ | M̃1 | · · · | M̃h

)
=

(
U 0 0 · · · 0
V E1 E2 · · · Eh

)
,
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with M̃i =
( ℓi︷ ︸︸ ︷
ẽi | · · · | ẽi

)
=

(
0(k−h)×ℓi

Ei

)
, where Ei is the h × ℓi matrix where

the i-th row has only ones and the other rows have only zeros. Then,

ÃÃ⊤ =

(
U 0 0 · · · 0
V E1 E2 · · · Eh

)


U⊤ V⊤

0 E⊤
1

0 E⊤
2

...
...

0 E⊤
h


=

(
UU⊤ UV⊤

VU⊤ VV⊤ +
∑h

i=1 EiE
⊤
i

)

=

(
UU⊤ 0

0
∑h

i=1 EiE
⊤
i

)
.

Since UU⊤ has full rank k − h, the rank of ÃÃ⊤ is k − h+ rank(
∑h

i=1 EiE
⊤
i ).

The matrix EiE
⊤
i is such that all entries are null, apart from the one in the i-th

row and i-th column (so, EiE
⊤
i is a diagonal matrix), which is equal to

⟨(1, · · · , 1)︸ ︷︷ ︸
ℓi times

; (1, · · · , 1)︸ ︷︷ ︸
ℓi times

⟩ = ℓi mod p.

By construction, ℓi = i · p+ 1 hence ℓi = 1 mod p. Then,
∑h

i=1 EiE
⊤
i = Ih and

has rank h: this implies that the rank of ÃÃ⊤ is k so the hull dimension of the
code generated by Ã is 0.

Notice that, since G and G̃ generate the same code, there exists a non-
singular matrix S ∈ GLk(Fq) such that G = SG̃. Moreover, it can be easily seen

that A = SÃ: in particular, this implies that also the code generated by A has
trivial hull.

We now look at B. Since U is an information set for the hull, we can compute
the SHF of G with respect to U . Then, with the same arguments, we can prove
that B generates a code having trivial hull. ⊓⊔

7.2 Refining automorphisms of de-hulled codes

We now state how to practically obtain an automorphism of C starting from an
automorphism of A × B. In this section, we restrict our attention to indecom-
posable codes. Hereafter, we say that an automorphism of A ×B is trivial if it
is equal to the identity id or if it only permutes repeated columns. Hence, if σ is
a non-trivial automorphism of A × B, then there are indices i and j such that
σ(i) = j and gi ̸= gj .

Corollary 5. Let C ⊆ Fn
q be an indecomposable linear code with dimension

k and hull dimension h. Let J = (j1, · · · , jh) ⊆ {1, · · · , n} be an ordered set
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corresponding to an information set for the hull, and let G ∈ Fk×n
q be a generator

matrix for C . Assume that G has no repeated columns. Let U = (u1, · · · , uh) ⊆
{1, · · · , n} be an ordered set corresponding to another information set for the
hull. Let A and B be defined as in Theorem 15. Then, starting from a non-
trivial automorphism of A × B, we can obtain, in time which is polynomial in
n, k and q, a non-trivial automorphism of C .

The core of the idea is that if a code A has only one column repeated ℓ
times, then every automorphism of A must fix these ℓ columns. This can be
easily seen from the matrix representation of the automorphism. For the sake of
simplicity, let g1 be the only repeated column and g1, . . . ,gℓ be the ℓ identical
columns. If G = SGP, then, since S acts “individually” on the columns of G,
it must be that Sgi = g1 for all i ∈ {1, . . . , ℓ}, because g1, . . . ,gℓ are the only
identical columns in G. Hence, P must fix these ℓ columns to correctly recover
G. Moreover, notice also that if π is an automorphism and σ′ is a permutation
of {1, ..., ℓ} then, π ◦ σ, where σ is such that σ(i) = σ′(i) if 1 ≤ i ≤ ℓ and
σ(i) = i otherwise, is an automorphism. This is a consequence of the fact that a
permutation swapping two equal columns is an automorphism of the code.

Proof. Let σ be an automorphism of A × B. By the structure of the product
code, σ can be component-wise automorphism or a swapping automorphism.

– If σ is a component-wise automorphism, let σA be the restriction of σ to
the first ñ components. By definition, σA is an automorphism of A . Then,
consider the image of σA on the first n components. If this is a permuta-
tion, then σA

|{1,...,n} is an automorphism of C since σA has a block-diagonal
structure as a permutation matrix, leaving invariant the block of A given
by G. Suppose instead that σA ({1, . . . , n}) ̸= {1, . . . , n}. Notice that, for
all ji, the image σA (ji) is either ji or one of the ℓi copies of gji appended
to the end (and vice-versa, the pre-image of ji is either ji itself or one of
the ℓi copies). Indeed, since gji is the only column repeated ℓi + 1 times
every automorphism of A must fix these column. Then, define σ′ as σA

on {1, . . . , n} \ J and as the identity on J . Thanks to this observation and
Theorem 15 we have that σ′ is an automorphism of C . The same can be
done defining σB as the restriction of σ to the last ñ components, obtaining
an automorphism σ′′ of C .

– If σ is a swapping automorphism, there are an isomorphism π from A to B
and an isomorphism χ from B to A such that σ = (χ, π). With a similar
argument as the previous point, we must have that π(ji) = ui or one of the
ℓi copies of gui

on the right hand side of B, since gui
is the only column of

B repeated ℓi + 1 times. An analogous argument holds for χ. Hence, define
σ′ and σ′′ as follows

σ′(ℓ) =

{
π(ℓ) if ℓ ∈ {1, . . . , n} \ J ,
ui if ℓ = ji,

σ′′(ℓ) =

{
χ(ℓ) if ℓ ∈ {1, . . . , n} \ U ,

ji if ℓ = ui.
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By Theorem 15, we have that both σ′ and σ′′ are automorphisms of C .
Notice that to obtain the claim for σ′′, it suffices to change the role of A
and B in the proof.

⊓⊔

We call Refine the polynomial-time procedure returning a pair of automor-
phisms of C from a non-trivial element of P-Aut(A ×B). Namely, following the
notation from the proof of Corollary 5, we obtain

Refine(σ) = {σ′, σ′′}

both when σ is component-wise or swapping.

7.3 The reduction for indecomposable codes

We first give the reduction for indecomposable codes. Then, we show how it can
be used as a subroutine for the more general (and, arguably, less interesting)
case of decomposable codes. The reduction from AUT-Gen to GraphAUT-Gen is
detailed in Algorithm 2.

The idea is to fix an information set J for the hull and then enumerate all
possible images of J under automorphisms. Notice that, once we have chosen an
information set J , we can compute the matrix A as in Theorem 15. Then, for
each possible image U ⊆ {1, . . . , n}, |U | = h of J , we reconstruct the matrix B
according to Theorem 15. Notice that, for each candidate U , we perform these
steps only if U is also an information set for the hull since, otherwise, it cannot
be the image of J under an automorphism.

Then, we construct the Cartesian product code of A = span(A) and B =
span(B), which has trivial hull because the component codes are LCD, and find
a generating set of P-Aut(A × B). Finally, we use the procedure described in
the proof of Corollary 5 to recover automorphisms of C from those of A × B.

After each iteration over the information sets U of H(C ), we update the
generating set Gen removing the redundant elements. This can be done in time
polynomial in n [Ser03] and we call this procedure Prune.

The time complexity of the Reduction in Algorithm 2 is given below.

Proposition 1. Let A be a solver for GraphAUT-Gen, running in time TA(n)
where n indicates the number of vertices of the graph. Let C ⊆ Fn

q be a linear
code with the hull of dimension h. Then, AUT-Gen for C can be solved in time

O

((
n

h

)
h! · poly(n) · TA(ñ)

)
,

where ñ = n+
∑h

i=1(ip+ 1) and poly(n) is a polynomial of n.

Proof. Correctness. Let C be an [n, k] code over Fq with hull dimension h. Let
Gen be the set of generators of P-Aut(C ) which is updated in the algorithm.
If J and U are information sets for the hull HC ), the codes generated by A
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Algorithm 2: Reduction from AUT-Gen to GraphAUT-Gen, indecom-
posable codes

Data: Linear code C ⊆ Fn
q with hull dimension h > 0 via a generator matrix

G ∈ Fk×n
q

Result: a generating set of P-Aut(C )
1 Set Gen = {id};
2 Set J ⊆ {1, · · · , n}: information set for H(C );

3 Compute A ∈ Fk×ñ
q as in Theorem 15;

4 for U = (u1, . . . , uh) ⊆ {1, · · · , n} do
5 if U is an information set for H(C ) then

6 Compute B ∈ Fk×ñ
q as in Theorem 15;

7 Set D =

(
A 0
0 B

)
// Generator matrix for cartesian product code

/* Solve GAP on the graph having adjacency matrix Adj(D) */

8 χ1, χ2, · · · , χt ← GraphAutGen
(
Adj(D)

)
;

/* Update and prune the generating set */

9 Gen← Prune (Gen ∪ Refine(χ1) ∪ · · · ∪ Refine(χt))

10 return Gen

and B using the procedure from Theorem 15 have trivial hull. Hence, their
Cartesian product A × B has trivial hull, and we can find a generating set of
its automorphisms group P-Aut(A × B) using the reduction to GraphAUT-Gen
from Theorem 13. After applying the function Refine on every generator, we
obtain a set of automorphisms of C and we update the set Gen adding these
new elements of P-Aut(C ) to it and removing the redundant ones.

Observe that the automorphisms obtained through Refine can be of two types:

– if the starting automorphism in P-Aut(A ×B) is component-wise, then we
obtain automorphisms in P-Aut(C ) fixing J , U or both;

– if the starting automorphism inP-Aut(A × B) is swapping and J ̸= U , we
obtain an automorphism in P-Aut(C ) sending J to U .

Since we cycle over all possible images U of the information set of the hull J , we
recover all the automorphisms of C .

Complexity. The number of ordered information sets of the hull is at most(
n
h

)
h! which equals the number of iterations in our reduction. Checking whether

a U is an information set costs n3. Computing A and B has a complexity linear
in ñ = O(n), and the same happens for the cost of Refine. The maximal number
of generators returned by GraphAUT-Gen is polynomial in ñ. Pruning the non
redundant ones is again polynomial in n. Hence, the total cost of Algorithm 2 is

O

((
n

h

)
h! · poly(n) · TA(ñ)

)
.

⊓⊔
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7.4 Sketch of the reduction for decomposable codes

When the code C is decomposable, the procedure above must be generalized;
we outline the main idea below.

Suppose that C can be written as C = C1 × · · · × Cm, where each Ci is
an indecomposable component. First, using the procedure above, we find the
automorphism group of each of the components.

Then, we have two possible cases:

– If all components are pairwise non-isomorphic, then P-Aut(C ) = P-Aut(C1)×
· · · × P-Aut(Cm).

– Suppose that some components are isomorphic. For instance, assume that
{Cj1 , . . . ,Cjs}, with {j1, . . . , js} ⊆ {1, . . . ,m}, are pairwise isomorphic. In
this case, P-Aut(C ) also contains automorphisms that permute these com-
ponents while keeping the others fixed. To construct these, we must find an
isomorphism from Cjl to Cjt , for every pair (jl, jt) with jl ̸= jt in {j1, . . . , js}.
For each pair, this can be done by computing P-Aut(Cjl × Cjt) and consid-
ering a swapping automorphism. As we show later, this can be done in worst
case time O

((
n
h

)
h! · poly(n) · TA(ñ)

)
(relying on Proposition 1). Then, to a

set of generators for P-Aut(C1)×· · ·×P-Aut(Cm), we need to add generators
for automorphisms that swap the components indexed by {j1, . . . , js}. This
can be done efficiently, as we argue next. First, we just need to determine a
set of generators for all permutations fixing {1, . . . ,m}\{j1, . . . , js} (in other
words, all permutations moving only {j1, . . . , js}). Let Wi be the support of
the i-th code Ci; then, we “expand” each of the generators as follows:

- if it is moving i to u ̸= i (then, it must be i, u ∈ {j1, . . . , js}), then
we make it so that each index in Wi goes to one of the indices in Wu

according to an isomorphism sending Ci to Cu;

- if it is stabilizing i (then, it must be i ̸∈ {j1, . . . , js}), then we make it
so that it stabilizes each of indices in Wi.

If we have more than one set of isomorphic components, then we repeat
the procedure for each set. Notice that this procedure is almost identical to
the one used in the proof of Lemma 2. Therefore, here we only present an
intuition instead of a fully detailed steps.

Notice that the above procedure requires to solve AUT-Gen for a (worst case)
polynomial amount of times. We argue that, when C has hull dimension h, then
for all of the required AUT-Gen instances, the maximum hull dimension we need
to consider is h. Indeed, each of the components cannot have hull dimension > h.
To find an isomorphism between two component codes Ci and Cj , we construct
Ci × Cj and then solve AUT-Gen. The maximum hull dimension of Ci × Cj can
be h. Indeed, if the two codes have different hull dimensions, then they cannot
be isomorphic. Therefore, in the worst case, they have the same hull dimension
⌊h/2⌋ and the hull of their product has maximum size 2 · ⌊h/2⌋ ≤ h.
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8 Benchmarks

We have developed proof-of-concept implementations of the reduction presented
in Section 6.1 for the trivial hull case, and of Algorithm 1 for the non-trivial hull
case. The code can be found at

https://github.com/gdalc/permutation-automorphisms.

We have considered both Magma and Sagemath, and have compared with the
built-in implementations of Leon’s and Feulner’s algorithms13. We have ran in-
tensive numerical simulations considering both codes with a given automorphism
group and random codes, as well as the cases of trivial and non-trivial hulls.

In this section we report about the obtained results. As we expected, we
show that the reductions to GraphAUT-Gen we gave in Section 6 are rather fast
whenever the hull dimension is small enough. Also, in the case of non-trivial hulls,
we show that, despite the worst-case exponential time complexity of Algorithm 1,
in practice the algorithm is, on average, extremely efficient.

In particular, as we expected, for small hull dimension our reductions yield
the fastest algorithms for finding permutation automorphisms.

8.1 Codes with trivial hull

Let us first consider codes with trivial hull. To test the algorithm, we have
generated codes where, for sure, the automorphism group contains a cyclic per-
mutation group of order k. We have considered only the case n = 2k and have
sampled such codes as follows:

1. sample a random φ ∈ Sn which is the product of two disjoint cycles, each of
length k;

2. sample a random g ∈ Fn
q , constructG ∈ Fk×n

q so that the i-th row is φi−1(g),

where φi−1(g) implies that that the permutation φ is applied for i−1 times.
For i = 1, we have φi−1 = φ0 = id;

3. if G has rank < k, restart from step 1;
4. if G has hull dimension h > 1, restart from step 1. Otherwise, output G.

It can be easily seen that, for each G as above, we get a code where φi for any
i = {0, . . . , k − 1} is an automorphism. Indeed, φ has order k (i.e., the smallest
integer m such that φm = id is k), hence

φi(G) =


φi ◦ φ0(g)
φi ◦ φ1(g)

...
φi ◦ φk−1(g)

 =


φi mod k(g)

φi+1 mod k(g)
...

φi+k−1 mod k(g)

 ,

13 For Sagemath, the method permutation automorphism group, see https://doc.

sagemath.org/html/en/reference/coding/sage/coding/linear_code.html. For
Magma, the function PermutationGroup, see https://magma.maths.usyd.edu.au/

magma/handbook/text/2019

https://github.com/gdalc/permutation-automorphisms
https://doc.sagemath.org/html/en/reference/coding/sage/coding/linear_code.html
https://doc.sagemath.org/html/en/reference/coding/sage/coding/linear_code.html
https://magma.maths.usyd.edu.au/magma/handbook/text/2019
https://magma.maths.usyd.edu.au/magma/handbook/text/2019
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which is just a cyclic shift of the rows of the initial G.

Therefore, for C being the code generated by G, we have that

⟨φ⟩ ⊆ P-Aut(C ) =⇒ |P-Aut(C )| ≥ k.

For increasing k and several values of q, we have measured the running time
of the solver resulting from Corollary 3, and have compared it with the built-in
functions of both Sagemath and Magma. Experiments in Sagemath have been per-
formed on a computer with an Intel(R) Core(TM) i9-10900X CPU @ 3.70GHz,
with 32 GB RAM and running the Ubuntu 24.04.5 LTS operating system. The
experiments in Magma, instead, have been conducted on a computer with an In-
tel(R) Core(TM) Ultra 7 165H (1.40 GHz) with 32 GB RAM and running on
the Windows 11 26H2 operating system.

In Figures 3 and 4 we report the measured timings. As we can see, our
algorithm is always faster than the the built-in implementations. Observe that,
in both figures, we have used the logarithmic scale on the y-axis: to emphasize
this, in Figure 3 we have also plotted the curves α·qk and β ·k3, for some constant
α and β14. The figures show that, for built-in functions, the required time grows
exponentially with k; for our algorithm, instead, it grows approximately as a
polynomial of k. For the experiments in Magma, analogous considerations hold.

We remark that, for larger values of q, we have not been able to perform
meaningful experiments since the built-in functions were taking an unfeasible
amount of time. Instead, for our solver, the dependence on q is rather mild (as
q increases, the arithmetic over Fq gets more costly).

We also observe that, since the resulting running time is essentially polyno-
mial in n, this means also that, on average, the obtained GraphAUT-Gen instances
can be solved efficiently (say, in polynomial time).

We remark that the different options in Sagemath yield very mild differences
in timings; therefore, from now on, we will not specify the option with which the
Sagemath function has been called.

We have also run experiments on random codes, with analogous results; see
Figure 5.

Remark 12. Magma has a built-in function for finding the automorphism group
of an unweighted, undirected graph. However, there is no built-in function for
weighted graphs. Consequently, we used a standard workaround suggested to
us by the Magma group to make the current Magma code-base work. However,
this strategy slows down the overall algorithm and using an ad-hoc function for
weighted graphs would make our solver even faster.

14 The constants have been chosen in order to have α · qk and β · k3 almost overlap
with empirical data. For the two subfigures in Figure 3, the constants are different.
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Fig. 3: Timings on Sagemath for trivial hull, cyclic permutation group. On the
left q = 2, while on the right q = 3. For each k, we have generated 100 codes. For
the built-in function, we have simulated the three different options with which
the function can be called.
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Fig. 4: Timings on Magma for trivial hull, cyclic permutation group. On the left
q = 2, while on the right q = 5. For each k, we have generated 100 codes.

0 10 20 30 40 50 60 70 80 90

10−4

10−3

10−2

10−1

100

101

102

103

Code dimension (value of k)

A
v
e
ra

g
e
ti
m
e
(i
n

se
c
)

our

built-in

0 10 20 30 40 50 60 70 80 90

10−3

10−2

10−1

100

101

102

103

Code dimension (value of k)

A
v
e
ra

g
e
ti
m
e
(i
n

se
c
)

our

built-in

Fig. 5: Timings on Sagemath for random codes with trivial hull. For all codes,
we have n = 2k. On the left q = 2, while on the right q = 3. For each k, we have
generated 100 codes.
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8.2 Non-trivial hull

The experiments from the previous section have been repeated for codes with
non-trivial hull. In such a case, we have solved AUT-Gen using Algorithm 1.
We report just about the experiments for Magma; results about Sagemath are
analogous.

Again, it can be seen that our algorithm takes time which is polynomial
in n. Notice that, when h ≤ 1 is constant, the number of calls to a solver
for GraphAUT-Gen grows as

(
n
h

)
= O(nh). This behavior is reflected by the

experimental timings. Since the benchmarks show that essentially the algorithm
takes polynomial time, this is also an implicit confirmation of the fact that the
codes described in Section 6.3 are very rare. Indeed, this implies that even if
shortening sometimes introduces artificial automorphisms, there are very few
such automorphisms. Overall, the computational bottleneck is the enumeration
of U and the shortening, taking O(n3+h) for constant h.
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Fig. 6: Timings on Magma for hull dimension 1, cyclic permutation group. On the
left q = 2, while on the right q = 5. For each k, we have generated 5 codes.
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Fig. 7: Timings on Magma for hull dimension 2, cyclic permutation group, with
q = 2. For each k, we have generated 5 codes.
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9 Conclusions

In this paper, we discussed the complexity of finding permutation automorphisms
of random linear codes. Firstly, we showed that AUT-Gen and AUT-Count, re-
spectively the problems of finding a generating set and the order of the auto-
morphism group of a code, are not easier than ISO. At the same time, we proved
that this latter problem is not easier than AUT.

Moreover, we defined relations between AUT-Gen and GraphAUT-Gen, the
problem of finding a generating set of the automorphism group of a graph. In
particular, we constructed a reduction from AUT-Gen to GraphAUT-Gen that
takes time O(n3+h), with h being the dimension of the hull of the code. This
shows that, for constant h, all problems related to finding permutation automor-
phisms of linear codes can be solved, in the worst case, in quasi-polynomial time.
Hence, finding permutation automorphisms is easy unless h is very large. Since,
however, the majority of the codes have trivial hull (i.e. h = 0), this implies
that finding permutation automorphisms is on average easy. At the same time,
in light of our results, we can conclude that all automorphisms related problems
shall currently be deemed hard for codes with sufficiently large hull dimension.

In future works, we plan to extend the set of easy instances by considering
known attacks to ISO (e.g., doing the square code and computing the hull ac-
cording to Hermitian inner products) and understanding whether they can be
extended to automorphisms problems. At the same time, we also plan to investi-
gate applications of code automorphisms to post-quantum cryptography, either
for the design of primitives based on novel assumptions or for the cryptanalysis
of existing schemes.
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A Number of codes with given hull dimension and proof
of Theorem 5

For a given finite field with q elements, the number of self orthogonal codes can
be counted precisely [Sen97, Theorem 1].

Theorem 17 For q a prime power and k, n ∈ N with k ≤ n/2, let Cn,k,q denote
the set of all self-orthogonal codes with length n and dimension k over a finite
field with q elements. The cardinality of Cn,k,q is

-
∏k

i=1
qn−2i+1−1

qi−1 if n is odd and k ≤ (n− 1)/2,

- qn−k−1
qn−1

∏k
i=1

qn−2i+2−1
qi−1 if n and q are even,

- qn/2−k+1
qn/2+1

∏k
i=1

qn−2i+2−1
qi−1 if n ≡ 0 mod 4, or n ≡ 2 mod 4 and q ≡ 1 mod 4,

- qn/2−k−1
qn/2−1

∏k
i=1

qn−2i+2−1
qi−1 if n ≡ 2 mod 4, q ≡ 3 mod 4 and k ≤ n/2− 1,

- 0 otherwise.

Putting together some results from [BES+25], we get the asymptotic behav-
ior for the number of self-orthogonal codes.

Theorem 18 For constant q, when both k and n go to infinity,

|Cn,k,q| ∼ qk(n−k)− k(k+1)
2 · ωq,

where ωq =
γq

(
∏∞

i=1 1−q−i)
2 is a positive constant and γq =

∏∞
i=1

1−q−i

1−q−2i .

Remark 13. As a crude but simple approximation, one can use ωq ≈ 1/
(
1−1/q−

1/q2
)
. For large q, the approximation becomes more precise and, in particular,

ωq ≈ 1.

A.1 Proof of Theorem 5

Theorem 5 Let C ⊆ Fn
q with hull of dimension h. If |Cn,h,q| < n!, then the hull

has non-trivial automorphisms. For constant q, let h∗ indicate the maximum
value of h for which the previous inequality is satisfied. Then, asymptotically,
h∗ = logq(n/e) ·

(
1 + o(1)

)
, where e is the Napier’s constant.

Proof. Let H = H(C ) be the hull of C , and let us consider the orbit of H
under the action of Sn, that is,

OSn(H ) = {φ(H ) | φ ∈ Sn} .

If the orbit has less than n! elements, then there are (at least) two distinct
permutations φ ̸= φ′ ∈ Sn such that

φ(H ) = φ′(H ) =⇒ H = φ−1 ◦ φ′(H ),
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so φ−1 ◦ φ is a non-trivial automorphism for H . Since applying a permutation
to a self-orthogonal code, we get another self-orthogonal code, we also have
OSn(H ) ⊆ Cn,h,q. Then, existence of automorphisms is guaranteed whenever

|OSn
(H )| ≤ |Cn,h,q| < n!.

Let h∗ be the maximum value of h for which |Cn,h,q| < n!. If the hull dimension is
greater than h∗, then the inequality is not satisfied. Using the asymptotic expan-
sion for |Cn,h∗,q| and Stirling’s approximation for the factorial, and neglecting
low-order terms, we get

h∗(n− h∗)− h∗(h∗ + 1)

2
< n · logq(n/e). (6)

We already know that h∗ can be at most logq(n), otherwise the hull has repeated

coordinates and non-trivial automorphisms exist. Then, h∗ = O
(
logq(n)

)
and

simple manipulations of Equation (6) yields

h∗ − h∗2

n
− h∗(h∗ + 1)

2n︸ ︷︷ ︸
o(1)

< logq(n/e) =⇒ h∗ < logq(n/e)(1 + o(1)). (7)

On the other hand, we have that since h∗ is the maximum value of h for
which |Cn,h,q| < n!, it means that h∗ + 1 does not satisfy the inequality, that is,

|Cn,h∗+1,q| ≥ n!.

Applying to h∗ +1 the same asymptotic expansion used to derive Equation (6),
but with the inequality reversed, we obtain

(h∗ + 1)(n− h∗ − 1)− (h∗ + 1)(h∗ + 2)

2
≥ n logq(n/e). (8)

Dividing by n and using h∗ + 1 = O(logq n), so that (h∗+1)2

n and (h∗+1)(h∗+2)
2n

are o(1), Equation (8) becomes

(h∗ + 1)

(
1− h∗ + 1

n

)
− (h∗ + 1)(h∗ + 2)

2n
≥ logq(n/e),

implying

h∗ + 1− o(1) ≥ logq(n/e).

Hence

h∗ ≥ logq(n/e)− 1− o(1). (9)

Combining Equation (9) with the bound Equation (7), we get

logq(n/e)− 1− o(1) ≤ h∗ < logq(n/e) + o(1).
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Since q is constant, logq(n/e) → ∞ as n → ∞; hence both −1 and o(1) are

o
(
logq(n/e)

)
. Dividing throughout by logq(n/e) and letting n → ∞ yields

h∗

logq(n/e)
−→ 1,

that is,

h∗ = logq(n/e) · (1 + o(1)).

⊓⊔

B Deferred Proofs from Section 4

This section contains some of the proofs for Section 4.

B.1 Proof of Theorem 7

Theorem 7 Let A and B = π(A ) for some π ∈ Sn. Then we have that
P-Aut(A ) ∼= P-Aut(B) and in particular:

P-Aut(B) =
{
π ◦ σ ◦ π−1

∣∣ σ ∈ P-Aut(A )
}
.

Proof. We first prove that P-Aut(B) ⊇
{
π ◦ σ ◦ π−1

∣∣ σ ∈ P-Aut(A )
}
: for each

automorphism σ ∈ P-Aut(A ), we get an automorphism of B as π ◦ σ ◦ π−1.
Indeed,

π ◦ σ ◦ π−1(B) = π ◦ σ ◦ π−1 ◦ π(A )

= π ◦ σ(A )︸ ︷︷ ︸
A

= π(A ) = B.

We now prove that P-Aut(B) ⊆
{
π ◦ σ ◦ π−1

∣∣ σ ∈ P-Aut(A )
}
. To this end, let

φ ∈ P-Aut(B) and consider that

π−1 ◦ φ ◦ π(A ) = π−1 ◦ φ(B)︸ ︷︷ ︸
B

= π−1(B) = A .

Thus ϕ = π−1 ◦ φ ◦ π ∈ P-Aut(A ). Now, we have that

π ◦ ϕ ◦ π−1 = π ◦ (π−1 ◦ φ ◦ π)︸ ︷︷ ︸
∈P-Aut(A )

◦ π−1 = φ,

thus φ ∈
{
π ◦ σ ◦ π−1

∣∣ σ ∈ P-Aut(A )
}
. ⊓⊔
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B.2 Proof of Theorem 8

Theorem 8 Given two codes A , B with hulls H(A ) and H(B), respectively,
the Cartesian product code has hull

H(A × B) = H(A )×H(B).

In particular, the hull dimension of the product code is the sum of the dimensions
of the hulls.

Proof. We first prove that H(A )×H(B) is included in H(A ×B), then prove
the opposite direction.

(Direction ⊆). Let (c′, c′′) ∈ H(A ) ×H(B). Then, let (a,b) ∈ A × B and
we have

⟨(c′, c′′), (a,b)⟩ = ⟨c′,a⟩+ ⟨c′′,b⟩,

with ⟨c′,a⟩ = 0 since c′ ∈ H(A ) and a ∈ A . Analogously, ⟨c′′,b⟩ = 0. Therefore
(c′, c′′) ∈ H(A × B) and H(A )×H(B) ⊆ H(A × B).

(Direction ⊇). Let (c′, c′′) ∈ H(A ×B): for each a ∈ A and b ∈ B, it holds
that

⟨(c′, c′′), (a,b)⟩ = ⟨c′,a⟩+ ⟨c′′,b⟩ = 0.

In particular, it holds for b = 0, obtaining ⟨c′,a⟩ = 0, and hence c′ ∈ H(A ).
Analogously, using a = 0, we obtain that c′′ ∈ H(B). Hence, (c′, c′′) ∈ H(A )×
H(B) and, consequently, H(A × B) ⊆ H(A )×H(B).

The observation on the hull dimension follows trivially. ⊓⊔

B.3 Proof of Theorem 9

Theorem 9 Let A ,B ⊆ Fn
q be non-equivalent codes of dimension k. More-

over, suppose that A and B are indecomposable, i.e. they are not the Cartesian
product of other codes. Then

P-Aut(A × B) ∼= P-Aut(A )× P-Aut(B).

Proof. Let σ ∈ P-Aut(A ×B). We define A 0 = A ×{0n} and B0 = {0n}×B.
Observe that A ×B can also be seen as A 0+B0. We now consider how σ splits
over {1, · · · , 2n}: there are only the following three cases.

– Case σ({1, · · · , n}) = {1, · · · , n} and σ({n+ 1, · · · , 2n}) = {n+ 1, · · · , 2n}.
Since this is an automorphism this means that σ(A 0) = A 0 and σ(B0) =
B0. Let A ′,B′ be two codes such that

σ(A 0) = A ′ × {0n}, σ(B0) = {0n} × B′.

Since A and B are indecomposable, in particular, they also do not have null
coordinates. Then, the only possibility is A ′ = A and B′ = B. This means
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that each automorphism σ is associated with a permutation matrix of the
form (

P 0
0 P′

)
, P ∈ P-Aut(A ), P′ ∈ P-Aut(B).

This implies that P-Aut(A × B) contains automorphisms forming a group
which is isomorphic to P-Aut(A )× P-Aut(B).
As we prove in the following, since A and B are indecomposable and not
isomorphic, these are the only automorphisms of A × B.

– Case σ({1, · · · , n}) = {n+ 1, · · · , 2n} and σ({n+ 1, · · · , 2n}) = {1, · · · , n}.
This implies σ(A 0) = B0 and σ(B0) = A 0, which further implies that the
codes A and B are isomorphic: this contradicts the hypothesis.

– Case σ({1, · · · , n}) ̸= {1, · · · , n} and σ({1, · · · , n}) ̸= {n + 1, · · · , 2n}. Let
A and B be generator matrices for A and B, respectively, and let G be the
matrix formed by stacking A and B in the main diagonal. Then, we have

σ(G) =

(
A′ 0 A′′ 0
0 B′ 0 B′′

)
·
(
P 0
0 P′

)
=
(
C′ ·P C′′ ·P′ ) ,

with P,P′ ∈ Fn×n
q being permutations, A = (A′,A′′) and B = (B′,B′′).

Since both codes A and B are indecomposable, in particular, they do not
have null coordinates: this means that A′, A′′, B′ and B′′ cannot be null
matrices and, therefore, have rank at least 1. For each codeword generated
by σ(G), the restriction to the coordinates {1, · · · , n} must be a codeword
of A . But, then, C′ ·P ∈ A must be a generator for A . Since both A′ and
B′ have rank at least 1, this means that they generate codes of dimension
at least 1, therefore C′ ·P′ generates a decomposable code. This contradicts
the hypothesis that A is indecomposable.

⊓⊔

B.4 Proof of Corollary 2

We first define the semidirect product of groups, then proof the corollary.

Definition 17 (Semidirect product). Let G and K be groups, and let φ :
K → Aut(G) be a group homomorphism. The semidirect product of G by K with
respect to φ, denoted by G⋊φ K, is defined as the group whose underlying set is
the Cartesian product G×K, equipped with the binary operation:

(g1, k1) · (g2, k2) = (g1φk1
(g2), k1k2)

for all g1, g2 ∈ G and k1, k2 ∈ K, where φk1
(g2) denotes the action of the

automorphism associated to k1 on the element g2.

Corollary 2. Let A ,B ⊆ Fn
q be two equivalent codes of dimension k. More-

over, suppose that A and B are indecomposable, i.e. they are not the Cartesian
product of other codes. Then

P-Aut(A × B) ∼= (P-Aut(A )× P-Aut(B))⋊ S2,
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where ⋊ indicates the semidirect product of groups. Moreover, if G is a group
isomorphic to P-Aut(A ), it holds that P-Aut(A × B) is isomorphic to G ≀ S2.

Proof. The key difference from Theorem 9 is that A and B are equivalent, thus
the second bullet point of the previous proof cannot be excluded for this case.

More formally, let σ ∈ P-Aut(A × B) and consider σ(A 0), where A 0 =
A × {0}n. In the previous proof we had that A and B were not equivalent
and thus we could not have that σ(A 0) = B0.15 Since in this case we cannot
exclude this scenario, we have that every σ satisfies exactly one of the following
properties

1. σ(A 0) = A 0 (and so σ(B0) = B0), or
2. σ(A 0) = B0 (and so σ(B0) = A 0).

We call A1, A2 the corresponding subsets of P-Aut(A × B) satisfying the two
above properties, so that P-Aut(A × B) = A1 ⊔A2. Formally,

A1 = {σ ∈ P-Aut(A × B) | σ(A 0) = A 0, σ(B0) = B0}
A2 = {σ ∈ P-Aut(A × B) | σ(A 0) = B0, σ(B0) = A 0}.

One can show that A1 is a subgroup of P-Aut(A ×B), while A2 is just a (proper)
subset.

As per Theorem 7 we have that P-Aut(A ) ∼= P-Aut(B). By defining G ∼=
P-Aut(A ) we can prove that A1

∼= G×G. To show this, let σ ∈ A1, then there
exist g ∈ P-Aut(A ), h ∈ P-Aut(B) such that:

σ : A × B → A × B, (u,v) 7→ (g(u), h(v)).

Observe that this correspondence leads to the isomorphism

A1 → P-Aut(A )× P-Aut(B), σ 7→ (g, h).

For this reason, in the following, we can denote the automorphism σ ∈ A1 as
ϕg,h and we have that A1

∼= G×G.

Let π be an isomorphism leading to the equivalence between A and B,
namely π(A ) = B. Then define the block-swapping map

ρ : A × B → A × B, (u,v) 7→ (π−1(v), π(u)).

Clearly, ρ is an automorphism of A ×B and has order 2 (i.e., ρ2 = id), implying
⟨ρ⟩ ∼= S2. Moreover, by construction ρ ∈ A2 and hence, ρ /∈ A1.

Now we show that A2 is a coset of A1 via ρ. Let σ1 ∈ A1, then one has
ρ(σ1(A 0)) = ρ(A 0) = B0, so ρσ1 ∈ A2; thus ρA1 ⊆ A2. Conversely, Let
σ2 ∈ A2. It holds that ρ(σ2(A 0)) = ρ(B0) = A 0, so ρσ2 ∈ A1; thus ρA2 ⊆ A1.
Since ρ has order 2, we obtain A2 ⊆ ρA1. It follows that A2 = ρA1, giving

P-Aut(A × B) = A1 ⊔ ρA1. (10)

15 Notice that the third bullet point, about the exclusion of the “splitted” support case
relied solely on the irreducibility of A , and is unaffected here.
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This implies that A1 has index 2, and hence it is normal. Moreover, from Equa-
tion (10), we have that P-Aut(A × B) = A1 · ⟨ρ⟩, with A1 ∩ ⟨ρ⟩ = {id}. Hence,
we can write P-Aut(A × B) = A1 ⋊ ⟨ρ⟩, namely

P-Aut(A × B) ∼= (P-Aut(A )× P-Aut(B))⋊ S2.

Furthermore, we have P-Aut(A × B) ∼= G ≀ S2. ⊓⊔

C Finding indecomposable factors of a code

In this section we show a polynomial-time algorithm to decompose a given code
C into indecomposable factors C1, . . . ,Cℓ such that C ∼= C1 × · · · × Cℓ. In this
case we say that C ∼= C1 × · · · × Cℓ along a partition I1, . . . , Iℓ of {1, . . . , n} if
and only if Ci

∼= C|Ii , where C|Ii denotes the code obtained from C by removing
all the column outside Ii.

Given a generator matrix G ∈ Fk×n
q for C , consider its reduced row-echelon

form

RREF(G) =

g(1)

...
g(k)

 .

We show that gievn C , finding C1, . . . ,Cℓ is equivalent to finding the con-
nected components of the graph G(C ) with vertex set {1, . . . , n} and adjacency
matrix

Ai,j =

{
1 if ∃ r ∈ {1, . . . , k} : g

(r)
i ̸= 0 ∧ g

(r)
j ̸= 0,

0 otherwise.

This step can be done in polynomial time with worst-case complexity O(n2).

Lemma 3. Let C decompose as C ∼= C1×· · ·×Cℓ along a partition of I1, . . . , Iℓ
of {1, . . . , n}. Then every row of RREF(G) has support contained in a single It,
where G is the generator matrix of C .

Proof. For all i = 1, ..., ℓ let Gi be the generator matrix in reduced row-echelon
form of Ci and let G′

i be its extension obtained by adding column of zeroes
outside of Ii. Clearly, since Gi is in reduced row-echelon form then also G′

i is
so, and all the pivot columns are in Ii.

Let G′′ be the matrix obtained by stacking all the matrices G′
i:

G′′ =

G′
1
...

G′
ℓ

 .

Consider now the matrix G′ obtained from G′′ by reordering its rows by
increasing pivot column: clearly G,G′ and G′′ generates the same code. It is
easy to see that G′ is in reduced row-echelon form: pivots are strictly increasing
by construction, and every pivot column has zero entries in all other rows: within
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a block because G′
i is reduced for all i, and across blocks because a row of G′

j

have all zeroes in the column indexed by Ii for all j ̸= i. By the uniqueness of
the reduced row-echelon form we have the thesis.

Theorem 1. Let C be a [k, n]-code. Let I1, . . . , Im be the connected components
of the graph G(C ). Then C ∼= C1 × · · · × Cℓ along a partition I1, · · · , Iℓ of
{1, . . . , n} and each Ci is indecomposable.

Proof. Let G be the generator matrix of C in reduced row-echelon form. We
divide the proof in two steps: first we show that C decompose along I1, . . . , Iℓ
then we show that each Ci indecomposable.

Decomposition. For each row g(i) of G, every pair of coordinates in Supp(g(i))
is adjacent in G(C ) by definition of A; hence Supp(g(i)) lies inside a single
connected component. Let f be the function from {1, ..., k} to {1, ..., n} such
that f(i) = j if and only if Supp(g(i)) lies inside Ij . We can define

Vs := span{g(i) : f(i) = s},

thus we get
C = span(g(1), . . . ,g(k)) = V1 × · · · × Vℓ,

with Supp(Vs) ⊆ Is.
Now, consider any codeword c ∈ C . By definition of V1, . . . , Vℓ, c can be

uniquely written as a sum of component vectors:

c =

ℓ∑
s=1

vs, where vs ∈ Vs for each s ∈ {1, . . . , ℓ}.

Since the components I1, . . . , Iℓ form a partition of {1, . . . , n} and Supp(Vt) ⊆ It,
it follows that vt|Is = 0 for all t ̸= s. Consequently, restricting the codeword c
to the coordinate set Is yields exactly vs

c|Is = vs.

This shows that the projection of the code C onto the coordinate set Is coincides
with the subspace Vs, i.e., Vs = C |Is . This implies

C = C |I1 × · · · × C |Iℓ .

Indecomposability of the factors. Suppose some C |Is decomposes non-trivially
along the partition K1,K2 of Is. Combined with the above, C decomposes along
the finer partition obtained by splitting Is into K1,K2. By Lemma 3, every row
of G has support inside a single set of this partition, so no row has non-zero
entries in both K1 and K2; hence G(C ) has no edge between K1 and K2. But
Is is connected by hypothesis, so a path joins some vertex of K1 to some vertex
of K2 must exist, obtaining a contradiction. Hence C |Is is indecomposable.

As a trivial corollary of the above proof we also have that decomposition is
unique.
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D Deferred Proofs from Section 6

D.1 Proof of Theorem 15

Theorem 15 Let Fq be a finite field with characteristic p. Let C ⊆ Fn
q be a linear

code with dimension k and hull dimension h. Let J = (j1, · · · , jh) ⊆ {1, · · · , n}
be an ordered set corresponding to an information set for H(C ), and let G ∈
Fk×n
q be a generator matrix for C . Assume that G has no repeated columns.

Let U = (u1, · · · , uh), with ui ∈ {1, · · · , n} ∀i ∈ {1, · · · , h}, be an ordered
set corresponding to another information set for H(C ). For i ∈ {1, . . . , h}, let
ℓi = i · p+ 1 and let

A = (G | M1 | · · · | Mh) , Mi =
(
gji | gji | · · · | gji︸ ︷︷ ︸

ℓi

)
∈ Fk×ℓi

q (5)

B = (G | W1 | · · · | Wh) , Wi =
(
gui | gui | · · · | gui︸ ︷︷ ︸

ℓi

)
∈ Fk×ℓi

q

Let A = span(A) and B = span(B) and let ñ = n+
∑h

i=1 ℓi, then:

a) both A and B have trivial hulls;

b) for any φ ∈ P-Aut(C ) sending J to U (namely, φ(ji) = ui for every
i = 1, . . . , h), there is an isomorphism χ ∈ Sñ sending A to B such that
χ({1, · · · , n} \ J) = φ({1, · · · , n} \ J);

c) for any isomorphism χ ∈ Sñ sending A into B, there exists φ ∈ P-Aut(C )
such that φ({1, · · · , n} \ J) = χ({1, · · · , n} \ J);

d) for any isomorphism χ ∈ Sñ between A and B, when written as a product
of disjoint cycles, there is no cycle moving one index of {1, . . . , n} \ J to
U ∪ {n+ 1, · · · , ñ}.

Proof. We prove each thesis separately. The proof of thesis a) is found in Sec-
tion 7.1.

Proof of thesis b) Let A ,B ⊆ Fn
q be the codes generated by A and B, respec-

tively.

Let φ ∈ Sn be an automorphism for C that maps J = {j1, . . . , jh} into U =
(u1, . . . , uh) (remember that U is an ordered set). Since φ is an automorphism
for C , there is a matrix S ∈ GLk(Fq) such that S · φ(G) = G. Let us indicate:

φ({1, · · · , n} \ J) = {1, . . . , n} \ U = (f1, f2, · · · , fn−h).

Then:

S ·GJ = (gu1
, · · · ,guh

), (11)

S ·G{1,··· ,n}\J = (gf1 , · · · ,gfn−h
). (12)
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Observe that φ is defining a mapping from {1, · · · , n} \ J = {z1, · · · , zn−h} to
{1, · · · , n} \ U given by

z1 −→ f1,
z2 −→ f2,

...
zn−h −→ fn−h.

(13)

We will indicate with ai (resp., with bi) the i-th column of A (resp., the i-th
column of B). Let us first focus on Equation (11): by construction, we have

GJ = AJ = (aj1 , · · · ,ajh), (gu1
, · · · ,guh

) = (bu1
, · · · ,buh

).

Therefore, we get

S ·AJ = S · (aj1 , · · · ,ajh) = (bu1
, · · · ,buh

).

Notice that, since each block Mi contains replica of aji and each block Wi con-
tains replica of bui

, we also get that S ·Mi = Wi. Therefore, left multiplication
by S creates a mapping from columns indexed by J ∪{n+1, · · · , ñ} to columns
indexed by U ∪ {n+ 1, · · · , ñ}, as follows

{j1} ∪ {n+ 1, · · · , n+ ℓ1} −→ {u1} ∪ {n+ 1, · · · , n+ ℓ1},
{j2} ∪ {n+ 1 + ℓ1, · · · , n+ ℓ2}, −→ {u2} ∪ {n+ 1 + ℓ1, · · · , n+ ℓ2},

...

{jh} ∪
{
n+ 1 +

∑h−1
i=1 ℓi, · · · , ñ

}
−→ {uh} ∪

{
n+ 1 +

∑h−1
i=1 ℓi, · · · , ñ

}
.

(14)

Analogously, starting from Equation (12) and indicating {1, · · · , n}\J = (z1, · · · , zn−h),
we get

G{1,··· ,n}\J = (az1 , · · · ,azn−h
), (gf1 , · · · ,gfn−h

) = (bf1 , · · · ,bfn−h
),

therefore

S · (az1 , · · · ,azn−h
) = (bf1 , · · · ,bfn−h

),

which gives rise to the same bijection from Equation (13).
Putting together Equation (14) and Equation (13), we get a bijection χ :

{1, · · · , ñ} → {1, · · · , ñ}. In particular, χ acts on {1, · · · , n} \J in the same way
of φ.

Proof of thesis c) Let χ ∈ Sñ and S ∈ GLk(Fq) such that S ·χ(A) = B Observe
that both codes have blocks of repeated columns, all with distinct lengths ℓ1+1,
ℓ2 + 1, and so on. Then, any permutation sending the code generated by A to
the code generated by B must preserve such blocks. Indeed, we have that

S · (gji ,Mi) = S · (gji , · · · ,gji)︸ ︷︷ ︸
ℓi + 1 replica

= (x, · · · ,x)︸ ︷︷ ︸
ℓi + 1 replica

,
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for some x ∈ Fk
q . Multiplication between S and any other column of A must

produce a vector x′ ̸= x. Indeed, for any such column g′ ̸= gji , having S · gji =
S · g′ implies S · (gji − g′) = 0, which can happen only if S is not full rank (but
this is not possible since S ∈ GLk(Fq)) or gji = g′, which is also not possible
since, by hypothesis, C does not have repeated coordinates.

Then, if S is associated with an isomorphism χ from A to B, we have that
the only possibility for χ is that it acts as a bijection from

{ji} ∪

{
n+

i−1∑
z=1

ℓz + 1, · · · , n+

i∑
z=1

ℓz

}

to

{ui} ∪

{
n+

i−1∑
z=1

ℓz + 1, · · · , n+

i∑
z=1

ℓz

}
,

for each i = 1, · · · , h. In particular, since all the above sets are disjoint, χ acts
also as a bijection from

{1, · · · , ñ} \

(
h⋃

i=1

(
{ji} ∪

{
n+

i−1∑
z=1

ℓz + 1, · · · , n+

i∑
z=1

ℓz

}))
= (z1, · · · , zn−h)

to

{1, · · · , ñ} \

(
h⋃

i=1

(
{ui} ∪

{
n+

i−1∑
z=1

ℓz + 1, · · · , n+

i∑
z=1

ℓz

}))
= (f1, · · · , fn−h).

Assume that, additionally to all of the above, χ(J) = U , which implies that
χ({1, . . . , n}) = {1, . . . , n}. This implies that

S · χ(A{1,...,n}) = B{1,...,n}.

Since, however, A{1,...,n} = G = B{1,...,n}, we actually obtain that

S · χ(G) = G,

i.e., χ|{1,...,n} is an automorphism of C . Let us denote φ = χ|{1,...,n} ∈ P-Aut(C ).
Then, φ({1, . . . , n} \ J) = χ({1, . . . , n} \ J). Moreover, the same holds for any
χ̄ ∈ P-Iso(A ,B) such that χ̄({1, . . . , n} \ J) = χ({1, . . . , n} \ J).

Proof of thesis d) The thesis follows trivially as an observation that any iso-
morphism from A to B must map each block of identical columns into a block
with the same number of identical columns and follows directly from the proof
of thesis c). ⊓⊔
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