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Abstract. We present a new proximity test for Reed–Solomon codes
that admits a higher-agreement regime with soundness approaching the
field’s bit length.

All prior work in this area [AHIV17,BSCI+20,BSCH+25] uses the idea
of scalar batching in which the verifier provides a scalar challenge for
each codeword, and the prover must supply a codeword equivalent to
the combination, and the verifier tests it at randomly opened columns.

Our main insight is to instead use a low-degree polynomial challenge for
each codeword. We prove that the low-dimensional spaces generated by
polynomial challenges become maximum distance separable (MDS) after
deleting a few coordinates, and this phenomenon leads to a new kind of
proximity gap that we can exploit.

This insight enables a simpler, in fact elementary counting proof for
soundness of the proximity tests. We do not need the Polishchuk–
Spielman lemma or Guruswami–Sudan decoding.

The same technique proves soundness of Polygero, a Ligero-inspired
IOP [AHIV17], beyond the unique-decoding regime. Through recursion,
Polygero produces proofs with a number of field elements logarithmic
in the witness size, independently of the number of linear constraints.
It does not require roots of unity in the finite field or out-of-domain
sampling.

The soundness analysis, including the extractor and the recursive com-
position, and every reported parameter schedule are machine-checked in
Lean 4.

1 Introduction

A zero-knowledge non-interactive argument of knowledge (zk-NARK) allows a
prover to prove knowledge of a witness w such that C(x,w) = 0, where C is a
public circuit and x is a public input. The proof is often short or succinct, and it
reveals nothing about w beyond the truth of the statement.3 These systems are

3 Such systems are commonly called SNARKs, but technically that term refers to
arguments whose verifier also runs in time sublinear in the statement. Our verifier
combines the linear constraints itself, so this stronger property can be achieved with
our protocol for special types of statements or with preprocessing; we therefore use
the term NARK.
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widely used to protect the privacy of individuals in digital identity applications,
such as Longfellow [Fs24], which proves statements about identity documents
signed with ECDSA without revealing them; to provide transaction privacy in
distributed ledgers [BSCG+14]; and as components of other cryptographic tools,
for tasks such as multi-party computation, threshold signing, and voting.

Modern constructions of these systems rely on Reed–Solomon error-
correcting codes, and on a key primitive called a proximity test, which allows the
prover to show that a committed word is close to a Reed–Solomon codeword.
The protocols are usually designed and analyzed as interactive oracle proofs
(IOPs) [BSCS16,RRR16]. In an IOP, the prover sends oracles: abstractly, it
commits to a long word that it cannot later change. The verifier sends random
challenges, the prover answers with further messages or oracles, and the verifier
finally reads a few entries of the oracles, at positions of its choice, and accepts
or rejects the statement. Merkle-tree commitments realize the oracles, and
the Fiat–Shamir transform removes the interaction, turning the IOP into a
NARK [Kil92,Mic00,BSCS16]. In this framework, proving C(x,w) = 0 reduces
to several tests on a committed encoding of the witness: that the encoding
consists of codewords, and that the encoded values satisfy the constraints of C.
The most expensive of these is usually the proximity test, whose soundness
determines how many entries the verifier must read.

Scalar batching. Prior proximity tests [AHIV17,BSBHR18,BSCI+20,BSCH+25]
check a batch of committed words w1, . . . , wm at once. The verifier sends a scalar
challenge βr ∈ F for each word, the prover returns a codeword that should equal
the combination

∑
r βrwr, and the verifier compares the two at a few random

positions. Soundness rests on a proximity gap: if some word is far from the code,
then for all but a small fraction of the challenges, the combination is far from
the code as well [BSCI+20].

The analysis of this family of tests has been hampered by two issues. First,
beyond the unique-decoding radius, the proofs rely on list decoding, through
the Guruswami–Sudan decoder and the Polishchuk–Spielman lemma, and they
are correspondingly intricate. Second, the best list-decoding analyses introduce
large error terms. Write k for the dimension of the code, ρ for its rate, and η for
the margin between the proximity parameter and the Johnson radius 1−√

ρ. In
this regime, the error of [BSCI+20, Theorem 1.2] is

k2(
2min{η,√ρ/20}

)7
q
,

so the analysis gives up 2 log2 k + 7 log2
(
1/(2min{η,√ρ/20})

)
bits of the field

size, which for realistic code dimensions is a large part of a 128-bit field. Later
work reduces the number of exceptional challenges in this regime, but it also
shows that, beyond the Johnson radius, some Reed–Solomon codes require many
more [BSCH+25]. Deployed systems therefore may require working over large
extension fields. For example, we are unaware of any previous result that is able
to achieve more than 120 bits of security in a 128-bit field, whereas our approach
can achieve 127 bits, see §8.
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Polynomial challenges. Scalar challenges are applicable to any linear code. We
introduce a new kind of challenge, which exploit the polynomial structure of
Reed-Solomon codes. Instead of a scalar, the verifier sends a polynomial chal-
lenge: a polynomial Br of degree at most s for each committed word wr. The
challenged word has jth coordinate

∑
r Br(xj)wr,j , where xj is the jth evalua-

tion point of the code. If each wr is the evaluation of a polynomial of degree less
than k, the challenged word is the evaluation of a polynomial of degree less than
k + s. The prover answers with such a polynomial p, and the verifier compares
p with the challenged word at t random positions. Scalar challenges are the case
s = 0.

Rank defect and the MDS theorem. Polynomial challenges enlarge the space of
challenges in a way compatible with the code: multiplying a polynomial of degree
less than k by a challenge of degree at most s gives a response of degree less
than R = k + s. To see what the larger space buys, fix the committed words
and a set T of columns on which the prover hopes to answer. Each column of T
imposes one linear equation on the challenge and response coefficients. With the
challenge fixed, the first R independent equations determine the response, and
every additional independent equation imposes a condition on the challenge. The
number δ of these additional equations is the rank defect of T : the dimension
that the committed words and their shifts, obtained by multiplying coordinate
j by xj , x

2
j , . . . , x

s
j , add to the response code on T . A response that agrees with

the challenged word on T exists for exactly a q−δ fraction of the challenges
(Lemma 7). A union bound over the

(
n
c

)
sets of c = k + 2s + 1 columns shows

that, except on a fraction µ =
(
n
c

)
/qs+1 of the challenges, every set of at least c

columns on which the prover can answer has rank defect at most s (Lemma 8).
This union bound takes the place of the list-size bounds of prior analyses.

On such a set, the response code and the shifted words span a space of di-
mension at most k + 2s. The structural fact behind our analysis is that these
low-dimensional spaces become maximum distance separable (MDS) after delet-
ing at most s coordinates (Theorem 1), which we prove by elementary linear
algebra. The theorem separates the errors that can be localized, which occupy
at most s coordinates and are discarded, from a residual error whose effect is
controlled by its rank: after the discarded coordinates are deleted, all sets of
coordinates of the same size behave alike. In our analysis, this theorem replaces
the proximity gap.

The soundness analysis then proceeds by counting, without the Polishchuk–
Spielman lemma, Guruswami–Sudan decoding, or a list-size bound. Its error
combines a cut-and-choose term, which decays exponentially in t, with the rank
term µ, which a moderate s makes negligible in a large field. For instance, over
a field with 2128 elements, a code of length 25724 and rate about 1/16, with
s = 74 and 64 opened columns, has per-level error at most 2−120 (Remark 2).

Beyond proximity. For a given committed word, the usual proximity-gap anal-
ysis seeks to find an agreement set of coordinates such that, except for a small
number of unlucky challenges, all challenges admit a response that agrees with

3



the code on the agreement set. Our analysis redefines what agreement with the
code means. We do not insist on exact agreement, but we allow the reponse
on the agreement set to be the sum of a codeword and a vector in some low-
dimensional subspace. A verifier fails to detect a cheating prover if it unluckily
opens coordinates outside the agreement set (which is rare if the agreement set
is large), or if it unluckily picks a challenge that happens to annihilate the error
subspace, a rare Schwartz-Zippel-type phenomenon that has a field size term at
the denominator, and that we can count directly.

This treatment helps the analysis because we want the provable agreement
set to be as large as possible, and we can trade the size of the agreement set for
the dimension of the subspace of errors. As an extreme toy example, at n > k
distinct points, the word with code points xkj has Hamming distance n− k from
the code of polynomials of degree less than k. Thus the maximum size of the
agreement set is k. On the other hand, the same situation can be described as
an agreement set of size n with one residual error vector.

A single error vector, as in the previous example, is not too interesting.
The power of this method is that polynomial challenges yield error subspaces
of dimension that can be analyzed, and moreover analyzed by elementary (if
lengthy) linear algebra arguments. The connection between the agreement set
and the space of errors is given by Theorem 1. After discarding at most s coor-
dinates, and outside the rank exception, the residual rank of the error space is
at most s.

This perspective reorients the analysis from an attempt to implement a
decoder to the implementation of an extractor. An extractor must produce a
witness that satisfies the statement, not recover an intended message, and the
prover’s response can resolve ambiguities that the committed words alone leave
open. In our case, and somewhat surprisingly, even though the verifier opens a
small number of coordinates that would normally be in the list-decoding regime
(or worse), the extractor has the entire large agreement set available, and it can
determine this set with the help of the prover’s response. Translating dimen-
sions of error spaces into error coordinates within the agreement set Theorem 1
bounds the number of errors to at most s, which a bounded-error decoder such
as Berlekamp-Welch can easily handle.

As a result, the error has no proximity parameter and no Johnson margin η
(Remark 3). Nevertheless, a Johnson-like square root still appears, from a second-
moment count of the overlaps between candidate response systems. This count
resembles the proof of the Johnson bound, but it ranges over response systems,
including systems with no codeword explanation such as the word xkj above,
rather than over a decoding list. It keeps the counting manageable but does
not fully exploit the structure of the response systems, which we regard as a
limitation of the present analysis.

Polygero. We build this test into Polygero, an interactive oracle proof modeled
on Ligero [AHIV17]. Polygero proves statements consisting of linear constraints
Aw = b and multiplication constraints among witness entries, which suffice to
express arithmetic circuits. The prover encodes the witness as rows of Reed–
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Solomon codewords and commits to the resulting tableau column by column.
The verifier sends a linear challenge, which combines the linear constraints into
one equation, and a polynomial challenge, which combines the rows. The prover
returns two polynomial responses, and the verifier compares their evaluations
with a sample of committed columns, checks the multiplication constraints on
the opened entries, and checks one global equation. With base degree bound k
and polynomial-challenge degree s, the two responses contain 3k+s coefficients.

At a nonterminal level of recursive Polygero, the prover instead commits to
a child oracle intended to encode those coefficients. This commitment is made
before the parent query. Once the queried columns are opened, the parent’s
response-dependent tests become public linear constraints on the coefficients;
these constraints form the child statement. The coefficient placement and child
layout were fixed in advance, so the later statement does not change the in-
terpretation of the committed child oracle. Recursion leaves only the terminal
responses explicit. For soundness error 2−λ, a witness with N values and M
multiplication gates then has proofs of O(λ(1+ log(N +M +1))) field elements,
independently of the number of linear constraints (Corollary 1). Polygero needs
no roots of unity or other special structure in the field, and no out-of-domain
sampling.

The key issue in the recursive analysis of Polygero is that a malicious child
oracle need not correspond to a unique low-degree witness. The prover commits
to the child oracle before the parent query Q, but the child statement depends
on Q. For different queries, different polynomial tuples may satisfy the induced
child statements, and each tuple encodes its own parent response. Soundness of
the child for false statements is therefore not enough: a child statement can be
true even when the response it encodes would fail the parent’s tests on most
queries. A direct composition would apply the parent’s soundness bound to each
tuple that the child oracle might explain, and pay a factor for their number,
much as list-decoding analyses pay for the list size.

Extraction. We handle this issue by strengthening what we require of the extrac-
tor for a single invocation (Theorem 4). The extractor itself is simple. It reads
the full committed oracle, the challenge, and the response pair, and finds the
good columns, those that pass the verifier’s column tests. If there are enough
of them, it decodes each witness row on the good columns by unique decoding
with at most s errors. It returns the decoded polynomial tuple if all errors lie
in one common set of at most s columns and the induced witness satisfies the
statement, and ⊥ otherwise. The guarantee we prove for it differs from the usual
one in two ways.

– The extractor is deterministic and never reads the verifier’s query. Hence each
fixed child tuple determines a parent response, and whether the parent ex-
tractor fails on it, independently of the parent query.

– The bound is response-uniform. For each challenge, a single bound on the
fraction of accepted queries applies to every response on which extraction
fails, and these bounds average to at most the per-level error ε over the chal-
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lenges. The bound extends to a family of statements in which some outputs
are declared unwanted, provided that no tuple is unwanted for more than a
fraction ρ of the family; the error becomes ε+ (1− ε)ρ.

These two properties are what the recursion needs. Call a child tuple unwanted
if the parent extractor fails on the response it encodes, or returns an output that
is unwanted higher in the recursion. By the first property, this classification does
not depend on the parent query; by the second, each unwanted tuple passes the
parent’s tests on only a small fraction of parent queries. Applying the child’s
guarantee with these unwanted sets controls all child tuples at once, with no
factor for their number, and a backward induction over the levels composes the
per-level errors. The proof that our extractor meets this guarantee (Section 7)
is where the MDS theorem is used.

The result. For every root oracle, root statement, and prover strategy, the prob-
ability that the verifier accepts while the recursive extractor fails is at most
κ0 = 1−

∏L
j=0(1− εj) ≤

∑L
j=0 εj , where εj is the error of level j (Theorem 5).

Every successful output induces a witness that satisfies the root statement. For
a false root statement, extraction therefore always fails, and every prover is ac-
cepted with probability at most κ0. These guarantees are for the interactive
oracle proof: oracles are ideal, and the binding of the commitment and the Fiat–
Shamir transform are outside the analysis.

Machine-checked proofs. Our knowledge-soundness analysis is formalized in
Lean 4. Every parameter and proof size reported in Section 8 has an exact ra-
tional certificate, checked in Lean, that connects its parameters to this verifier,
its error to the target 2−λ, and its byte count to the communication model. For
zero knowledge, Lean proves that the distributions of the root view coincide for
a bounded batch of root columns chosen after both responses.

Organization. Section 3 proves the MDS theorem for polynomial challenges.
Section 4 specifies the ordinary and recursive protocols and proves complete-
ness. Section 5 proves zero knowledge for the oracle view. Section 6 defines the
extractor and derives recursive extraction and soundness from the per-level ex-
traction bound. Section 7 proves the per-level extraction bound using a fixed
rank exception, reduced affine systems, and marginal system-exception bounds.
Section 8 presents the numerical instantiations and their communication model.
Appendix A proves the binomial counting inequalities used in the per-level anal-
ysis.

AI Statement: Our work on this result has been ongoing for several months, well
before LLMs were capable. Recently, we have extensively used Gemini, Claude,
and OpenAI to verify our result by producing Lean proofs of main theorems
and to verify and simplify our written proofs. By our measure, the tools have
improved the paper quality. The authors take full responsibility for the results
in the paper.
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2 Notation

A setup is a tuple (F, n,x,m, k, s) consisting of a finite field F with q = |F| > n
elements, integers n ≥ 1, m ≥ 0, k ≥ 1, and s ≥ 0, and distinct evaluation points
x = (x1, . . . , xn) ∈ Fn. All vector spaces, spans, and dimensions are finite and
over F. We write [n] = {1, . . . , n}.

Words. A word is a vector u ∈ Fn, with jth coordinate uj . Its support is
supp(u) = {j ∈ [n] : uj ̸= 0}. Let ej be the word that is one at coordi-
nate j and zero elsewhere, let 1 = (1, . . . , 1) be the constant word, and write
u⊙ v for the coordinatewise product of two vectors of the same length, so that
u ⊙ v = (u1v1, . . . , unvn) for words. Honest parties in our protocols commit
to codewords, but we analyze malicious parties, who may commit to arbitrary
words w = (w1, . . . , wm) ∈ Fn×m.

Reed–Solomon codes. For a nonnegative integer r, let P<r = {p ∈ F[X] : deg p <
r}, so that P<0 = {0}, and let P≤r = P<r+1. Define

ev(p) = (p(x1), . . . , p(xn)), Cr = ev(P<r),

so that ev(1) = 1. For a set S ⊆ [n], evaluation at the points xj with j ∈ S
has rank min(r, |S|) on P<r: it is injective when r ≤ |S| by the root bound,
and surjective when r ≥ |S| by interpolation. Hence, for 0 ≤ r ≤ n, Cr is the
Reed–Solomon code RS[n, r] of length n and dimension r, with rate ρ = r/n
and, for r ≥ 1, minimum distance n− r + 1.

Polynomial challenges and the shift. A polynomial challenge multiplies a word
coordinatewise by the evaluations of a polynomial. Multiplication by X is the
linear shift operator shift v = ev(X)⊙ v, that is, (shift v)j = xjvj ; in particular,
shift ev(p) = ev(Xp). Since shifta v = ev(Xa)⊙ v, linearity gives, for every B =∑

a baX
a ∈ F[X],

ev(B)⊙ v =
∑
a

ba shifta v, (2.1)

a linear combination of v, shift v, . . . , shiftdegB v.

3 Low-dimensional spaces become MDS after puncturing

We prove that low-dimensional spaces generated by polynomial challenges be-
come maximum distance separable (MDS) after deleting a few coordinates: re-
striction to any set of remaining coordinates whose size equals the remaining
dimension has full rank. We will use this property once in the soundness anal-
ysis, to establish the MDS structure of a union of overlapping canonical cores
(Lemma 12).
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3.1 The explosion lemma

For a linear operator L on a space V , a subspace J is invariant if LJ ⊆ J . A
vector c is cyclic if V = span{Lac : a ≥ 0}.

Lemma 1. Let L : V → V be linear, and let U ⊆ V be a subspace containing a
cyclic vector for L. Assume

dim(U + LU) ≤ dimU + 1.

Let J ⊆ V be an invariant subspace. If U ∩ J is not invariant, then

U + J = V.

Proof. Pick v ∈ U ∩J with Lv /∈ U ∩J . Since J is invariant, Lv ∈ J , so Lv /∈ U .
Thus Lv supplies a new direction modulo U . The dimension bound says there is
room for only this one direction:

U + LU = U + span{Lv} ⊆ U + J.

It follows that
L(U + J) = LU + LJ ⊆ U + J.

The enlarged space is invariant and contains a cyclic vector. It therefore contains
all its iterates and equals V . ⊓⊔

3.2 Low dimension forces slow growth

Put R = k+s, and recall that CR consists of evaluations of polynomials of degree
less than R. For arbitrary words w1, . . . , wm ∈ Fn, put

U = CR + span{shifta wi : 1 ≤ i ≤ m, 0 ≤ a ≤ s}. (3.1)

The next lemma shows that, when U has low dimension, shifting adds at most
one new dimension. The key fact is that successive dimension increments de-
crease.

Lemma 2. Let U be as in (3.1). If dimU ≤ k + 2s and dimU < n, then
dim(U + shiftU) ≤ dimU + 1.

Proof. Put U−1 = Ck−1 and, for 0 ≤ a ≤ s+ 1, put

Ua = Ck+a + span{shiftb wi : 1 ≤ i ≤ m, 0 ≤ b ≤ a}.

Then Us = U , shiftU−1 ⊆ U0, and Ua+1 = Ua + shiftUa for 0 ≤ a ≤ s. For these
indices, the maps

Ua/Ua−1 −→ Ua+1/Ua, [u] 7−→ [shiftu],

are well-defined: changing u by an element of Ua−1 changes its shift by an element
of Ua, since shiftUa−1 ⊆ Ua. They are surjective because Ua+1 = Ua + shiftUa:
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every class modulo Ua is represented by the shift of some u ∈ Ua. Thus the
integer increments ∆a = dimUa − dimUa−1 are nonincreasing.

By definition, CR ⊆ U and R = k + s. By hypothesis, dimU < n, so CR is
proper and therefore R < n. Hence k − 1 < k + s = R < n, and dimU−1 =
dim Ck−1 = min{k − 1, n} = k − 1. There are s + 1 increments ∆0, . . . ,∆s

from U−1 to Us = U . Telescoping gives
∑s

a=0∆a = dimU − (k − 1). Since the
increments are nonincreasing,

(s+ 1)∆s+1 ≤
s∑

a=0

∆a = dimU − (k − 1) ≤ 2s+ 1 < 2(s+ 1).

The bound dimU − (k − 1) ≤ 2s + 1 uses the hypothesis dimU ≤ k + 2s. So
∆s+1 is an integer less than 2, and thus ∆s+1 ≤ 1. Since Us+1 = U + shiftU and
Us = U , this proves the claim. ⊓⊔

3.3 Puncturing yields an MDS code

A linear code of dimension r is MDS exactly when restriction to any r coordinates
has full rank. We prove that removing at most s coordinates from the space in
(3.1) yields an MDS code.

Recall that ej is the word that is 1 at coordinate j and 0 elsewhere.

Theorem 1. Let w1, . . . , wm ∈ Fn be arbitrary words, and put

U = CR + span{shifta wi : 1 ≤ i ≤ m, 0 ≤ a ≤ s},

as in (3.1). Assume dimU ≤ k + 2s and dimU < n. Set E = {j : ej ∈ U} and
S = [n] \ E. Then

|E| ≤ dimU −R, (3.2)

and, for all H ⊆ S,

dim(U |H) = min{|H|,dimU − |E|}. (3.3)

Thus the punctured code U |S has dimension dimU − |E| and is MDS.

Proof. For A ⊆ [n], let PA be the subspace of Fn supported on A. By definition
of E, we have PE ⊆ U . By definition, S = [n] \ E, so |S| = n − |E| and the
restriction map U → FS , u 7→ u|S , has kernel PE . Rank–nullity gives dim(U |S) =
dimU − |E|. By (3.1), CR|S ⊆ U |S . The evaluation rank formula from Section 2
therefore gives

min{R, |S|} = dim(CR|S) ≤ dim(U |S) = dimU − |E| < n− |E| = |S|,

where the strict inequality uses the hypothesis dimU < n. The minimum must
therefore be R, giving R ≤ dimU − |E| and proving (3.2).

Take any H ⊆ S, and let J = P[n]\H be the kernel of restriction to H. The
space J is invariant under shift because shifting preserves support. We consider
two cases.

9



If U ∩ J is invariant under shift, it is spanned by the vectors ej it contains.
Indeed, for any word u in an invariant space and any j with uj ̸= 0, interpolation
and (2.1) express ej as a linear combination of shifts of u. For each j ∈ E, we
have ej ∈ U by definition of E, and ej ∈ J because H ⊆ S = [n] \ E, so ej
vanishes on H. Conversely, ej ∈ U ∩ J implies j ∈ E by definition of E. Thus
U ∩ J = PE , and rank–nullity gives

dim(U |H) = dimU − dim(U ∩ J) = dimU − |E|.

If U ∩ J is not invariant under shift, apply the explosion lemma. The vector
1 ∈ CR ⊆ U is cyclic because its shifts are the monomial evaluations, which span
Fn by interpolation. The dimension hypotheses and Lemma 2 give dim(U +
shiftU) ≤ dimU + 1, so Lemma 1 gives U + J = Fn. Since every vector in
J vanishes on H by definition of J , restriction to H maps U onto FH , giving
dim(U |H) = |H|.

In either case,

dim(U |H) ≥ min{|H|,dimU − |E|}.

The reverse inequality follows because restriction from S to H cannot increase
dimension, and dim(U |H) ≤ |H|. This proves (3.3).

Finally, U |S has dimension dimU − |E|. For every set H ⊆ S of that size,
(3.3) says that restriction from U |S to H has full rank. This is precisely the MDS
property. ⊓⊔

Bibliographical notes The explosion lemma appears in several other words where
it is explained as an elementary consequence of submodularity of dimension
growth; see Bachoc–Serra–Zémor [BSZ17] and [BSZ18]. Brunovský states the
decreasing-increment principle used in Lemma 2 in his treatment of controlla-
bility indices [Bru70, Lemma 1(i), p. 175].

4 The recursive Polygero protocol

We are now ready to present a practical IOP protocol that ultimately relies on the
polynomial challenge idea and the structural MDS lemma from the previous sec-
tion. Although we believe the MDS theorem can be used to improve many IOPs,
we here choose to introduce Polygero, a natural extension of Ligero [AHIV17]
that uses our polynomial challenges, applies a recursive construction that leads
to a poly-logarithmic sized proof, and exploits an analysis that extends close
to the Johnson bound. We choose this direction because it is the conceptually
simplest way to enforce linear and quadratic constraints on the inputs and to
achieve the zero-knowledge property. Section 8 reports certified proof sizes for
this construction.

We remark that the original Ligero paper’s analysis (specifically the analysis
of the linear constraints) does not extend past the unique decoding regime;
Flock [BRW26] is analyzed only for binary fields under a specific construction,
and WHIR [ACFY24] requires a finite field with specific root structures. In
contrast, our protocol has none of these restrictions.
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4.1 Overview

Polygero, like Ligero [AHIV17], proves that a public system of linear and
quadratic constraints is satisfiable. A statement asserts that there exist witness
values w = (w1, w2, . . .) such that

– the linear constraints Aw = b hold, for a public matrix A and vector b; and

– for each multiplication gate, given by a triple of indices (i1, i2, i3), the
quadratic constraint wi1wi2 = wi3 holds.

These constraints suffice to express the satisfiability of any arithmetic circuit
over F: every wire value becomes a witness value, addition gates and wiring be-
come linear constraints, and multiplication gates become quadratic constraints.
The statements are therefore universal.

The protocol works roughly as follows. The prover arranges the witness values
into a matrix with d rows and |W| columns; these dimensions, like the code
parameters below, are optimized in Section 8. The prover encodes each row r
with a Reed–Solomon code in two steps.

1. It interpolates a row polynomial fr of degree less than k that takes the row’s
witness values at fixed public points ξa, one for each column a ∈ W. In
the zero-knowledge variant, the remaining degrees of freedom are chosen at
random.

2. It evaluates fr at the n code points x1, . . . , xn, which gives the codeword
ev(fr) ∈ Ck = RS[n, k] of the Reed–Solomon code with length n, dimension
k, and rate ρ = k/n.

For multiplication, the prover places the two inputs and the output of each
gate at the same position of three rows, which form a row triple g. The two
input rows are interpolated with degree less than k/2, and the output row is
their polynomial product, so the identity fi1(g)fi2(g) = fi3(g) holds at every code
point. This choice is different from Ligero and Ligerito [NA25]; as shown by the
Longfellow [Fs24] scheme, the most efficient use of an IOP requires only a small
number of quadratic constraints, and so we optimize for that case.

In the case of zero-knowledge, the prover appends three random mask rows:
two mask the linear response and one masks the proximity response. We include
these rows so that the soundness theorem applies in both cases.

Altogether, the encoded rows form a tableau with n columns, and the prover
commits to it column by column, in practice with a Merkle tree whose leaves
are the columns. Our analysis treats this commitment as an oracle (Section 1).

The verifier then sends a challenge γ = (α,B). The linear challenge α com-
bines the linear constraints into a single equation, and the polynomial challenge
B = (B1, . . . , Bm) combines the rows with polynomial coefficients of degree at
most s, as in Section 3. The prover answers with two polynomials. Although
our analysis treats them together, we follow the historical presentation of Ligero
and call them the proximity response p, of degree less than R = k + s, which
should equal the challenged combination of the rows, and the linear response Z,
of degree less than 2k, which certifies the combined linear constraint. Finally,
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the verifier opens t random columns of the tableau and checks the responses
against them, together with the multiplication identities and one global sum;
Section 4.4 states these tests precisely. In the recursive protocol, the prover does
not send the coefficients of p and Z. It instead commits to them as the witness
of a smaller child instance (Sections 4.5 and 4.6).

4.2 Statements, witnesses, and public encoding data

An invocation of Polygero is parameterized by a setup (F, n,x,m, k, s) as in
Section 2, whose witness rows are codewords of Ck = RS[n, k] of rate ρ = k/n,
and by the number t of columns that the verifier opens, where 0 ≤ t ≤ n. The
number m of challenged rows is fixed in Section 4.3. Let R = k + s ≤ n be the
degree bound for the proximity response.

Witness layout. Fix a k-element interpolation set Ω ⊆ F disjoint from the code
points, which requires n + k ≤ q, and a finite set W of logical positions with
distinct points ξa ∈ Ω for a ∈ W. A witness has dw linear rows and M row
triples for multiplication, giving d = dw + 3M rows. Row triple g ∈ M = [M ]
consists of the rows

i1(g) = dw + g, i2(g) = dw +M + g, and i3(g) = dw + 2M + g,

which hold the first inputs, the second inputs, and the outputs of |W| multi-
plication gates, one at each logical position. A statement therefore has M |W|
scalar multiplication constraints.

Definition 1 (Statement and witness). Fix a finite index set I for the linear
constraints. A witness is a matrix w ∈ F[d]×W with rows w1, . . . , wd ∈ FW ; for
linear algebra, we also regard w as a vector indexed by [d]×W. A statement is a
pair σ = (A, b) with A ∈ FI×([d]×W) and b ∈ FI . A witness w satisfies σ, written
Sat(σ,w), if

Aw = b, (4.1)

wi1(g) ⊙ wi2(g) = wi3(g) for all g ∈ M. (4.2)

A statement is true if some witness satisfies it, and false otherwise.

Since ⊙ is the coordinatewise product of rows, (4.2) imposes the gate of row
triple g at every logical position. Logical positions that a statement leaves un-
constrained, such as the unused slots of a child witness (Section 4.5), correspond
to zero columns of A. The row indices, logical positions, multiplication layout,
and index set I are fixed before execution; only A and b vary with the state-
ment. Only the top level of the recursion may have row triples; at every positive
recursive level, M = 0.
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Constraint polynomials. Our protocol requires mapping the linear constraints
Aw = b into polynomials. For a linear challenge α ∈ FI , the row vector α⊤A
combines the constraints into the single constraint α⊤Aw = α⊤b; like a witness,
it is indexed by [d] × W. For r ∈ [d], the constraint polynomial Cσ,α,r ∈ P<k

interpolates row r of α⊤A at the logical points and vanishes at the other points
of Ω:

Cσ,α,r(ξa) = (α⊤A)r,a (a ∈ W), Cσ,α,r(y) = 0 (y ∈ Ω \ {ξa : a ∈ W}).

Since |Ω| = k, this determines Cσ,α,r uniquely. The map is designed for the
following identity. If row polynomials fr take the witness values, fr(ξa) = wr,a,
then ∑

a∈W

d∑
r=1

Cσ,α,r(ξa) fr(ξa) =
∑
r,a

(α⊤A)r,a wr,a = α⊤Aw.

Thus the combined constraint holds exactly when the polynomial
∑

r Cσ,α,rfr
sums to α⊤b over the logical points, which is what the linear response certifies
(Section 4.4).

4.3 Honest row polynomials and masks

Here we describe how the honest prover encodes a witness as row polynomials,
and how it adds mask rows, which are random rows needed for zero knowledge
and may be zero when only soundness is needed.

Row polynomials. An honest encoding realizes the witness by row polynomials
f1, . . . , fd ∈ P<k with fr(ξa) = wr,a for all r ∈ [d] and a ∈ W, and forms the
output row of each row triple as the polynomial product of its two input rows.
Section 4.4 gives concrete encoders.

Masks. Besides the d witness rows, the prover commits to two linear-mask rows
fd+1, fd+2, which receive polynomial challenges like the witness rows, and to a
proximity mask f⋆ with default challenge 1. An opened column therefore contains
d+ 3 field elements. The honest mask conditions are

fd+1 ∈ P<k ∧ fd+2 ∈

{
f ∈ P<k :

∑
a∈W

f(ξa) = 0

}
∧ f⋆ ∈ P<R.

(4.3)

The linear masks are added to the linear response through two further public
polynomials, which hide them from the sum over the logical points. Fix a set
E ⊆ Ω \ {ξa : a ∈ W}, which may be empty for a non-hiding encoder; let
v(X) =

∏
y∈Ω(X − y), and let zR ∈ P<k be zero on E and one on the rest of Ω.

Together with the constraint polynomials, the public polynomials satisfy

deg v = k ∧ zR ∈ P<k ∧ Cσ,α,r ∈ P<k, (4.4)

v(ξa) = 0 ∧ zR(ξa) = 1 ∧ Cσ,α,r(ξa) = (α⊤A)r,a. (4.5)
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By (4.5), at the logical points the term vfd+1 vanishes and zRfd+2 agrees with
fd+2, whose values there sum to zero by (4.3); so neither mask changes the
sum of the linear response over the logical points. The conditions on the row
polynomials and masks in this subsection are the honest-encoding conditions
used for completeness.

The committed oracle. An honest prover commits to the column oracle

∀j ∈ [n] : W (j) =
(
f1(xj), . . . , fm(xj), f⋆(xj)

)
∈ Fm+1. (4.6)

A malicious oracle is simply W = (W1, . . . ,Wm,W⋆) ∈ (Fn)m+1. We view
an oracle as the function j 7→ W (j) that returns column j, so W (j) =
(W1,j , . . . ,Wm,j ,W⋆,j), where Wr,j is the jth entry of the word Wr. The chal-
lenged rows W1, . . . ,Wm are the words of the setup, and the proximity mask
W⋆ supplies the offset in the proximity equation (7.4). The names “witness row”
and “mask row” impose no degree or zero-sum condition. The proximity and
linear tests both use the two linear-mask rows, with the same opened entries.

4.4 Base Polygero

In this section, we describe a base-case invocation of Polygero.

Challenge space. The verifier samples independent uniform challenges

α ∈ A := FI , B = (B1, . . . , Bm) ∈ B := (P≤s)
m,

γ = (α,B) ∈ Γ := A× B.

The linear challenge α combines the linear constraints into one global equation.
The polynomial challenge B defines the challenged word against which the veri-
fier checks the proximity response. The complete challenge space consists of the
pairs γ = (α,B) and has cardinality

C = |Γ | = q|I|+m(s+1). (4.7)

Prover’s response. The Prover honest responses are

p = f⋆ +

m∑
r=1

Brfr ∈ P<R, (4.8)

Z =

d∑
r=1

Cσ,α,rfr + vfd+1 + zRfd+2 ∈ P<2k. (4.9)

i.e., the Prover sends one polynomial of degree less than R and another of degree
less than 2k.
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Verifier check. The proximity response p is compared with the challenged word.
The linear response Z is compared with a linear functional of each opened column
and tested by a global witness-sum equation. Their degree bounds account for
R+ 2k = 3k + s coefficients.

For arbitrary committed words, define

(YB)j =W⋆,j +

m∑
r=1

Br(xj)Wr,j ,

Lσ,α,j(y) =

d∑
r=1

Cσ,α,r(xj)yr + v(xj)yd+1 + zR(xj)yd+2.

After the responses are fixed, the verifier samples uniformly from the query set

Q = {Q ⊆ [n] : |Q| = t}, |Q| =
(
n

t

)
. (4.10)

Thus |Q| counts all possible verifier queries. At every j ∈ Q it checks

p(xj) = (YB)j , (4.11)

Z(xj) = Lσ,α,j

(
W1,j , . . . ,Wm,j

)
, (4.12)

∀g ∈ M : Wi1(g),jWi2(g),j =Wi3(g),j , (4.13)

and it also checks ∑
a∈W

Z(ξa) = α⊤b. (4.14)

The proximity equation compares p with YB . The linear and witness-sum equa-
tions test the linear constraints. Multiplication is checked directly on opened
witness-row entries.

Protocol 1: One-shot Polygero

Public input: a statement σ and the encoding data of Section 4.2.
Honest prover input: a satisfying witness.

1. The committed oracle (Section 4.3). The prover commits to an oracle
W . An honest prover encodes its witness by the row polynomials and
masks of Section 4.3 and commits to (4.6).

2. Challenge space. The verifier samples and sends a uniform challenge
γ = (α,B) ∈ Γ .

3. Prover’s response. The prover sends the coefficient vectors of p ∈ P<R

and Z ∈ P<2k; responses outside these spaces are rejected. An honest
prover uses (4.8)–(4.9).

4. Verifier check. The verifier samples Q ∈ Q uniformly, opens the columns
in Q, and accepts exactly when (4.11)–(4.14) all hold.
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For bounded responses, define the good-column set

GW (σ, γ, p, Z) = {j ∈ [n] : all three column tests (4.11)–(4.13) hold at j}.
(4.15)

Write Verify(W,σ, γ, p, Z,Q) for the predicate requiring (4.14) and Q ⊆
GW (σ, γ, p, Z). Once the separate witness-sum equation holds, acceptance
is exactly containment in the good-column set. This turns the verifier equations
into the subset counts used in soundness.

Concrete honest encoders. For a logical row y ∈ FW and h ≥ |W|, the affine
space

Fh(y) = {f ∈ P<h : ∀a ∈ W : f(ξa) = ya}

is nonempty by interpolation. It describes the polynomial extensions of the pre-
scribed logical values. For a purely linear layout, assign zero at every nonlogical
point of Ω and interpolate. This gives a fixed linear map from logical rows
to row polynomials. Together with zero masks, it satisfies the honest-encoding
conditions at all positive recursive levels. These child encoders require no inde-
pendent hiding property: their inputs encode responses already available to the
zero-knowledge simulator of Section 5.

An ordinary root encoder. Independent interpolation of a row triple need not
preserve the multiplication tests at the code points. Instead, fix renc ≥ 0, assume
|E| = renc, and use the sufficient degree budget

k = 2(renc + |W|).

Given a satisfying witness, independently sample

∀r ∈ [dw] : fr uniformly in Fk(wr),

∀g ∈ M : fi1(g) uniformly in Frenc+|W|(wi1(g)),

∀g ∈ M : fi2(g) uniformly in Frenc+|W|(wi2(g)),

and set fi3(g) = fi1(g)fi2(g) ∈ P<k. The logical multiplication equations give
the prescribed output values at every ξa, while the polynomial identity holds
at every code point. Independently sample the three masks uniformly from the
spaces in (4.3). Section 8 also considers unmasked encodings for the numerical
comparison.

Lemma 3 (Base Completeness). Let the witness satisfy the statement and let
the encoding satisfy the honest-encoding conditions. Then the honest responses
pass the ordinary verifier for all challenges and queries.

Proof. The public and row degrees give the response degree bounds. Their def-
initions give both response equations at the code points, and the product rows
give the multiplication tests. At the logical points, v vanishes, zR equals one, and
the zero-sum linear mask contributes zero to the witness sum. Equations (4.5)
and the linear constraints then give (4.14). ⊓⊔
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Soundness. We defer proving soundness until Section 6 where we exhibit an
extractor that reads the full committed oracle and the transcript, decodes the
witness rows on the columns that pass the verifier’s tests, and outputs a witness
after checking that it satisfies the statement.

4.5 Recursive Polygero

The one-shot protocol can be optimized to produce proofs that grow roughly as
the square-root of the size of the witness |w|. We now explain how to apply the
construction recursively to attain a proof that only requires O(λ log(|w|)) field
elements in the IOP model where λ is a security parameter.

The verifier’s proximity, linear, and witness-sum checks (4.11), (4.12),
and (4.14) are linear constraints on the coefficients of the response (p, Z); only
the multiplication checks (4.13) do not involve the response. A natural way to
shrink the proof is therefore to apply the same mechanism recursively, without
zero knowledge or quadratic constraints, to prove that “there exists a response
that satisfies these constraints.” This idea leads to a recursive instantiation of
Polygero. The intuitive argument for its soundness faces obstacles: the child
oracle is committed before its statement is known, and a malicious child oracle
need not encode a unique response. Section 6 handles these obstacles; here we
describe the protocol.

Packing the response. Write p(X) =
∑

i<R piX
i and Z(X) =

∑
i<2k ziX

i. Be-
fore execution, fix a map from these 3k + s coefficient positions into the logical
slots of the child witness layout. Let pack(p, Z) place the coefficients in their slots
and fill the remaining slots with zero, and let unpack(w) read the designated slots
of a child witness w. Then

unpack(w) ∈ P<R × P<2k ∧ unpack(pack(p, Z)) = (p, Z), (4.16)

where the degree bounds hold for every child witness, satisfying or not, because
they come from the fixed placement.

The child statement. After the parent opens the columns in Q, the child
statement σQ asks whether the packed coefficients pass the parent’s response-
dependent tests. Its constraints are, for each j ∈ Q,

R−1∑
i=0

pix
i
j =W⋆,j +

m∑
r=1

Br(xj)Wr,j , (4.17)

2k−1∑
i=0

zix
i
j = Lσ,α,j

(
W1,j , . . . ,Wm,j

)
, (4.18)

together with the global constraint

2k−1∑
i=0

zi

(∑
a∈W

ξia

)
= α⊤b. (4.19)
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Everything except the packed coefficients is public after the openings, so these
are 2t+1 linear constraints on the child witness, and they leave the unused slots
unconstrained. The parent performs the multiplication checks itself, so the child
statement is purely linear. A fixed ordering of the code columns enumerates Q,
so the child’s layout and constraint index set are fixed before execution; only
its coefficients and targets depend on the parent transcript. The statement σQ
is defined for every query Q, but the verifier continues only when the parent
multiplication checks pass.

4.6 The recursive protocol

A recursive execution has depth L ≥ 0, with levels ℓ = 0, . . . , L. Each level has
its own setup and layout, indicated by a subscript (for instance, Rℓ = kℓ + sℓ),
and the coefficient placements between successive levels are fixed in advance.
Depth zero is the ordinary protocol.

The child oracle is committed before the parent query, while its statement
is determined only by the openings. This is possible because the child’s witness
layout does not depend on its statement, and our soundness analysis is uniform
over all coefficients and targets in that fixed layout.

Protocol 2: recursive Polygero, starting with a committed root
oracle

Initial state: root statement σ0 and committed root oracle W0.
At level ℓ:

1. The verifier samples and sends fresh independent uniform γℓ ∈ Γℓ.

2. If ℓ < L, the prover commits to a child oracle Wℓ+1 intended to en-
code the parent response coefficients. Those coefficients are not sent
explicitly.

3. At a nonterminal level, the verifier samples Qℓ uniformly and opens
Wℓ there. It performs the parent multiplication checks. If they pass,
the openings and γℓ determine σℓ+1 by (4.17)–(4.19), and execution
continues at the child.

4. At level L, replace steps 2–3 by the ordinary response message and tests:
the prover sends pL, ZL before QL is sampled, and the verifier performs
the ordinary invocation.

Accept exactly when all parent multiplication checks pass and the termi-
nal invocation accepts. Earlier response-dependent equations are imposed
through child statements.

The essential nonterminal order is

γℓ −→Wℓ+1 −→ Qℓ and parent openings −→ σℓ+1. (4.20)

Well-formed protocol data. Each level is an invocation of Section 4.4 with its
own setup (F, nℓ,x(ℓ),mℓ, kℓ, sℓ), its own layout, and its own committed oracle
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Wℓ. Within a level, the code points are distinct and disjoint from that level’s
interpolation set, and the public polynomials satisfy (4.4)–(4.5), by the con-
struction of Sections 4.2 and 4.3. Levels may use different code lengths, so their
evaluation points need not coincide. Consecutive levels are linked in one way
only: the coefficients of the level-ℓ response are placed into logical positions of
the level-(ℓ+ 1) witness (Section 4.5). The protocol data are well formed when
every layout and this placement are fixed before execution, each child layout has
at least 3kℓ + sℓ logical slots for its parent’s response, and messages follow the
order (4.20). These conditions constrain only public data, not committed words;
completeness also uses the honest-encoding conditions of Section 4.3.

Prover strategies. Our bounds hold against every prover. A prover strategy com-
putes each prover message as a deterministic function of the transcript so far; it
does not see later verifier choices. A fixed root oracle, statement, strategy, and
sequence of verifier choices therefore determine one transcript. A randomized
prover is covered by fixing its coins and averaging the bounds. For counting, an
execution that rejects early is padded with dummy messages and fresh verifier
choices, so that every complete sequence of verifier choices has the same form.

4.7 Completeness and proof size

The next lemma is the bridge between consecutive levels: a child witness satisfies
the induced statement exactly when the response it encodes passes the parent’s
tests. Completeness uses it below, and the soundness analysis uses it to compose
extraction across levels (Section 6).

Lemma 4 (Exact substitution). Fix a parent transcript through its openings
and a child witness w. Put (p, Z) = unpack(w). Then[

parent multiplication checks pass ∧ Sat(σℓ+1, w)
]

⇐⇒ Verify(Wℓ, σℓ, γℓ, p, Z,Qℓ).

Proof. Evaluation is linear in the coefficient vector. The child equations repeat
precisely the proximity, linear, and witness-sum tests, without constraining un-
used slots. The other parent tests are exactly the multiplication checks. This
proves the equivalence for all child witnesses. ⊓⊔

What we count. We measure proof size in field elements, in the oracle model. We
count every field element that the prover reveals to the verifier: the entries of all
opened columns, summed over the oracles of all levels, and the coefficients that
the prover sends explicitly. An opened column of the level-ℓ oracle reveals dℓ+3
field elements: one entry of each witness row, of the two linear-mask rows, and
of the proximity mask. We ignore the overhead of realizing the oracles, namely
commitments (such as Merkle roots), the authentication paths that accompany
opened columns, and salts. We also count only messages from the prover; the
verifier’s challenges and query indices are listed separately in Theorem 2.
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Theorem 2 (Completeness and proof size). Assume well-formed protocol
data of depth L. Let σ0 be a root statement, let w be a witness with Sat(σ0, w),
and let W0 be an encoding of w that satisfies the honest-encoding conditions of
Section 4.3.

(i) Perfect completeness. Consider the honest strategy: at each level ℓ < L,
after receiving γℓ, the prover computes the honest responses (4.8)–(4.9), packs
them into a child witness, and commits to its encoding by the child’s linear
encoder with zero masks; at level L, it sends the honest responses. This is
a prover strategy in the sense of Section 4.6, and the verifier accepts it for
every sequence of verifier choices.

(ii) Proof size. In every execution in which all mask coordinates are transmitted,
the verifier reads (dℓ + 3)tℓ field elements at each level ℓ it reaches, and the
prover sends only the terminal responses, of 3kL + sL field elements. The
proof size is therefore at most

L∑
ℓ=0

(dℓ + 3)tℓ + 3kL + sL, (4.21)

with equality for executions that reach level L. The verifier sends |Iℓ|+ (dℓ +
2)(sℓ+1) challenge coefficients and tℓ query indices at level ℓ, and the level-ℓ
oracle has (dℓ + 3)nℓ field entries.

Proof. For (i), the child encoder exists because a child has no multiplication
constraints, so its encoder need not know the later statement; the zero masks
satisfy (4.3). For every parent query, Lemma 3 shows that the honest responses
pass the parent’s tests, so Lemma 4 shows that the packed witness satisfies
the induced statement. The child encoding again satisfies the honest-encoding
conditions, so the same argument applies at every level, and Lemma 3 gives
acceptance at level L. Every action uses only the preceding transcript, so this is
a prover strategy.

For (ii), an opened column of the level-ℓ oracle holds the dℓ witness rows, the
two linear-mask rows, and the proximity mask, and the verifier opens tℓ columns.
Earlier responses are encoded in child oracles rather than sent, and the terminal
responses have RL+2kL = 3kL+ sL coefficients. The challenge γℓ has |Iℓ| linear
and mℓ(sℓ + 1) = (dℓ + 2)(sℓ + 1) polynomial coefficients. ⊓⊔

A mask row that the protocol fixes publicly to zero need not be transmit-
ted, which only lowers (4.21). Section 8 accounts for these omissions and adds
commitments, authentication, and salts.

The security parameter must control both the query count and the field size.
The following schedule gives a simple explicit bound; the numerical schedules in
Section 8 use the sharper per-level formula directly.

Corollary 1 (Logarithmic proof size). Let λ ≥ 4 be an integer, and let the
workload consist of N ordinary witness values and M multiplication gates. Then
there exists a schedule over a binary field of size

q = 2λ+⌈log2 n⌉, n 2λ ≤ q < 2n 2λ,
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with perfect completeness, soundness error at most 2−λ, and prover communi-
cation at most

t(15 + 16L) field elements,

where

t = max

{
3

⌈
λ+ 3

2

⌉
, 16

}
, k0 = 2max

{
1,

⌈
N + 6M

10

⌉}
,

n = 8k0, L = ⌈log4 max{1, k0/t}⌉ .

The communication bound is O(λ(1+ log(N +M +1))) field elements, indepen-
dently of the number of linear constraints.

The proof, a direct computation, appears in Appendix B. This is a general-
purpose analytic bound. We apply numerical optimizations of the schedule to
present sharper concrete communication bounds in §8.

Remark 1. This corollary counts prover-supplied field elements from opened col-
umn values and terminal response coefficients in the IOP model. It therefore
excludes commitments and authentication data. For fixed λ, this count is loga-
rithmic in N +M + 1. Each field element takes λ + ⌈log2 n⌉ bits, so the corre-
sponding bit bound is O(log2(N +M + 1)). ⊓⊔

5 Zero knowledge

We prove that recursive Polygero with a masked root encoder is perfect zero
knowledge in the oracle model, against verifiers that read a bounded number
of root columns. To do so, we construct, for every such verifier, an efficient
simulator that generates the verifier’s view of an interaction with the honest
prover from the statement and the verifier’s auxiliary input, without knowing the
witness. For every satisfying witness, the real and simulated views have exactly
the same distribution. For a single invocation, the protocol is Ligero with slightly
different masks, so we recall the argument of [AHIV17, Lemma 4.13] briefly and
concentrate on the differences: the proximity mask of degree bound R, the two
linear masks, and the recursion.

Honest prover. Let Ξ = {ξa : a ∈ W} be the set of witness positions at the
root. The honest prover encodes its witness with the ordinary root encoder of
Section 4.4, with parameter renc, a set E ⊆ Ω \ Ξ of |E| = renc points, and
fresh randomness, and then follows the honest strategy of Theorem 2(i). Below
the root, the encoders are the fixed linear encoders with zero masks, so the root
encoding is the prover’s only source of randomness.

Verifiers and views. A verifier V ∗ may deviate arbitrarily from the protocol, but
its messages must have the prescribed form: a challenge γℓ ∈ Γℓ at each level
it reaches, in the message order (4.20), and, at each nonterminal level, a parent
query Qℓ ∈ Qℓ, which defines the child statement and consists of columns that
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V ∗ reads. It has a root query budget of t0: after sending γ0, and at any later
point of the execution, including after it has seen child data, it may read root
columns adaptively, one at a time, but it reads at most t0 distinct root columns
in total. Repeated reads return the same column, and the parent query Q0

counts against the same budget. Reads of child oracles are unrestricted. The
honest verifier reads exactly the t0 columns of Q0, so it satisfies the budget. The
view of V ∗ consists of its auxiliary input, its random coins, the prover’s explicit
messages, and the answers to all of its oracle reads.

Theorem 3 (Perfect zero knowledge). Assume well-formed protocol data of
depth L, let P be the honest prover above, and let t0 ≤ renc. For every verifier
V ∗ with root query budget t0, there is a simulator S that uses V ∗ as a black box,
without rewinding, and runs in time polynomial in the public data, the oracle
sizes, and the running time of V ∗, with the following property. For every root
statement σ0, every witness w with Sat(σ0, w), and every auxiliary input z, the
output of S(σ0, z) has exactly the distribution of the view of V ∗(σ0, z) in an
interaction with P (σ0, w).

Proof. Reduction to the root. It suffices to simulate the root’s response pair (p, Z)
jointly with the root columns that V ∗ reads. Indeed, at a nonterminal root, the
child witness is pack(p, Z), and the child oracle W1 is its image under the fixed
public encoder with zero masks, so the simulator constructs W1 from (p, Z)
before the parent query. The child statement σ1 is determined by γ0, Q0, and
the openings of Q0. Once the simulated openings pass the parent checks, exact
substitution (Lemma 4) makes pack(p, Z) a satisfying witness for σ1, as in an
honest execution. Every later prover message is a deterministic function of this
witness, the child statements, and the verifier’s messages, so the simulator runs
the honest recursive prover itself, while it continues to answer any later root
reads. If the root is terminal, the prover’s only message is the pair (p, Z). Thus
recursion needs no additional hiding randomness.

Witness rows. The additional per-row entropy hides the witness even though
an opening reveals every row at the queried position. A uniform degree-bounded
polynomial extending a row’s witness entries can be written as f0 +

∏
ξ∈Ξ(X −

ξ)ψ, where f0 is one extension and ψ is uniform in the remaining polynomial
space. Multiplication inputs have renc free coefficients; linear rows have at least
renc. At any at most renc code points, which lie outside Ξ, interpolation makes
the queried values independent and uniform, regardless of the witness entries.
Since V ∗ reads at most t0 ≤ renc root columns, this applies to all of its root
reads. Linear rows and multiplication-input rows use independent randomness.
In an honest execution, the opened multiplication inputs are therefore indepen-
dent uniform field elements, and the outputs are their products. The simulator
reproduces this distribution by sampling the inputs and computing the products.

Responses. The masks hide the complete responses. The proximity mask f⋆
is uniform among polynomials of degree less than R = k+ s. Since

∑
r Brfr has

degree less than R, adding f⋆ makes p uniform in that space, independently of
all other honest polynomials. This is the reason why the mask must have degree
bound R, rather than k.
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For the linear response, consider the two linear masks fd+1 and fd+2 of
Section 4.3, and recall that zR vanishes on E. The encoder samples fd+1 ∈ P<k

and fd+2 ∈ P<k independently and uniformly, subject to
∑

ξ∈Ξ fd+2(ξ) = 0.
The linear response Z includes the masking term vfd+1 + zRfd+2. This term is
uniform over all polynomials of degree less than 2k that vanish on E and sum to
zero over the witness positions. Indeed, for any such polynomial T , interpolate
fd+2 = T on Ω \ E, with arbitrary values on E; then fd+1 = (T − zRfd+2)/v
has degree less than k. This is a surjective linear map, so uniform masks give
a uniform image. The witness contribution vanishes on E and sums over the
witness positions to the public value α⊤b, where σ0 = (A, b). Consequently,

Z is uniform in
{
Z ∈ P<2k : Z|E = 0,

∑
ξ∈Ξ

Z(ξ) = α⊤b
}
,

independently of the witness rows. This affine space can be sampled by solving
its public linear constraints; for a true statement it is nonempty.

Opened mask entries. Fixing the responses must also leave enough random-
ness for the opened mask entries. Put Π =

∏
y∈Ω\E(X − y). For fixed witness

rows and Z, the remaining freedom in fd+2 is exactly f
(0)
d+2+Πχ, with χ uniform

in P<renc : adding Πχ changes nothing on Ω \ E, and the change in zRfd+2 is
absorbed by vfd+1. Since Π is nonzero at code points, the opened fd+2-entries
remain independent and uniform at up to renc positions. Fixing p imposes no
further restriction, because the independent proximity mask absorbs it.

The simulator. The simulator runs V ∗ on (σ0, z) and, after receiving γ0, sam-
ples p, Z from these public distributions. For each new root column, it samples in-
dependent uniform linear-row entries, multiplication inputs, and the fd+2-entry,
and sets multiplication outputs to the corresponding products. It solves the lin-
ear equation for the fd+1-entry, dividing by the nonzero value v(xj), and the
proximity equation for the f⋆-entry. These are precisely the honest conditional
distributions given p, Z. Caching answers gives the same joint law for adaptive
queries within the total budget, including queries made after seeing child data.
Continuing with the honest child prover thus reproduces the entire verifier view.
All steps run in polynomial time in the public data, constructed oracle sizes, and
verifier’s running time, without rewinding. ⊓⊔

6 Extraction and soundness

One of the key contributions of this paper is a novel method for analyzing the
soundness of such an IOP through the construction and analysis of an explicit,
deterministic extractor. In contrast to prior extractor algorithms, ours does not
require list-decoding routines or the out-of-domain sampling idea [ACFY24] to
support recursion beyond the unique-decoding regime.

The section is organized around the interface between a single invocation of
the extractor and the recursion. Section 6.1 describes admissible parameters for
our scheme and their induced per-level soundness error ε. Section 6.2 states what
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an extractor for a single invocation must guarantee, and asserts that such an
extractor exists (Theorem 4). This theorem for the single-shot extractor includes
a few unusual clauses, and we explain why the recursion needs each of them.

To motivate its use, Section 6.3 then builds the recursive extractor Extℓ from
any extractor satisfying Theorem 4 and proves, by a comparatively short back-
ward induction, the recursive extraction guarantee and soundness (Theorem 5).
The construction of the per-level extractor and the proof of Theorem 4 are long
and occupy Section 7; they rely on the MDS theorem of Section 3 and on a
careful classification of exceptional events.

6.1 Admissible parameters

The next definition lists all of the constraints on the parameters needed to in-
stantiate our system.

Definition 2 (Admissible parameters with error ε). We say that a tuple
of integer parameters (n, k, t, s, q) is admissible with error ε if

k ≥ 1, s ≥ 0, 1 ≤ t ≤ n, h ≤ n,

k + 2s− 1 < n, n+ k ≤ q, µ+ 1/q < 1,
(6.1)

and
ε = θ + (1− θ)

(
µ+ 1/q

)
, (6.2)

where
R = k + s, c = R+ s+ 1, (6.3)

h = max{k + 2s+ 1, 2k + s}, µ =

(
n

c

)/
qs+1. (6.4)

θ = max
{
δ,

u− 1

2(q − 1)
+

q

2u
ω
}
, (6.5)

δ =

(
h− 1

t

)/(
n

t

)
, ω =

(
k + 2s− 1

t

)/(
n

t

)
, (6.6)

and u is the smallest positive integer with u(u+ 1) ≥ q(q − 1)ω.

Here a binomial coefficient is zero when its lower index exceeds its upper index.
Only ε, h, and s appear in the theorems of this section. The intermediate quan-
tities are used in Section 7: δ bounds acceptance when few columns pass the
verifier’s tests, ω bounds the fraction of queries shared by the auxiliary counting
sets of two distinct systems, µ bounds the rank exception, and θ is the counting
threshold that combines δ and ω.

Admissibility implies θ < 1, and hence ε < 1 because µ + 1/q < 1. Indeed,
h ≤ n, k + 2s − 1 < n, and 1 ≤ t ≤ n give δ < 1 and ω < 1. The definition of
u gives u ≤ q − 1 and bounds the second term in the maximum defining θ by
u/(q − 1). This is strictly less than one if u < q − 1; when u = q − 1, that term
equals (q − 2 + qω)/(2(q − 1)) < 1.
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The conditions 0 ≤ t ≤ n, R ≤ n, and n + k ≤ q imposed in Section 4.2
follow from admissibility, since h > R. The structural requirements on a recursive
execution are those of well-formed protocol data (Section 4.6).

Remark 2 (Setting admissible parameters). Admissibility is easy to achieve with
realistic parameters, because each term of ε has its own knob. Since

(
h−1
t

)
/
(
n
t

)
≤

((h−1)/n)t, the term δ decays exponentially in the number t of opened columns
once the code length n exceeds h by a constant factor, and the same holds for
ω with k + 2s − 1 in place of h − 1; the second term defining θ is then roughly√
ω. The rank term satisfies µ ≤ 2−λ as soon as (s+ 1) log2 q ≥ log2

(
n
c

)
+ λ, so

a large field keeps the challenge degree s small, and the term 1/q is negligible
in such a field. For instance, the tuple (n, k, t, s, q) = (25724, 1640, 64, 74, 2128)
is admissible with error ϵ ≤ 2−120: roughly, rate 1/16 with 64 column openings
yields 120 bits of soundness. More examples appear in §8. ⊓⊔

Remark 3 (No proximity or Johnson-gap parameter). Analyses based on proxim-
ity gaps, such as [BSCI+20], state their errors in terms of a proximity parameter:
the relative distance that the verifier’s column test is meant to detect, kept below
the Johnson radius 1 − √

ρ by a margin η. The number of queries depends on
that distance, and the error terms grow polynomially in n and 1/η as the dis-
tance approaches the Johnson radius, so the margin must be tuned. Definition 2
has no such parameter. The extractor decodes only within the unique-decoding
radius s on the columns that pass the tests, and the quantity that plays the role
of distance is the agreement threshold h inside δ. A Johnson-like square root still
appears, as θ ≈

√
ω, but it arises from a second-moment count of the pairwise

overlaps between candidate systems in Section 7, the same kind of argument
that proves the Johnson bound, rather than from a radius fixed in advance. The
trade-off between queries and error is therefore settled by exact counting, with
no margin to optimize and no factor of 1/η. ⊓⊔

6.2 The guarantee required of a per-level extractor

We first state what an extractor Ext for a single invocation must achieve. Sec-
tion 7 constructs such an extractor and proves that it meets this guarantee.

A per-level extractor takes as input the parameters (n, k, t, s, q) and public
layout of one invocation, a statement σ, the full committed oracle W , which is
a matrix of arbitrary words, the verifier’s challenge γ, and the prover’s response
pair (p, Z). It outputs either a polynomial tuple g, whose induced witness satisfies
σ, or⊥. Ideally, Ext fails only when the verifier is unlikely to accept: averaged over
the challenge, the fraction of queries accepted while Ext fails should be at most
the per-level error ε. This must hold for every response the prover might send,
since the prover chooses its response after seeing the challenge. The recursion
requires a stronger form of this guarantee, for two reasons: the prover commits
to each child oracle after seeing the parent challenge, and several child tuples
may each encode a response that passes the parent’s checks. We now explain the
resulting clauses.
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Recall the steps at a nonterminal invocation with parent statement σ. With
the parent oracle W already committed, the verifier sends the parent challenge
γ. An ordinary invocation would next receive the proximity response p and lin-
ear response Z; these are the parent response pair. In the recursive protocol, the
parent response pair is encoded in a child tuple of polynomials: the coefficients of
p and Z occupy fixed logical positions in the child witness, and the child polyno-
mials take these values at those positions. The prover commits to a child oracle
intended to contain evaluations of such polynomials. The verifier then samples
the parent query Q, opens those columns of W , and checks their multiplication
constraints. If these checks pass, the remaining parent tests become linear con-
straints on the encoded coefficients. These constraints form the child statement,
which the child invocation proves using its own fresh challenge.

The extractor works in the reverse direction. If child extraction returns a
polynomial tuple g′, evaluate it at the child logical positions to obtain wg′ , then
read the slots assigned to the coefficients of p and Z. This is the operation
(p, Z) = unpack(wg′). The slot assignment is fixed before execution, so each
fixed child tuple determines a parent response pair independently of the parent
query. The tuple actually returned by child extraction may nevertheless vary
with that query. The parent extractor then runs Ext(W,σ, γ, p, Z). Even a valid
child witness can encode responses that pass every queried column but fewer
than h columns in the full parent oracle, causing the parent extractor to fail.
Thus we must count certain successful child outputs as well as child extraction
failures.

A successful parent output may itself encode responses on which extraction
fails higher in the recursion. We therefore track specified outputs as well as
outright failure. Fix the parent oracle, statement, and challenge, and a set U of
outputs we wish to exclude. Call a parent response pair unwanted if the parent
extractor fails on it or returns a tuple in U . Call a child tuple unwanted if its
encoded parent response pair is unwanted. At the root, take U = ∅, so we count
only extraction failure. This classification does not depend on the parent query.

For each fixed unwanted child tuple, we count the parent queries on which its
encoded responses make the parent verifier accept. The child statement changes
with the query, but the tuple’s encoded responses and the parent extractor’s
result do not. The parent’s per-level guarantee bounds this fraction separately
for each unwanted tuple.

We now analyze recursion using an abstract guarantee at each level. The
theorem below bounds acceptance when the extractor fails or returns an output
in an unwanted set Ui. In the child application, the indices i are parent queries Q,
and we denote the child sets by U ′

Q. Membership in U ′
Q requires two conditions:

the child tuple is unwanted, and it certifies acceptance for Q. The latter means
that the parent’s direct checks pass and the tuple satisfies the induced child
statement. Thus the sets record which queries an unwanted tuple can explain.
They may vary with Q even though each fixed tuple’s unwantedness does not.
We count queries separately even when they induce the same child statement.

Theorem 4 (A per-level extractor with a response-uniform bound).
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Let (n, k, t, s, q) be admissible parameters with error ε (Definition 2), and con-
sider an invocation of Section 4.4 with these parameters. Then there is a single-
level extractor Ext with the following properties.

(i) Determinism and efficiency. Ext is deterministic, does not read the verifier’s
query, and runs in polynomial time in its input.

(ii) Valid outputs. Every tuple g ̸= ⊥ returned by Ext(W,σ, γ, p, Z) induces a
witness wg that satisfies σ and agrees with the oracle on at least h−s columns,
i.e. on at least h− s columns j with Wr,j = gr(xj) for every witness row r.

(iii) Response-uniform bound. Let W be any oracle, shared by all indices, and
let (σi,Ui)i∈I be any family, where I is finite and nonempty, each σi is a
statement for the invocation’s layout, and Ui is a set of polynomial witness
tuples, called unwanted for index i. The oracle and family are fixed before the
fresh challenge γ. Let 0 ≤ ρ ≤ 1. Assume that, for all tuples g, the fraction
of indices i for which g belongs to Ui is at most ρ:

|{i ∈ I : g ∈ Ui}|
|I|

≤ ρ. (6.7)

Then there are functions Hi : Γ → [0, 1], independent of the actual responses,
with the following properties:

(a) For all i ∈ I, challenges γ, and response pairs (p, Z), if Ext(W,σi, γ, p, Z)
fails or returns a tuple in Ui, the accepted-query fraction is at most
Hi(γ).

(b)

∑
i∈I

∑
γ∈Γ Hi(γ)

|I| |Γ |
≤ ε+ (1− ε)ρ.

Proof. Section 7.1 constructs Ext and verifies properties (i) and (ii). The rest of
Section 7 proves property (iii); the proof is completed in Section 7.9. ⊓⊔

Remark 4 (Interpretation of Hi(γ)). For an index i and challenge γ, consider any
response pair for which the extractor fails or returns a tuple in Ui. The verifier
accepts at most a fraction Hi(γ) of that level’s queries. The same bound holds
for every such response pair, and it need not be zero or one. The parameter
ρ bounds the fraction of indices whose sets Ui contain any one tuple. In the
child application, it therefore bounds the fraction of parent queries for which
an unwanted child tuple certifies acceptance. The queries bounded by Hi(γ) are
then child queries. ⊓⊔

Taking all Ui empty gives the per-level extraction-failure bound.

6.3 Recursive extraction and soundness

The recursive extractor Extℓ in Figure 1 works backward through a complete
transcript using an Ext extractor that satisfies Theorem 4. It returns ⊥ imme-
diately if the verifier rejected. Otherwise it starts with the terminal responses
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Require: Level ℓ; a complete transcript with committed oracles Wℓ, . . . ,WL,
statements σℓ, . . . , σL, challenges γℓ, . . . , γL, and terminal responses pL, ZL.

1: if the verifier rejected then
2: return ⊥
3: end if
4: (p, Z)← (pL, ZL)
5: for j = L,L− 1, . . . , ℓ do
6: g ← Ext(Wj , σj , γj , p, Z)
7: if g = ⊥ then
8: return ⊥
9: end if
10: if j > ℓ then
11: (p, Z)← unpack(wg) ▷ responses of level j − 1
12: end if
13: end for
14: return g

Fig. 1. The recursive extractor Extℓ. For j > ℓ, the statement σj is the one induced by
the transcript at level j − 1 (Section 4.5).

(pL, ZL) and, at each level j from L down to ℓ, runs Ext(Wj , σj , γj , p, Z), return-
ing ⊥ if it fails. If j > ℓ, it evaluates the returned tuple to obtain wg and unpacks
wg into the responses of the parent level. At level ℓ, it returns the decoded tuple.

Padding rejected executions, as in Section 4.6, is used only to count complete
verifier sequences in the proof. Since Ext is deterministic and runs in polynomial
time (Theorem 4(i)), so does Extℓ, in the full accessed data, explicit public lay-
outs, and finite-field representation.

Remark 5 (The extracted tuple satisfies the statement). Every successful output
of Extℓ induces a witness satisfying the statement at level ℓ, since the final call
to Ext returns only satisfying tuples (Theorem 4(ii)). ⊓⊔

We now bound how often the verifier accepts while the entire recursive ex-
tractor fails. We work backward from the terminal level. At each step, the parent
bound controls how many queries an unwanted child tuple’s encoded responses
can pass. The child guarantee then bounds acceptance when the child extractor
fails or returns such a tuple.

Theorem 5 (Polygero Knowledge-soundness). Consider a recursive exe-
cution with well-formed protocol data, in which the parameters (nj , kj , tj , sj , q)
of each level j are admissible with error εj. Let Ext be a single-level extractor
satisfying Theorem 4 at every level, and let Extℓ be the recursive extractor of
Figure 1 built from it. Then, for every root oracle, root statement, and prover
strategy (Section 4.6),

Pr[Acc ∧ Ext0 = ⊥] ≤ κ0 = 1−
L∏

j=0

(1− εj) ≤
L∑

j=0

εj , (6.8)
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where the probability is over the verifier’s random choices. Every successful out-
put of Ext0 induces a witness that satisfies the root statement (Remark 5). In
particular, if no satisfying polynomial tuple agrees with the root oracle on at least
h0 − s0 common columns, which holds for every false root statement, then every
prover strategy is accepted with probability at most κ0.

Proof. Put κℓ = 1−
∏L

j=ℓ(1−εj). The bound (6.8) cannot be proved by induction
on its own, because a successful child extraction can encode a parent response
on which the parent extractor fails. We therefore prove a stronger claim, by
backward induction on ℓ. Let Wℓ be any oracle, shared by all indices, and fix a
nonempty finite family of statements σi for level ℓ’s layout, prover strategies for
the remaining levels, and unwanted sets Ui, indexed by I, before the remaining
verifier choices. Suppose that, for every tuple g, at most a fraction ρ of the indices
satisfy g ∈ Ui. Write Acci for acceptance and Extℓ,i for the output of Extℓ on
index i. The claim is that

1

|I|
∑
i∈I

Pr[Acci ∧ (Extℓ,i = ⊥ ∨ Extℓ,i ∈ Ui)] ≤ κℓ + (1− κℓ)ρ. (6.9)

With ℓ = 0, a single index, U = ∅, and ρ = 0, this is (6.8); iterating κℓ ≤ εℓ+κℓ+1

gives the sum bound.

For the base case, apply Theorem 4 to the current family to obtain the
functions Hi. At the terminal level, for each i and challenge γ, the response is
fixed before the query. Its accepted-query fraction is at most Hi(γ) whenever
extraction fails or returns a tuple in Ui. Averaging over i and γ proves the base
case with κL = εL.

For the induction step, assume the claim for every child oracle and indexed
family, and apply Theorem 4 to the parent family to obtain the functions Hi.
Write κ′ = κℓ+1 and suppress parent level subscripts. Fix an index i and the par-
ent challenge γ. The child oracle V is now fixed before the parent query Q. For a
child tuple g′, write π(g′) = unpack(wg′). Call g′ unwanted if Ext(W,σi, γ, π(g

′))
fails or returns a tuple in Ui. Its encoded responses and this classification are
fixed before Q: coefficient placement is fixed, and the parent extractor does not
use Q (Theorem 4(i)).

Define the child’s unwanted sets by

U ′
Q = {g′ : g′ is unwanted ∧ Verify(W,σi, γ, π(g

′), Q)}.

By exact substitution (Lemma 4), membership means that the tuple is unwanted,
satisfies the induced child statement, and passes the parent’s direct checks. In
particular, the set is empty when a direct check fails. Only the root may have
multiplication constraints; at every other level these checks pass automatically.

If the child extractor returns a tuple in U ′
Q, it succeeds for the child state-

ment but supplies responses on which the parent extractor fails or returns an
unwanted output. We must therefore count these outputs even when child ex-
traction succeeds.
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For a fixed unwanted tuple g′, membership in U ′
Q is exactly acceptance of

π(g′) on query Q. Hence

|{Q ∈
(
[n]
t

)
: g′ ∈ U ′

Q}|(
n
t

) = accW (σi, γ, π(g
′)) ≤ Hi(γ),

where the inequality is the per-level bound applied to π(g′). Any other tuple
belongs to no U ′

Q, so its query fraction is zero. Thus the frequency bound holds
for all child tuples, without a union over tuples.

If an execution accepts but the parent extractor fails or returns a tuple in
Ui, then the child extractor either fails or returns a tuple in U ′

Q. Indeed, a
successful child output is unwanted and satisfies the child statement. Acceptance
ensures that the parent’s direct checks pass, so exact substitution gives the parent
verification condition in the definition of U ′

Q.
Apply the child induction hypothesis to the family indexed by parent queries

Q, using the common oracle V and unwanted sets U ′
Q. The child statements,

strategies, and sets are fixed before the child challenge, and the frequency bound
Hi(γ) lies in [0, 1]. After averaging over Q and all subsequent child randomness,
the probability of acceptance with parent extraction failure or an output in Ui,
with i and γ still fixed, is at most

κ′ + (1− κ′)Hi(γ).

Since 1−κ′ ≥ 0, we can now average over i and the parent challenge γ and apply
the average bound on Hi. This gives

κ′ + (1− κ′)
(
ε+ (1− ε)ρ

)
= κ+ (1− κ)ρ,

κ = ε+ (1− ε)κ′.

This recurrence gives the product formula for κℓ and completes the induction.
Randomized strategies are covered by fixing their internal randomness, applying
the bound, and then averaging.

For the last assertion, a successful root extraction returns a satisfying tu-
ple that agrees with the root oracle on at least h0 − s0 common columns, by
Theorem 4(ii). Under the hypothesis no such tuple exists, so every accepting
execution is an extraction failure, and (6.8) bounds acceptance by κ0. ⊓⊔

Remark 6 (From the theorem to a concrete soundness error). The last assertion
of Theorem 5 is the soundness bound: on a false statement, every prover strategy
is accepted with probability at most κ0. The bound is explicit: each εj is com-
puted from (nj , kj , tj , sj , q) by Definition 2, and κ0 ≤

∑
j εj . It is not vacuous,

because every term of ε can be made small. Since
(
h−1
t

)
/
(
n
t

)
≤ ((h− 1)/n)t, the

term δ decays exponentially in the number t of opened columns when the rate
h/n is bounded below one, and similarly for ω; the second term in the maximum
defining θ is roughly

√
ω. The rank term µ is small once qs+1 exceeds

(
n
c

)
, and

1/q is small in a large field. Corollary 1 exhibits schedules with soundness error
at most 2−λ, and Section 8 reports schedules whose errors are certified exactly.

⊓⊔
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The product bound assumes no independence between extraction failures.
Theorem 5 has no frequency hypothesis; it appears only in the stronger claim
proved inside its proof. The extractor and the interactive, full-oracle scope re-
main those of Section 7.1.

7 Polygero base extractor

This section proves Theorem 4 by constructing and analyzing the one-level ex-
tractor that Section 6 uses at every level of the recursion.

The core argument. Most of this section bounds exceptional events; ignoring
them, the extractor argument is short (Figure 2). Fix a challenge γ = (α,B) and
a response that passes the degree and global checks, and let G be its good-column
set. If |G| < h, the accepted fraction is at most δ (Lemma 6). Suppose instead
that |G| ≥ h, that the challenge avoids the rank exception (Definition 5), and
that no system exception occurs (Definition 10). Then the proximity equations
on G have rank defect at most s (Lemma 8). Removing at most s columns leaves
a canonical core, whose closure D belongs to a family of systems fixed from W
alone, independently of the response (Lemma 9). Since no system exception
occurs, D has rank defect zero, so its equations determine fixed row polynomials
gD. With at least h good columns, unique decoding recovers gD; the many good
columns force the multiplication constraints, and the global linear check forces
the linear constraints. Thus Ext returns the fixed tuple gD (Lemma 19).

The rest of the section bounds what the exceptions cost, which produces
the terms of ε = θ + (1 − θ)(µ + 1/q). The rank exception has probability
at most µ (Lemma 8), and each fixed system is exceptional, that is, can pass
the checks without yielding a satisfying witness, with probability at most 1/q
(Lemma 16). The difficult part is adaptivity: the prover chooses its response
after seeing the challenge, so it can steer its good set onto whichever system is
exceptional for that challenge and has the largest query mass. A union bound
over systems would pay for their number, which can be very large. Instead,
we prove that actual consistent sets assigned to different systems have pairwise
overlap at most k+2s−1 (Lemma 13). Its auxiliary rank argument (Lemma 12)
is the sole use of Theorem 1 in the analysis. The query fractions above the
threshold θ have small total excess, and the average largest exceptional mass is
at most θ + (1 − θ)/q (Lemma 20). A system whose fixed tuple is unwanted is
charged in the same way, which produces the term with ρ in Theorem 4. The
systems, both kinds of exceptions, and the unwanted sets are fixed from the
committed oracle and statement before the prover selects its response, so the
bound holds simultaneously for all response pairs.

7.1 Preliminary definitions

Fix the invocation data and encoding layout of Section 4.2. For arbitrary words
W , a polynomial tuple g = (g1, . . . , gd) ∈ (P<k)

d has common agreement set

Dg(W ) = {j ∈ [n] : ∀r ∈ [d] : Wr,j = gr(xj)} (7.1)
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§ 7.2: The actual good columns
Fix challenges and responses; let G be the columns passing the column checks.

§ 7.2: Size threshold
Is |G| ≥ h?

§ 7.2: Few accepting queries
Acceptance at most δ

(Lemma 6).

§ 7.3: Rank exception
Is B ∈ EW ?

§ 7.3: Rank-exceptional challenges
Probability at most µ (Lemma 8).

§ 7.4: Assign a fixed system
Assign G to a fixed system D.
Bound acceptance by its cap aD

(Lemma 9, Definition 8).

§ 7.6: System exceptions
Does a system exception
occur for this system?

§ 7.7: Extraction
Extract the fixed tuple gD

(Lemma 19).

§ 7.5, 7.8: Acceptance envelope
Use overlap k + 2s − 1 to bound

the maximum query
fraction from systems
with an exception or
unwanted output.

§ 7.9: Unwanted output
Is gD ∈ Ui?

Successful extraction
outside Ui:

not counted in Theorem 4.

§ 7.9: Complete the bound
Combine the cases and average
over indices and challenges:

ε + (1 − ε)ρ
(Theorem 4).

No

Yes

Yes

No

Yes

No

Yes

No

Fig. 2. The analysis of accepting executions after the response degree and global checks
pass. Fix an index i, its statement, oracle, and unwanted set Ui. A large good set outside
the rank exception is assigned to a fixed system. Without a system exception, extraction
returns gD; this output still contributes to the bound if it belongs to Ui. The right-
hand branches feed the final bound, which combines the cases in a response-uniform
envelope and averages it. The counted cases may also contain successful extractions.
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and induces the witness

wg = (gr(ξb))r∈[d], b∈W . (7.2)

Only witness rows enter Dg(W ); mask rows are excluded. Recall the threshold h
from (6.4). Its first term ensures that a large good set has strictly more columns
than its rank outside the rank exception, so canonical reduction applies. Its
second term leaves at least 2k common agreement columns after discarding s
errors, enough to identify the linear response. Unique decoding alone would
require only k + 2s columns.

Even though the number of queries is much smaller than required for unique
decoding, the extractor needs only a unique-decoding-radius decoder that sup-
ports puncturing, for instance Berlekamp–Welch. It decodes on all good columns
of the committed oracle and does not require a list decoder.

Definition 3 (Decoder for a punctured code). Let Enc : M → Fn be a
code with message set M. On a coordinate set S ⊆ [n], a received word w ∈ FS,
and radius e, a bounded-distance decoder returns a message f ∈ M or ⊥. Every
returned message satisfies

|{j ∈ S : wj ̸= Enc(f)j}| ≤ e.

Whenever the encodings of distinct messages differ on more than 2e coordinates
of S, the decoder must return the unique such message if one exists, and ⊥
otherwise.

For the degree-< k evaluation code, distinct polynomials disagree on at least
|S|−k+1 coordinates, so |S| ≥ k+2e permits unique decoding on the punctured
code. The classical Berlekamp–Welch algorithm achieves this efficiently.

Lemma 5 (Berlekamp–Welch decoder [WB86]). There is a deterministic
algorithm Decodek that, on a coordinate set S ⊆ [n] with |S| ≥ k+2e, a received
word w ∈ FS, and a radius e, is a bounded-distance decoder for the degree-< k
evaluation code punctured to S, in the sense of Definition 3, and uses a number
of field operations polynomial in |S|.

The extractor uses Decodek with e = s; its output is a polynomial of degree
less than k. This radius is small. The full code Ck = RS[n, k] has minimum
distance n− k+1, so its unique-decoding radius is ⌊(n− k)/2⌋, but the analysis
never needs to correct that many errors. The extractor decodes only on the
good columns, and only when |G| ≥ h. The punctured code on G has minimum
distance |G| − k + 1, and the first term of h in (6.4) gives |G| ≥ h ≥ k + 2s+ 1.
Hence

s ≤ |G| − k − 1

2
≤ n− k − 1

2
,

using |G| ≤ n. The radius s therefore lies within the unique-decoding radius
of the punctured code, and hence of the full code, so Lemma 5 applies with
S = G and e = s. The number of errors to tolerate is set by the challenge degree
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Require: Parameters (n, k, t, s, q) and public layout; statement σ; full oracle W ,
a matrix of arbitrary words; challenge γ; responses p, Z.

1: if p /∈ P<R or Z /∈ P<2k or (4.14) fails then
2: return ⊥
3: end if
4: Scan all columns and compute G = GW (σ, γ, p, Z).
5: if |G| < h then
6: return ⊥
7: end if
8: Compute gr = Decodek(G,Wr|G, s) for each witness row r.
9: Return ⊥ if any row fails to decode; otherwise let g be the decoded tuple.
10: if |G \Dg(W )| > s or Sat(σ,wg) fails then
11: return ⊥
12: end if
13: return g.

Fig. 3. The per-level extractor Ext(W,σ, γ, p, Z), which performs deterministic extrac-
tion at one invocation.

s, which also bounds the rank defect, rather than by the distance of the code;
admissibility, through h ≤ n, guarantees that a good set of size h fits.

Figure 3 gives the extractor. After decoding each witness row on the good
columns G of (4.15), it checks that all row errors lie in one common set of at most
s columns, and that the induced witness satisfies the statement. The common-
error check is necessary, because separate row decoders could disagree with the
oracle on different columns.

Decoding can fail even when a satisfying polynomial tuple agrees with many
oracle columns. The verifier checks the queried columns, whereas the extractor
decodes on all good columns; agreement on the former need not imply proximity
on the latter. The per-level analysis in Section 7 controls this discrepancy. The
mask rows are used to identify good columns but are not decoded, and Ext
does not use the query. Every successful output of Ext satisfies the statement,
since its final step checks Sat(σ,wg). Properties (i) and (ii) of Theorem 4 are
immediate from Figure 3. The extractor is deterministic, never reads the query,
and runs in polynomial time, since it calls the decoder of Lemma 5 only when
|G| ≥ h > k+2s. It returns g only after checking |G| ≥ h, |G \Dg(W )| ≤ s, and
Sat(σ,wg), so |Dg(W )| ≥ h− s. The rest of this section proves property (iii).

7.2 Counting accepting queries

Our goal is to partition accepting executions into cases: one guarantees successful
extraction, and the others account for all possible extraction failures. We begin
by counting the queries accepted by a response pair (p, Z). Use the verifier of
Section 4.4, and fix the oracle W , statement σ, verifier challenge γ = (α,B).
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Definition 4 (Good columns and query space). Let G = GW (σ, γ, p, Z)
be the columns on which its proximity, linear, and multiplication checks pass, as
in (4.15).

The query is uniform in

Q = {Q ⊆ [n] : |Q| = t}, |Q| =
(
n

t

)
.

We use the convention
(
v
u

)
= 0 for u < 0 or u > v, when v is a nonnegative

integer.

Lemma 6 (Accepting-query count). If the degree and global checks pass,
then the accepting-query fraction is exactly

accW (σ, γ, p, Z) =
|{Q ∈ Q : Q ⊆ G}|

|Q|
=

(|G|
t

)
|Q|

. (7.3)

Otherwise it is zero. In particular, if |G| < h, the accepting-query fraction is at
most δ.

Proof. The response pair is fixed before the query, and there are |Q| possible
queries, exactly

(|G|
t

)
of which lie in G. A failed degree or global check rejects

every query. If |G| ≤ h−1, then
(|G|

t

)
≤

(
h−1
t

)
, since binomial coefficients increase

in their upper index, so the fraction is at most
(
h−1
t

)
/|Q| = δ. ⊓⊔

This handles responses with a small good-column set. It remains to analyze
responses that pass on many columns: either those columns yield a satisfying
witness, or we bound their contribution to acceptance.

7.3 Count challenges that can support too many independent
equations

Each good column gives a proximity equation: the response value equals the mask
value plus the challenged linear combination of oracle-row values. The response
has only finitely many degrees of freedom with which to satisfy these equations.
Once these are exhausted, every further independent equation constrains the
challenge. We count how often these constraints can hold, already allowing the
prover to send any bounded-degree response.

Recall that R = k+ s and m = d+2. At each good column j, the proximity
check requires

p(xj) = (YB)j =W⋆,j +

m∑
r=1

Br(xj)Wr,j . (7.4)

With W held fixed, view it as an affine linear equation in the coefficients of both
B and p:

vj(B, p) := p(xj)−
m∑
r=1

Br(xj)Wr,j −W⋆,j = 0. (7.5)
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For a column set T , let rk(T ) be the rank of the coefficient matrix in the coeffi-
cients of B and p. Call T consistent if the equations admit a solution (B, p). For
a consistent system, this rank also equals the dimension of the span of its affine
forms vj . If T is consistent and |T | ≥ R, define its rank defect by

δT = rk(T )−R.

The subtraction of R has a concrete meaning:

With B fixed, the first R independent equations determine the R response
coefficients. Every additional independent equation imposes a condition
on the challenge.

Lemma 7 (Rank defect makes consistent challenges rare). If T is con-
sistent and |T | ≥ R, then δT ≥ 0 and

Pr
B∈B

[∃p ∈ P<R : p satisfies the equations on T ] = q−δT . (7.6)

The probability is over the uniform challenge B, with W and T fixed. The re-
sponse p may depend on B.

Proof. The challenge hasm(s+1) coefficients, and the response has R. There are
therefore m(s+1)+R variables. Because the system is consistent, translation by
a solution removes the constant terms without changing its rank. The response
block has rank R, which uniquely determines p once B is fixed: a polynomial
of degree less than R is determined by its values at R distinct columns. Hence
δT ≥ 0, and the number of solution pairs is

qm(s+1)+R−(R+δT ) = qm(s+1)−δT .

Each challenge B for which the equations have a solution therefore corresponds
to exactly one pair (B, p). Dividing by the qm(s+1) possible challenges proves the
claim. ⊓⊔

We now make the exceptional event independent of the response. We allow
rank defect at most s and put c = R + s+ 1. A consistent set of c independent
equations has rank defect s + 1, so it is satisfied by some response on only a
q−(s+1) fraction of challenges. We collect all such sets before the response is
selected.

Definition 5 (Fixed rank exception). Let EW be the set of challenges B for
which some response p ∈ P<R satisfies the equations on a c-element column set
T whose equation system has full rank, rk(T ) = c.

There are
(
n
c

)
possible c-column sets, which yields the following result.

Lemma 8 (Low rank defect outside a rare exception). Let B be uniform
in B. Then

Pr[B ∈ EW ] ≤ µ :=

(
n
c

)
qs+1

. (7.7)

If B /∈ EW and some response satisfies the equations on T for this B, with
|T | ≥ c, then δT ≤ s.
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Proof. Every column set in Definition 5 has rank defect c−R = s+1. Lemma 7
gives probability q−(s+1) for each consistency event. There are at most

(
n
c

)
sets,

so the union bound gives the stated probability.
If a response satisfies the equations on T and rk(T ) ≥ c, pick c independent

equations from T . The actual challenge and response satisfy all of them, so
B ∈ EW . Consequently, outside EW , every T with |T | ≥ c admitting a response
for the actual challenge B has rank less than c = R + s + 1, and therefore
0 ≤ δT ≤ s. ⊓⊔

The good-column set depends on the response, but EW does not. If B /∈ EW ,
every response with at least c good columns gives a system of rank defect at
most s.

7.4 Canonical cores and fixed systems

Outside EW , a large good-column set has low rank defect. We first remove equa-
tions independent of all the other equations on that set, then close the remaining
system under implication. These elementary steps assign every large good set to
a system fixed from the oracle alone. The counting argument requires that good
sets assigned to different systems cannot overlap too much.

For a column set T ⊆ [n], let CR(T ) be the evaluations of degree-< R poly-
nomials on T , and consider the received-word space

UT = CR(T ) + spanF{(xajWr,j)j∈T : r ∈ [m], 0 ≤ a ≤ s}. (7.8)

The coefficient matrix of the primary equations has one row for each j ∈ T and
one column for each coefficient of B and p. Its columns span UT . Restricting its
rows to H ⊆ T gives the coefficient matrix on H, whose columns span UT |H .
Equality of row rank and column rank therefore gives

rk(H) = dim(UT |H) (H ⊆ T ). (7.9)

For a consistent T , the constant column −W⋆|T is a linear combination of the
coefficient columns. Appending it preserves all row relations, so the same rank
is the dimension of the span of the affine forms vj .

Let

ET = {j ∈ T : the coordinate unit vector at j belongs to UT }.

This is the exceptional set specified in Theorem 1. The following reduction does
not require that theorem.

Lemma 9 (Canonical reduction). Let T be consistent, with 0 ≤ δT ≤ s and
|T | > R+ δT . Define its canonical core by ST = T \ ET . Then

|ET | ≤ δT , δST
= δT − |ET |, |ST | > R+ δST

, EST
= ∅. (7.10)
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Proof. The coordinate unit vectors indexed by ET belong to UT , so UT contains
every word supported on ET . These words are exactly the kernel of restriction
from UT to ST . Rank–nullity and (7.9) give

rk(ST ) = rk(T )− |ET |, |ST | = |T | − |ET | > rk(ST ).

The response code CR(ST ) is contained in UST
, so

min{R, |ST |} ≤ rk(ST ) < |ST |.

Thus |ST | > R and rk(ST ) ≥ R. The restricted system is consistent, so its defect
is defined; the rank identity now gives δST

= δT − |ET | ≥ 0 and |ET | ≤ δT .
Finally, if a coordinate unit vector at j ∈ ST belonged to UST

, lift it to UT .
Subtract its values on ET , using the coordinate unit vectors already in UT . The
result is the coordinate unit vector at j on T , so j ∈ ET by definition. Since
ST = T \ ET , no such j exists. Hence EST

= ∅. ⊓⊔

Remark 7. Removing the coordinates in ET decreases the rank defect by exactly
their number:

|ET | = δT − δST
≤ s− δST

.

It preserves the strict inequality between the number of equations and their
rank. ⊓⊔

The actual core SG depends on the response through G. We now fix all
systems that a core could generate, before any challenge or response is selected.
Write ΛT = spanF{vj : j ∈ T}.

Definition 6 (Closure of a column set). Let T ⊆ [n] be consistent. Its clo-
sure is

cl(T ) = {j ∈ [n] : vj ∈ ΛT }.

These are all columns whose primary equations are implied by the equations on
T .

Closure preserves the solution set, consistency, and rank: T ⊆ cl(T ) and Λcl(T ) =
ΛT . Taking the closure again adds no columns.

Lemma 10 (Closure preserves canonical cores). Let S be consistent, with
0 ≤ δS ≤ s, |S| > R+ δS, and ES = ∅. Put D = cl(S). Then

δD = δS , ED = ∅, |D| > rk(D).

Proof. Closure preserves consistency and rank, so δD = δS and |D| ≥ |S| >
rk(S) = rk(D). Restriction UD → US is surjective and its domain and image
have the same dimension by (7.9); it is therefore injective. A coordinate unit
vector at j ∈ S in UD would restrict to one in US , contrary to ES = ∅. A
coordinate unit vector at j ∈ D\S would restrict to zero, contrary to injectivity.
Thus ED = ∅. ⊓⊔
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Definition 7 (Fixed reduced systems). Consider every consistent T ⊆ [n]
with |T | ≥ c and δT ≤ s. Form its canonical core ST using Lemma 9, which
applies because c = R+ s+ 1 > R+ δT . Let J be the family of distinct closures
cl(ST ). The family is finite and may be empty. It is fixed from W and the public
parameters, independently of the statement and all challenges.

By Lemmas 9 and 10, each D ∈ J satisfies

ED = ∅, R ≤ rk(D) ≤ R+ s, |D| > rk(D). (7.11)

Lemma 11 (Closing a canonical core adds no exceptional columns).
Let T ⊆ [n] be consistent, with |T | ≥ c and δT ≤ s, and put D = cl(ST ). Then

T ∩D = ST , T \D = ET ,

and
|T \D| = |ET | = δT − δD ≤ s− δD. (7.12)

Proof. By definition of closure, ST ⊆ D. For j ∈ ET , the coordinate unit vector
at j belongs to UT . Expressing it in the coefficient columns gives a change to
(B, p) that leaves every equation on ST unchanged but changes the equation at j
by 1. Making this change to a solution on T gives a solution on ST that violates
the equation at j. Thus j /∈ cl(ST ). This proves T ∩D = ST and T \D = ET .
Closure preserves rank, so δD = δST

, and Lemma 9 proves (7.12). ⊓⊔

To bound acceptance for every response assigned to D, we use the largest
actual consistent set assigned to it.

Definition 8 (System query cap). For D ∈ J , let

TD = {T ⊆ [n] : T is consistent, |T | ≥ c, δT ≤ s, cl(ST ) = D}.

Define

aD = max
T∈TD

(
|T |
t

)/(
n

t

)
. (7.13)

The family TD is finite and nonempty by Definition 7, so the maximum is at-
tained by an existing set and 0 ≤ aD ≤ 1. If a good set G is consistent, has
|G| ≥ c and δG ≤ s, and is assigned to D, then G ∈ TD and

(|G|
t

)
/
(
n
t

)
≤ aD.

The cap bounds each response’s accepting-query fraction; it does not count the
union of their accepted queries.

7.5 Large overlap determines the system

We now prove the structural fact needed for counting: actual consistent sets
assigned to different systems have overlap at most k+ 2s− 1. We first establish
an auxiliary lemma about the ranks of two canonical cores and their union. This
is the only step in the analysis that invokes Theorem 1.
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Lemma 12 (The union of overlapping canonical cores is MDS). Let
S, S′ ⊆ [n] have ranks r = rk(S) and r′ = rk(S′), with

ES = ES′ = ∅, R ≤ r, r′ ≤ k + 2s, |S| > r, |S′| > r′.

If |S ∩ S′| ≥ r + r′ − (k + 2s), then

rk(S ∪ S′) = r = r′, (7.14)

and, for all H ⊆ S ∪ S′,
rk(H) = min{|H|, r}. (7.15)

Proof. Pick an inclusion-maximal set M with

S ⊆M ⊆ S ∪ S′, rk(M) ≤ k + 2s, EM = ∅.

Such a set exists: S satisfies these conditions by hypothesis, and there are only
finitely many candidates. Also UM is proper in FM . By definition of the spaces
in (7.8), its restriction to S is US . Equation (7.9) gives dimUS = r < |S| by
hypothesis; a full space onM would restrict to the full space on S. By (7.8), UM

has the form required by Theorem 1. Its evaluation points are distinct by the
protocol hypotheses, and (7.9) and the defining conditions forM give dimUM =
rk(M) ≤ k + 2s. Applying that theorem, and using EM = ∅, gives

rk(H) = min{|H|, rk(M)} (H ⊆M). (7.16)

For H = S, this says r = min{|S|, rk(M)}. Since |S| > r, it forces rk(M) = r.
In particular, rk(S ∩ S′) = min{|S ∩ S′|, r}.

We now use rank submodularity,

rk(A ∪B) + rk(A ∩B) ≤ rk(A) + rk(B),

with A = S and B = S′. Together with (7.16), this gives

rk(S ∪ S′) + rk(S ∩ S′) ≤ r + r′,

rk(S ∪ S′) ≤ r + r′ −min{|S ∩ S′|, r} ≤ k + 2s.

For the last inequality, if |S ∩ S′| ≤ r, use the overlap hypothesis; otherwise the
right-hand side is r′ ≤ k + 2s by hypothesis.

We also need to show ES∪S′ = ∅. A coordinate unit vector survives re-
striction to any set containing its coordinate. By (7.8), US∪S′ |S = US and
US∪S′ |S′ = US′ . Thus

ES∪S′ ⊆ ES ∪ ES′ = ∅,
where the two sets on the right are empty by hypothesis. Together with the rank
bound, this shows that S ∪ S′ satisfies all the defining conditions for M . Since
M ⊆ S ∪ S′ by construction, inclusion-maximality gives M = S ∪ S′. Applying
(7.16) to S′, and using |S′| > r′, now gives

rk(S ∪ S′) = r = r′.

Since M = S ∪S′ and rk(M) = r, (7.16) also gives the claimed rank formula for
every H ⊆ S ∪ S′. ⊓⊔
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We now use Lemma 12 to show that consistent column sets with large overlap
determine the same fixed system. The rank equalities identify the coefficient-row
spans of the two cores. The common core equations then identify the affine-form
spans, including the fixed mask terms, and hence the closures.

Lemma 13 (Large overlap determines the system). Let T, T ′ ⊆ [n] be
consistent, with 0 ≤ δT , δT ′ ≤ s, |T | > R+ δT , and |T ′| > R+ δT ′ . If |T ∩ T ′| ≥
k + 2s, then cl(ST ) = cl(ST ′).

Proof. Put S = ST , S
′ = ST ′ , E = ET , and E′ = ET ′ , and write r = rk(S),

r′ = rk(S′). Recall that cl is defined using the affine primary equations, including
the fixed mask terms, but rk is defined as the rank of the coefficient matrix
without the mask column. For H ⊆ [n], write AH for this coefficient matrix. We
first prove

rk(S ∩ S′) = rk(S) = rk(S′) = rk(S ∪ S′),

then use consistency to obtain ΛS = ΛS′ , which implies equality of closures by
Definition 6.

By hypothesis, Lemma 9 applies to T, T ′. Using R = k+ s and the definition
of rank defect gives

ES = ES′ = ∅, R ≤ r, r′ ≤ k + 2s, |S| > r, |S′| > r′,

r + |E| = rk(T ) = R+ δT ≤ k + 2s,

r′ + |E′| = rk(T ′) = R+ δT ′ ≤ k + 2s.

(7.17)

Since S = T \ E and S′ = T ′ \ E′, the overlap hypothesis and (7.17) give

|S ∩ S′| ≥ |T ∩ T ′| − |E| − |E′|
≥ k + 2s− |E| − |E′| ≥ r + r′ − (k + 2s).

(7.18)

Equations (7.17) and (7.18) verify the hypotheses of Lemma 12. Its conclusion
(7.14) gives

rk(S) = rk(S′) = rk(S ∪ S′) = r.

Selecting the rows indexed by S or S′ from AS∪S′ gives

rowspan(AS) ⊆ rowspan(AS∪S′) ⊇ rowspan(AS′).

By equality of row and column rank,

dim rowspan(AS) = dim rowspan(AS′) = dim rowspan(AS∪S′) = r.

Each core’s row span is therefore a subspace of rowspan(AS∪S′) of the same
dimension, so both inclusions are equalities:

rowspan(AS) = rowspan(AS′) = rowspan(AS∪S′).

It remains to show that rk(S ∩ S′) = r. Adjoining E gives

rowspan(AS∪E) = rowspan(AS) + rowspan(AE)

= rowspan(AS′) + rowspan(AE) = rowspan(AS′∪E).
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Using (7.17), rank subadditivity, and rk(E \ S′) ≤ |E \ S′|,

r + |E| = rk(S ∪ E) = rk(S′ ∪ E)

= rk
(
S′ ∪ (E \ S′)

)
≤ rk(S′) + rk(E \ S′)

≤ r + |E \ S′| = r + |E| − |E ∩ S′|.

Thus |E∩S′| = 0, hence E∩S′ = ∅; symmetrically, E′∩S = ∅. Since T = S∪E
and T ′ = S′ ∪ E′,

T ∩ T ′ = (S ∩ S′) ∪ (E ∩ E′).

By the overlap hypothesis and (7.17),

|S ∩ S′| ≥ |T ∩ T ′| − |E ∩ E′| ≥ k + 2s− |E ∩ E′| ≥ k + 2s− |E| ≥ r.

Equation (7.15), with H = S ∩ S′, gives

rk(S ∩ S′) = min{|S ∩ S′|, r} = r = rk(S) = rk(S′) = rk(S ∪ S′).

We now extend to the affine case. By hypothesis, T, T ′ are consistent, hence
so are S, S′, S ∩ S′. Appending the mask column preserves rank for a consistent
system, as explained after (7.9). Therefore

ΛS ⊇ ΛS∩S′ ⊆ ΛS′ , dimΛS = dimΛS∩S′ = dimΛS′ = r.

Equality of dimensions and Definition 6 give

ΛS = ΛS∩S′ = ΛS′ =⇒ cl(S) = cl(S′).

⊓⊔

7.6 System exceptions

Section 7.4 fixes the possible systems. We now identify when a system can prevent
extraction: decoding may fail, or the decoded witness may violate the statement.
For a sufficiently large good set G outside the fixed rank exception, we distin-
guish these possibilities through its system’s rank defect. With positive rank
defect, the proximity equations can be satisfied only through accidental can-
cellations in the random polynomial challenge, which occur with probability at
most 1/q. We charge this case without needing to establish decoding. With zero
rank defect, the system equations can be solved for every polynomial challenge,
and their solutions determine fixed low-degree row polynomials. Section 7.7 will
show that the many good columns guarantee both recovery of the witness-row
polynomials by the decoder and satisfaction of the multiplication constraints. A
violated linear constraint can then escape detection only through a nontrivial
arithmetic cancellation, also of probability at most 1/q. We define these two rare
events as system exceptions and prove that each fixed system is exceptional with
probability at most 1/q.
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We first handle positive rank defect. Let D ∈ J satisfy δD > 0. Lemma 7
gives

Pr
B∈B

[∃p ∈ P<R : p satisfies the equations on D] = q−δD ≤ 1

q
. (7.19)

If the actual good set has canonical core SG with closure D, its proximity re-
sponse satisfies the equations on D. Thus this fixed event covers every such
response, whether or not decoding succeeds.

We now turn to zero rank defect. The system equations can be solved for
every polynomial challenge, so consistency is no longer rare. Solving the system
gives row polynomials of degree less than R = k+s. The next lemma strengthens
this bound to degree less than k for every row except the proximity mask.

Lemma 14 (Zero rank defect gives row polynomials). Let S be consistent,
with |S| > R and δS = 0. Then there are unique polynomials

fS,1, . . . , fS,m ∈ P<k, fS,⋆ ∈ P<R,

agreeing with the corresponding rows of W on S. For all B ∈ B and p ∈ P<R,
the proximity equations on S hold if and only if

p = PS(B) := fS,⋆ +

m∑
r=1

BrfS,r. (7.20)

Proof. The response exists for every polynomial challenge, by Lemma 7. We use
selected challenges to expose each row and its polynomial multiples. At B = 0,
the unique response gives fS,⋆ ∈ P<R. For each row r and a ∈ {0, . . . , s}, take
Br = Xa and all other challenges zero. Subtracting fS,⋆ from the response gives
hr,a ∈ P<R with

hr,a(xj) = xajWr,j (j ∈ S).

The successive responses must describe successive multiples of the same row. For
a < s, the polynomial Xhr,a−hr,a+1 has degree at most R and vanishes at more
than R points. Thus hr,a+1 = Xhr,a. Set fS,r = hr,0. Because X

sfS,r = hr,s has
degree less than R = k + s, we have deg fS,r < k. This also covers s = 0.

These row polynomials now determine every proximity response. The poly-
nomial in (7.20) has degree less than R and agrees with YB on S. Uniqueness of
the response proves the identity. Uniqueness of all the row polynomials follows
from the root bound. ⊓⊔

The row polynomials give a candidate witness, but even successful decoding
does not ensure that it satisfies the statement. If the decoded witness violates a
linear constraint, the verifier’s randomized linear checks may nevertheless pass
through accidental cancellation. The extractor checks the original constraints di-
rectly, so it rejects that witness and returns ⊥. Decoding succeeds, but extraction
fails; we must count these accepting executions in the error bound.

We now bound the probability of this cancellation for each fixed system.
For each linear constraint in (4.1), its residual is the left-hand side minus the
required value. The constraint holds exactly when this residual is zero.
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Definition 9 (Linear residuals and canonical linear response). Let D ∈
J have δD = 0. Write its row polynomials from Lemma 14 as fD,r, fD,⋆, and
put gD = (fD,1, . . . , fD,d). Write σ = (A, b), and let wD = (fD,r(ξa))r∈[d], a∈W
be the logical values of these row polynomials. Define the linear residuals and the
linear-mask offset by

rD = (rD,e)e∈I = AwD − b,

zD =
∑
a∈W

fD,d+2(ξa).
(7.21)

An honest prover using these fixed row polynomials would send the canonical
linear response:

ZD,σ(α) =

d∑
r=1

Cσ,α,rfD,r + vfD,d+1 + zRfD,d+2 ∈ P<2k. (7.22)

The residuals and mask offset are fixed before the challenge. We do not
assume that the malicious mask has zero sum, so zD may be nonzero. The next
lemma shows that this offset cannot conceal a nonzero residual vector except
through a rare cancellation.

Lemma 15 (A violated linear constraint requires arithmetic cancella-
tion). Let D ∈ J have δD = 0. For all linear challenges α,∑

a∈W
ZD,σ(α)(ξa)− α⊤b =

∑
e∈I

αerD,e + zD. (7.23)

If (rD,e)e∈I ̸= 0, then for uniform α,

Pr
α

[∑
e∈I

αerD,e + zD = 0

]
≤ 1

q
. (7.24)

Equivalently, if the residual vector is nonzero, the canonical response passes the
witness-sum check (4.14) with probability at most 1/q.

Proof. Evaluate ZD,σ(α) at the logical positions and use (4.5). The first linear
mask vanishes there; the second contributes zD. Summing the remaining terms
gives (7.23).

If the residual vector is nonzero, pick e with rD,e ̸= 0. For all values of the
other challenge coordinates, at most one value of αe makes the sum zero. Since
αe is uniform and independent of those coordinates, the probability is at most
1/q. ⊓⊔

The zero-defect probability bound applies to the canonical linear response,
whereas the verifier uses the actual response. Section 7.7 will show that the two
responses coincide when the good set is sufficiently large. We now combine the
positive- and zero-defect events.

44



Definition 10 (System exceptions). Let D ∈ J and let γ = (α,B) ∈ Γ be
the verifier challenge. The system D is exceptional for γ when the applicable
condition holds:{

∃p ∈ P<R : p satisfies the equations on D for B, δD > 0,

(rD,e)e∈I ̸= 0 ∧
∑

e∈I αerD,e + zD = 0, δD = 0.

Write J (γ) = {D ∈ J : D is exceptional for γ}.

Lemma 16 (System exceptions are rare). Let D ∈ J . Then

Pr
γ∈Γ

[D ∈ J (γ)] ≤ 1

q
. (7.25)

Proof. For δD > 0, apply (7.19). For δD = 0, the event is empty if the residual
vector is zero; otherwise apply Lemma 15. ⊓⊔

The counting argument uses only these individual probability bounds and
does not require independence between system exceptions.

7.7 Extraction

Assume that the good set is sufficiently large and neither the rank exception
of Section 7.3 nor the associated system exception of Section 7.6 occurs. The
extractor is defined in Figure 3. We prove that, under these hypotheses, its row
decoders and final checks succeed. We first show that the witness-row polynomi-
als can be uniquely decoded, with at least h−s common agreement columns, and
that the actual linear response equals the canonical response. To prove extrac-
tion, it remains to show that the decoded witness satisfies the statement. The
many good columns force the multiplication constraints. The global linear check,
together with the absence of a system exception, forces the linear constraints.

We first establish that the fixed witness-row polynomials can be decoded and
have enough common agreement columns. This step uses their agreement with
the oracle on the fixed system, without assuming that the witness satisfies the
statement.

Lemma 17 (Unique decoding of the fixed witness rows). Let D ∈ J
have δD = 0, and let G ⊆ [n]. If |G| ≥ h and |G \D| ≤ s, then the row decoders
on G, with degree bound k and radius s, return gD. This tuple agrees with the
oracle on H = G ∩D, where

|H| ≥ |G| − s ≥ h− s = max{2k, k + s+ 1}. (7.26)

Proof. Each witness row agrees with its fixed polynomial throughout D, so it
has at most s errors on G. Since

|G| ≥ h ≥ c = k + 2s+ 1,

each fixed witness-row polynomial is the unique message within radius s. Def-
inition 3 therefore guarantees that the decoder returns it. Also, |G ∩ D| =
|G| − |G \D| ≥ |G| − s. The definition of h proves (7.26). ⊓⊔
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The verifier checks the actual linear response, while the system-exception
bound concerns the canonical response. Agreement on sufficiently many good
columns identifies these two polynomials.

Lemma 18 (Equality of the actual and canonical linear responses).
Let D ∈ J have δD = 0. Let γ = (α,B) be a verifier challenge, let (p, Z)
be a response pair of the prescribed degrees, and put G = GW (σ, γ, p, Z). If
|G ∩D| ≥ 2k, then

Z = ZD,σ(α).

Proof. At each column inG∩D, the linear column check passes and all challenged
row polynomials agree with the oracle, including the two linear masks. Thus Z
and ZD,σ(α) agree at these columns. Both have degree less than 2k, so agreement
at at least 2k distinct points makes them equal. ⊓⊔

It remains to prove that the decoded witness satisfies the statement. The
same agreement set will force the multiplication identities. Equality of the linear
responses will then let us apply the system-exception condition to the actual
global check.

Recall that accW (σ, γ, p, Z) is the fraction of queries accepted for the fixed
oracle, statement, challenge, and response pair. When the degree and global
checks pass, this fraction is

(|G|
t

)
/
(
n
t

)
; otherwise it is zero (Lemma 6). Only the

query is random in this quantity.

Lemma 19 (A large good set yields extraction or a system exception).
Let γ = (α,B) be a verifier challenge outside the rank exception, so B /∈ EW ,
and let (p, Z) be a response pair passing the degree and global checks. If |G| ≥ h,
then there exists a system D ∈ J such that

accW (σ, γ, p, Z) ≤ aD, (7.27)

and either D ∈ J (γ), or δD = 0 and Ext returns the fixed tuple gD.

Proof. First locate the fixed system explaining the good columns. The actual
pair (B, p) makes the equations on G consistent. Lemma 8 gives δG ≤ s. Let D
be the closure of its canonical core SG. Since |G| ≥ h ≥ c, Definition 7 gives
D ∈ J . Since G ∈ TD, Definition 8 and Lemma 6 give accW (σ, γ, p, Z) ≤ aD. The
actual pair satisfies all equations on SG, hence all equations on D by definition
of closure. Lemma 11, with T = G, gives

|G \D| = δG − δD ≤ s− δD ≤ s. (7.28)

We now prove the disjunction. If a system exception occurs for D at the
actual challenge γ, then D ∈ J (γ), which is the first alternative.

Suppose instead that D /∈ J (γ): no system exception occurs for D at the
actual challenge γ. Since the proximity equations on D hold, Definition 10 forces
δD = 0. By (7.28), we have |G \D| ≤ s. Lemma 17 therefore shows that the row
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decoders return gD and |G ∩D| ≥ 2k, so Lemma 18 identifies the actual linear
response with ZD,σ(α).

For each multiplication constraint, the polynomial

fD,i1(g)fD,i2(g) − fD,i3(g) (g ∈ M)

has degree less than 2k and vanishes on G∩D, because the multiplication check
passes there and the row polynomials have the oracle values. It is therefore the
zero polynomial. Evaluating these identities at the logical positions proves all
multiplication constraints.

The global check, equality of the linear responses, and (7.23) give∑
e∈I

αerD,e + zD = 0.

Since D /∈ J (γ), this equality forces every linear residual to be zero. Thus wgD

satisfies the statement.
Finally, D ⊆ DgD (W ) gives |G \DgD (W )| ≤ |G \D| ≤ s, so the joint-error

check passes. Thus Ext returns gD, with the output guarantees of Section 7.1. ⊓⊔

This concludes the extraction argument and the structural part of the proof.
The remainder of this section assembles the final bound.

7.8 Bounding the acceptance envelope

Outside the rank exception, a response with many good columns either extracts
the fixed tuple of its assigned system or incurs a system exception. In either
case its query fraction is bounded by aD. Since the prover selects its response
after seeing the challenge, we must bound the average of the maximum aD over
systems whose exception occurs or whose fixed tuple is unwanted. Recall that
J is the fixed family of systems from Definition 7, and aD is the query cap for
system D defined in (7.13).

The difficulty is that the prover selects its response after seeing the chal-
lenge, so the system with the largest query cap can change from one challenge
to another. A bound for each fixed system therefore does not directly bound
the average maximum. A union bound over systems is too loose: it adds their
individual bounds without accounting for the fact that their query caps cannot
all be large. We develop a bound that uses the small intersections between actual
compatible sets to limit the total excess of their query caps above the threshold.
This lets us bound the average maximum without paying separately for every
system.

The actual sets attaining the system caps supply the second-moment argu-
ment: we count single and pairwise query incidences, using the linear binomial
bound of Lemma A.1. Lemma A.2 turns that count into a bound on the total
excess of any at most q query caps above θ.

This excess bound is the bridge to the maximum. Caps at or below θ cost
only the baseline θ; the larger caps have limited total excess. Lemma 20 uses
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this restriction and the count for each contributing system to bound the sum of
maxima, without a factor for the number of systems.

We first establish the excess bound. Write x+ = max{0, x} for the positive
part of x.

For each D ∈ J , pick an actual set TD ∈ TD attaining the cap in (7.13).
Such a set exists because TD is finite and nonempty. Then

aD =

(
|TD|
t

)/(
n

t

)
, |TD ∩ TD′ | ≤ k + 2s− 1 (D ̸= D′),

where the intersection bound follows from the contrapositive of Lemma 13. Apply
Lemma A.2 to these existing sets, with ℓ = k + 2s− 1 and U = |Q|θ. Its counts
are MD = |Q|aD. The definition of θ in (6.5) gives its threshold inequality, and
Definition 2 implies 1 ≤ u ≤ q − 1 and 0 ≤ θ < 1, as shown in Section 6.1.
Dividing the conclusion by |Q| gives, for all I ⊆ J with |I| ≤ q,∑

D∈I
(aD − θ)+ ≤ 1− θ. (7.29)

The next lemma bounds a sum of maxima using only the number of times
each entry is available. It keeps the size of the exceptional set exact; this will
preserve the factor multiplying the fraction of indices whose unwanted sets con-
tain a given tuple. No restrictions on intersections among the availability sets
are needed.

Lemma 20 (Sum of maxima outside an exceptional set). Let (ai)i∈J be
a finite family in [0, 1], let q ≥ 2 be an integer, and let 0 ≤ θ ≤ 1. Assume∑

i∈I(ai − θ)+ ≤ 1 − θ for all I ⊆ J with |I| ≤ q. Let X be a finite set, let
B, Ai ⊆ X, and let L ≥ 0 satisfy

|Ai \ B| ≤ L (i ∈ J), qL ≥ |X \ B|.

Define H(x) = 1 for x ∈ B, and H(x) = max({θ} ∪ {ai : x ∈ Ai}) otherwise.
Then ∑

x∈X

H(x) ≤ |B|+ |X \ B|θ + L(1− θ). (7.30)

Proof. Put ei = (ai − θ)+. For each x /∈ B with H(x) > θ, assign its excess
to one index attaining the maximum, breaking ties by a fixed ordering. Let wi

count the assignments to index i. An assignment to i requires x ∈ Ai \ B, so

0 ≤ wi ≤ L,
∑
i

wi ≤ |X \ B| ≤ qL.

We claim that these weights contribute at most L times the sum of the q largest
excesses. If |J | ≤ q, this follows directly from wi ≤ L. Otherwise, let T contain
the q largest excesses. The total weight outside T is at most the unused capacity
inside it: ∑

i/∈T

wi ≤
∑
i∈T

(L− wi).
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Every excess outside T is at most every excess inside T . Hence∑
i/∈T

wiei ≤
(
min
i∈T

ei

)∑
i/∈T

wi ≤
∑
i∈T

(L− wi)ei.

Adding the contribution inside T proves the claim. In both cases, the excess
budget therefore gives

∑
i wiei ≤ L(1− θ). Finally,∑

x∈X

H(x) = |B|+ |X \ B|θ +
∑
i

wiei ≤ |B|+ |X \ B|θ + L(1− θ).

⊓⊔

For example, take X = Γ , B = ∅, and let AD contain the challenges causing
the system exception for D. Lemma 16 gives |AD| ≤ |Γ |/q. Apply the lemma
with L = |Γ |/q and divide by |Γ | to obtain

1

|Γ |
∑
γ∈Γ

max
(
{θ} ∪ {aD : D ∈ J (γ)}

)
≤ θ +

1− θ

q
. (7.31)

A single fraction equal to one, available on exactly |Γ |/q challenges, attains this
abstract bound. The overlap budget prevents multiple systems from giving a
larger worst-case value.

7.9 Complete the per-level bound

We now prove property (iii) of Theorem 4. Every index uses the same oracle, so
its systems, query caps, and zero-defect witness tuples are the same throughout
the family. The statements and unwanted sets Ui may vary with the index, as
may the system exceptions. The rank event is the same for every index. For each
fixed witness tuple, we count the indices whose sets contain it. In the recursive
application, this counts the parent queries for which an unwanted child tuple
certifies acceptance.

Recall the threshold θ and error ε from (6.5)–(6.2). As shown after Defini-
tion 2, we have 1 ≤ u ≤ q − 1 < q and δ ≤ θ < 1. The query caps satisfy the
excess bound (7.29).

Proof of Theorem 4. We construct the functions Hi required by Theorem 4. For
each zero-defect system D, use its fixed tuple gD from Definition 9. Let AD(i, γ)
mean that

the system exception for D occurs at (σi, γ) ∨ (δD = 0 ∧ gD ∈ Ui).

Put

Hi(α,B) =

{
1, B ∈ EW ,

max
(
{θ} ∪ {aD : AD(i, (α,B))}

)
, B /∈ EW .

(7.32)
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The envelopes lie in [0, 1] and do not depend on the actual response. Fix an index
i, a challenge γ, and a response for which extraction fails or returns a tuple in
Ui. If a degree or global check fails, the accepted-query fraction is zero. On the
rank event it is at most one. Outside the rank event, a small good set gives a
fraction at most δ ≤ θ. Otherwise Lemma 19 assigns a system D with acceptance
at most aD. Either its exception occurs, or extraction returns its fixed tuple gD.
In the latter case gD must belong to Ui. Thus AD holds and acceptance is at
most Hi(γ). This proves the pointwise bound for all responses.

It remains to average. Write α0 = Pr[B ∈ EW ] ≤ µ. For a fixed system D,
put

ρD =

{
|{i ∈ I : gD ∈ Ui}|/|I|, δD = 0,

0, δD > 0.

In both cases ρD ≤ ρ. For positive defect, AD is just the system exception, whose
probability is at most 1/q. For zero defect, a fraction ρD of the indices satisfy
gD ∈ Ui. For these indices, the event B /∈ EW ∧ AD has probability 1− α0. For
the other indices, it requires the system exception and has probability at most
1/q. Hence

1

|I|
∑
i∈I

Pr
γ
[B /∈ EW ∧AD(i, γ)] ≤ (1− α0)ρD + (1− ρD)/q

≤ (1− α0)ρ+ (1− ρ)/q =: λ.

The first inequality therefore holds for both defects. The last inequality uses
α0 + 1/q ≤ µ + 1/q < 1. Also qλ ≥ 1 − α0 and λ ≥ 0. Apply Lemma 20
on X = I × Γ , using the excess budget (7.29). Let B contain the pairs whose
challenge lies in the rank event. Then |B| = α0|X|, and the preceding bound
gives |AD \ B| ≤ λ|X|. Take L = λ|X|; the condition qL ≥ |X \ B| follows from
qλ ≥ 1− α0. Dividing the conclusion by |X| gives∑

i∈I
∑

γ∈Γ Hi(γ)

|I| |Γ |
≤ α0 + (1− α0)θ +

(
(1− α0)ρ+ (1− ρ)/q

)
(1− θ)

= ρ+ (1− ρ)
(
θ + (1− θ)(α0 + 1/q)

)
≤ ρ+ (1− ρ)ε = ε+ (1− ε)ρ.

We used that the rank event is the same for every index; no independence be-
tween rank and system exceptions is required. ⊓⊔

This completes the per-level bound. The recursive proof in Section 6.3 applies
it to the query frequency of each fixed child tuple. No separate counting bound
on child tuples is required.

8 Numerical instantiations

We minimize prover-to-verifier communication for workloads with Nlin linear
witness entries and Nlin/128 multiplication gates. Gate inputs and outputs are
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additional to the linear entries. We use binary units, a field of size 2128, and

Nlin ∈ {16K, 64K, 256K, 1M, 4M, 16M}.

The target soundness error is 2−λ, with the values of λ listed in the tables.
We optimize two models separately. The ZK-root model uses the root masking

construction of Section 4.4: renc = t0 random padding positions, two arithmetic-
mask rows, an independent primary-mask row, and independent 32-byte Merkle-
leaf salts. Its root degree bound k0 is even, with k0/2− t0 > 0 witness slots per
row. Fresh encoding randomness, masks, and salts are sampled for each proof.
All children omit random padding, masks, and salts. Section 5 proves privacy
for the oracle view. The non-ZK model omits them at every level; its root linear
rows hold k0 entries and multiplication-input rows hold at most ⌊k0/2⌋. Omitted
masks are implicit zero rows, so the ordinary soundness theorem still applies.

Repacking preserves the relation by assigning the original entries to fixed
slots and giving unused slots zero linear coefficients. A satisfying witness ex-
tends by interpolation, with output polynomials equal to the products of their
input polynomials; the degree budgets above ensure an honest encoding. In both
models, children pack the parent’s 3kj−1 + sj−1 response coefficients into rows
of width kj , with no further hiding overhead.

For each model, we compare recursive executions with a single invocation
that sends the response polynomials explicitly. The search varies row widths,
domains, queries, challenge degrees, and the number of invocations, up to eight,
and it requires kj/nj ≥ 1/16 at every level. Root padding and all transmitted
salts are included in the optimization objective. The accompanying export also
certifies schedules with no rate floor. They are 33–44% smaller than the corre-
sponding entries of Table 1, but their code lengths reach 5 × 108, so we do not
tabulate them.

Proof sizes include 16-byte field entries, 32-byte commitment roots and au-
thentication hashes, shared-path Merkle multiproofs, opened root salts where
applicable, and terminal response coefficients. Verifier messages and transport
framing are excluded.

The tables use the k + 2s− 1 overlap bound proved in Section 7.5.
Exact integer comparisons determine u and hence the counting threshold

in (6.5), with this overlap size. We evaluate the per-level error in (6.2) and the
product bound in (6.8). The challenge degree s also serves as the rank allowance,
and the same per-level conditions apply at every level.

Every reported schedule has an exact rational Lean certificate for all struc-
tural conditions, the per-level error inequalities, communication accounting, and
the complete product-error target. The certificates are connected to both the
concrete wire verifier and the full-oracle extractor. The grid and its coverage are
checked in Lean, and the tables are generated from the Lean export.

These are best-found certified upper bounds, not proved global optima. The
soundness targets concern the interactive oracle protocol; cryptographic binding
and hiding errors are outside the targets. Complete schedules and reproduction
instructions accompany the source.
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Table 1. Prover-to-verifier proof size in bytes over a field of size 2128, with rate at least
1/16 at every level. Columns count linear witness entries; each workload has an addi-
tional Nlin/128 multiplication gates. Recursive entries list the number of invocations in
parentheses. ZK rows use the masked root encoder of Section 4.4; non-ZK rows omit
padding, masks, and salts. Every entry is exported from an exact Lean certificate.

λ protocol root 16K 64K 256K 1M 4M 16M

104
recursive

ZK 82 272 (2) 111 392 (2) 143 120 (3) 173 760 (4) 214 320 (4) 256 560 (4)
non-ZK 63 872 (2) 90 272 (2) 119 472 (3) 151 920 (3) 182 560 (4) 223 120 (4)

single
ZK 100 944 176 784 329 552 630 960 1 234 640 2 460 704
non-ZK 66 880 121 872 231 296 448 400 880 912 1 742 528

112
recursive

ZK 86 592 (2) 118 304 (3) 150 592 (3) 185 024 (4) 227 760 (4) 274 624 (4)
non-ZK 67 456 (2) 96 544 (2) 126 304 (3) 160 944 (3) 194 704 (4) 237 200 (4)

single
ZK 105 424 184 240 342 640 655 168 1 279 584 2 527 776
non-ZK 70 544 126 928 240 944 466 624 913 952 1 807 136

120
recursive

ZK 92 000 (2) 124 320 (3) 159 424 (3) 195 520 (4) 240 928 (4) 282 288 (5)
non-ZK 71 040 (2) 101 296 (2) 135 200 (3) 169 504 (3) 207 056 (4) 252 304 (4)

single
ZK 110 000 191 312 355 344 678 624 1 334 096 2 613 536
non-ZK 72 896 132 160 250 272 484 064 945 328 1 868 656

126
recursive

ZK 95 616 (2) 131 328 (2) 166 000 (3) 211 872 (3) 277 472 (3) 357 856 (3)
non-ZK 74 192 (2) 105 248 (2) 144 912 (3) 178 512 (3) 232 240 (3) 303 568 (3)

single
ZK 113 040 196 544 364 608 701 248 1 366 656 2 698 288
non-ZK 75 152 136 752 257 520 496 368 976 400 1 929 536

127
recursive

ZK 114 208 (1) 179 776 (2) 249 936 (2) 359 312 (2) 531 968 (2) 802 864 (2)
non-ZK 75 872 (1) 136 976 (1) 198 864 (2) 291 584 (2) 427 568 (2) 643 744 (2)

single
ZK 114 208 198 160 367 696 701 296 1 366 752 2 698 448
non-ZK 75 872 136 976 259 632 500 336 976 464 1 929 680

The Lean development also proves equality of the root view distributions for a
bounded batch of columns selected after both responses. The efficient sequential
simulator and recursive privacy argument in Section 5 are proved in the paper;
these extensions are not currently formalized in Lean.

Table 1 reports the certified proof sizes. Within each target λ, the first two
rows are recursive executions, with the number of invocations in parentheses,
and the last two are single invocations; within each pair, the first row is the
ZK-root model and the second the non-ZK model. Compare entries with the
same workload, target, and model.
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A Direct binomial counting

The following counting inequality controls the system query caps. It counts query
incidences directly in the given sets.

Lemma A.1 (Linear binomial bound). Let Di ⊆ A, for i in a finite index
set I, and let t be a nonnegative integer. Write n = |A|, and put

N =

(
n

t

)
, Mi =

(
|Di|
t

)
,

Pij =

(
|Di ∩Dj |

t

)
.

Then for all nonnegative integers u,

u
∑
i

Mi ≤
(
u+ 1

2

)
N +

∑
{i,j}∈(I2)

Pij . (A.1)

In particular, if |Di ∩Dj | ≤ ℓ for distinct indices and m = |I|, then

2u
∑
i

Mi ≤ u(u+ 1)N +m(m− 1)

(
ℓ

t

)
.

Proof. For each t-element query Q ⊆ A, let νQ = |{i : Q ⊆ Di}|. For nonnegative
integers u, ν,

uν ≤
(
u+ 1

2

)
+

(
ν

2

)
,

because the difference, doubled, is (ν − u)(ν − u − 1) ≥ 0. Sum this inequality
over all queries. Counting incidences by sets gives

∑
Q νQ =

∑
iMi; counting

shared incidences by pairs gives
∑

Q

(
νQ

2

)
=

∑
{i,j}

(|Di∩Dj |
t

)
. Consequently,

u
∑
i

Mi ≤
(
u+ 1

2

)
N +

∑
{i,j}

Pij .

The final claim follows by bounding each Pij by
(
ℓ
t

)
. ⊓⊔

Lemma A.2 (Binomial excess bound). Let (Di)i∈J be a finite family of
subsets of a set A with |A| = n. Let t, ℓ be nonnegative integers, and assume

|Di ∩Dj | ≤ ℓ (i ̸= j).

Put

N =

(
n

t

)
> 0, Mi =

(
|Di|
t

)
.
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Let q ≥ 2 be an integer and 0 ≤ U ≤ N . Assume that some integer 1 ≤ v ≤ q
satisfies

(v − 1)N

2(q − 1)
+
q
(
ℓ
t

)
2v

≤ U.

Then every I ⊆ J with |I| ≤ q satisfies∑
i∈I

(Mi − U)+ ≤ N − U.

Proof. We first bound sums of counts over every subfamily of size at most q.
We will then apply that bound only to the indices whose counts exceed U , since
these are the indices contributing to the positive excess.

Put p =
(
ℓ
t

)
/N and θ = U/N , so 0 ≤ θ ≤ 1. Our intermediate claim is that

every I ⊆ J of size m ≤ q satisfies∑
i∈I

Mi/N ≤ 1 + (m− 1)θ. (A.2)

For m = 0, the claim is 0 ≤ 1− θ. For m = 1, it is Mi ≤ N , which follows from
Di ⊆ A. Assume 2 ≤ m ≤ q. Lemma A.1, applied to this subfamily and divided
by N , gives

2z
∑
i∈I

Mi/N ≤ z(z + 1) +m(m− 1)p (1 ≤ z ≤ m).

For integers j ≥ 2 and 1 ≤ z ≤ j, define

bj(z) =
z − 1

2(j − 1)
+
jp

2z
.

Dividing the counting inequality by 2z and rearranging gives∑
i∈I

Mi/N ≤ 1 + (m− 1)bm(z).

Thus it suffices to find one z with bm(z) ≤ θ. The hypothesis supplies such a
bound at q, namely bq(v) ≤ θ. The next step shows that a bound at q also
supplies a bound at every smaller family size m.

Take j ≥ 2 and a candidate bj+1(z), where 1 ≤ z ≤ j + 1. We show that
either keeping z or decreasing it by one gives a valid candidate at j with no
larger value. At the first endpoint, z = 1, keep z = 1: since p ≥ 0,

bj(1) = jp/2 ≤ (j + 1)p/2 = bj+1(1).

At the other endpoint, z = j + 1, decrease it to j; both bj(j) and bj+1(j + 1)
equal (1 + p)/2.
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For 2 ≤ z ≤ j, both z and z − 1 are valid at j. Direct subtraction gives

bj(z)− bj+1(z) =
z(z − 1)− j(j − 1)p

2j(j − 1)z
,

bj(z − 1)− bj+1(z) =
(j + 1− z)[j(j − 1)p− z(z − 1)]

2j(j − 1)z(z − 1)
.

All denominators and the factor j + 1 − z are positive. If z(z − 1) ≤ j(j − 1)p,
the first difference is nonpositive, so keep z. Otherwise the second difference is
negative, so use z − 1. In either case the candidate value does not increase.

Starting with bq(v), repeat this step until the family size is m. It produces
a valid candidate bm(z) ≤ bq(v) ≤ θ. Substituting it into the counting bound
proves (A.2) for every subfamily of size at most q.

Finally, for the given I, put I+ = {i ∈ I : Mi > U} and m = |I+| ≤ q.
Apply (A.2) to I+ and multiply by N . Since Nθ = U , we obtain

∑
i∈I+

Mi ≤
N + (m− 1)U . Therefore∑

i∈I

(Mi − U)+ =
∑
i∈I+

Mi −mU ≤ N + (m− 1)U −mU = N − U.

This also covers I+ = ∅, because the intermediate claim included the empty
subfamily. ⊓⊔
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B Proof of Corollary 1

We prove Corollary 1. We first construct the schedule and verify its field size,
completeness, and communication, and then bound its soundness error. The
query budget depends only on λ. The decreasing code rate makes the sampling
contribution decay geometrically with depth, so its sum does not introduce a
depth factor.

Proof (Proof of Corollary 1). Schedule, completeness, and communication. Since
n ≤ 2⌈log2 n⌉ < 2n, the stated field-size inequalities hold. Put b = k0/2. Pack
the root into ⌈N/k0⌉ linear rows and ⌈M/b⌉ multiplication row triples, and set
s0 = k0. Each linear row has k0 slots, and each multiplication triple has b active
positions. Interpolate the two input rows of each triple on those positions and
use their product as the output row. Since 2b = k0, all three polynomials have
degree less than k0. Fill unused positions of the triple by evaluation. The total
witness-row count satisfies

d0 =

⌈
N

2b

⌉
+ 3

⌈
M

b

⌉
<
N + 6M

2b
+ 4 ≤ 9,

so d0 ≤ 8. Reindex the linear constraints under this packing. Restricting a satis-
fying packed witness to the active positions recovers a satisfying original witness,
and the interpolation construction preserves every satisfying original witness.

At each child, use 16 linear rows of width kℓ+1 = ⌈kℓ/4⌉, put |Wℓ+1| = kℓ+1,
and set sℓ+1 = kℓ+1. At every level, use

nℓ = 8 · 2⌊ℓ/3⌋kℓ, tℓ = min{t, nℓ}.

Thus the ratio of code length to row degree doubles every three levels, while
the query budget remains fixed. A level with fewer than t columns opens all its
columns.

Each response pair has 4kℓ coefficients, and the child has 16⌈kℓ/4⌉ ≥ 4kℓ
slots. The recurrence gives kℓ = ⌈k0/4ℓ⌉, so the first width at most t occurs
after exactly L substitutions. Before stopping, kℓ > t ≥ 16, so 2⌈kℓ/4⌉ ≤ kℓ.
Hence both row degrees and code lengths decrease, and the root field has enough
distinct points for every child. These are well-formed layouts, and Theorem 2
gives perfect completeness.

The root openings cost at most 11t, the L child openings cost at most 16tL
after omitting the publicly zero child masks, and the terminal responses cost
4kL ≤ 4t. Thus the prover sends at most

t(15 + 16L) = O
(
λ(1 + log(N +M + 1))

)
field elements.

Soundness. Write B = 2λ+3. At level 0 ≤ ℓ ≤ L, put a = 2⌊ℓ/3⌋ and k = kℓ.
Then sℓ = k, nℓ = 8ak, c = 3k + 1, h = 3k + 1, and the overlap size is 3k − 1.
We first bound the rank-exception term, then the sampling term.
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For integers a, k ≥ 1, comparison of the factors in the two binomial products
gives (

8ak

3k + 1

)
≤ (8a/5)3k+1

(
8k

3k + 1

)
≤ (8a/5)4k28k ≤ (2048a4)k.

Indeed, the denominator of each factor ratio is at least 5k, while its numerator
is at most 8ak, so every ratio is at most 8a/5.

When a = 1, the simpler bound
(

8k
3k+1

)
≤ 256k suffices: the field-size choice

gives q ≥ 8k0 2
λ ≥ 256, because k0 ≥ 2 and λ ≥ 4. Otherwise L ≥ 3. Minimality

of the stopping depth gives t4L−1 < k0, and

a4 ≤ 24⌊L/3⌋ ≤ 4L−1.

Since t ≥ 16 and λ ≥ 4, we have 2048 ≤ 8t2λ. Consequently

2048a4 ≤ 2048 4L−1 ≤ 8t2λ4L−1 < 8k0 2
λ ≤ q.

In both cases,

µℓ =

(
8ak
3k+1

)
qk+1

≤ 1

q
.

Both h − 1 and the overlap size are at most 3k, a fraction 3/(8a) of the
columns. If the level opens all its columns, then δℓ = ωℓ = 0. Otherwise it opens
t columns, and sampling without replacement gives

δℓ, ωℓ ≤
(

3

8a

)t

≤ (Ba)−2.

To verify the last inequality, put g = ⌈(λ + 3)/2⌉. Then t ≥ 3g, B2 ≤ 16g, and
(8/3)3 ≥ 16, so (8/3)t ≥ B2. The remaining factor follows from at ≥ a2.

We can bound the integer counting threshold without adding a rounding
error. For a positive integer v, write

f(v) =
v − 1

2(q − 1)
+
qωℓ

2v
.

The defining inequality for uℓ makes f(uℓ) the minimum over positive integers:
f(v + 1) − f(v) has the sign of v(v + 1) − q(q − 1)ωℓ. Put D = Ba and v =
⌈(q − 1)/D⌉. Writing x = q − 1 and z = Dv − x gives 0 ≤ z < D and

f(uℓ) ≤ f(v) ≤ 1

D
+
z(z −D)− (D − 1)x

2xvD2
≤ 1

D
,

where the middle inequality uses ωℓ ≤ D−2. Together with δℓ ≤ D−2 ≤ D−1,
this proves θℓ ≤ 1/(Ba).

The column conditions hold because k + s = 2k ≤ nℓ, h = 3k + 1 ≤ nℓ, and
3k − 1 < nℓ. The query count is positive, and µℓ + 1/q ≤ 2/q < 1 supplies the
field-size condition. Hence

εℓ = θℓ + (1− θℓ)(µℓ + 1/q) ≤ 1

B2⌊ℓ/3⌋
+

2

q
.
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Each value of a occurs at most three times, so the first contribution sums
to at most 3

∑
j≥0 2

−j/B = 6/B. The positive integer widths decrease strictly

before stopping, so L+1 ≤ k0. The field-size bound q ≥ 8k0 2
λ therefore controls

the sum of the 2/q terms. Theorem 5 therefore bounds the recursive soundness
error by

L∑
ℓ=0

εℓ ≤
6

B
+

2(L+ 1)

q
≤ 3

4 · 2λ
+

1

4 · 2λ
= 2−λ.

⊓⊔
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