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Abstract

Shift-invariant permutations of F3 are particularly attractive in symmetric cryptography because of their regularity and
implementation efficiency. Constructing such permutations with an explicit algebraic structure remains a challenging problem. In
this paper, we study a family of shift-invariant transformations of 5 constructed from a recursively defined sequence of mappings
{7j};>0 associated with landscapes. First, we prove that, under an explicit dimension condition relating n to the support of the
landscape, the sequence {;},;>0 has the polynomial composition property if and only if the corresponding landscape is quasi-
conserved on F3 with a nonzero special index. Then, we determine the eventual zero or periodic behavior of {~;};>0, including
the exact index at which the sequence either first vanishes or becomes periodic, together with the least eventual period, and
establish linear independence until the first linear relation occurs. When the polynomial composition property holds, we establish
an explicit isomorphism between the group of permutation elements in the monoid generated by these mappings and the unit group
of a quotient ring F2[z]/(p(2)), where p(z) is a monomial or a binomial determined by the landscape. This framework reduces
the tasks of testing bijectivity, computing iterates, and determining compositional inverses and orders of permutation elements
to polynomial computations. Finally, we apply the results to mappings represented by binomials and trinomials in the quotient
ring, obtaining explicit criteria and formulas, and tabulate more than one hundred representative constructions of shift-invariant
permutations, recovering and unifying several previously studied families.

Index Terms
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1. INTRODUCTION

A vectorial Boolean function F': F§ — F3 is called shift-invariant if it commutes with the cyclic shift operator S, i.e.,
FoS =S50F, where S maps (xg,x1,...,%n—1) to (x1,...,Tn_1,x0). Equivalently, the coordinate functions of F' are cyclic
shifts of a single Boolean function, i.e., F(z) = (f(z), f(Sz),..., f(S" 'z)) for some Boolean function f: F5 — F5. In the
infinite setting FZ the analogous notion is that of a translation-invariant local rule, i.e., a one-dimensional cellular automaton.
When f depends only on a fixed local neighborhood, the resulting mappings are the periodic-boundary-case counterparts of
one-dimensional cellular automata (see, e.g., [18]). When such a mapping is bijective, it is called a shift-invariant permutation.
Such transformations, especially bijective ones, are particularly attractive in symmetric cryptography, because their regular
structure enables highly efficient bit-sliced software implementations and low-latency hardware realizations, while the entire
mapping is completely determined by a single coordinate rule. However, constructing shift-invariant permutations and deriving
their algebraic properties are generally difficult tasks. For arbitrary local rules, to the best of our knowledge, no simple closed-
form criterion for invertibility is known. Moreover, uniform explicit formulas for inverses, orders, or cycle structures are
generally difficult to obtain. It is therefore natural to restrict attention to well-behaved subclasses that nevertheless capture
many practically relevant constructions.

A particularly fruitful subclass consists of local rules of multiplicative type, which includes the celebrated y mapping and
its numerous generalizations. The classical x mapping from 3 to itself, introduced by Daemen [4], is defined by

X(®)i = i + (Tip1 + 1)Tita,

where all coordinate indices are taken modulo n. Owing to its high efficiency and its well-studied cryptographic properties,
x has been adopted in several prominent standards: it is used directly in Keccak-f [2] (the basis of SHA-3 [22]), while
Ascon [7] (the NIST lightweight cryptography standard [23]) uses an S-box that is affine-equivalent to x. The mapping x has
been extensively investigated from both cryptanalytic and algebraic viewpoints; see, e.g., [1], [3], [5], [6], [8], [15], [19], [20],
[21].

A major breakthrough in understanding the algebraic structure behind y was made by Kriepke and Kyureghyan [11]. They
established an explicit isomorphism between the monoid generated by x together with certain related functions, on the one
hand, and the unit group of the quotient ring Fy[z]/(2("*1)/2) for odd n, on the other hand. Under this correspondence,
the shift operator S and the Hadamard product translate the composition of functions into polynomial multiplication, thereby
reducing the permutation property, order, iterates, and inverse of y to simple computations in a quotient polynomial ring.
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It is known that x permutes 5 only for odd n. To construct shift-invariant permutations over Fy for even n, building on
the powerful framework proposed in [11], we recently generalized x to a broader form Y, ,,, and obtained a larger class of
permutations of F5 that covers both odd and even dimensions n [17]. Meanwhile, for even n, Kriepke and Kyureghyan [12]
used the functions 79, which are built from the cyclic shift operator and the Hadamard product, to span a vector space over
FF,, and this vector space contains an abelian group of permutations isomorphic to the unit group of Fy[2]/ (2" + 2™/2). Zhao et
al. [24] use bifix-free sequences to study the set of defining functions of shift-invariant mappings, and establish an isomorphism
between this set and a polynomial quotient ring, and thereby construct shift-invariant permutations and obtain their arithmetic
properties. Other recent work studies reversible cellular automata and constructs explicit inverses for particular shift-invariant
mappings [9], [10], [16].

The key to the success of the generalizations in [12], [17] is that the affine families formed by the identity plus linear
combinations of functions in {72 }£>1, {Om,k }x>1, respectively, are closed under composition. In other words, the composition
of any two functions from such a family can still be expressed in the same form. Based on this important observation, Kriepke
in [13] studied which sequences of functions possess such a property by using landscapes, a notion that goes back to Daemen [4].
In his work, a landscape ¢ is defined as a finite string over {0, 1, —, *}, which is associated with a shift-invariant function
from F% to itself. From this landscape he recursively constructs a general sequence {VJ([’Q)} ;>0 of functions from FZ to itself.

He stated that for ¢ # 0, the constructed function sequence {7](-8"1)} j>0 satisfies the polynomial composition property, i.e., for

every j7,s > 0,
S S
,Yy,q) o (id+ Zaifygz’q)> = Zamﬁ_’?), ap=1, ai,...,as € Fq, @))]
i=1 i=0
if and only if ¢ is quasi-conserved with special index ¢, but he did not give a proof of this claim in [13]. This connection
reveals the essential characteristics of shift-invariant mappings that behave like polynomials, and further demonstrates that the
algebraic framework proposed in [11] is highly effective for studying shift-invariant permutations on 5. The case ¢ = 0 is
allowed in [13], but in this case, quasi-conservation may not imply the polynomial composition property of {v;};>0, and a
counterexample is given in the Appendix.

However, Kriepke in [13] treated functions on F} by restriction to the n-periodic configurations in F%, and did not directly
discuss the equivalence between the landscape function ¢ on % having the quasi-conserved property and the corresponding
function sequence {v;};>¢ having the polynomial composition property, nor did he discuss the connection between quasi-
conservation of ¢ and the polynomial composition property of the corresponding function sequence {v;};>0 on these two
spaces. In this paper, we directly establish the equivalence between quasi-conservation of ¢ and the polynomial composition
property of {~,},;>0 on F3 under an explicit dimension condition, and also discuss the equivalence between quasi-conservation
of ¢ and the polynomial composition property of {7;};>¢ on the two spaces F5 and FZ in the Appendix. To this end, we first
represent a landscape in the following equivalent form:

t=(a+sm0)s, 2)

reER teT
where () denotes the Hadamard product, R, T C {—k,—k+1,...,m—1,m}\ {0} are disjoint finite nonempty sets, and k, m
are the smallest nonnegative integers such that the inclusion R,T C {—k,...,m} \ {0} holds. Using the complementation

symmetry proved below, we may take a special index ¢ € T" and put

0 =Ca+s) O s 3)

reR teT\{q}

Following [13, Definition 3.6], we study the following sequence on F5 with n > m + k:
w=id, =L =00 %y), (G=1). @)
Our main contributions are as follows.

(1) We establish a necessary and sufficient condition for the landscape ¢ determined by (R,T') to be quasi-conserved with
a given special index ¢, and prove that the sequence of functions on 5 in (4) has the polynomial composition property
in (1) if and only if the landscape ¢ is quasi-conserved on F%, provided that n > max{2m + k,2k + m}. This is a
refinement of Theorem 3.9 in [13].

(2) For all landscapes in this class that are quasi-conserved on FZJ, we determine the long-term behavior of the function
sequence {7;};>0. We show that, depending on the arithmetic relations between R, T, q and n, the sequence is either
eventually zero or remains nonzero and becomes periodic. We determine the exact first zero or periodic starting index
and the least eventual period, and prove linear independence up to the first relation.

(3) When the polynomial composition property holds, we use this algebraic framework to derive permutation criteria and
formulas for iterates in the corresponding monoid, and for compositional inverses and orders of its permutation elements.
For the mappings id +7; and id +7; + 2 (see Section 1V), we also determine the dimensions n on which they are per-
mutations. These results provide a unified treatment of several previously studied families of shift-invariant permutations.
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As a direct application, we obtain over one hundred representative constructions of shift-invariant permutations over F5.
These are systematically tabulated in Tables I, II and III at the end of Section IV.

The present work thus not only resolves the problem of characterizing quasi-conserved landscapes for a wide family, but also
demonstrates the effectiveness and versatility of the algebraic framework initiated in [11] and extended in [13]. Our results
encompass and explain several previously studied families of shift-invariant permutations, including those from [9], [12], [16],
[17]. Moreover, they yield a large number of further such permutations and allow us to determine their inverses and algebraic
structures explicitly.

The paper is organized as follows. Section II recalls the necessary preliminaries on shift-invariant functions, the Hadamard
product, the quasi-conserved landscapes and the polynomial composition property of the sequence of functions on 5. Section III
contains our main results: we first characterize the polynomial composition property of the sequence {~; } ;>0 in terms of quasi-
conservation of ¢, then determine the long-term behavior and linear independence of the sequence {; };>0, and construct shift-
invariant permutations on F4 and study the algebraic structure of these permutations by establishing a homomorphic mapping
between the vector space generated by the sequence {v;};>0 and a quotient ring. In Section IV we construct some explicit
shift-invariant permutations of F3. Section V gives the conclusion and future work. The Appendix proves the equivalence of
quasi-conservation and polynomial composition on [F%, relates it to the finite-dimensional result, and gives a counterexample
for ¢ = 0.

II. PRELIMINARIES

Let [i, j] denote the set of integers {i,i + 1,...,5} for integers i < j. We define the cyclic shift operator S: F§ — FJ by
S(ro, 1y Tn-1) = (T1,--.,Tn—1,To). A mapping F': F} — F¥ is called shift-invariant if S(F(x)) = F(S(x)) for all .
All coordinate subscripts are read modulo n unless stated otherwise.

Let 0 and 1 be the vectors with all components equal to 0 and 1, respectively. The same symbols denote the corresponding
constant mappings when the meaning is clear. For x,y € F5 we define their component-wise product z =z ® y by z; = z;y;
for ¢ € [0,n — 1]. The operation © is associative, commutative and distributive over addition and has 1 as its identity. Observe
that S is linear and S(z © y) = S(z) ® S(y). We extend © to mappings by (F © G)(z) = F(z) ® G(z). With this notation
the classical Y mapping can be written as x = id +(1 + S) ® S2. For brevity, we write S*F for the composition S? o F.

Fix disjoint finite sets R, T C Z, not both empty, and let k, m be the smallest nonnegative integers such that R, T C [—k, m].
We assume n > m + k. A function of the form (2) is called a landscape function. Equivalently,

()i = [ @isr + 1) ] 2ise- (5)
reR teT
The inequality n > m + k ensures that the offsets in [—k,m] are distinct modulo n.

Daemen [4] introduced landscape strings over {0,1, —,*} to describe local transformations. We also use a string 7 over
{0,1, —, *}: 0 indicates offsets in R, 1 offsets in T, and — the remaining noncentral offsets in [—k, m]. At the center we write
0, 1, or % according as 0 € R, 0 € T, or 0 ¢ R U T. Conversely, every such string containing at least one 0 or 1 determines
a landscape function via the above Hadamard product. For example, the classical transformation y has coordinate function
x(2); = x; + (1 + 2441 )xi40. Its associated landscape function is £ = (14 5) ® S2, with R = {1}, T = {2}, and { = 01. As
another example, the landscape function £ = (S~1 +1)®(524+1)® S 2 S has R = {—1,2}, T = {—2,1}, and ¢ = 10x10.

The following definition is a finite-dimensional version of Kriepke’s definition in [13].

Definition 1: The set RUT is called the support of the landscape function ¢, denoted by supp(¢). A landscape function ¢
is called conserved if S°¢ ® ¢ = 0 holds for every § € supp(¢), and quasi-conserved with special index ¢ € supp(¢) if the
equality holds for all § € supp(£) \ {q}. For ¢ € supp(¢), let £(9) denote the local rule obtained from (2) by deleting the factor
indexed by gq.

The relation to the corresponding definition on F% in [13] is discussed in the Appendix. The following lemma gives a
modular criterion for quasi-conservation.

Lemma 2.1: Assume n > m + k. For & € supp(¢) \ {q}, S°¢ ® ¢ = 0 if and only if

(R+0)NT #2 or (T+6)NR#wa, (6)
where the above addition is taken modulo n. Equivalently, for some »r € R and t € T,
r+d6=t (modn) or t+0=r (modn).

Hence ¢ is quasi-conserved with special index ¢ if and only if (6) holds for every ¢ € supp(¢) \ {q}.

Proof: For fixed 6, S°¢ ® ¢ = 0 exactly when its factors contain both S* and S* + 1 at the same coordinate. This is
equivalent to one of the two displayed congruences. If no such pair occurs, choose an input satisfying all required zero and
one coordinates; then S°¢ ® ¢ # 0. ]

Recall the definition introduced in [13, Definition 3.8] as follows:
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Definition 2: The sequence {v;};>o in (4) satisfies the polynomial composition property if, for every j,s > 0 and all

Qag, ..., € Fy with apg =1,
S S
75 © (70 + Ozm) = it %)
i=1 i=0

Throughout the paper, we assume that R and T are nonempty, ¢ # 0, and 0 ¢ supp(¢). The assumption ¢ # 0 is necessary
in general (see the Appendix). Under quasi-conservation, ¢ # 0 implies 0 ¢ supp(£). We can further assume that ¢ € T'. Let £
be obtained from ¢ by exchanging R and T, let J(z) = « + 1, and let {%;} be the corresponding sequence. Then l=1(olJ
and ¥, =vjoJ forj > 1L.If f =0+ v and f =~ + >, i then f = Jo foJand yj0 f = (yj0 f)o J for
7 > 1. Thus complementation preserves both quasi-conservation and the polynomial composition property, and exchanging R
and 7" moves ¢q from R to T'.

III. SHIFT-INVARIANT PERMUTATIONS FROM QUASI-CONSERVED LANDSCAPES

In this section, we first relate quasi-conservation of a landscape ¢ to the polynomial composition property of {~;};>0, and
prove an F%-version of Theorem 3.9 in [13]. We then determine the long-term behavior and linear independence of {v;};>0
and apply the quotient-ring composition method to describe shift-invariant permutations and their algebraic structure. We begin
with the following closed form.

Lemma 3.1: The terms of the sequence defined in (4) can also be represented as

Jj—1 j—1
v = SJa @Siqg(q) — §iq @ @(Siq-‘rT +1) @ giatt | ®)
i=0

i=0 \reR teT\{q}

where the empty product for j =0 is 1.
Proof: The cases j = 0,1 follow from the definitions. Suppose that the formula holds for some j > 1. Applying S9 to
the induction hypothesis and using SY(F ® G) = S1F ® S!G, we obtain
Jj—1 J
Yit1 = ARG Sy, = ARG, S(j+1)q©S(i+1)qg(Q) - 5(j+1)q©sin(Q). )
i=0 i=0
This proves the first equality in (8) by induction. Substituting (3) into the product on the right-hand side gives the second
equality. [ |

A. Polynomial composition of functions and quasi-conservation of related landscapes

Kriepke [13, Theorem 3.9] stated without proof the equivalence of quasi-conservation and polynomial composition on F%. In
this subsection, we show this equivalence directly on Iy under a suitable condition on n. Recall that ¢ is a landscape function
defined in (2), and k and m are the smallest nonnegative integers such that R,T" C [—k, m|. Throughout this subsection, we
assume

n > max{2m + k, 2k + m}. (10)

Theorem 3.2: Let ¢ be the landscape function in (2), and let {7;};>0 be the sequence defined in (4). If (10) holds, then the
following statements are equivalent:

(1) The landscape ¢ is quasi-conserved with special index q.

(ii) The sequence {v;};>o satisfies the polynomial composition property.

To prove Theorem 3.2 we first establish the following two lemmas.

Lemma 3.3: Let { be a quasi-conserved landscape defined in (2) with special index ¢. Let a,b be positive integers and
u,v € Z. If v —u € supp(£) \ {¢q} or u — v € supp(¥) \ {¢}, then

5% © 5%y = 0. Y

Proof: We only show the case v — u € supp(¢) \ {¢}, and the other case can be proved similarly. Applying S~ to the
left-hand side of (11) and setting § = v — u, it suffices to prove

Yo ® 8%, = 0. (12)

Here ¢ € supp(¢) \ {¢}. Next, we only need to show that the equality (12) holds.

Since ¢ is quasi-conserved, by Lemma 2.1 there exist 7 € R and ¢ € T satisfying r+6 =t (mod n) or t+J =7 (mod n).
Since r,t,6 € supp(¢) C [—k,m], we have |r + ¢ —t|,[t +J — r| < max{2m + k,2k + m} < n by (10). Hence r + § = ¢ or
t + 0 = r. The following discussion is divided into two cases.

Case 1: t # ¢. If  + 6 = t, then £(9) contains the factor S*, while S°¢(?) contains the factor S°*" +1 = S* + 1, since
t € T\ {q} and r € R. By (8), these factors also occur in 7, and 5%, respectively. So, the equality (12) holds. If ¢t +6 = r,
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then by similar analysis we know that v, and S°v;, contain the factors S™ + 1 and S”, respectively. Hence, the equality (12)
also holds.

Case 2: t = q. If r +8 = ¢, then 7 = ¢ — & € supp(¢) \ {¢}. For a = 1, y; = £ contains S%, while S°+, contains
S§9+T 41 = S9 4 1. Hence the left hand side of (12) contains both S? and S? + 1, and so the equality (12) holds. Next, we
prove the equality (12) by induction on a + b. Assume that

Y2 ® Sy =0
for all @,b > 1 with @+ b < a + b and every J € supp(¢) \ {¢}.
For a > 2, the recursion (4) gives v, = (9 ® S%,_,. Since S9 = §°899 = 598" and SYFoG)=S8F6SG, we

obtain
Yo © 809 = 60 © S, 1 © 8T = €9 © (1,0 §1) =0,

where the last equality follows from the induction hypothesis with (@, b) = (b,a — 1) and 7 = ¢ — & € supp(¢) \ {q}.

If g+ 6 = r, where » € R C supp(¥) \ {¢}, we prove the equality (12) by induction on a + b. For b = 1, we have
S0, = 8%¢9) @ 87, while -y, contains the factor S” + 1 by (8). Thus v, ® S%y; = 0. For b > 2, the recursion (4) and the
induction hypothesis with (@,b) = (a,b— 1) give

Yo ® 8% = 5D (7, © S"-1) = 0.

This completes the induction and proves (12). [ ]
Lemma 3.3 relates the functions ~, and -y, for positive integers a and b. To prove Theorem 3.2, we need to show that certain
terms in a product expansion are zero. For this purpose, we introduce the following notation: for A € supp(¥¢) define

S*+1, MeR,
O=19
SH, reT.

Let E be a nonempty finite subset of Z>1 and V' C supp(¥) \ {¢}. Define

Pyp=_) <Z S“%) © Cr- (13)
A€Esupp(

oV \i€E O\(VU{q})

Lemma 3.4: Let £ be a quasi-conserved landscape in (2) with special index g. With the notation introduced above, if
V Csupp(¥) \ {¢} is nonempty, then
Pyp© Sl =0

for every ¢ > 0.
Proof: We prove the lemma by contradiction. Assume Py g ® S%y, # 0 for some ¢ > 0. Then there exist z € Fy and
j € [0,n —1] such that (Py,g ® S%.)(x); = 1. So, Py,g(x); = S9v.(x); =1, and every factor of Py  takes value 1 at the
j-th coordinate.
We first claim that, for every a € supp(¢) \ {¢} and k& > 1, if S*v,(x); = 1, then there exists a k' > 1 such that

a+g€e€R and S*Tiy(z); =1. (14)

Fix such a and k. Since ¢ is quasi-conserved, Lemma 2.1 and the condition (10) imply that there exist » € R and ¢ € 1" such
that 7 +a =t or t + a = r. The following discussion is divided into two cases.

Case 1: 7 +a =t. If t € V, then from Py, p(x); = 1, we have that (3,5 S™vi(x)); = 1. So, there exists an i € E such
that (S*;(z)); = 1. Since t — a = r € supp({) \ {¢}, from the equality (11) we have S*y, @ S’y; = 0. This contradicts
S%yi(x); = S'y(x); = 1. Ift = g and ¢ > 1, then ¢ —a = r € supp(f) \ {q}, and the equality (11) implies that
Sk © S99, = 0. This contradicts S*yi(z); = S9.(x); = 1. If t = ¢ and ¢ = 0, then 1 = (S9yy(z)); = S9(x);, while
Setr 41 = S 41 is a factor of S*¢(?), and so of S%yj. Thus (S7 + 1)(z); = 1, forcing x;4, = 0, which contradicts
SU(z); = xj1q = 1. Finally, if ¢t ¢ V U {q}, from Py g(x); = 1 we have (;(z); = S*(z); = 1, while S*T"+1=S"+11is a
factor of S°¢(?), and hence a factor of S®7;. Thus, (S +1)(z); = 1, forcing x4+ = 0, which contradicts S*(z); = z;1; = 1.

Case 2: t 4 a = r. First, suppose that t # ¢q. If r € V, then (3, S"vi(x)); = 1, and so there exists an ¢ € E such that
S"v;(x); = 1. Combining this with the known assumption S®v;(z); = 1, we obtain a contradiction to the equality (11) since
r—a=tesupp({)\{¢}. If r ¢ V, then Py g(z); = 1 implies that (,(z); = (S"+1)(z); = 1. On the other hand, S*** = S”
is a factor of S%¢(9), and so a factor of S%y;. Thus S7(x); = 1. This is impossible. Therefore, t =g and a +¢ =1 € R.

It remains to find &’ > 1 such that S%*%y;,(z); = 1. Recall that k¥ > 1 and S%yj(x); = 1 by the assumption. If k = 1,
then S%y;, = S+ © S99, Since S%y;(x); = 1, we have St 9(z); = Tjiatrq = Tjir = 1. This fact implies that
r € V. Otherwise, Py g contains a factor ¢, = S” + 1, and Py g(z); = 1, and so z,4, = 0. This is a contradiction. Since
r eV, we have Y, 5 S™yi(x); = 1. So there exists &' € E such that S"y (2); = S* iy (x); = 1. If k > 2, then
Sy, = 8@ @ §9+4~, . From the assumption S (z); = 1 we have S®T%;,_;(x); = 1. Hence, S®"%7;(z); = 1 holds
for ¥’ = k — 1. Combining Case 1 and Case 2, we complete the proof of the claim.
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Since V' # @, choose v € V. From Py g(z); = 1 we have (3, S"vi(x)); = 1, so there exists an e; € E such that
SYe, (x); = 1. The claim implies that there exists an e; > 1 such that

v+g€eR and S'Tiy,(z); =1

The fact v + ¢ € R implies that v + g € supp(¢) \ {¢}. Applying the claim again, we have v + 2¢ € R and there exists an
e3 > 1 such that Sv*2%v, (z); = 1. Repeating this process, we have that v + sq € R C supp(¢) for every s > 1. This is
impossible since the support set of ¢ is finite. Thus, the original assumption does not hold, and so Py g ® S9y, = 0. [ ]
After the above two preparatory lemmas, we proceed to prove the main theorem of this section.
Proof of Theorem 3.2: First, we derive (ii) from (i). It is easy to see that the equality (7) holds for s = 0, or when
a; = 0 for all i € [1,s]. Next, let E = {i € [1,s] : a; = 1} be a nonempty set and ¥ = o + >, Vi Set ap = 1. Then
U =37 ,a;v and the equality (7) is rewritten as

GOW =+ Y Vi (15)
i€E
In the following, we show the equality (15) holds for j > 0. To this end, we first calculate £(9) o ¥. For every A € Z, we
have S* o U = §* + 3. S*~;. Using this identity and the property of Hadamard product we have

(@D oy =) (ST +1+ZS”%> ©) (Sf' +Zst%~> = 0O (CthS*%) = Y  Pug

reR i€k teT\{q} i€E Aesupp(£)\{q} icE V Csupp(£)\{q}

where Py g is defined in (13).
We now prove (15) by induction on j. For j = 0, we have v o W = 7o + >, 5 Vi, so the equality (15) holds. Assume that
(15) holds for some 7 > 0. From (4) we have 7,11 = AN S9v;, and hence

VoW = (960 8%;) ol = ((Wol)© 54y 0¥) = Y, Pus|o <Sq7j+25q%'+i>
V Csupp(£)\{q} i€k (16)
= Z Py © Sy + Z Z Py g © 8%y
V Csupp(€)\{q} i€EE V Csupp(£)\{q}

For every nonempty V', Lemma 3.4 gives Py g © S%y; = 0 and Py g ©.S9y;4; = 0 for every ¢ € E. So, all terms Py, g © S%;
and Py g © 59,4, in (16) are 0 except for V = @. When V = @, Py g = @AEsupp(é)\{q} O\ = 09, So, the equality (16) is
reduced to

Vr10W =Py p® S8+ Pop® S =90 8%+ 1D 00 =01+ Y Vitit1:
i€k i€E i€E
This shows that the equality (15) holds for j + 1. This completes the induction and proves (ii).
Next, we derive (i) from (ii). Since (ii) holds, taking j = s =1 and oy = 1 in (7) gives
Yo (Yo+) =+ a7

Below, we prove (i) holds by contradiction. Suppose that (i) does not hold. By Lemma 2.1, there exists a § € supp(¥¢) \ {q}
such that
r+d#t (modn), t+0#r (modn) (18)

for every 7 € R and ¢t € T'. Consider the set
U={ueTF7:lu)y="Llu)s=1}.
Next, we show that U # @. Since £(u); = [[,cp(1 + wjpr) [[,cr wjte for u € F§ we have that u € U if and only if
Up = Us4r = 0, Ut = Us4t = 1 (19)

for every 7 € R and t € T. The condition (10) and RNT = & imply that » Z ¢ (mod n), and hence 6 +r #Z § + ¢ (mod n).
Moreover, (18) gives r Z 6 + ¢ (mod n) and 6 + r #Z ¢t (mod n) for all » € R and ¢ € T. Hence no coordinate is forced to
both 0 and 1 in (19). So there exists a u € FJ satisfying (19). Hence U # @. The following discussion is divided into two
cases.

Case 1: There exists a u € U such that {(u), = 0. Put y = u + ¢(u). By (19) we have y, = u, + {(u), = {(u), for r € R
and y; = ug + €(u)y = 1 + ¢(u); for t € T. Since u, = 0 and u; = 1, from (5) we have

(10 (0 + 1)@ = Lo = [[ A+ 0w [Ja+ ey = T @+ =0,

reR teT a€supp(£)
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where the last equality follows from § € supp(¢) and ¢(u)s = 1.
Since ¢ € T and u € U, we have £(u)g = ¢(9(u)yu, = 1 by the definitions of ¢ and ¢(?), and hence ¢()(u)y = 1. Recall
that ¢(u), = 0. From (4) we have

(71 +72) (Wo = £(u)o + (LD © S9y)(u)o = L(u)o + (19 (u)ol(u)g = 1.

Thus, the two sides of (17) take different values at coordinate O for the input u. This is a contradiction.
Case 2: Every u € U satisfies £(u), = 1. Set e = g — d. The following discussion is divided into two subcases.
Subcase 2.1: e ¢ T'. We show that e ¢ supp(¢). Choose z € U. Then £(z)g = £(z)s = {(z)y = 1. If e € R, then

1=4(z)5 = H (1+ 2z54+) H 254t
r€R teT
So zg = 254 = 0, whereas ¢(z)o =1 and ¢ € T imply z, = 1. Hence e ¢ R, and so e ¢ supp(¥).

We next construct an input « € F} such that (v3 0 (y0 +71))(2)o # (71 + v2)(x)o. Let x € FY satisfy x, =0 and z; = z;
for i # g (mod n). Since g € T, £(z)o = [[,cx(1 + @) [T,cp 2+ = 0. Moreover, £(z)o = 1 implies 1 = £(2)o = £V (2)yzq,
and hence £(9)(z)o = 1. Since z and z differ only at the ¢-th coordinate, £(9) () = £(9)(2)y = 1.

We next show ¢(z), = £(2), = 1 and £(z)s = ¢(z)s = 1. By the definition of ¢,

l(z)q = H (14 zg4r) H Tq+ts U(z)q = H (14 2q4r) H Zqtt-
rER teT reR teT

Since x and z differ only at the g-th coordinate, {(x), # ¢(z)4 can occur only if 244, # 24+, for some a € supp(¢), which
requires ¢ + a = ¢ (mod n). This gives a = 0 by (10), which is impossible since 0 ¢ supp(¢). Hence {(z)q = £(z)q = 1.
Similarly, ¢(x)s # £(z)s can occur only if 54, # 2544 for some a € supp(¢), which requires § + a = ¢ (mod n). This gives
a = e by (10), which is impossible since e ¢ supp(¢). Therefore, £(x)s = £(z)s = 1.

Put y = x + {(x). We have y, = z, + £(z), = 1. Since 1 = £ (z), = [1,er(1 + @) ITeq g4y ¥t We have z; = 0 for
every 7 € R and x; = 1 for every t € T'\ {q}. Hence,

(no(o+r)(@o =Lt =y [[A+t@)n) T[] G+e@n=J[ @+ =0,

reR teT\{q} a€supp()\{q}

where the last equality follows from ¢ € supp(¢) \ {¢} and ¢(z)s = 1. Moreover,
(1 +92)(@)o = £(z)o + (€9 © ST7)(2)o = £(x)o + 19 (@)ol(x)g = 1.

This contradicts (17).
Subcase 2.2: e € T'. Since § # 0, we have e # ¢q. We first show that ¢ and e have opposite signs. Fix an arbitrary s € 7.

Since
1="{(u)g = H (1 + ugtr) H Ug+t

reR teT

for every u € U, we have uq,4, = 1 for every u € U. By (19), the coordinate ¢ 4 s must be forced to 1. Otherwise, it would
be free or forced to 0, and some v € U/ would satisfy u,4, = 0, a contradiction. Hence ¢ + s = ¢ (modn)orqg+s=9+t
(mod n) for some t € T. Using ¢ = g — ¢ and (10), we have

s+q=teT or s+e=tel.

If g,e > 0, take s =max7T. Then s+ ¢ > sand s+e>s,s0 s+q¢ T and s+ e ¢ T. This is a contradiction. Similarly, if
g,e <0, take s =minT. Then s + ¢ ¢ T and s+ e ¢ T. This is also a contradiction. Thus ¢ and e have opposite signs.
Consider the set
V={uecly:lu)y="~lu) =1}

By the definition of ¢, u € V if and only if
Up = Uetr = 0, Ut = Uet+t = 1 (20)

for every r € R and t € T. We first show that (e4+ R)NT = & and (e+T)N R = @. Indeed, if e +r =t for some r € R and
teT,thenq+r=0+e+r=273+t. So for every u € U the factor 1 + ugt, = 1+ us4s of £(u), vanishes since usqy =1
by (19). Hence ¢(u), = 0 for every u € U, contradicting the assumption of Case 2. Similarly, if e +¢ = r for some ¢t € T and
reR, theng+t=0+e+t=0+r,s0 ugy, = usy, = 0 for every u € U by (19), and again £(u), = 0 for every u € U, a
contradiction. By an argument similar to the discussion for I/ # &, with these two identities in place of (18), we have V # &.

If some u € V satisfies {(u), = 0, then, since e € T\ {¢q} and £(u). = 1, by an argument similar to that in Case 1 with e
in place of § we get a contradiction to (17). Hence ¢(u), = 1 for every u € V.
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Fix an arbitrary s € T Since ¢(u), = 1 for every u € V, we have u,4, = 1 for every u € V. By (20), this can hold for
every u € V only if the coordinate ¢ + s is forced to 1 by (20), i.e., ¢+ s =1t (mod n) or ¢+ s = e+t (mod n) for some
t € T. Using 6 = ¢ — e and (10), we obtain

s+qg=teT or s+d=teT.

If g,6 > 0, take s = max 7. Then s+ ¢ ¢ T and s+ 6 ¢ T. This is a contradiction. Similarly, if ¢, < 0, take s = minT and
obtain the same contradiction. Thus ¢ and § have opposite signs.
Hence, e and § have the same sign, so e + § has sign opposite to ¢. This contradicts ¢ = e + 6. Hence the assumption that
(1) does not hold is impossible, and therefore (ii) implies (i). This completes the proof. |
The bound n > max{2m + k, 2k + m} in Theorem 3.2 cannot in general be replaced by n > m + k.
Example 3.5: Take n = 6, R = {—1,2}, T = {3}, and ¢ = 3. Here k = 1, m = 3, and n > m + k. The landscape is
0(x); = 2i43(1 + 2;-1)(1 + z;42). With coordinate subscripts taken modulo 6, we have
(STHOO()i = ziva(1+ zim2) (1 + Tip1)ira(l + 2im1) (1 + 2i42) = 0,
(8200 0) ()i = igs(1+ zig1) (1 + Tipa)zira(L+ 2i1) (1 + @ip0) = 0.
Since supp(¢) \ {¢} = {—1,2}, £ is quasi-conserved with special index ¢ = 3 on FS. By (4), we have yo(x); = z;(1 +
2i—1)(1 4+ 2;42). For x = (0,0,1,1,0,1), we obtain v, (z) = v2(x) = (0,0,1,0,0, 1), but

yi(z +y(z)) = (1,0,0,0,0,0) # 0 = v, (z) + Y ().

Hence, the sequence {~;},>0 does not satisfy the polynomial composition property.

B. Long-term behavior of the sequence {v;};>1

We now study the long-term behavior of the sequence {~; };>1. For the rest of this section, assume that ¢ is quasi-conserved
with special index g. By Lemma 3.1, for j > 1 we have

j—1
v =51 Ot +1) () sttt (21)

h=0 \r€R teT\{q}

Let
n

- ged(n,q)’
So, d is the least positive integer such that dg = 0 (mod n), and (r,t) € C if and only if »r —¢ = hq (mod n) for some h € Z.
Theorem 3.6: As j increases, the sequence -, either becomes zero or remains nonzero and becomes periodic.

(1) If C # 0, for each (r,t) € C, let

(o t) = 1+ min{pe[l,d—1]:r—t=+pg (modn)}, ¢+#gq,
A= min{v € 2,d—1]: r=vq (mod n)}, t=gq.

C={(rt)e RxT:r=t (mod gecd(n,q))}.

Set jo = min(, 4)cc j(r,t). Then ; = 0 if and only if j > jo.
(2) If C =), for every j > 1 set
J

zZi=J{r-hgmodn:re R},  O;=|J{(t—hg)modn:teT\{qg}}.
h=1 h=1

Then there exists a smallest positive integer j; such that Z; 11 = Z;, and O;, 41 = O;,, and for every j > ji,
Yi+r =5 Vird =)

where d is the least positive period of the sequence {~;};>;,.

Proof: For j > 1, from (21) we know that ; = 0 exactly when the expression contains both S and S* + 1 for some
a € [0,n — 1]. This occurs exactly when there exist » € R and h, hy, he € [0, j — 1] such that the first congruence below holds
for some t € T'\ {¢} or the second congruence holds:

hig+r=hag+t (modn), hq+r=jq (modn). (22)

It is known that v and 7, are not zero functions. If the first congruence holds then (r,¢) € C, and the second holds only if
(r,q) € C. The next discussion is divided into two cases.

(1) The case C # (). We determine the smallest 5 > 1 for which each congruence occurs. If there is a pair (r,¢) € C with
t # g satisfying the first congruence of (22), then

r—t=(ho—hy1)g (modn). (23)
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From the expression in (21), the smallest j > 1 satisfying (23) is exactly the smallest |ho — hq| satisfying (23) plus 1. It
is known that dg = 0 (mod n). So, the smallest j satisfying the first congruence is 1 + min{p € [1,d — 1] : r — ¢t = £pugq
(mod n)}.

If there is a pair (r,q) € C satisfying the second congruence of (22), then

r=(j—h)g (modn). (24)

It is known that dg = 0 (mod n) and j — h € [1, j]. So, the smallest j satisfying (24) is exactly min{v € [2,d — 1] : r = vq
(mod n)}.

Combining the two cases, v;, = 0, and no congruence in (22) can hold for j < jo. Since v;11 = 09 S~; contains S7v;
as a factor, v; = 0 implies ;41 = 0. Hence y; = 0 if and only if j > jo.

(2) The case C = (). In this case, none of the congruences of (22) holds. So 7, # 0 for every j > 1. We set

J J
n; =87y = id@S‘hqﬁ(Q) and n;(z); = x; H H(l + Ti—hgtr) H Tichgtt | - (25)

h=1 h=1 \reR teT\{q}

From the definitions of Z; and O;, we know that n;(z); = 1 if and only if z; = 1, z;4s, = 1 for every 6; € O, and z;45, =0
for every 0; € Z;.

The sets {0}, Z;, and O; are pairwise disjoint. Indeed, if 0 € Z;, then r = hq (mod n) for some r € R, which gives
(r,q) € C, a contradiction. If 0 € O, then ¢t = 0 (mod ged(n,q)) for some t € T'\ {q}. Applying Lemma 2.1 with ¢ = ¢,
there exist 7 € R and ¢’ € T such that » +¢ = ¢’ (mod n) or ' +¢ = r (mod n). Since ¢ = 0 (mod ged(n, q)), either
congruence gives =t (mod ged(n,q)), so (r,t') € C, a contradiction. If Z; N O; # 0, then r — h1qg = t — hag (mod n)
for some r € R and t € T'\ {¢}, which gives (r,¢) € C, a contradiction.

We now show that 141 = n; if and only if 2,1 = Z; and Oj4; = O;. If Z;11 = Z; and Oj41 = O;, from (25) we
have 7,41 = n;. Conversely, suppose there exists a 6, € Z;41 \ Z;. Since 2.1 N O;1 = () we have that 0, ¢ O;1, and
so 0, ¢ O,. From the expression of (25) we know that the factors x;45, and 1 + z;15, do not appear in n;(x);. Hence we
may choose z such that n;(x); = 1 and x;45, = 1. Since §, € Z;41, n;j41(x); contains the factor 1 + x;45, = 0. Hence
nj+1(z); = 0, and thus n;41 7 n;. Similarly, if there exists a 6, € O;41 \ O;, we can also derive that 7,41 # ;. This shows
that ZjJrl = Zj and Oj+1 = Oj from Nj+1 =15

We next show that if Z;,, = Z; for some j, then Z;,, = Z; for every s > 1. It is known that

Zip1=2Z2;U{(r—(j+1)¢) modn:re R}.
From Z;,1 = Z;, for every r € R, there exist v’ € R and h € [1, j] such that
r—(G+1)g=r"—hqg (modn).
From this congruence we have
r—(G+2)g=r"—(h+1)¢ (modn), h+1€ell,j+1].

This congruence shows that Z;,, C Z;,1 = Z;, and then Z;,, = Z;. By induction on s we have Z;,; = Z; for every
s > 1. Similarly, O;;, = O; for every s > 1 if O;; = O;.

For every j > 1, Z; and O; are subsets of the set of all integers modulo n, and Z; C Z;,; and O; C O,1. So, there must
exist a positive integer j; such that Z; 1 = Z;, and Oj, 41 = O;,. Moreover, assume j; is the minimal positive integer such
that the equalities hold. The discussion above shows Z; = Z; and O; = Oj, for every j > j1. From (25) we have 141 = 7;
for every j > ji. Since n; = S99, we get vj41 = S%v; for every j > ji.

Finally, we show that d is the minimal positive integer such that ;4 = 7; for j > j;. Since ;41 = S9y; for every j > j,
we have 714 = S%~; for every j > ji. Since dg =0 (mod n) and S™ = id, we have 7;;4 = 7; for every j > ji.

It remains to show that d is the least positive period of {y;};>;,. If not, there exists 7 € [1,d — 1] such that ;4. = v, for
every j > ji. Applying ;41 = S9v; repeatedly gives v;, 1, = S797y;, = 7;,. Together with n;, = S~7197;, we have

STy, = STy, = 57y, = 1y,

We construct an input = € F3 satisfying 7, (x); = 0 but n;, (z);+-4 = 1. Every element of O}, is nonzero modulo gcd(n, g).
Indeed, if J, € O, satisfies §, = 0 (mod gcd(n,q)), then 6, =t — hg (mod n) for some t € T'\ {q} and h € [1, j1]. So
t =0 (mod ged(n,q)). Applying Lemma 2.1 with § = ¢, there exist » € R and ¢’ € T such that r +¢t = ' (mod n) or
t'+¢t=r (mod n). Since t = 0 (mod ged(n,q)), either congruence gives » = ¢’ (mod ged(n, q)). So (r,t') € C yields a
contradiction. Since —7¢ =0 (mod gecd(n,q)), we have —7¢ ¢ O;,.

By (25), nj, (%)i4rq = 1 exactly when

i+Tq — 1y i+71q+0, — L i+71q+6, — Y,
Tigrg =1 Titrg+s, = 1 Titrqts, =0
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for every 6, € Oj, and 6, € Z;,. We have 7q # 0 (mod n) since 7 € [1,d — 1] and d is the order of ¢ modulo n. Thus
Ziyrq and z; are distinct coordinate variables. Since —7¢q ¢ O;,, the coordinate variables x; and x; 4,445, for d, € O;, are
pairwise distinct. Together with the pairwise disjointness proved above, this allows us to choose x such that 7;, (2)i4rq = 1
and z; = 0. Then

MNj1 ('r)t =0, (Sanjl)(x)i = Mj1 (x)i-i-ﬂ] =1
This contradicts S7%n;, = n;,. Thus, there is no 7 € [1,d — 1] such that v;;, = 7; for j > j1, and d is the least positive
period of {7;};>;,.

Moreover, we can show that j; is also the smallest positive index satisfying ;4 = 7; for j > j1. On the contrary, suppose
that ;4 = -y; for some positive integer j < ji. Since dg =0 (mod n), we have
Mjga = S~ UTDy, 4 = 5790y, = ;.

Next, we show that Z;,4 = Z;. Otherwise, by Z; N O; = () and (25), we can choose a §, € Zitd \ Z; and an x such
that n;(z); = 1 and z;45, = 1. Then n;4(z); = 0. This contradicts the fact that n;;.4 = n;, and so Z;;4 = Z;. Similarly,
Oj+d = Oj. On the other hand, we have Z; C Z;.1 C Z;4 and O; € O;11 € Ojyq, and so Z;11 = Z; and O;11 = O;.
This contradicts the minimality of j;. So, the integer j; is the smallest positive index satisfying ;14 = 7; for j > j. [ ]

The indices jo and j; in Theorem 3.6 admit the following simple upper bounds. The definition of jy in Theorem 3.6 gives
jo <dwhen C # (. If C =0, then dg =0 (mod n) gives a — (d+ 1)¢g = a — ¢ (mod n) for every a € supp(¢) \ {¢}. Hence
Zgr1 = 24 and Ogq1 = Oy, so j1 < d. Next, we discuss the linear independence of the sequence of functions {yj }jzo-

Proposition 3.7: With the notation of Theorem 3.6, we have

(1) If C # 0, then 9,71, - .., 7 ,—1 are linearly independent over F.

(2) If C =0, then 9,71, ..., 7j,+d—1 are linearly independent over Fs.

Proof: (1) The case C # (. In this case, y; = 0 for j > jo. Suppose that 250:61 civs = 0, where co,c1,...,¢j—1 € Fo
are not all zero, and let k£ be the smallest index such that ¢, = 1. By the recurrence (4),

Jo—1 Jjo—1 Jjo—1
Z CiYit1 = Z ¢ (09 @ §;) = 0D @ 5 <Z Cﬁi) =0.
i=0 i=0 i=0
Repeating this process we have Zgozgl ¢;vi+s = 0 for every s > 0. Taking s = jo — 1 — k and using ¢; = 0 for i < k, we

obtain )
Jo—1

0= E Ci%jo—1+i—k = Vjo—1-
i=k

The last equality holds because ¢, = 1 and 7; = 0 for every j > jo. This contradicts v;,—1 # 0. Hence ~,...,7v;,—1 are
linearly independent over Fs.

(2) The case C = 0. If vg, 71, . .. ,Vj1+d—1 are linearly dependent over Fy, then their coordinate functions x Yo()o, x
()0, - = Yj+d—1(x)o are linearly dependent over Fo. Next we show that these coordinate functions are linearly
independent over IFo, and so g, 71, - .,7;j,+4—1 are linearly independent over Fy. From ~y = id and (21) we have

j—1
Yo(z)o =0, Vj(T)o =59 H H(l + Thgtr) H Thett | 5 J = 1.
h=0 \reR teT\{q}

For j > 1, the highest-degree monomial of ~y;(z)o is ][], p, Ta- Indeed, every monomial of vj(x)o is supported on a subset
of P;. By (22) and C = (), the expression for ~v;(x)o does not contain both z, and 1+ x, as factors for any a. Hence, for each
a € P, the factors involving x, form either (14 x,)" or ¥ with w > 1. In the expansion of (1 + z,)" with w > 1, exactly
2" — 1 choices produce x, after using xg = x,. The number 2 —1 is odd, and zY = z,. Hence the coefficient of Hae P, Ta
is 1, where

j—1
P; = {jgmod n} U U {(a+ hqg) mod n : a € supp(¢) \ {¢}}, (26)
h=0
and we set Py = {0}. To prove linear independence of the coordinate functions vo(z)o, 1 ()0, - - - ; Vj; +d—1(Z)o, it suffices to
show that Fy,..., Pj ;41 are pairwise distinct.
We first show that F, ..., P;, are pairwise distinct. For j > 1,
j—1
{(a—jg)modn:ae P} ={0}u | J{(a—(j —h)q) mod n: a € supp(¢) \ {q}}
h=0
J
= {0} U [ J{(a —hg) mod n : a € supp(¢) \ {¢}}
h=1

—{0}UZ, U0,



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. , NO. 11

where the three sets {0}, Z; and O; are proved to be pairwise disjoint in Theorem 3.6. Since |P;| = |R U T, we have
|P1| > 2> |Py|. For 1 < j < ji, we have Z; C Z;11 or O; C Oj4q. Since j; is the first index j for which Z; = Z;,, and
O; = Oj41, we have

[Po| <[P <--- <[P}l

Next, we show that § Z 0 (mod gcd(n,q)) for every § € supp(€) \ {¢}. Suppose instead that § = 0 (mod gecd(n,q)) for
some such ¢. Then Lemma 2.1 gives » € R and ¢ € T such that r +0 =t (mod n) or t +J = r (mod n). Thus r = ¢
(mod ged(n, q)), and so (r,t) € C. This contradicts that C = ). Therefore, for every ¢ € supp(¢) \ {q}, we have

(5+hg)modn#0 (mod ged(n.q)), h e [0, — 1]

where j > 1. Thus by (26), jg mod n is the unique element of P; congruent to 0 modulo ged(n, g) for every j > 1.

We now show that Pj ,..., Pj 141 are pairwise distinct. Suppose that Pj .5, = Pj 4,, for 0 < s1 < s3 < d. Then
((j1 + s1)g mod n) € Pj,4s,. Since (j1 + s1)g =0 (mod ged(n,q)) and the only element of P}, congruent to 0 modulo
gcd(n, q) is (j1 + s2)g mod n, we have

(J1+s1)g = (j1 +s2)g  (mod n).

Hence (s2 — s1)¢ = 0 (mod n), which is impossible because 0 < sy — s1 < d and d is the least positive integer satisfying

dg =0 (mod n). Therefore Pj,, ..., Pj,4q—1 are pairwise distinct.
For j > ji, both Z; and O; remain constant, so |P;| = |P},|. Since |Py| < |Pi| < --- < |Pj,| and Pj,,..., P} +4—1 are
pairwise distinct, it follows that Py, ..., P;, 141 are pairwise distinct. This completes the proof. [ ]

C. Shift-invariant permutations and their algebraic structure

In this subsection, we use the linearly independent functions Yo, V1, - - -, Yaegp(z)—1 1O construct a group under composition
of functions, which is isomorphic to the multiplicative group of units of a polynomial quotient ring, where p(z) is defined
below. The functions in the group are shift-invariant permutations of F7, and their inverses, iterates and composition orders
are calculated in the polynomial quotient ring.

Let ¢ be a quasi-conserved landscape function over F% with special index g. Let {7;};>0 be the sequence of functions
defined in (4), and let jp, 71 and d be as in Theorem 3.6. In the following we define

2do, C#0,

) =270 @7
21 (1+ 2%, C=0.

Let I' = span{~o,71,...} be a linear space over Fy and Q = Fs[z]/(p(z)). By Theorem 3.6 and Proposition 3.7,

Y05 - - - » Vdeg p(z)—1 form a basis of I'. For F' = Z(;:gop(z)_l a;7;, define a vector-space isomorphism ¢ : I' — Q by
deap(s)-1
o(F) = Z a;2".
i=0

To construct a group of shift-invariant permutations of Fy, we define

deg p(2)—1

G =r0+span{V1,...,Yaeep(z)—1} and M= {1+ Z a;z"a; €Fy p C Q.
i=1

It is easy to see that G and M are monoids. Let G* and M* be their groups of units, respectively. By Theorem 3.2, the
sequence {7;};>0 satisfies the polynomial composition property, which allows us to have the following isomorphisms.
Theorem 3.8: The set G is an abelian monoid under composition. The restriction of ¢ to G is a monoid isomorphism
(G,0) = (M,-), and its restriction to G* is a group isomorphism (G*,0) = (M*,-). Moreover, G* = G if and only if C # 0.
Proof: Let F,G € G and write ' =), a;7; and G = Zj b;vj, where a;,b; € F2 and ag = by = 1. By the polynomial
composition property, y; 0 G = > ; bjvit; for every i. Hence

FolG= Zai(% @) G) = Zaibj’yi"r]"
i i,

By this equality and the definition of ¢, we have

P(FoG) = p(F)p(G) € M.
Here the reduction of ¢(F)¢(G) modulo p(z) is compatible with the relations in I': 7; = 0 for j > jo corresponds to 27 =0
(mod z7°), and ~j 4 = ~y; for j > ji corresponds to z97¢ = 27 (mod 271 (1 + z%)). This shows that ¢ is a homomorphism

from G to M. Moreover, it is easy to see that ¢|g : (G,0) — (M, -) is a monoid isomorphism, and so ¢|g+ : (G*,0) — (M*,-)
is a group isomorphism.
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If C # 0, every element of M is a unit modulo 27°. If C =, 1 + z € M is not a unit since (1+ z) | p(z). Hence G* =G
if and only if C # 0. [ |
When C = (), Theorem 3.8 yields the following permutation criterion.

Corollary 3.9: Suppose C = (), and let F' = id + Zjﬁ;ﬁ“ a;v; € G. Then F is a permutation of F3 if and only if

jit+d—1
ged [14+ > a2, 142" | =1,
j=1
where d; is the largest odd divisor of d.

Proof: By Theorem 3.8, F is a permutation if and only if ¢(F) is a unit in Q. This holds if and only if the polynomial
o(F)=1+ Z;;d_l a;jz7 is coprime to p(z) = 291(1 + z%). Since ¢(F) is coprime to 27!, it remains to check whether it
is coprime to 1+ z%. Writing d = 2°d; with s > 0 gives 1 + 2% = (1 4 2%1)2". So, o(F) is coprime to p(z) if and only if
ged(p(F), 1+ %) = 1. ]

Next, we determine the inverses, iterates and orders of functions in the group G*.
Theorem 3.10: Let F' = id+2?:1 a;v; € G*, where u=jo—1ifC#Qand u=j; +d—1if C=10.
(1) The inverse of F' has the form F~' =id+ ) }_, bik, and the coeflicients by, are determined by the following:

ap + Z ab;, kel,71 —1],
_H-j[:k]
If C # 0, then by, = ay + a;b; for k € [1,u]. If C = , then by, = M :
(i, S Tor k€ [l wt Y wb, kel

6,j€[1,ul i+j=k (mod d)
i+3>741, 4,j€[1,u]
(2) Set ag = 1. For s > 1, the sth iterate of F' has the form F'®* = id+ Z:Zl ckYk, and the coefficients ¢ are determined

by the following: Z
ail"’ais7 ke[lajlf]-L

i1+etis=k
i1,..0yis €[0,u]
If C # (), then ¢, = 2 i ceea fork € [Lul IfC =0, then ¢y = E .
L i i Z aZl azq,sa k € [.]1au].
i1,50.0,15 €[0,u] R

i1 tis >y
01,0505 €[0,u]

(3) Let j =min{j € [l,u] : a; = 1} and F # id. If C # 0, then
ord(F) = 2’—1082@0/?)].

If C =0 and d is a power of two, write Y, a;27 = (14 2)?A;(z) with p > 1 and A;(1) = 1. Then

Jj=1
ord(F) = 2(1og2 max {1,114 1

Proof: Let A(z) =1+ Y7 a;z7. Then p(F) = A(2).

(1) Let B(z) = 1+ >_,_, bxz". Since A(z) is a unitin Q, A(2)B(z) =1 (mod p(z)) uniquely determines the coefficients
bi. For C # (), we have p(z) = 27°. The terms of degree at least j, vanish modulo p(z), so comparing the coefficient of z*
for k € [1,u] gives

CLk-—Fbk—F Z aib]’ =0.
itj=k
1,5 €[1,u]
This yields the first formula.

For C = {), it is known that p(z) = 271 (1 + 2%), and so zN*+9 = 2V (mod p(z)) for N > j;. We keep the terms of degree
less than j; and replace each 2V with N > j; by z¥, where k € [jy, ] is uniquely determined by N = k (mod d). Comparing
coefficients then gives the remaining equations in (1).

(2) Set ag = 1. By Theorem 3.8, p(F*®) = A(z)°. Expanding the product gives

u S
=0 i1, €0,
For C # (), we have p(z) = 270, so terms of total degree at least jo vanish modulo p(z). Hence comparing the coefficient of

2% for k € [1,u] gives
Cp = Z Agqy = Ay

i1+ Fis=k
015000505 €[0,u]
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For C = (), we have zV*4 = 2NV (mod p(z)) for N > ji, where p(z) = 271 (1 + z%). Under this reduction, terms of total
degree less than j; remain unchanged, while each monomial 21+ 1% of total degree at least j; reduces to z* for the unique
k € [j1,u] satisfying i1 +- - - +is = k (mod d). Comparing coefficients after reduction, we have the remaining formula in (2).

(3) Let F # id. For every v > 0, Theorem 3.8 shows that 2" = id if and only if A(2)?" =1 (mod p(z)), or equivalently
p(2) | A(2)* + 1. It is easy to see that

ov

u u
A(z)zy +1= Zajzj = Zajzﬂ".
i=1 i=1

For C # ), we have p(z) = z7°. The lowest-degree nonzero term of this sum is 272", So F2" = id if and only if ;2" > jo.
Since | M| = 270~ and every element of M is a unit here, M™ is a 2-group, so the order of F' is indeed a power of 2. The
least such v is [log,(jo/7)], which gives the first formula.

For C = () with d a power of two, we have p(z) = 2/1(1 + 2)?%. Since A(z) is a unit in Q and F # id, we have
A(l) = 1 and A(z) + 1 # 0. Thus we can write A(z) +1 = (1 + 2)?A;(z) with p > 1 and A;(1) = 1. Consequently,
A(2)? +1= (14 2)P% A1(2)*

Finally, we determine when p(z ) divides A(2)?" + 1. Since A;(1) = 1, the multiplicity of 1 + z in A(z 32" + 1 is exactly
p2”. Thus (1 + z)? divides A(2)*" +1 if and only if p2” > d. By the definition of j, the lowest-degree term of A(z )2+ 1
is 292, So 291 divides A(2)2" + 1 if and only if j2¥ > ji. Hence F2” = id if and only if j2” > j; and p2” > d. Both
inequalities hold for sufficiently large v, so the order of F' is a power of 2. Taking the least 2¥ satisfying both inequalities
gives the second formula.

|

IV. AppLicATIONS: PERMUTATION CONSTRUCTIONS VIA BINOMIALS AND TRINOMIALS IN Q

In this section, we use the results in Section III to construct explicit shift-invariant permutations of Fy. Recall that ¢ is
the quasi-conserved landscape function defined in (2) with special index ¢ and {~;};>0 is the sequence of functions defined
in (4). By Theorem 3.2, this sequence satisfies the polynomial composition property. Let p(z) be the polynomial defined in
(27), let F = 3987 4,;, and let ¢ be the monoid isomorphism from G to M given in Theorem 3.8. In the following we
construct several explicit shift-invariant permutations of F% from binomial and trinomial permutations ¢(F'), and then discuss
their orders, inverses, iterates, and fixed points.

A. Shift-invariant permutations of F§ via permutation binomials in Q

In this subsection, we study shift-invariant permutations of the form 3, = id ++; with h > 1. The images of such functions
under the isomorphism ¢ are permutation binomials 1 + 2" € Q. By Lemma 3.1, for h > 1 we have

h—1 h—1
=51 Qs =50 (O 11 © 5. e
i=0 i=0 \reR teT\{q}

Then, (3, is a function from F§ to itself and its ¢-th output coordinate is

h—1

Br(w)i = @i + Y (T)i = i + Tiyng H H (Titjg+r +1) H Titjq+t

j=0 \reR teT\{q}

Since ¢(B1,) = 1 + 2", by Theorem 3.8 we know that 3, is a permutation if and only if C # (). In the following, we assume
C# 0 and h € [1,jo — 1], where jg is given in Theorem 3.6.

For nonnegative integers a and b with binary expansions a = Y., @;2" and b = > .., b;2, write a < b if a; < b; for every
i. The order and inverse formulas below follow from Theorem 3.10 (3) and (1). It is known that (1 + 2)" = Zf o (9)zh
By Theorem 3.10(2), we obtain 8 = 37 (%) Vhi» where v; = 0 for hi > jo. Lucas’s theorem gives (?) = 1 (mod 2) if
and only if ¢ < v. For 7 > 0 with 27h < jo, taking v = 27 in the iterate formula gives 6,2; = id +9,p. Hence x is a fixed
point of 32’ if and only if 4, (x) = 0.

Proposition 4.1: Let C # () and h € [1, jo — 1], and set s = |(jo — 1)/h], where jo is given in Theorem 3.6. Then

ord(By,) = 2Mee=00/M1 - g1 — id+27hi, and f; = Z Yhi, v > 1.
i=1 iE[O,an{v,s}]

In particular, 3y, is an involution if and only if 2k > jy. For j > 0 with 2h < jo, x € F% is a fixed point of 5%; if and only
if ygip(z) = 0.
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We next apply Proposition 4.1 with h = 1 to construct explicit permutations from three families of landscapes satisfying
the quasi-conservation criterion in Lemma 2.1.

Corollary 4.2: Let R, T C [—k,m] \ {0} be disjoint nonempty sets with ¢ € T, and let n > max{2m + k, 2k + m}, and
F :F3 — 3 be the shift-invariant mapping whose ¢-th coordinate is

Yi = x; + H(dfz’+r +1) H Titt-
reR teT

Suppose that one of the following three conditions holds:

(1) R={r} and {q,2r} C T, and forevery t € T\ {q} we have r+t €T orr —t € T}

(2) T = {q} and for every r € R we have ¢ —r € Ror ¢+ r € R;

(3) T = {q,t} with ¢ # t. For every r € R, at least one of ¢ —r, t — 7, ¢+ r and t + r belongs to R, and at least one of

q—t, g+t and 2t belongs to R,

where the addition is taken modulo n. Then F' is a permutation of F3 if and only if there exist » € R and ¢ € T such that
r =t (mod gcd(n,q)). When F is a permutation, write z = F~*(y), and the i-th coordinate of its output is

jo—1 v—

Ty =Yi+ Z Yitvq H (Yitjq+r +1) H Yitja+t | »
v=1 J

1
i=0 \reR teT\{q}

where jg is defined in Theorem 3.6.

The three families of shift-invariant permutations above include several known constructions in [4], [9], [13], [16], [17]. In
particular, when ¢ = m and R = [1, m — 1], the permutations from Corollary 4.2(2) are exactly the X, ,,-functions introduced
in [17].

The following example gives an explicit shift-invariant permutation from each of the three cases in Corollary 4.2.

Example 4.3: The three shift-invariant permutations F; for j € [1,3] are defined by y = F;(z), where the i-th coordinate
of the output y is given as follows.

(1) For Fy : F30 — F10 take R = {1}, T = {—1,2} and ¢ = 2, giving y; = ¥; + xi42(7i11 + );_1.

(2) For F5 : Fg — Fg, take R = {—3,2}, T = {—1} and g = —1, glvmg Yi = T; + xi+8(xi+2 + 1)(xi+6 + 1)

(3) For F3:Fi® — F10 take R = {1}, T = {2,3} and q = 3, giving y; = x; + @i13(zi41 + 1)T40.

Proposition 4.1 gives ord(F;) = 2 and ord(F3) = ord(F3) = 4. So F} is an involution, and its inverse is itself.

For x = F; '(y), the i-th coordinate of the output is

i = Yi + Wirz + 1) (Wive + 1) (Yirs + virrWirr + 1) (yigs + 1)).
For x = F3 '(y), the i-th coordinate of the output is
T = Yi + (Yir1 + Dyito (yi+3 + Witra + DYirs (Yire + vivo(yirr + 1)%-‘,—8))-
Moreover, from Proposition 4.1 we have

F(x)i = i + zigr(Tige + 1)(@ire + 1) (@ip1 + D(@igs + 1), FF (@) = 20 + Tigo(@it1 + Diga(Tipa + DTiys.

B. Shift-invariant permutations of Fy via permutation trinomials in Q

In this subsection, we study shift-invariant permutations of F3 of the form &, = id +7,, + y2,, with v > 1. By Theorem 3.8,
©(ky) = 14 2%+ 2%% and K, is a permutation if and only if this trinomial is a unit in Q. By (28), the i-th output coordinate
of K, 1S

k()i = 5 + Yu(2)i + You ()i

u—1 2u—1
=i+ Tiug [ [ | [T @tsarr + 0 T] @itsare | +2ivoug [[@ier+1 T @ijes
i=0 \rer teT\{q} j=o \rer teT\{q}

In the following, we give the iterates, orders, and inverses of ..
Proposition 4.4: Let jo be as in Theorem 3.6 and let x, € G* with u > 1. If C # (), we further assume u < jo. Set
d =n/ged(n,q) and d,, = d/ gcd(d, u). Then

gllogs(io/w)] ¢ £ ¢,

Ky = Yu(atb), v >1, and ord(k,) =
gjbjza dy, C = () and d is a power of two.
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Moreover,
1d+ Z Yius c 7& @7
i€[1,(jo—1)/ul]
/-’1;71 _ iZ2  (mod 3)
A Y vt Y e C=0
i€[l,dy—1] i€[dy,2dy—1]
i#2 (mod 3) i+d,#2 (mod 3)

Proof: By Theorem 3.8, we know that p(k%) = (1 + 2% + 2%“)". By Lucas’s theorem we have

(L4242 = (1+2"(1+2")" = Z 24142 = Z Z 24a+0) i Fyl2].

a=v a=v b=<a

Applying ¢~ ! to the equality above, we obtain the iterate formula of .,. R

If C # 0, the order formula of , follows from Theorem 3.10 (3) with j = w. If C = () and d is a power of two, the proof
of Theorem 3.10 (3) and j; < d show that /112; = id if and only if d | 2“u for v > 0. Since d is a power of two, the smallest
2¥ satisfying d | 2"u is d/ ged(d, ) = d,,. Hence ord(k,) = d,.

We now prove the inverse formulas.

Case 1: C # (. By direct calculations we have

[Go—1)/Buw)] _ _
(14 2"+ 22) (1 + 2%) Z 23 = 1 4 ZBullGo=D/GWIHD = 1 (mod 270).

i=0
S0, (14 2% 4 224) 7L = (1 4 z%) U= D/GW] 8iu 5 . [2] /(290). Expanding this polynomial gives
[Go—1)/(3u)] [(Jo—1)/(3u)]
(1+2%) Z 250 = Z (z3m + z(?’iﬂ)”) =1+ Z Z™  (mod 27°).
i=0 i=0 i€[1,[(jo—1)/u]]

i#2  (mod 3)
By Theorem 3.8, we have the inverse of x,,:

H'le =id+ Z Yiw-

i€[1,[(jo—1)/ul]
i#2  (mod 3)

Case 2: C = (). We first show that 3 { d,. If 3 | d,, then gcd(d,,u/ged(d,u)) = 1 gives 3 1 u/ ged(d, u). We have
23eed(du) = 1 (mod 1 4 z&d(dw) 4 z2eed(dw)) Since d = d,, ged(d, v) and 3 | d,, we obtain
Zd — (Z3gcd(d,u))du/3 =1 (mod 14+ chd(d,u) + Z2gcd(d,u)).
If u/ ged(d,u) =1 (mod 3), writing u = (3a + 1) ged(d, u) for some integer a > 0, then

o - (ZSgcd(d,u)>azgcd(d,u) = chd(d,u) (mod 1+ chd(d,u) + 22 gcd(d,u))

and 2% = z2gcd(d,u) (mod 1+ chd(d,u) + 52 gcd(d,u)). Hence,
14 2%+ Z2u =14+ chd(d,u) + ZQgcd(d,u) =0 (mod 1+ chd(d,u) + ZQgcd(d,u))'

Similarly, if u/ ged(d,u) = 2 (mod 3), then 14 2% + 2%* = 0 (mod 1 + z8d(dw) 4 y2ged(dw)) Thyg 1 4 zeed(du) 4 p2ecd(du)
divides both 1 + 2% 4 22" and p(z) = 271 (1 + 2%). So 1 + 2" + 22" is not a unit in Q. Hence &, is not a permutation by
Theorem 3.8. This contradicts the assumption that x,, € G*, and so 3 1 d,,.

To verify the inverse formula, let
H(z) = Z 2t 4 Z 2,

1€[0,dy, —1] i€[dy,2dy —1]
i#2  (mod 3) i+d,#2 (mod 3)

For d, = 1 and 2, we have H(z) =1 and H(z) = 1 + 2% + 22, respectively. So (1 + 2% + 224)H(z) = 1 + zdu¥ 4 z2duv,
For d,, > 2 with d,, =1 (mod 3), we have

(dy—4)/3 (du—4)/3
H(z)=(1+2"%) Z 230 4 pldu—Du z(d““)“(l +2%) Z 23,
i=0 i=0
and so,
(du—4)/3

(1 e —|—22u)H(Z) _ (1 + 2’3“)(1 + Z(du+1)u) Z ZBiu + Z(dufl)u(l 4 _|_22u) — 1+ Zduu _|_22duu.
=0
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Similarly, for d,, > 2 with d,, = 2 (mod 3), we have

(du—2)/3 (du—5)/3
H(z)=(1+42") Z 230 4 pduu 4 z(d“+2)“(1 +2z") Z 23
i=0 i=0

and
(142" + 22 H(2) = 1 + 2% 4 p2duv,

Thus, for every d,, > 1 with 3 1 d,,, we have
(142" +22H(2) =1+ 251+ 2%%) =1 (mod 21 (1 + 2%)).

The congruence holds because d | d,u and d,u > d > j;. Thus H(z) represents the inverse of 1 4 z* + 2z%* in Q. By

Theorem 3.8, the inverse of k,, is

i€[1,dy—1] 1€[dy,2dy—1)
i#2  (mod 3) i+d,#2 (mod 3)

|
We next apply Proposition 4.4 with u = 1 to construct explicit permutations from three families of landscapes satisfying
the quasi-conservation criterion in Lemma 2.1. The irreducible polynomial 1 + z + 22 has roots of order 3. Theorem 3.8 and
Corollary 3.9 show that F' = id +7; + 72 is a permutation if and only if C # () or 3 1 d.
Corollary 4.5: Let R,T C [—k,m] \ {0} be disjoint nonempty sets with ¢ € T, and let n > max{2m + k,2k + m}, and
F :Fy — 4 be the shift-invariant mapping whose i-th coordinate is

Yi = T + H (Tigr +1) H Tiyt + Tit2g H (@Titr + D) (@itgtr +1) H TigtTitqtt-
reER teT reER teT\{q}
Suppose that one of the following three conditions holds:
(1) R={r}and {q,2r} CT, and forevery t € T'\ {¢} we have r +t €T orr —t € T}
(2) T ={q} and for every r € R we have ¢ —r € Ror ¢+ r € R;
(3) T = {q,t} with ¢ # t. For every r € R, at least one of ¢ —r, t — 7, ¢ + r and ¢ + r belongs to R, and at least one of
q—1t, ¢+t and 2¢ belongs to R,
where the addition is taken modulo n. Then F' is a permutation of F} if and only if either » = ¢ (mod ged(n,q)) for some
r€ Randt €T or 3td, where d =n/ged(n,q).
The following example gives explicit shift-invariant permutations from each of the three cases in Corollary 4.5.
Example 4.6: The three shift-invariant permutations F}; for j € [4,6] are defined by y = F;(z), where the i-th coordinate
of the output y is given as follows.
(1) For Fy:Fi? — Fi2 take R = {-2}, T = {—4,2,3} and q = 3, giving
Vi = T + Tig3(i—o + D) xi_a2ipo + Tige(Tice + D)@i—atipo(Tip1 + 1)2i_12i45.
(2) For Fs:Fi? — F10, take R = {1,3}, T = {4} and q = 4, giving

3
Yi = i+ wipa(@ip + D(@ivs + 1) + @igs [ [ @ivog1 + 1)
=0
(3) For Fg: F§ — F$, take R ={—1,2}, T = {1,3} and ¢ = 3, giving
Vi = T + Tips(@ic1 + 1) (Tige + Dxig1 + Tige(@iz1 + 1) (Tige + 1) (@igs + 1) 2412544

For Fy and Fy, we have C = (), with (j;1,d) = (4,4) and (3, 5), respectively. For Fg, we have C # () and jo = 3. Proposition 4.4
gives ord(Fy) = ord(Fs) = 4. The polynomial 1+ z + 22 has order 4 modulo 2% and order 15 modulo 1+ 2°. By the Chinese
Remainder Theorem and Theorem 3.8, we have ord(F5) = lem(4, 15) = 60.

Proposition 4.4 gives F[l =id+v +v3 + 5 + Y6, Fgl =id+v; +v4 + v5 + v7 and Fgl =id +7;. For = F[l(y),
the i-th coordinate of the output is

v—1
zi=yit Y irse || (Wirsi-2 + Dyiraj-ayirajea) -
ve{1,3,5,6} =0

For x = F5 '(y), the i-th coordinate of the output is

4
2 =i + YiraWir1 + DWirs + 1) + Wi + vive + vivs) [ [Wirajen +1).
7=0
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For x = F; '(y), the i-th coordinate of the output is

; =i + Yirs(Wic1 + 1) (Yire + 1)Yit1.

Moreover, from Proposition 4.4 we have

v—1
Fi(a)i=mi+ Y wirso [[ ((Wirsj—2 + Daiysjatirsjra),
ve{2,4} 7=0
3 4
F(@)i = 2 + wiys | [(@ivasen +1) + @igs [ [ @ivay0 + 1),
7=0 7=0

Fg(x)z =x; + Ii.}rﬁ(ﬂji_l + 1)($Z‘+2 + 1)(1‘“_5 + 1)xi+1$i+4~

C. Representative families of permutations on [y

In this subsection, we give representative families of shift-invariant permutations of the forms £ = id+7; and x1 =
id +7y; + 72 from the preceding two subsections. Recall that (28) gives

n@)i = [[@r + D) [[2ive: 72(2)i = @ig2g [[@inr + D@iggrr + 1) [ #iviwivere
r€ER teT reR teT\{q}

To determine the dimensions of vector spaces in which ; and k; are permutations, we express the criterion in Theorem 3.8
as conditions on n in Proposition 4.7. We list these families in Tables I, II, and III. All listed landscapes satisfy |supp(¢)| < 4
and supp(¢) C [—4,4].

We use the following equivalences to reduce repetition in the tables. Elementary equivalent functions [10, Definition 2.10]
can be defined by two landscapes related by reversing the string or exchanging 0 and 1. These functions are permutations in
the same dimensions. Multiplying all offsets by an integer a with gcd(a,n) = 1 also gives an equivalent mapping under the
change of coordinates x; — x4;. For example, the landscapes 1x01 and 1—+—0—1 are equivalent with a = 2 when n is odd,
and the tables include only 1x01.

For fixed R,T and g, let F' denote the family of mappings defined by ;1 or k1 for n > 1. Suppose that two distinct inputs
in % have the same image. Repeating each input v times gives two distinct inputs in F4* with the same image for every v > 1.
Thus the dimensions of vector spaces in which F' is not a permutation are closed under taking multiples. Let £(F) consist of
the divisibility-minimal positive integers ¢ for which I is not a permutation of F%, as in [4], [12]. Then F is a permutation of
F% if and only if ¢ t n for every ¢ € (F'). For example, {(F') = {2} means that F' is a permutation exactly when n is odd.
The following proposition determines £(f;) and £(k1) using sets that do not depend on n.

Proposition 4.7: Suppose that £ is quasi-conserved with special index ¢ on F% for some n > max{2m + k, 2k + m}. Set

D={g>1:g|q, r#t (modg)foreveryr € RandtecT}.

For a nonzero integer a, let v3(a) be the largest integer e such that 3° | a. Then
(1) &(pB1) consists of the divisibility-minimal elements of D, where an element is divisibility-minimal if no smaller element
of the same set divides it.
(2) &(k1) consists of the divisibility-minimal elements of

{3?13((1/9)-1-19 g€ D} )

Proof: The proofs for 1 and k; are similar, so we give only the proof of (2). For n > max{2m + k,2k + m}, we
first establish a divisibility criterion that guarantees x; is not a permutation. Let g9 = ged(n,q) and d = n/qo. Recall that
C={(r,t) e RxT:r =t (mod qo)}. Hence C = 0 if and only if r £ ¢ (mod qo) for every (r,t) € R x T, which holds if
and only if ¢y € D.

If C = (), then p(2) = 271(1 + 2%). The irreducible polynomial 1 + z + 22 has roots of order 3, so it has a common factor
with p(z) if and only if 3 | d. By Theorem 3.8 and Corollary 3.9, k1 is not a permutation if and only if go € D and 3 | d.
Since v3(d) = v3(n) — v3(qo) = v3(n) — min{wz(n),vs(q)}, we have 3 | d if and only if v3(n) > v3(q). For each g € D, the
condition 3v3(4/9)+1¢ | n is equivalent to ¢ | n and v3(n) —v3(g) > v3(q) —v3(g)+1, or equivalently, g | 7 and v3(n) > vs(q).
It is known that go € D if and only if g | n for some g € D, and 3 | d if and only if v3(n) > v3(g). This shows that there exists
g € D satisfying 3"3(4/9)+1g | n if and only if gy € D and 3 | d. This is exactly the condition for x; not being a permutation
for the case C = ().

If C # (), then £, is a permutation by Theorem 3.8. Since qo ¢ D, we have g { n and hence 3v3(¢/9)+1g 4 n for every g € D.
This proves the divisibility criterion for «;. We now extend this divisibility criterion to all dimensions of vector spaces. By
Lemma 2.1 and n > max{2m + k, 2k + m}, for every ¢ € supp(¢) \ {q} there exist r € R and ¢ € T such that r + 6 = ¢ or
t+ 6 =r. For any ¢ > 1, choose v > 1 such that tv > max{2m + k, 2k + m}. By Theorem 3.2, the polynomial composition
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property holds on F£. Restricting the maps to inputs consisting of v copies of a vector in % gives the polynomial composition
property on F5.

For each g € D, we next show that x; is not a permutation of F} with h = 3vs(a/9)+1q  Since gcd(h,q) = h/3, we
have $3¢ = id on F%. We next show that 3 + 74 # 0 on F%. The quasi-conservation condition implies g { & for every
d € supp({) \ {¢}. Otherwise, an equality r+0 = ¢t or t +¢ = r would give »r =t (mod g). This is contrary to g € D. By (28)
and 539 = id, we have

2 2 2 2
Y3+ s = id@ Siapla) 4 g9 o p(a) @ Siapla) — id@ Siapla) 4 ga @ S7ap(a)
j=0 j=0 j=0 j=0
2

:(id—i—Sq)@ @(qu+r+1) @ Gia+t

j=0 \reRr teT\{q}

Since g | h and g | ¢, the congruence r + jq =t + kg (mod h) implies that » = ¢ (mod g). Hence Qizo SJiag(@) £ 0. Since
gcd(h,q) = h/3, we have id +59 # 0. The Hadamard product of two nonzero mappings may be zero, so we now rule out
this possibility. Since g 1 ¢ for every § € supp(¢) \ {q}, no factor in @?:0 S7a¢(@) is id, S9, id+1 or S? + 1. Therefore,
73 + 74 7 0. By (28),
5 2 2 2
Yo = SGqQqug(q) — g4 @(Sng(q) ® 5(j+3)q€(q)) — §3¢ (qug(q) ® qug(q)) — 34 @qug(q) = 3.
j=0 Jj=0 J=0 J=0

The polynomial composition property gives

(v3 +74) 0o k1 = (v3 +74) o (id+71 +72) =73 + 76 = 0.

So, k1 is not a permutation of Fg

We have proved that x4 is not a permutation of vector spaces over 5 with dimensions divisible by an element of {3”3(‘1/ 9ty
g € D}. We now prove that x; is a permutation of F4 when ¢ is not divisible by any element of {3“3(‘1/ Ntlg.ge D}. Choose
v such that ged(v,3lg]) = 1 and tv > max{2m + k, 2k + m}. For every g € D, we can write |q| = 3"3(4/9) gy for some
positive integer u, so 3U3(4/9)*1g divides 3|q|- Hence, 3vs(a/9)+1g does not divide tv for any g € D, since it is coprime to v
and does not divide ¢. By the conclusions proved above, k1 is a permutation of F’. Since the dimensions of vector spaces in
which k1 is not a permutation are closed under taking multiples, #; is also a permutation of F5; otherwise, it would not be
a permutation of F’. Thus, by the definition, £(1) consists of the divisibility-minimal elements of {3v:(#/9)*1g: g e D}.
This proves (2). |

We now explain Tables I, II, and III. R and T are respectively the sets of offsets corresponding to 0 and 1 in the landscape
notation of Section II, and supp(¢) = RU T is the support of the landscape. The parameter ¢ € T is a special index. For a
conserved landscape, the column ¢ contains “~” and any ¢ € 7' may be chosen. The sets £(31) and &(k1) list the divisibility-
minimal dimensions of the vector spaces on which 5; and k1 are not permutations, respectively. Taking the last row in Table I
as an example, we use an example to illustrate the meaning of the three tables.

Example 4.8: The last row of Table I gives the quasi-conserved landscape 1x—011 with R = {2}, T' = {-1,3,4} and
g =4. &(P1) = {4} means that 5; is a permutation if and only if 4 t n, while {(x1) = {12} means that x; is a permutation
if and only if 12 { n. The corresponding mappings from F% to itself have the following representations:

Br=id+(S*+1) oS TeSPest km=id+(S*+1)esS oS (S*+(S°+1) oS es?).
Their ¢-th coordinate functions are given by
Bi(z)i = @i + (@i + 1)Tic1®ig3Tiqa, K1(2); = 25+ (Tig2 + 1)@io12i13 (Tiva + (Tige + D@igprziys),

where all coordinate subscripts are taken modulo n.

V. ConNcLUSION AND FUTURE WORK

In this paper, we studied shift-invariant permutations arising from quasi-conserved landscapes on 5. For a general landscape
function ¢ and the corresponding sequence of functions {v;};>0 from F% to itself, we proved that {;};>o satisfies the
polynomial composition property if and only if £ is quasi-conserved when n > max{2m + k, 2k + m}. Then, we studied the
long-term behavior of the sequence of functions {v;};>¢. Based on the polynomial composition property and the results on
long-term behavior of {;};>0, we established an explicit isomorphism between the permutation group G* constructed from
{7j};>0 and the unit group of Fy[z]/(p(z)), where p(z) is a monomial or binomial determined by the landscape function .
This isomorphism reduced the formulas for inverses, iterates and composition order of functions in the group to polynomial
computations in the quotient ring. To apply these results to concrete examples, we specialized them to permutations represented
by binomials and trinomials in F3[z]/(p(z)) and determined £(/51) and £(k1), which specify the values of n for which 3, and
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TABLE I: SOME PERMUTATIONS FROM COROLLARIES 4.2(1) AND 4.5(1) WITH |R| =1

R T q property Landscape | £(f1) Ref. | &(k1) Ref.
{1} {2} 2 quasi-conserved 01 | {2} 41,0110, (131, [15], (161, [17] | {6}  [4], [12]
{1} {-1,2} - conserved 101 0 [4], [13] 0 -
{1} {2,3} 3 quasi-conserved x011 {3} [4], [13], [16] {9} -
{2} {1,4} 4 quasi-conserved *10 — 1 {4} [41, [13] {12} -
{1} {-4,-1,2} —4 quasi-conserved 1——-1x01 {4} - {12} -
{1} {-3,—-1,2} —3 quasi-conserved 1—-1x%01 {3} - {9} -
{1} {-3,2,4} 2 quasi-conserved 1— —*x01—1 0 - 0 -
{1} {-2,-1,2} — conserved 11 %01 1] [4], [16] [1} -
{1} {-2,2,3} - conserved 1—x011 0 [4], [9], [13], [16] 1] -
{1} {-1,2,3} 3 quasi-conserved 1011 {3} [41, [13] {9} -
{1} {-1,2,4} 4 quasi-conserved 1%x01—-1 {4} - {12} -
{1} {2,3,4} 4 quasi-conserved *0111 {4} [4], [16] {12} -
{2} {-3,-2,4} -3 quasi-conserved 11—%—0-—1 {3} - {9} -
{2} {-2,—-1,4} —1 quasi-conserved 11%x-0-1 0 - 0 -
{2}  {-2,1,4 - conserved 1—-%10—-1 0 - 0 -
{2} {-2,3,4} 3 quasi-conserved 1—x—011 {3} - {9} -
{2} {-1,1,4} 4 quasi-conserved 1+%10—1 {4} [4], [13], [16] {12} -
{2} {-1,3,4} 4 quasi-conserved 1% —011 {4} - {12} -

TABLE II: SOME PERMUTATIONS FROM COROLLARIES 4.2(2) AND 4.5(2) WITH |T'| =1

R T gq property Landscape | £(B1) Ref. | €(k1)  Ref.
{-3,4} {1} 1 quasi-conserved O0——%1——0 0 - 0 -
{-2,3} {1} 1 quasi-conserved 0—%1-0 0 - 0 -
{-1,1} {2} 2 quasi-conserved 0% 01 {2} [4], [13], [16] {6} -
{-1,3} {2} 2 quasi-conserved 0x*—10 {2} [41, [13], [16] {6} -
{-1,4} {3} 3 quasi-conserved 0x——10 {3} - {9} -

{1,2} {3} 3 quasi-conserved *001 {3} [41, [13], [16], [17] {9} -
{1,3} {4} 4 quasi-conserved *0 — 01 {2} [41, [13], [16] {6} -
{-4,-3,4} {1} 1 quasi-conserved 00— —*1——0 0 - 0 -
{-3,-2,3} {1} 1 quasi-conserved 00 — %1 —0 0 - 0 -
{-3,3,4} {1} 1 quasi-conserved O0— —=x%1—00 0 - 0 -
{-3,—-1,1} {2} 2 quasi-conserved 0—-0x01 {2} - {6} -
{-3,—-1,3} {2} 2 quasi-conserved 0—0x%—10 {2} - {6} -
{-1,1,3} {2} 2 quasi-conserved 0x*010 {2} [41, [13], [16] {6} -
{—4,-1,4} {3} 3 quasi-conserved 0— —0x——10 {3} - {9} -
{-2,1,2} {3} 3 quasi-conserved 0 — *001 {3} - {9} -
{-1,1,4} {3} 3 quasi-conserved 0%0—10 {3} - {9} -
{-1,1,2} {3} 3 quasi-conserved 0% 001 {3} [4], [13], [16] {9} -
{-3,1,3} {4} 4 quasi-conserved O0— —=%0-—01 {2} - {6} -
{-1,1,3} {4} 4 quasi-conserved 0%0—01 {2} - {6} -
{1,2,3} {4} 4  quasi-conserved %0001 {4} [41, [13], [16], [17] | {12} -

K1, respectively, are or are not permutations of F5. Furthermore, more than 100 representative constructions of shift-invariant
permutations were listed in Tables I, II, and III. These families include several constructions previously studied in [4], [9],
[11], [13], [15], [16], [17].

By the definition of the landscape function /, it follows naturally that n > m-+k. When m+k < n < max{2m+k, 2k+m},
quasi-conservation of ¢ on F3 does not necessarily imply the polynomial composition property of {~;};>0, as shown in
Example 3.5. In this case, we can deﬁ~ne { on ]F% using the formulas for ¢. All coordinate indices are taken in Z, as described
in the Appendix. By Remark A.4, if £ is quasi-conserved on FZ, then {~;};>0 satisfies the polynomial composition property
on F3 when n > m + k. A direction for future work is to generalize the recurrence in (4), or relax the definition of
quasi-conservation to study permutation constructions that retain a weaker algebraic structure under composition. Developing
permutation criteria and methods for computing inverses and iterates in these settings may also help explain further families
listed in [4]. Another direction for future work is to systematically analyze the cryptographic properties of the constructed
shift-invariant permutations, including their differential properties and nonlinearity.
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APPENDIX
QuasI-CoNSERVATION AND PoLYyNoMIAL COMPOSITION ON IF%

The main text studies quasi-conservation and the polynomial composition property directly on 7, while Kriepke [13]
formulates these properties on FZ. In this appendix, we relate the finite-dimensional equivalence in Theorem 3.2 to Kriepke’s
infinite-dimensional characterization. We prove that the four statements in Theorem A.l are equivalent under an explicit
dimension condition. We also give counterexamples showing that this dimension bound is sharp and that the assumption g # 0
cannot be omitted.

Let ]F% denote the set of functions Z — [y, written as two-sided sequences © = (x;);cz. The left shift is defined by
(Sz); = @41 for i € Z. A mapping F : F§ — F% is shift-invariant if F o S = S o F. Unless stated otherwise, let
R, T C [~k,m]\ {0} be the same disjoint nonempty sets as in the main text and fix ¢ € T Define ¢ : F% — F% by

U(z); = H($i+r +1) H Tyt

reR teT

for every ¢ € Z. Similarly, 019 and each ~; (§ > 0) map Fg to itself and are defined by the same formulas as in (3) and (4),

respectively, with all coordinate indices taken in Z. On F%, ¢ is quasi-conserved with special index ¢ if and only if the following
condition holds for every 6 € (RUT) \ {¢}:

(R+0)NT #2 or (T+d6)NR#a,

where all operations are performed in Z. The polynomial composition property on FZ means that, for every j,s > 0 and all

Qg,...,as € Fy with ag =1,
y; © <% + Z Otiﬁh> = Z OBVt j- (29)
h=1 h=0

Theorem A.1: Let n > max{2m + k, 2k + m}. The following four statements are equivalent:

@) (s quasi-conserved with special index ¢ on F%;

(i1) ¢ is quasi-conserved with special index ¢ on F3;
(iii) {7;};>0 satisfies the polynomial composition property on F%;
(iv) {7;};>0 satisfies the polynomial composition property on F7.

Proof: Theorem 3.2 proves that (ii) and (iv) are equivalent. Reducing the set conditions in (i) modulo n, we obtain (ii)
by Lemma 2.1. For any = € F%, repeat its n coordinates in both directions to obtain an infinite n-periodic sequence in FZ.
For each i € {0,...,n — 1}, the i-th coordinate of the image of this sequence under 7; is 7;(z),. Restricting the polynomial
composition identities in (iii) to these n-periodic sequences shows that (iii) implies (iv). Thus it remains to prove that (ii)
implies (i) and that (i) implies (iii).

Suppose that (ii) holds. For each 6 € (RUT) \ {¢}, Lemma 2.1 gives » € R and t € T such that » + 6 = ¢t (mod n) or
t+0=r (modn). Thenr+d=tort+d=rby|r+dé—t),|t+0—r| <max{2m+k,2k+m} <n,so (R+0)NT # &
or (T +6) N R # &. This proves (i).

Suppose that (i) holds. Fix j,s > 0 and ay,...,as € Fy with ag = 1. We show that (29) holds on F%. Fix x € F% and
i € Z. Both sides of this identity at coordinate ¢ use only finitely many input coordinates. Choose N > max{2m + k, 2k + m}
so that these input indices are distinct modulo N. Choose y € FY’ taking the same values as x at these coordinates, where the
coordinate subscripts of y are taken modulo N. By the implication from (i) to (ii) (with n replaced by V), ¢ is quasi-conserved
on FY. Thus

%) (x +Y° aﬁh@")) = (y +> ah%(?/)) =3 e (Wi = Y anFnss (@)
h=1 i h=1 i h=0 h=0
The first and third equalities follow from the choice of y, and the second follows from the established implication from (ii) to
(iv). This proves (iii). |

Theorem A.1 does not hold in general when n = max{2m + k, 2k +m}.

Example A.2: Take n =3, R={—1}, T = {1}, and ¢ = 1. Here k = m = 1 and n = max{2m + k,2k + m}. On F3, we
have

(3718 O) g)(iﬂ)z = (]. + $i,1)$i+1(1 + mi+1)xi = 0.

Since (RUT) \ {q} = {—1}, statement (ii) holds. On FZ, we have (R —1)NT = @ and (T — 1) N R = @, so statement (i)
fails.

Remark A.3: The assumption ¢ # 0 is needed for quasi-conservation to imply the polynomial composition property. To
illustrate this, we temporarily allow 0 € T'. For example, take R = {1}, T' = {0}, and ¢ = 0. Then £(x); = x;(1 + x;11) is
quasi-conserved and 7; = ¢ for j > 1. Choose x € F% with (zi, Tit1, Tit2) = (1,1,0). Then £(z); = 0 and £(x);+1 = 1, so

l(x + ¢(x)); = 1, whereas the polynomial composition property requires £ o (id +¢) = 51 + 752 = 0.
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Remark A4: If 0 is quasi-conserved with special index ¢ # 0 on F%, then {7j};>0 satisfies the polynomial composition
property on F% for every n > m + k. In particular, if we assume quasi-conservation on F5 instead of F%, the bound n >
max{2m + k, 2k +m} in Section IV can be replaced by n > m + k, including the range m + k < n < max{2m+ k, 2k +m}.

Indeed, the implication from (i) to (iii) in Theorem A.1 gives the polynomial composition property on F%. The equivalence
between (i) and (iii) is also proved in Kriepke’s doctoral thesis manuscript [14] by using a different method. Restricting these
identities to the n-periodic sequences gives the polynomial composition identities on F5. The condition n > m + k ensures
that the offsets in [—k, m| are distinct modulo n.



